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Abstract

In this article we examine the adjacency and Laplacian matrices and their
eigenvalues and energies of the general product (non-complete extended p-
sum, or NEPS) of signed graphs. We express the adjacency matrix of the
product in terms of the Kronecker matrix product and the eigenvalues and
energy of the product in terms of those of the factor graphs. For the Cartesian
product we characterize balance and compute expressions for the Laplacian
eigenvalues and Laplacian energy. We give exact results for those signed
planar, cylindrical and toroidal grids which are Cartesian products of signed
paths and cycles.

We also treat the eigenvalues and energy of the line graphs of signed
graphs, and the Laplacian eigenvalues and Laplacian energy in the regu-
lar case, with application to the line graphs of signed grids that are Carte-
sian products and to the line graphs of all-positive and all-negative complete
graphs.
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1 Introduction

We study the adjacency and Laplacian (or Kirchhoff) matrices and their eigenval-
ues and energies of signed graphs that are Cartesian products, Cvetkovi¢ products
(generally called NEPS) or line graphs. (All graphs in this article are simple and
loop-free.)

Signed graphs (also called sigraphs), with positive or negative labels on the edges,
are much studied in the literature because of their use in modeling a variety of
physical and socio-psychological processes (see [3] and [1, 9]) and also because of
their interesting connections with many classical mathematical systems (see [21]).
Formally, a signed graph is an ordered pair ¥ = (G,0) where G = (V,E) is a
graph called the underlying graph of ¥ and o : E — {+1,—1}, called a signing
(also called a signature), is a function from the edge set E of G into the set
{+1,—1} of signs. The sign of a cycle in a signed graph is the product of the
signs of its edges. Thus a cycle is positive if and only if it contains even number of
negative edges. A signed graph ¥ is said to be balanced (or cycle balanced) if all of
its cycles are positive.

A signed graph is all-positive (respectively, all-negative) if all of its edges are positive
(negative); further, it is said to be homogeneous if it is either all-positive or all-
negative. A graph can be considered to be a homogeneous signed graph; thus signed
graphs become a generalization of graphs.

The Cartesian product ¥; x Xy of two signed graphs Y; = (Vi, Fy,01) and
Yo = (Va, Ey,09) is a generalization of the Cartesian product of ordinary graphs
(see [6, Section 2.5]). It is defined as the signed graph (V; x V4, E,0) where the
edge set F is that of the Cartesian product of underlying unsigned graphs and the
signature function ¢ for the labeling of the edges is defined by

o (uzuk) if j =1,

o ((wi, vj) (ug, 1)) = {

oa(vju) ifi=k.

In this paper, we treat the adjacency matrix and the Laplacian matrix of a signed
graph. These matrices are immediate generalizations of familiar matrices from or-
dinary, unsigned graph theory ([6]). Thus, if ¥ = (G,0) is a signed graph where
G = (V,E) with V ={vy,v9,...,v,}, its adjacency matrix A(X) = (aij)nxn I8
defined as
" {a(vivj), if v; and v; are adjacent,
iy —

0, otherwise.

The Laplacian matriz (or Kirchhoff matriz or admittance matriz) of a signed graph
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Y, denoted by L(X) (or K(X)), is D(X) — A(X) where D(X) is the diagonal
matrix of the degrees of vertices of .

We treat two kinds of operation on signed graphs: the Cartesian product (for which
we get the strongest results) and the class of generalizations called “NEPS” (or as
we prefer “Cvetkovi¢ products”) introduced by Cvetkovié ([5]), and also the line
graphs of signed graphs.

The ordinary adjacency and Laplacian matrices of a graph G are identical with
those of the all-positive signed graph +G. The so-called signless Laplacian of
G ([7]) is the Laplacian matrix of the all-negative graph —G. Eigenvalues of
the adjacency matrix, the Laplacian matrix and the signless Laplacian matrix of a
graph have been widely used to characterize properties of a graph and extract some
useful information from its structure. The eigenvalues of the adjacency matrix of a
graph are often referred to as the eigenvalues of the graph and those of the Laplacian
matrix as the Laplacian eigenvalues.

Denote the eigenvalues of a matrix M of order n by \;(M) for j=1,2,...,n.
The energy E(X) of a signed graph Y is the sum of the absolute values of the
eigenvalues of its adjacency matrix. The Laplacian energy of 3, denoted by Fp (%),

is defined as
\4

EL(X) = Z A(L(2)) — d(Z)],

where L(X) is the Laplacian matrix of ¥ and d(X) = 2|E|/|V| is the average
degree of the vertices in Y. These definitions are direct generalizations of those
used for unsigned graphs ([2, 10] for energy and [12] for Laplacian energy).

2 Preliminaries

For a signed graph 3, the quantity c¢(X) = ¢(G) is the number of connected
components of the underlying graph and ¢,(G) is the number of its components
that are bipartite. The quantity b(X) is the number of connected components of 3
that are balanced. An essential lemma in signed graph theory is a characterization
of balance by switching, which when expressed in terms of the adjacency matrix
takes the following form:

Lemma 2.1 ([19]). ¥ s balanced if and only if there is a diagonal matriz S with
diagonal elements +1 such that SA(X)S is non-negative. Then SA(X)S = A(G)
where G is the underlying graph of X.



K.A. GERMINA, SHAHUL HAMEED K AND THOMAS ZASLAVSKY 5)

The negation of a signed graph ¥ = (G,0), denoted by —-YX = (G,—0), is
the same graph with all signs reversed. The adjacency matrices are related by
A(=X) = -A(D).

2.1 Rank and eigenvalues

The incidence matriz of a signed graph ¥ with n vertices and m edges ([19]) is
the nxm matrix H(X) = [nij] (the capital letter is Eta) in which 7, =0 if v;
is not incident with e, and n;, = £1 if wv; is incident with eg, and such that
for an edge v;v;, the product n;xn;x = —o(v;v;). The incidence matrix is uniquely
determined only up to multiplication of columns by —1, but that ambiguity does
not affect any of the properties of interest to us. In particular, the incidence matrix
always satisfies the Kirchhoff equation H(X)H(X)" = L(X). For that reason the
Laplacian matrix is positive semi-definite.

Lemma 2.2 ([19]).  The incidence matriz and the Laplacian matriz of a signed
graph % both have rank n — b(X).

For a graph G, the Laplacian L(G) = L(+G) has rank n—c(G) and the signless
Laplacian Q(G) = L(—G) has rank n — c,(G).

Proof. The rank of the incidence matrix is found in [19]. The Laplacian matrix,
being the product H(X)H(X)T, has the same rank as H(X). Because +G is
balanced, b(+G) = ¢(G). Because a component of —G is balanced if and only if
it is bipartite, b(—G) is the number of bipartite components of G. O

Recall that the spectrum of a graph or signed graph is the spectrum of its adjacency
matrix and that the spectrum is the list of eigenvalues with their multiplicities. The
Laplacian spectrum is the spectrum of the Laplacian matrix. Acharya’s theorem,
following, gives a spectral criterion for balance in signed graphs.

