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1. SIGNED GRAPHS
Y :=(V,E,o) =(|X],0) is a signed graph:

|X| = (V, E) is the underlying graph: vertex set V', edge set F.
o: F — {+,—} is the signature (sign function).

Positive subgraph: Xt := (V, E™T). Negative subgraph: X~ :=
(V. E™).

Switching;:

Switching function ¢ : V — {+, —}.
Switched signs: ¥¢ := (||, 0°) defined by

o (vw) = ¢(v)o(vw)((w).
Switching a set X C V: define X% := (|3, 0%) by

X (pw) = o(vw) if.v,w e Xorvwé¢X,
—o(vw) ifve X, w¢g Xorvg X, we X.

Switch X = {w, y}:

A
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2. BALANCE

Sign of a circle C' is o(C') := product of edge signs.
> is balanced if every circle is positive.

Lemma 2.1. Switching does not change the sign of any circle.

Theorem 2.2. The following statements are equivalent:

(i) X is balanced.

(ii) (Harary’s Balance Theorem) V = Vj U Vs where Vi, Vs are disjoint, and
every positive edge is within Vi or Vo while every negative edge has one
endpoint in each.

(iii) X switches to an all-positive signature.

Proof. (ii) = (i): The negative edges form a cut, so every circle has an even
number of negative edges.

(iii) = (ii): If X% is all positive, let V; = X and Vo =V \ X.

(i) = (iii): Choose a spanning tree 7" and a root r. Define ((v) := o(7},).
In X¢, T is all positive, so there is a negative circle in ¥ <= there is a
negative edge in X.¢. [
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Algorithm to Detect Balance:

(1) Choose T and r, and construct (.
(2) Switch to X°.
(3) Check the sign of each edge, looking for negative edges.

Complexity: Fast.
Let n:= |V|.)

Find 7. Time n?(?)

Choose r. Time nP.

1)
2)
3) Construct ¢. Time n'.
4)
5)

Switch. Time nl.

Find a negative edge, if one exists. Time O(n?).

(
(
(
(
(
(

Total time: n?2.

The First Mantra of Signed Graphs: The basic fact is not the signs but the
list of positive circles.

Theorem 2.3. Given two signatures of the same graph, one can be switched
to the other <= they have the same list of balanced circles.

Corollary of the First Mantra: Signed graph theory is about switching
classes, not individual signed graphs. (True mostly. Counterexample: Clus-
terability, in §§8, 9, 10.)

The Second Mantra of Signed Graphs: Everything that can be done for
graphs can be done for signed graphs as well. (True very often! True mostly?)
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3. FRUSTRATION

3.1. Measured by Frustration Index.

Frustration Index:
[(X) := least number of edges whose deletion makes ¥ balanced.
A ‘deletion set” D C FE satisfies: ¥\ D is balanced.
A ‘negation set’ N C E satisfies: ¥ with the signs on N negated is balanced.

Proposition 3.1 (Traceable to Abelson & Rosenberg 1958). Frustration in-
dex 1s tnvariant under switching. [

Theorem 3.2 (Harary). The least number of edges whose sign change makes
Y. balanced = the least number whose deletion makes % balanced, [(X).

Proof. Any negation set is a deletion set. Any minimal deletion set is a
negation set. Thus, minimal deletion sets and minimal negation sets are the
same. [

Theorem 3.3. [(X) = ming |[E~(X°)|, the minimum over all switching func-
tions.

Proof. I(X) < |[E~(2)] = I(X) < min¢ |[E~(2Y)].

Let D be a deletion set of size [(X); then X\ D is balanced, so (X\ D)¢ is all
positive for some switching function . As ¢\ D is all positive, D C E~(X¢).
Thus, {(2) = |D| > |E~(2¢)] > min¢ |[E~(59))]. 0
Lemma 3.4. If |[E~(X)| = I(X), then every vertex satisfies ds-(v) < 3d(v).

Proof. If not, switch v, reducing the number of negative edges. ]
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Maximum Frustration:
For a graph I, l;,.x([") := max, (I, o).

Theorem 3.5 (Petersdorf 1966). I[(—K,) = [(n — 1)?/4] = lna(K,).

Proof idea. For [(—K,,) use the opposite of Harary’s balance theorem: Find
the biggest cut; the size of its complement is [(—K,).

Take > = (K, 0), switched so |[E~| = [(3). In 37, the degrees are d” (v) <
|2=1]. This solves even n. For odd n, any two vertices with d~(v) = d~(w) =

n—1 must be adjacent in . Thus, there are r < ”7_3 of them; the other n —r

2
vertices have d~(z) < 222, Combining, |[E~| < @.

[

There are estimates of I, (I") for all graphs, bipartite graphs, etc., begin-
ning with Akiyama, Avis, Era, & Chvétal 1981.)

No other significant infinite families are known.
Easy: lnmax(Cr) =1, by —C,, if n is odd but not if n is even.
Not hard: Iy (P) =5 =1(—P), P = Petersen graph.

Imax (K s) is the obvious next candidate for solution after K,. Very hard
because —K, s is balanced, thus, there is no candidate signature for maxi-
mum frustration. Good recent progress by Bowlin (2009) on lyax (K, ) as a
function of s, with r fixed; see §4, ‘Covering Radius of a Cycle Code’.

Algorithm to Decide Frustration Index?

FRINDEX: ‘Is [(X) < k7
Proposition 3.6. FRINDEX s NP-complete.
Proof. FRINDEX for —I' is MAXCUT. ]

Heuristics?

(1) Cutting plane methods (Grotschel et al.).
(2) Probabilistic methods. E.g.:
Hill-climbing methods (local search with excursions).

Re (2): The structure of the state space? (See §6, ‘Physics’.)
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3.2. Measured by Negative Triangles.
Complete graphs only.

number of negative triangles

Triangle index: Ky, 0) =
ranglé index c3(Kn, ) total number of triangles

(Normalize to [—1,1]. Then c3(—X) = —c3(2).)

State Space:

{(Kn, o):o0 € {+, —}E}, with adjacency when the signs differ on one edge.

Heuristic explorations by Antal et al., Marvel et al.

Jammed state:
No adjacent state has lower energy.

Questions: They exist. Where do they appear? What do they look like?

Valley:
Connected set of states (same energy) surrounded by higher-energy states.

Questions: Valleys that are not minimum energy? Do they exist? What
are they like?
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4. COVERING RADIUS OF A CycLE CODE

Graph I' — cycle code C(T"), the binary linear code generated by the circles.

Theorem 4.1 (Solé & Zaslavsky 1994). The covering radius of C(I') equals
Imax(T).

Best example:

Imax (Krs) (§3.1, ‘Maximum Frustration’) is equivalent to finding the cov-
ering radius of the Gale—Berlekamp code, or equivalently, the badness of

the worst case of the Gale-Berlekamp switching game.
Define:

fr(s) == lnax(K 5) as a function of s for fixed r:

Theorem 4.2 (Bowlin 2009, Theorem 4.22). f,.(s) = %[1 — 0,(s)] where
1 (r—1
5r(3) Z —( r— )7
1\ |25

Furthermore, §,(s) is eventually periodic with period 2"7!, so it becomes
very small compared with f,(s).

(Graham and Sloane 1985 had the bound, but without the condition for
equality, and nonconstructively.)

with equality iff 2" s.
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5. PSYCHOLOGY/SOCIOLOGY: SOCIAL TENSION

(1) Heider (1946), ‘Attitudes and cognitive organization.’
‘P-O-X model”: P, O are people, X is an object.

(2) Cartwright and Harary (1956), ‘Structural balance: a generalization of
Heider’s theory.’
Social group with positive and negative relations.

(3) Davis (1967), ‘Clustering and structural balance in graphs.’
More than two clusters with positive edges. (§8, ‘Clustering’.)

(4) Some experimental studies, of debatable outcome.