Theorem 2.3 ([9]). If ¥ =(G,0) is a signed graph, then ¥ is balanced if and
only if G and X have the same spectrum.

We take note of the special case in which the underlying graph G is regular. The
following lemma generalizes the well known fact that, for a k-regular graph, the
smallest eigenvalue is —k occurring with multiplicity ¢,(G), the largest eigenvalue
is &k with multiplicity ¢(G) and the other eigenvalues fall into the open interval
(—k, k).

Lemma 2.4. Assume X has underlying graph G which is reqular of degree
k. Let the eigenvalues of ¥ be A1, Mo, ..., A\, in weakly increasing order. Then
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)\1, ey )\b(,g) = —k, —k < )\b(,g)Jrl, RN )\n,b(g) <k and )\n,b(E)Jrl, ceey A = k.
The Laplacian eigenvalues of ¥ are \f =k — N\, including 2k with multiplicity
b(-X), 0 < )\If(_z)+1,...,/\£_b(z) < 2k, and 0 with multiplicity b(X). The
Laplacian energy equals the energy.

Proof. The proof is by substituting in the definitions, using the facts that the degree
matrix is D = kl,, A(—=X)=—A(X) and k is the average degree. O

Lemma 2.4 raises the question of whether it is possible to have b(—X) > n — b(X2),
since if that is the case and k # 0, then there is a contradiction in the notation
of the lemma. By Lemma 2.6, a contradiction of that kind in Lemma 2.4 is not a
problem because b(—%) > n — b(X) implies £ = 0 and then all eigenvalues are
0=Fk=—k.

Lemma 2.5. Both ¥ and —X are balanced if and only if the underlying graph
G s bipartite and X or —X is balanced.

Proof. Let C be acyclein G. Thesignof C in —% equals (—1)I°/ times the
sign of C in X. Thus C has the same sign in both ¥ and —X if and only if it
has even length. Therefore, if G contains an odd cycle, it is impossible for > and
—>. to both be balanced. If G is bipartite, then every cycle has the same sign in
Y and in —X ; therefore X is balanced if and only if —X is balanced. m

Lemma 2.6. b(—X) + b(X) < n except possibly when the number of isolated
vertices is greater than the number of components with order at least 3.

In particular, if the underlying graph G is k-reqular and b(—X)+b(X) > n then
k=0.

Proof. First let us consider a single connected component »; of ¥ whose order
is n; ; let G; be the corresponding component of G. If n; <2 then b(%;) =
b(=%;) =1, so b(3;) +b(%;) <2=mn;+1 if n; =1 and b(%;) +0(3;) <2=mn,

Therefore if b(—X) + b(X) > n then there are at least as many isolated vertices in
G as the number of components with order 3 or greater.

When all vertices have the same degree k there can be no isolated vertices unless
k =0, which means there are no edges. O]

2.2 Kronecker product of matrices

The identity matrix of order n is denoted by [,. The Kronecker product of

matrices A = [aij]mXp and B of orders m x p and n X ¢, respectively, is the
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matrix A® B of order mn x pq defined by

CL11B algB e e CLlpB

(121B a22B el e G/QPB
A®B =

amlB ClmgB el e ampB

The Kronecker product is a componentwise operation, that is, (A® B)(A'® B') =
(AA") ® (BB'). It is also an associative operation; therefore a multiple product
Al®A Q- ---®R A, is well defined. Let A; have order m; X n; and elements
a;jk. An element of such a product is indexed by a pair of v-tuples, a row index
j= U1,72,---,J,) and a column index k = (ky,ko,...,k,), where 1 < j; < my
and 1 <£k; <n;. The element aj¢ of the product matrix is

Ajk = 1351k O2iaks * ** Qwijk, - (1)

Lemma 2.7 ([23]). Let A and B be square matrices of orders m and n,
respectively, with eigenvalues X, (1 < i <m) and p; (1 <i<mn). Then the
mn  eigenvalues of A® B are A, and those of A® I, + I, ® B are A\ + ;.

The second part of the lemma is due to the fact that A® I, and I, ® B are
simultaneously diagonalizable. The first part has an obvious extension to multiple
products. That is the first part of the next lemma. The second part is the extension
to multiple sums and products.

Lemma 2.8. Let A;, for each 1 =1,...,v, be a square matriz of order n;
and let N for 1 < j <mn; beits eigenvalues. Let ki,...,k, be non-negative
integers. Then the nq---n, eigenvalues of the Kronecker product A’fl ® - @ Ak

k ky .
are Nj,.j, = )\1;1 e )\ij for 1 <7j; <n,.

Let k, = (kp1,....kw) for 1 <p<gq be vectors of non-negative integers. Then

y k k v k k v
the ni---n, eigenvalues of Y0 | A7 ®@--- @A are Aj,.j, =20 AT AT

) p=1 ‘151 vju
for 1< 7j; <n,.

Proof. The first part is obvious from Lemma 2.7. The second part is true because
the summed matrices commute, so they are simultaneously diagonalizable, they have
the same eigenvectors and therefore their eigenvalues can be summed. O

2.3 Products of signed graphs

Now we define a general product of signed graphs following the idea of Cvetkovié¢
for unsigned graphs ([5]) as described in [6, Section 2.5]. We work with signed
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graphs Y; = (V;, E;,04), for ¢ =1,...,v, of order n;, with underlying graph
Gi; = (Vi, E;), vertex set V; = {vi1,vi2,...,0,} and adjacency matrix A;. We
denote the eigenvalues of ¥; by A, Nia,..., \in,. The Laplacian eigenvalues are
denoted by a superscript L, as A[.

The general product is known as the non-complete extended p-sum or NEPS, but
we shall call it simply the Cvetkovi¢ product. This product is defined in terms of
aset B of 0/1 vectors, called the basis for the product, such that for every
i € {1,2,...,v} there exists at least one [ € B for which ; = 1 ; we say
B has support {1,2,...,v}. First we define a product for one arbitrary vector

B = (P, P2,...,0,) € {0,1}* C Z". This product, written NEPS(3,...,%,;3),
is the signed graph (V, E,0) with vertex set

V=VxVyx.-xV,
edge set
E:{(ul,...,ul,)(vl,...,v,,):ui:Ui 1fﬂZ:Oandulvl€El lfﬁlzl},

and signature

a((ul, coo ) (v, ,v,,)) = Hai(uivi)ﬁ" = H oi(uv;).

Zﬂlil

In the general definition we have a set B = {f1,...,5,} € {0,1}*\ {(0,0,...,0)}
and we define

NEPS(Zy, ..., 5, B) = | JNEPS(Zy,..., 5, B).
BeB

The underlying graph of NEPS(Xy,...,%,;B) is the Cvetkovi¢ product
NEPS(G4,Ga, ...,G,;B) of the underlying graphs as defined in [6, Section 2.5].

Lemma 2.9. If § # (, then NEPS(Xy,...,%,;0) and NEPS(Xq,...,%,;05)
have disjoint edge sets.