(5) Much theoretical interest in the context of social network theory, esp.
e Doreian et al., e.g. in Slovenia (Mrvar, Batagelj).
e Attempts to make the Cartwright-Harary theory more realistic.

e The bipartite model. (§11, ‘Bipartite Clusterability’.)
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6. PHysicS: THE NON-FERROMAGNETIC ISING MODEL OF A SPIN
GLASS

A square lattice representing a spin-glass:

e —-———0 [ J o - ——0-—-——-—-0 ([ ] [ J [ [
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I | | I | |
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Plaquettes: The little squares are satisfied (4) or frustrated (—).
Negative plaquettes form patterns.
o ——— 00— 0 O ———0===20 (] [ J [ [
n— | = [ \ =) [
Il | I I I Il
Il * | I I I Il
[ ([ ] N e —-———0 e==—=20 ([ ] o ———0==—=20
0 I I B PO B
S R S R SN S
n— — ) — | — —
Il X | % | * | ok
I | \ "

[ ] ([ ] [ J [ [ e —-———0 [ J [ . [
T A T -
| | [ |

([ (] e —-———0 e —-———0 (] O==—=0===20
-* 1g | | [ R | — [ |

I | | I I * | ok Il |
I | | Il I | Il |

[ ] ([ ] [ J [ O —— 0 ==—"=—"0===20 e===20

=) | \ =) [

I | I Il I

I | I Il Il

e ——— 0 [ J e —-———0 [ (] o ——— 0 —7— 0

Frustration index: 6 = number of unmatched frustrated plaquettes.
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As shown here:

[(planar signed graph) is efficiently computable.

(Katai & Iwai, J. Math. Psychology.)

Same for toroidal signed graphs.
(Barahona.)

Not so for the 3-dimensional cubic lattice!
Fact: Every (finite) graph embeds in Z?3.
Fact: [(X) is NP-complete.

Conclusion: Bad news!

26 Jury 2010

11
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A state of the graph:

e: spin up (+) o: spin down (—)
sat: satisfied edge frust: frustrated edge
sat sat sat sat frust sat sat sat sat
® —-—-—-0 (@] O—-———@—-———-0 [ J [ ] [ J [ J
| | | | | |
sat I sat sat I sat sat I frust | frust | sat I sat sat
sat | frust sat | sat frust ! sat ! frust | frust ! sat
- —— @ - — = (] O—-———0———
| | | I |
sat | sat frust | frust | frust sat sat | sat I sat sat
sat | frust sat | sat | sat frust sat | sat ! frust
® —-—-—-0 [ ] [ J [ J e ——— 0 [ ] ® — — —
| | |
sat | sat frust | frust sat frust | sat sat sat sat
sat ! frust frust ! sat frust frust ! frust sat sat
o { ] (@) [ ] [ ] O—-——-—-0 [ J [ ] [ ]
| I | | I
sat | frust | sat frust frust | sat | sat | frust sat sat
sat ! sat ! sat sat sat ! sat ! sat ! frust frust
) ° e - --0 o---e ° o oo
| | | | | | | |
sat | frust sat | sat I sat | sat | sat | frust | sat I frust
sat | sat sat ! sat ! sat ! frust ! sat ! frust ! sat !
° ° ° ° e - -—0-—--0---eo o——-
| | | | |
| frust sat sat sat I frust frust | sat sat I frust | frust
I sat sat sat frust ! sat sat ! sat sat | frust |
[ J [ J [ ] e ——— 0 o (] ® - ——-0 [ ]

Theorem 6.1. A state that minimizes the number of frustrated edges is a
switching function that reduces the number of negative edges to a minimum.
Furthermore, the minimally frustrated edges are the same ones that become
negative upon switching.

Proof. Compare the definition of a frustrated edge with the signs resulting
after switching. [

Hamiltonian: H({) = 2|E| — |E~(X9)].

Energy: Ce (%) minimized at minimum |E~(X¢)], i.e., when |E~(X%)| =
[(%).