Proof. For a vertex pair u = (u1,...,u,), v=(vy,...,v,), define f(u,v) € {0,1}”
by f(u,v); =0 if u; =v; and 1 if w; # v;. Then u,v are adjacent in
NEPS(X4,...,%,;0) if and only if f(u,v); = 3; for every j, ie., [(u,v)=p.
This proves that uv is an edge in NEPS(Xq,...,%,;3) for exactly one g. H

In particular, the Cartesian product ; X Yo X --- x ¥, arises by taking B
to be the set of all vectors with exactly one coordinate equal to 1. Another
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important product, called the strong product or categorical product, is obtained by
taking B = {(1,1,...,1)}. A generalization of both, which could be called the
symmetric p-sum (but we think of it as a product), is obtained by taking the set
B,, for 1 <p <gq, which consists of all vectors 3 with exactly p coordinates
equal to 1. An incomplete p-product, where B C B, has the nice property that

NEPS(~%1,...,~%,;B) = (=)’ NEPS(Z,, ..., 5,; B).

For instance in the Cartesian product (—%1) X --- x (=%,) = —(X; X -+ X ).

A final property shows that a Cvetkovi¢ product of all-positive signed graphs is
essentially equivalent to the same product of the underlying graphs. Clearly,

NEPS(+Gy, ..., +G,; B) = + NEPS(Gy, ..., G,; B). 2)

3 Main Results

In this section we establish expressions for the adjacency, degree and Laplacian ma-
trices of the Cvetkovi¢ product of signed graphs in terms of the Kronecker products
of the corresponding matrices of the factor graphs. We also find similar expressions
for the line graph of a signed graph. We apply these results to calculate eigenvalues
and energies in general and, in Section 4, for certain signed product graphs: planar,
cylindrical and toroidal grids, and their line graphs. An important application is
the characterization of balance of the product graph.

3.1 Adjacency matrix, eigenvalues and energy of products

First we treat the adjacency matrix of the Cvetkovi¢ product, which implies expres-
sions for the eigenvalues. For the eigenvalues of »; we write A;;, 1 < j <mn;. This
theorem generalizes [6, Theorems 2.21 and 2.23| to signed graphs.

Theorem 3.1. Let X = NEPS(Xy,...,%,;B). The adjacency matriz is given
by
AE)=> Al @ @A)
peB

The eigenvalues are

_ B By
Ay, = Z XD
BeEB

fOT’ 1§j1§n17 ) 1§]V§nV
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The energy

ni Ny
BE) =3 3 [ D AN

j1=1 juzl ﬁEB

satisfies the inequality

Lo < T L)

BeB i:6;=1 v

Equality holds for B = {(1,1,...,1)} (the strong product) but, assuming no ¥; is
without edges, in no other case.

The form of the energy bound suggests that the average energy per vertex, E(X) =
E(X)/|V(Y)|, may be an important quantity.

Proof. The proof of the first equation is almost exactly the same as that of the
corresponding result for unsigned graphs, [6, Theorem 2.21]. The difference is that
we must pay attention to the edge signs. By Lemma 2.9 we need only consider the
term of one [ at a time; thus let ¥ = NEPS(Xy,...,%,; /).

The elements of A(X) are indexed by pairs of wv-tuples, (ji,72,...,7,) and
(k1,kay ... k) where 1 < j; < m; and 1 < k; < n;, corresponding to
vertices u = (uyj,,Ugjy,- .- Uyj,) and v = (Vig,, Vg, - - -, Vpk,) of the product
graph. Let us write ay, for the corresponding element of A(X). Then ayuy =
01 (U1, Uik, )P 02 (U2 Vak, )72 - - 04 (Uyg, Vo, )P Dy the definition of the Cvetkovié¢ prod-
uct, where in each signed graph we define o(uv) = 0 if w and v are not
adjacent. The Kronecker product of the adjacency matrices has (u,v)-element
ailjl kla’gfh ko -a’f;”ju r, by Equation (1). These two expressions are equal because
Qijk = 0i(Uij,Vik;) by the definition of the adjacency matrix.

The eigenvalues follow from Lemma 2.8.

The energy is immediate from the definition and the eigenvalue formula. The bound
is computed from the energy formula:

ni ny
BE)<) D> 2 N

ﬁEB j1:1 juzl

:Z H il H i:|>\m|zz H n - H E(%)

BEB i:6;=0 j;=1 :0;=1 j;=1 BEB i:6;,=0 i:3;=1

=> n ] %E(Zi).

BEB  @B;=1 "
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If B={3}, the eigenvalues are \;..; = )\%1 e )\f]”-u ; therefore, equality holds in
the calculation of the energy bound. The only such B permitted by the definition

of the Cvetkovi¢ product is B = {(1,1,...,1)}, which is the strong product.

Now suppose |B| > 1 and every ¥; has at least one edge. That implies the
eigenvalues of A; are not all 0. Since the sum of the eigenvalues of X; is the
trace of A;, which is 0, ¥; has both positive and negative eigenvalues. There
exists an index I, 1 < I < v, such that not all § € B have the same value f; ; let
#',8" € B such that ;=0 and (7 =1. Choose ji,j2,...,7, sothat A >0
for ¢ # I but A;;, < 0. Now consider the eigenvalue m = \;;, j, (£). In its

representation as a sum of terms [[/_, )\Z there are a positive term due to 3’ and

B Bv B Bu
WAL < Z@els P‘ljl'l A
O

IV

a negative term due to 3”. Therefore | > pen A
It follows that the energy bound is strict.

Corollary 3.2.  The adjacency matriz A(X) of the Cartesian product ¥ =
Y1 X - x X, of v signed graphs is

A1®[n2®...®[nu_|_[m®A2®...®[ny+...+[m@[m@...@Aw

The eigenvalues of Y are the sums of the eigenvalues of the ¥ ; i.e.,
Ajijagn(8) = A (B1) + -+ + 4, (0).

The energy E(X) is given by the formula

BE) =3 S (S0 4o A (5]

Jj1=1 Jv=1

and satisfies the inequality %E(Z) < %E(El)—k- . '+nl_yE<EV)> where n.=nq---ny,
with strict inequality if v > 2 and at least two of the ¥; are not edgeless.

Proof. The corollary is immediate from Theorem 3.1 except the criterion for strict
inequality, which is slightly stronger than that of Theorem 3.1 and is proved similarly.
O

3.2 Balance of the Cvetkovi¢ product and the Cartesian
product

The eigenvalues provide a short proof that the Cartesian product is balanced if
and only if all constituent factors are balanced. Balance is important because, by
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Acharya’s theorem, it causes the eigenvalues and energy (of both adjacency and
Laplacian matrices) to be identical to those of the underlying unsigned graph, and
therefore not interesting for themselves. We begin with a general theorem that
provides a sufficient but not a necessary condition for balance of a Cvetkovi¢ product.

Theorem 3.3. A Cuvetkovi¢ product ¥ = NEPS(X4,...,%,;B) is balanced if
Y1, ..., 2y, are all balanced.

Conversely, suppose B contains the vector (; = (0,...,0,1,0,...,0) with 1 in
the ith position and 0 elsewhere. If Y; 1is unbalanced, X is also unbalanced.

Proof. 1f all ; are balanced, then Theorem 2.3 says that they have the same
spectra as do their underlying graphs G;. The formulas (in Theorem 3.1) for
the eigenvalues of ¥ in terms of those of the 3; and of its underlying graph
G = NEPS(Gy,...,G,v;B) (regarded as all positive) in terms of the G; are
exactly the same, so ¥ and G have the same spectrum. By Theorem 2.3 again,
> is balanced.

The Cvetkovi¢ product NEPS(X,...,%,;5;) consists of n/n; copies of ¥;, where
n=mny---n,. Therefore ¥, is a subgraph of ¥. A subgraph of a balanced graph
is balanced, so if ¥; is unbalanced, 3 is unbalanced. O

The first part of Theorem 3.3 does not have a general converse. A counterexample
is ¥ = NEPS(—Gi,+Ks;Bs), where By = {(1,1)}. X is bipartite and all
negative; therefore it is always balanced. However, —( is balanced only when G,
is bipartite. It is an open problem to determine which bases B have the property
that for every Cvetkovi¢ product ¥ = NEPS(Xq,...,%,;B) with basis B, X is
balanced if and only if all the constituents X; are balanced. There is one important
case in which there is such an if-and-only-if theorem.

Theorem 3.4.  The following three statements about the Cartesian product ¥ =
Y X --- X X, are equivalent.

(i) X s balanced.
(ii) All of %4, ..., ¥, are balanced.

(iii) X and its underlying graph G have the same spectrum.
When % is balanced, it and G have the same energy.

Proof. Theorem 2.3 implies the equivalence of (i) and (iii). Theorem 3.1 shows
that (i) implies (ii). We need only prove the converse. The basis for the Cartesian



K.A. GERMINA, SHAHUL HAMEED K AND THOMAS ZASLAVSKY 13

product is B;, which contains every unit vector ;. Therefore, balance of the
Cartesian product implies balance of each ¥; by Theorem 3.1.

The last part follows from the definition of energy. n
Corollary 3.5. Let ¥ =% x---xX,. Then b(X)=0b(21) - -b(%,).

Proof. Each component of the Cartesian product is the Cartesian product of com-
ponents X! of ¥, for 1 <i <wv. The component is balanced if and only if all
Y. are balanced. O

3.3 Laplacian matrix, eigenvalues and energy of the Carte-
sian product

The formula for the Laplacian matrix of the Cartesian product is like that for the
adjacency matrix. We write A* and uf for the Laplacian eigenvalues of 3; and
Y9, respectively.

Theorem 3.6. The degree matrix of a Cuvetkoviéc product G =
NEPS(Gy,...,G,; B) of graphs G; of order n;, 1 <i<wv, is

D(G)=>_ D(G)" @@ D(G,)".
BeB

The average degree of the product is d(G) =Y 4c5 [ 11—y d(G:)".

In particular, the degree matrixz of the Cartesian product is

DG x--G)=DG)®I,® @1, +1, @D(Gy) @ I,,+
"'+[n1®[n2®"'®D(Gy)-

The average degree is d(G) =7_ d(G;).

Proof. We evaluate the degree matrix of the product Gz = NEPS(Gy,...,G,; ).
By Lemma 2.9 the degree matrix of G is the sum of D(Gg) over all (€ B.

By definition the neighbors of a vertex u = (uy,...,u,) are the vertices v =
(v1,...,v,) such that uw; = v; if 5, =0 and ww; € E(G;) if B; = 1. The
elements of v for which 3; = 0 are fixed to be u;, and those v; for which §; =1
may independently vary over all neighbors of u;. Therefore the degree of u is the
product of the degrees dg,(u;) over all i such that §; = 1.

The matrix D(G1)”" ® -~ ® D(G,)% is diagonal and has as its diagonal element
indexed by u the number dg, (u1)? ---dg,(u,)?. This is exactly dg(u). Thus
the formula for the degree matrix is proved.
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Let n=mny---n,. As there are n vertices, the average degree is determined by
the equation

Gg)zz---i:d(;(ul,...,uy)

Jji=1 Jv=1

= 21: de, (un)™ -+ Z de, (w,)’

Jji=1 Jv=1

= [nid(G1)™] - -+ [n,d(G,)™]

because Y 7" dg,(w;)? =n; and YT da,(u)! = = n;d(G;). The left side of this
equation is the total degree of Gp. By edge-disjointness of the graphs Gg, the
sum over 3 € B is the total degree of G. Upon dividing by n we get the desired
formula. O

Theorem 3.7.  Given signed graphs ¥, of order ny, ..., 3, of order n,, the
Laplacian matriz of the Cartesian product > =31 X -+ X X, is

L) =L(E) @I, Q@ @Iy, 4+ 1, L, QL(%,).

The Laplacian eigenvalues of the Cartesian product are the sums of those of all the
constituents ¥; ; i.e., AN (X) =37 Al

Proof. The theorem follows from Theorem 3.6, Lemma 2.7 and the formula of Corol-
lary 3.2 for the adjacency matrix. By definition,

:anl®---®D(2) oI, — Z]m@ AN ® - ® 1,

= Z,,:[m ®-® D) —AZ)] @ @1,

:ZV:Im@)---@L(Ei)@---@InV. O
Theorem 3.7 does not generalize to other Cvetkovi¢ products. For a vector [ of

weight Y7 3 > 1, the Laplacian of Y3 = NEPS(X,...,%,;0) is

D(S5) = A(¥) = D(E)" @ -+ @ D(5,)" — A(Z)" @ -+ ® A(%,)™
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The right-hand side will not combine by linear combination into a product of Lapla-
cian matrices. The general product NEPS(X;,...,%,;B) where B contains a
vector of weight > 1 has the same difficulty. The only Cvetkovi¢ product in which
no vector has weight > 1 is the Cartesian product.

Theorem 3.7 implies the value of the Laplacian energy.

Corollary 3.8.  The Laplacian energy of ¥ =31 X --- X X, 15 given by

EL(E):Z...ZU > AL —d(D)

=1 Gu=1 i=1

?

which has an upper bound given by

1 1
—FE; (X)) < —FEr(%;).
nL()_iZ:;ni L(X4)

The inequality is strict unless v =1 or at most one of the ¥; has any edges.

The average Laplacian energy per vertex, Ep(X) = 2EL(X), like the average energy

T n

per vertex mentioned at Theorem 3.1, appears to be significant.

Proof. The first part of the corollary is an immediate consequence of the definition
of Laplacian energy and Theorem 3.7. The second part follows from the formula of
Theorem 3.6 for the average degree of > and the consequent inequality ‘ S AE

)] < 0, A — d(5). i

iji
The argument for strict inequality is similar to that in Theorem 3.1. The Laplacian
energy of a signed graph 3 of order n with underlying graph G is the trace
of the matrix L(X) — d(G)I,. The argument applied to the adjacency matrix in

Theorem 3.1 should be applied to L(X) — d(G)1,, here. O

3.4 Line graph

The general theorem on eigenvalues and energies of the line graph is well known for
unsigned graphs. For signed graphs it requires a new definition, namely, that of the
line graph of a signed graph.

The line graph of ¥ (]20, 22]) is the signed graph A(X) = (A(G),04), where A(G)
is the ordinary line graph of the underlying graph! and o, is a signature such that

'We do not use the customary letter L because we have used it for the Laplacian or Kirchhoff
matrix.
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every cycle in ¥ becomes a cycle with the same sign in the line graph, and any
three edges incident with a common vertex become a negative triangle in the line
graph. The adjacency matrix is A(A(X)) = 21, — H(Z)TH(D).

There are two homogeneous special cases. With an all-negative signature, A(—G) =
—A(G), so the all-negative signature is what gives the line graph of an unsigned
graph. For an all-positive signature, though, A(4+G) is not +A(G) unless G is
bipartite with maximum degree at most 2. The Laplacian of A(—G) is therefore
the “signless Laplacian” of A(G).

We can deduce the eigenvalues of the line graph from the Laplacian eigenvalues of
the graph (Theorem 3.9), but we cannot obtain the Laplacian eigenvalues of the
line graph, except in the special case where the original underlying graph is regular
(Theorem 3.10).

Theorem 3.9. Let ¥ be a signed graph of order n and size m, with Laplacian

eigenvalues N\F, ... 7)‘£—b(2) >0 and )\ﬁ_b(z)ﬂ, o AE=0.

The eigenvalues of the line graph A(X) are 2 — N ... 2 — )‘ﬁ—b(z) < 2 and
eigenvalue 2 with multiplicity m —n + b(X). Its energy is

n—b(%)

E(AD) = > N =2[+2(m—n+b(X)).

=1

Proof. The eigenvalues of the line graph are obtained by the standard method. The
line graph A = A(X) has adjacency matrix 2I,, — H(X)TH(X). The eigenvalues
of H(X)TH(X) are the same as those of L(X) = H(Z)H(X)T, except that the
multiplicity of 0 changes from b(3) to m —n + b(X). Thus, the adjacency
matrix of A has eigenvalues 2 — A\ ... 2 — ATLl_b(E), and also 2 with multiplicity

m —n+ b(X). That implies the value of the energy E(A). O

Theorem 3.10.  Assume Y has underlying graph G which is reqular of degree k.
Let the eigenvalues of X be Ai,..., A=) = =k, —k < XNps)41,- - Mopz) < K,
and )\n_b(z)+1, ey >\n = k.

The line graph A(X) has eigenvalues Ay —k+2,..., Apy_x)y — k+2 = —(2k — 2),
—(2k —2) < Npexmyp1 =k + 2, Apm) — k+2 < 2 and eigenvalue 2 with
multiplicity m —n + b(2).

Its Laplacian eigenvalues are 3k —4 — Ay,... 3k —4 — N5y =4k —4, 4k —4>
3k —4 — Np—sy41, -3k —4 — A_yw) > 2k — 4, and 2k — 4 with multiplicity
m —n+ b(X).
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Its energy and Laplacian energy are:

E(AX) =E Z A — (k—2)| +2(m —n+b(%)).

Proof. The range of values of eigenvalues of ¥ is taken from Lemma 2.4.

As the degree of a vertex in ¥ is k, the total number of edges is m = %kn The
degree of a vertex in the line graph is d(A) = 2k — 2.

Lemma 2.4 shows that the Laplacian eigenvalues of ¥ satisfy A = k — \,.
Therefore by Theorem 3.9 the eigenvalues of A have the form 2 — k + \; (for
i=1,...,n) and m—n other eigenvalues equal to 2. Substitution in the formulas
of Theorem 3.9 gives the eigenvalues and energy of the line graph. By Lemma 2.4
the Laplacian energy equals the energy.

The Laplacian eigenvalues of A satisfy A/(A) = 2k —2 — A(A) = 2k — 4 + M\
where M denotes an eigenvalue of H(X)TH(X). Thus their values are 3k —4— ),
for + =1,...,n and the eigenvalue 2k —4 with multiplicity m — n in addition
to its multiplicity amongst the values 3k — 4 — ;. O]

We now apply these results to the Cartesian product of any number of signed graphs.
Note that in the exceptional cases where m —n < 0, the “additional eigenvalues”
equal to a value a constitute a deduction from the previously stated multiplicity
b(2) of «. This can occur only in the rare case that some component of ¥ is a
tree (and not always then); that is, if all the constituents ¥; have isolated vertices
with at most one exception which must have a tree component.

Theorem 3.11.  Let X4,...,%, be r signed graphs, and let Y; have order n;,
size m; and Laplacian eigenvalues )\Z-Lj (for j=1,...,n;). Let ¥ =% X -x%,,

the Cartesian product, of order n =mny---n,, average degree d(X) =S d(%)
and size m = snd(%).

Then the line graph A(X) has eigenvalues
Njjode = 2= (Al -+ A5,

of which exactly b(¥) = b(X1)---b(%,) are equal to 2 and the remainder are <2,
together with m —n =n(3d(X) —1) additional eigenvalues equal to 2. Its energy
is

EA®D) =Y > AL+ + A —2[+2(m —n).
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Proof. The size of Y follows from its average degree. The average degree follows
from the fact that the degree of a vertex (vij,,...,v,;) in X equals the sum of
the degrees of its component vertices, > ., d(vyj,)-

By obvious extensions of Theorems 3.2 and 3.7 the Laplacian eigenvalues of ¥ are
the sums of the Laplacian eigenvalues of the constituent graphs ;.

The fact that b(X) = b(%X1)---b(%,) is Corollary 3.5.

The formula for energy in Theorem 3.9 can be rewritten as > ;| [\ —2|+2(m—n)
because A\ =0 for i =0b(X)+1,...,n. Then Al =\, . because ¥ isa
Cartesian product.

Theorem 3.11 now follows from Theorem 3.9. O]

Theorem 3.12. In Theorem 3.11 let the underlying graph of each %; be k;-
reqular for 1 =1,...,r andlet k =k  +---+ k.. Then the underlying graph of
Y is k-reqular and that of A(X) is 2(k — 1)-regular.

The line graph A(X) has eigenvalues
Mijage = 2= kA gy £+ ),

for 1 <41 <nqy,...,1 <j. <n,, of which exactly b(X) = b(X1)---b(%,) are
equal to 2 and the remainder are < 2 and > —2(k — 1) (amongst which are
exactly b(—=X) = b(—=X1)---b(=%,) equal to —2(k—1)), together with n(k — 2)
additional eigenvalues equal to 2.

It has energy, also equal to the Laplacian enerqgy, given by:

E(A(X)) = EL(AD)) = i . nz |(Aj, 4 Aj,) + 2 — k| + 2(k — 2)n.

j1:1 j'r‘zl
It has Laplacian eigenvalues

)\L

J1j2---Jr

=3k —4— Ay, + -+ A,

of which exactly b(3y)---b(3,) are equal to 2k—4 and the remainder are > 2k —4
and < 4k —6 (of which exactly b(—X) =b(—=%1)---b(—=X,) are equal to 4k —6),
together with n(k — 2) additional eigenvalues equal to 2k — 4.

Proof. We substitute in Theorem 3.11 the values %k for the average degree of X
and 2(k — 1) for the average degree of A = A(X). Thus m = i2(k — 1)n and
m—n = (k—2)n. We modify the energy summation as explained in the proof
of Theorem 3.11. That gives the eigenvalues and energy of the line graph. The
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numbers of eigenvalues that take on the extreme values —(2k—2) and 2 are given
by Lemma 2.4.

The Laplacian eigenvalues satisfy A\ = 2(k — 1) — X where \ ranges over the
eigenvalues. |

4 Examples

In the sequel, while computing the energy of the Cartesian products of certain signed
graphs, we give emphasis to unbalanced signed graphs because, as Theorems 2.3
and 3.4 imply, the Cartesian product of balanced signed graphs behaves exactly like
the product of the unsigned underlying graphs.

Many formulas in the examples have cases depending on the parity of the number of
negative edges in a signed cycle. A signed cycle with r negative edges is balanced if
r is even and unbalanced if 7 is odd, and whether it is balanced or unbalanced is
what determines the eigenvalues and energy. Therefore, for an integer r, we define
[r] =0 if r iseven, [r]=1 if r is odd.

4.1 Constituent signed graphs

The signed graphs which are the constituents of the Cartesian product examples are
paths and cycles. We denote by Pg), where 0 <r <mn—1, signed paths of order
n and size n —1 with r negative edges where the underlying graph is the path
P,. Note that REO) =+PF, and Pén_l = —P,, in which all edges are positive or
negative, respectively. Similar notations are adopted for signed cycles C) with
negative edges for 0 <r <n.

Observing the fact that signed paths and indeed all signed trees do not contain any
cycles, we have from Theorem 2.3:

Corollary 4.1. A signed tree has the same eigenvalues as the underlying unsigned
tree.

In particular, from known spectra we deduce eigenvalues that will be used later.
(For the eigenvalues see e.g. [18] for the path and positive cycle and for all cycles
[15, 13, 16]. For the Laplacian eigenvalues see [8].) To express the Laplacian matrix
we employ square matrices J,;; of order m whose only nonzero element is 1 in
position (3, 7).
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Lemma 4.2.  The signed paths P,(f), where 0 <r <n—1, have average degree
2 — % The eigenvalues are:

i

Aj = 2cos for j=1,2,....n.

n+1
The Laplacian matriz is L(PS")) =21, — (Jn11 + Jninn) — A(PT(LT)). The Laplacian
eigenvalues are:

)\f = 2<1+COS7;—j) for j=1,2,...,n,
all of which are positive except that AL = 0.

Proof. The eigenvalues are the same as the known eigenvalues of the unsigned path.
The endpoints of the path are v; and w,. Thus, the degree matrix is 2/
with 1 subtracted in the upper left and lower right corners. That is, D(P,(LT))
21, — (Jna1 + Jumn). The Laplacian matrix follows at once.

oo

Lemma 4.3.  The eigenvalues \; of o) for j=1,2,....n and 0 <r<n
are given by
(2) —[rDm

j = 2cos .
for j = 1,2,....n. The Laplacian matriz is L(C{") = 2I, — A(Cy(f)). The
Laplacian eigenvalues are:

= 2(1 — co8 —<2‘j — [r])ﬁ),

for 7=1,2,....n, all of which are positive except that N\t =0 when r is even.

4.2 Product signed grids and ladders

In light of Theorem 3.4, a signed (planar) grid P % P is balanced. This graph
has nry +mre negative edges. Note that not all signatures of a grid P, x P, are
balanced, but all signatures arising from Cartesian products are. We refer to these
signed graphs as product signed graphs to emphasize that they do not have arbitrary
signs.

Corollary 4.4. A signed grid graph that is a Cartesian product of signed paths
1s balanced. The adjacency matrixz of a signed grid graph of the form P P,Y"’),
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where 0<ri<m-—1 and 0<ry<n-—1, is A( )®I + 1, ®A(P(T2 ) and
the Laplacian matriz is

4Imn - (A(P(TQ ) + Jm 11 + Jm mm) X ] - Im X (A(Pygm)) + Jn;ll + Jn;nn)'

The eigenvalues are given by:

, . T Uy
Aij (P x plra)y — 2<COS o + cos - 1)

for i=1,2,....m and j=1,2,...,n, and the energy is:

The Laplacian eigenvalues are given by:

)\L( ) x plra)) —2<2+C05—Z—|—cosﬂ>
m n

Exactly one Laplacian eigenvalue is zero (that is \L ): the others are positive. The
Laplacian energy is given by:

1 1
EL (P x plra) —QZZ‘COS——FCOS mJ ———‘.

n m n
=1 j5=1

Proof. The adjacency matrix follows from Corollary 3.2 and the Laplacian follows
from Theorem 3.7 and Lemma 4.2.

The eigenvalues follow from Corollary 3.2 and Lemma 4.2. (Note that by Theo-
rem 2.3 P x P" has the same eigenvalues as the unsigned grid.)
The energy follows immediately from the definition.

We now look at the Laplacian eigenvalues and Laplacian energy. By Theorem 3.7
the Laplacian ei envalues are obtained by adding the Laplacian eigenvalues of pir)
and those of P,"”. Corollary 3.8 gives the Laplacian energy.

Noting the fact that the average degree is 4 — = — % (from Theorem 3.6 and

Lemma 4.2), the Laplacian energy follows from Corollary 3.8. [

The case n =2 is that of a signed ladder. Here there is a slight simplification: the

eigenvalues QCOS? are =+1.
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4.3 Product signed cylindrical and toroidal grids
In light of Theorem 3.4, the following signed graphs are unbalanced:

1. A signed cylindrical grid graph CU) % P when 7 isodd, 0<r <m
and 0<ry, <n—1. If r; iseven, the cylindrical grid is balanced.

2. A signed toroidal grid graph O % " when ri, To or both are odd,
0<ri<m and 0<ry,<n. If r; and ry are both even, the toroidal grid
is balanced.

A signed cylindrical grid that is the product of a signed cycle and a signed path is
balanced or unbalanced depending on the parity of the number of negative edges in
the signed cycle.

Corollary 4.5. A signed cylindrical grid of the form o) « PT(LTQ), where 0 <
ri <m and 0 <ry <n-—1, has the adjacency matrix A(Cgl))®fn+[m®A(P£r2)).
The Laplacian matriz is

4Imn - Im ® (Jn;ll + Jn;nn) - A(C(Tl)) ® ]n - ]m ® A(Pérz))

m

Proof. The adjacency matrix follows from Corollary 3.2. The Laplacian follows from
Theorem 3.7 and Lemma 4.2. O]

Corollary 4.6. A signed cylindrical grid of the form O % P where 0 <
ri<m and 0<ry<n—1 has the eigenvalues:

21 — 27
m n+1

for 1<i<m and 1<j5<mn. The energy is

= = 2i — [r])m 2jm
E(CT) x Py =2 | (2i— In) |
(Cy) x P2y ZZ Cos - + cos n

i=1 j=1
The Laplacian eigenvalues are given by:

21 — 27
)\’5 :2(2_COSM+COS£>,
m n

for 1<i<m and 1< j<n, of which all are positive, except for N\t =~ when r
15 even. The Laplacian energy is

EL(CU) x Pir2))y =9 E E ‘1 — — —cos (2i = [ra])m + cos jﬂ‘.
n

; - m n
=1 j=1
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Proof. The proof is the same as that of Corollary 4.4 with slight changes. The

average degree is 4 — 2 by Theorem 3.6 and Lemma 4.2. O]

n

A signed toroidal grid that is the product of two signed cycles is balanced or unbal-
anced depending on the numbers of negative edges in the constituent signed cycles.

Corollary 4.7. A signed toroidal grid of the form cli) C7(f2), where 0 < r; <
m and 0<ry<mn, has the adjacency matriz A(Cﬁ?)) @I+ 1, ® A(C’,(LTQ)) and

the Laplacian matriz 41,,, — A(Of,fl)) I, — I, A(C’flm)).

Proof. The adjacency matrix follows from Corollary 3.2. The Laplacian follows from
Theorem 3.7. O

Corollary 4.8. A signed toroidal grid of the form O el where 0 <1 <m
and 0 <ry <n has the eigenvalues:

LN il

Nij = 2<COS(
m n

for 1<i<m and 1<j <n. The Laplacian eigenvalues are:

Y

(2i = [m])m (2] — [r2])7r>

)\fj :4—2(COS—+COS
m

for 1<i<m and 1< j <n. The Laplacian eigenvalues are positive, except
that \E =0 when r and ry are both even.

The energy and the Laplacian energy are both equal to

" 2 — [m7 27 — [ra]) 7
3303 e BT g (B D

- - m n
i=1 j=1

Proof. The eigenvalues follow from Corollary 3.2. Then the Laplacian eigenvalues
and energy follow from Lemma 2.4. O
4.4 Line graphs of product signed grids

The line graphs of product signed grids can be treated by means of Theorem 3.11.
That theorem does not give the Laplacian eigenvalues, so our results are limited,
except for toroidal grids, which are regular and so are covered by Theorem 3.12.
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Corollary 4.9.  The line graph A(Rgfl) X P,(er)) of a signed grid graph that is a
Cartesian product of signed paths of lengths m,n > 2 has the eigenvalues:
Nij =2 — 2<Cos7r—Z +COS7T—j>
m n
for 1=1,2,....m and 7 =1,2,...,n, of which all are <2 except that \,,, = 2,
and also 2 with additional multiplicity (m — 1)(n —1) — 1. The energy is:

E(A(P() x P2y = QZZ‘ — 1+ cos — —i—cosﬂ‘ +2(m—1)(n—1) —2.
m n

i=1 j=1

Proof. This is a corollary of Theorem 3.11 and either Lemma 4.2 or Corollary 4.4.
O

Corollary 4.10.  The line graph A(C’,(ﬁl) X P,ETQ)) of a signed cylindrical grid
where n>2, 0<r;<m and 0<ry, <n—1 has the eigenvalues:

@iz lrhm Cos T _ 1>,

Aij = 2<cos
m n

of which all are < 2 except that A\, =2 when ry is even, and also the eigenvalue
2 with additional multiplicity m(n —1). The energy is

m n 2_ 2.
E(A(C) x pra)y) = QZZ ’1 — COSM + cosﬂ’ +2m(n —1).
m n
i=1 j=1

Proof. This is another corollary of Theorem 3.11 and Lemma 4.2 or Corollary 4.4.
O

As toroidal grids are 4-regular, the line graphs of their product signatures fall within
the scope of Theorem 3.12.
Corollary 4.11.  The line graph A(C’,g;l) X 055"2)) of a signed toroidal grid C") x

Cy(lm) where 0 <ry <m and 0<ry<n has eigenvalues

-+ cos

oy =2( s (2i - ngrl])w (2) - n[rQ])ﬁ ),

all of which are < 2 except that M,, =2 if r1 and ry are even, as well as 2
with additional multiplicity mn.
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The Laplacian eigenvalues are

)\fj =8 — Q(Cos —(22' —W[Lﬁ])ﬁ + cos —(2j _n[m])ﬁ),

all of which are >4 except that Nt =4 if ry and ry are even, as well as 4
with additional multiplicity mn.

The energy and the Laplacian energy are both equal to

4mn+2ii’00sw+cosw—l.

- - m n
i=1 j=1

Proof. In this example of Theorem 3.12, ky = ks =2 so k = 4. The product graph
Y =C x 0 has mn vertices and %kmn = 2mn edges. The eigenvalues of
the line graph A = A(X) are obtained from Theorem 3.12 and Corollary 4.8. The
energies and Laplacian eigenvalues follow from Theorem 3.12. O

4.5 Line graphs of homogeneously signed graphs

All-positive and all-negative signatures are interesting as they represent the “signed”
and “signless” Laplacian matrices of ordinary graphs. Recall that the Laplacian is
L(+G) and the “signless” Laplacian is L(—G), so that the Laplacian eigenvalues
of G are the same as those of +G, ie., A'(G) = M(+G), and the “signless”
Laplacian eigenvalues are A'(—G).  Also recall that ¢(G) is the number of
components of G and ¢,(G) is the number of bipartite components of G. Note
that, since L(+G) = D(G)—A(G) and L(—G) = D(G)+A(G), the two Laplacian
matrices are related by the identity L(+G) + L(—G) = 2D(Q).

Corollary 4.12. Let G be a graph of order n and size m with Laplacian
eigenvalues AL (+G), L (+G), ..., E(+G), of which ME(+G), ... ,/\TLFC(G)(—FG) >0
and )\ﬁ—c(G)—‘rl(—i_G)’ ey )\5(+G) - O

The eigenvalues of the line signed graph A(+G) of G with all positive signs
are 2 — M(+G),...,2 — Aﬁfc(g)(%—G) < 2 and eigenvalue 2 with multiplicity
m—n+c(G). Its energy is

n—c(QG)
E(A(+G) = > [M(+G) =2[+2(m —n+¢(@)).

=1

Proof. In Theorem 3.9, ¥ = +G and b(X) = ¢(G). O
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The invariants of A(G) are identical to those of the all-postive signed line graph
+A(G). The line graph A(+G) is not in general all positive. To get an all-positive
signature of A(G) we negate the line graph A(—G), whose signature is all negative.

Corollary 4.13. Let G be a graph of order n and size m with underlying
graph G and signless Laplacian eigenvalues N(—G),\o(=Q),..., \L(=G), of
which M (=G), ..., )\ﬁ_Cb(G)(—G) >0 and Nt G1(=G), ... AEH(-G) = 0.

n—cy

The eigenvalues of the line signed graph A(—G) are 2 — M(-G),...,2 —
/\ﬁ_Cb(G)(—G) < 2 and eigenvalue 2 with multiplicity m —n + ¢(G). Its energy

1S
n—cp(G)

E(AM-G) = > MN(=G)—2[+2(m—n+c(Q)).

i=1

The eigenvalues of the wunsigned line graph — A(G) are MNo(—-@) —
2,... 7/\57%(@(—6’) —2> —2 and eigenvalue —2 with multiplicity m —n+ ¢ (G).
Its energy equals E(A(—Q)), thus it is a function of the signless Laplacian eigen-
values of G.

Proof. In Theorem 3.9, ¥ = —G and b(X) = ¢(G). Note that A(A(G)) =
A(+A(G)) = —A(—A(G)) = —A(A(—G)), therefore the eigenvalues of A(G) are
the negatives of those of A(—G). O

4.6 Line graphs of homogeneously signed regular graphs

The line graphs of signed graphs whose underlying graphs are regular also fall under
Theorem 3.12.

Corollary 4.14. Let G be a graph of order n and size m which s reqular
of degree k > 0. Let the eigenvalues of G be Ai,...,A @) = —k, —k <
)‘cb(G)+17 cee )\n—c(G) <k and )\n—C(G)+17 RN A, = k.

The line signed graph A(+G) has minimum eigenvalue —(2k—2) with multiplicity
ap(G), intermediate eigenvalues —(2k—2) < Ae, @)1 —Fk+2, ..., Apcc) —k+2 < 2
and largest eigenvalue 2 with multiplicity m —n + c¢(G) (unless G is a forest).
Its Laplacian eigenvalues are 4k — 4 with multiplicity c,(G), intermediate eigen-
values 4k —4 > 3k —4 — Ay@)+1,- -3k —4 — A_q) > 2k — 4, and smallest
eigenvalue 2k — 4 with multiplicity m —n + ¢(G).
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Its energy and Laplacian energy are:
—c(G)
EA+G)) =E Z X — (k= 2)] +2(m —n+¢(G)).

Proof. In Theorem 3.10, ¥ =+G, b(X) =¢(G) and b(—%) = (G).

It is well known that the only case in which m —n + ¢(G) =0 is that in which G
is a forest. O

The line graph A(G) is equivalent to +A(G) but not in general to A(+G) because
the latter is not in general homogeneous. To find the eigenvalues of A(G) we work
through —A(—G), which is A(—G) with all signs negated.

Corollary 4.15.  Let G be a graph of order n and size m with underlying graph
G which is reqular of degree k > 0. Let the eigenvalues of G be Ai,..., A @) =
—k, —k < )‘cb(G)+17 ceey )\n—c(G) <k and )\n—C(G)+17 cee A, = k.

The line signed graph A(—G) = —A(G) has eigenvalues —(2k—2) with multiplicity
(@), —(2k—=2) <2—k—=Ay@)41,-- 2=k —A_ce) <2 and largest eigenvalue
2 with multiplicity m — n + cb(G). Its Laplacwn ezgenvalues, which are also
the signless Laplacian eigenvalues of A(G), are 4k —4 with multiplicity c(G),
4k —4 > 3k — 4+ A@)41, - -, 3k — 4+ M_eyq) > 2k — 4, and smallest eigenvalue
2k — 4 with multiplicity m —n + ¢,(G). Its energy and Laplacian energy, which
are also the signless Laplacian energy of A(G), are:

n—cy(G)
E(M-G)) = EL(A(=G) = > Ni+k—2[+2(m—n+c(Q)).

i=1

The eigenvalues of the unsigned line graph A(G) are the negatives of those of
A(=G), id.e., 2k —2 with multiplicity c¢(G), 2k —2>k—24 Ae,@)+1,-- -, 2k —
2+ N—c(e) > —2 and smallest eigenvalue —2 with multiplicity m — n + ¢,(G).
Its Laplacian eigenvalues are 0 with multiplicity c(G), 0 <k — Ay@)41,---,k —
An—ep(@) < 2k, and largest eigenvalue 2k with multiplicity m —n + o(G).  Its
energy, Laplacian energy and signless Laplacian energy equal the energy of A(—G).

Proof. In Theorem 3.10, ¥ = —G, b(X) = (G) and b(—X) = ¢(G). By the
identity A(—G) = —A(G), —G has the eigenvalues —\;. Also, A(G) has the
same eigenvalues as +A(G) = —(—A(G)) = —A(—G), so that the eigenvalues of
A(G) are the negatives of the eigenvalues of A(—G).
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The Laplacian eigenvalues of A(—G) satisfy M(A(=G)) = 2k — 2 — A\(A(GQ))
because L(A(—G)) = (2k — 2)I,, — A(A(—G)). These are the signless Laplacian
eigenvalues of A(G).

The Laplacian eigenvalues of A(G) are the eigenvalues of L(—A(—G)) =
(2k —2)1,, — A(—A(—G)) = (2k — 2)I,, + A(A(—G)). Thus, they have the form
MN(A(G)) = 2k — 2+ AM(A(—=GQ)), which is as stated in the corollary. O

Of particular interest are the homogeneous signatures of K. Recall that K, has
eigenvalues 0 with multiplicity n —1 and n —1 with multiplicity 1.

Corollary 4.16.  The line signed graph A(+K,) with n > 3 has eigenvalues

3 —n with multiplicity n—1 and 2 with multiplicity ("51)

Its Laplacian eigenvalues are 3n — 7 with multiplicity n —1 and 2n — 6 with

multiplicity (";1) )

Its energy and Laplacian energy are:
E(A+K,)) = EL(A(+K,)) =(n—1)(2n —5).

Proof. Set G = K, in Corollary 4.14. Then k=n—1, m = (Z), (Ky) =0

and c(K,) = 1. O

Corollary 4.17. Let n > 3. The line signed graph A(—K,) = —A(K,) has
eigenvalues —2(n — 2) with multiplicity 1, —(n — 3) with multiplicity n — 1,
and 2 with multiplicity (";1) — 1. [Its Laplacian eigenvalues, which are also the
signless Laplacian eigenvalues of A(K,), are 4n —8 with multiplicity 1, 3n—7
with multiplicity n — 1, and 2n — 6 with multiplicity (”71) — 1. Its energy and

2
Laplacian energy are:

E(A(~G)) = EL(A(=G)) = (n — 1)(2n — 5) + 2(n — 3).

The eigenvalues of the unsigned line graph A(K,) are the negatives of those of
AN(—K,), i.e., 2(n—2) with multiplicity 1, n—3 with multiplicity n—1, and

n—1

—2 wnth multiplicity ( ) ) — 1. [Its Laplacian eigenvalues are 2 with multiplicity

1, n+1 with multiplicity n — 1, and 2n with multiplicity (”51) —1.

The energy, Laplacian energy, and signless Laplacian energy of A(K,) equal the
energy of A(—K,).

Proof. Set G = K,, in Corollary 4.15. [l
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