Thus, we are looking over the state space of X.
State space: {+,—}" with adjacency by one sign change. (The n-cube

graph.)
Question: What is the energy landscape of the state space of X7
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7. DYNAMICS

Make a state space and study the degree of balance.

I. States of a fixed signed graph; frustration index.
(See §3.1; also, §6, ‘Physics’.)

II. Signatures of a fixed complete graph; triangle index.
(See §3.2, ‘Triangle Index’.)

ITI. Signatures of a fixed graph; unknown index.

IV. Signatures of a fixed graph; clusterability indices.
(See §8, ‘Clustering’; and §9, ‘Clusterability’.)

Little is known, much is to be discovered.

13
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8. CLUSTERING

Y. is clusterable if V = Vi UVLU- -+ so all positive edges are within a cluster
V; and all negative edges are between clusters.
> 18 k-clusterable if it is clusterable with k clusters.

The obvious way to cluster: Find the components of X7

Theorem 8.1 (Davis 1967). X is clusterable iff no circle has exactly one
negative edge.

Proof. Suppose X is clusterable. Consider C. If it has exactly one negative
edge, its vertices must lie in a cluster, but its negative edge cannot.

Suppose the components of X1 have vertex sets Vi, ..., V.. If there is a
negative edge e within a component [V;], there is a circle within [V;] that
contains e. O

How do we decide whether ¥ is k-clusterable? The graph obtained from |X|
by contracting each component of X% to a point is |X|/E*. The chromatic

number of I" is x(I') (oo if I' has a loop). ¢(I") is the number of components
of I'.

Theorem 8.2. ¥ is (<k)-clusterable <= k > x(|X|/E™). ¥ is k-clusterable
= (X)) = k= x(IZ]/ET).

Proof. A k-clustering combines into k& groups components of X1 that are not
joined by negative edges of . Color combined components the same and
uncombined components differently; that is a k-coloring |%|/E™ that uses all
k colors, which is possible iff ¢(|3]) > & > x(|Z|/E™). If X is not clusterable,
|X|/E" has a loop so > x(|X|/E1) = co. O

Theorem 8.3. For k = 2, <k-clusterability s solvable in quadratic time.
For k > 2, <k-clusterability and k-clusterability are NP-complete problems.

Proof. 2-clusterability is balance, known to be quadratic. k-clusterability
includes chromatic number, indeed —I' is <k-clusterable <= k > x(I)
(a simple special case of Theorem 8.2). The question, ‘Is I" k-colorable?’, is
NP-complete for k£ > 2. The question ‘Is I' k-colorable using all k£ colors?’, is
easily equivalent. [

Not many signed graphs are clusterable, so we need to look deeper ...
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9. CLUSTERABILITY

k-clusterability index:
Qx(k) := the minimum number of bad edges in a k-clustering.

Theorem 9.1 (Doreian and Mrvar). Qx(k) decreases to a minimum and
then increases.

Conclusion:

There is a contiguous range of cluster numbers that minimizes the number
of bad edges.

Is it computable? (See §10, ‘Correlation Clustering’, next.)

Is it realistic?

Clusterability index:
(Q)(2) := the minimum number of bad edges in any clustering

= mink Qz(k)
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10. CORRELATION CLUSTERING: AN ATTEMPT AT ORGANIZING
KNOWLEDGE

Goal: Cluster related objects in the best possible way, automatically.
Example: Documents.
(Bansal, Blum, & Chawla 2004.)

Correlation clustering means maximizing correlation. This is identical to
finding the clustering with the least clusterability index.

What’s old or restrictive:
e Only K,,.

e Ignorant of social networks.

What’s new:

e Specific algorithms and complexity considerations for:
(1) Minimizing disagreements (bad edges).
(2) Maximizing agreements (good edges).

Theorem 10.1 (Bansal, Blum, & Chawla 2004). Q(X) is an NP-complete
problem.

Theorem 10.2 (Bansal, Blum, & Chawla 2004). A P-time algorithm to
minimaize the number of bad edges that gives a result no worse than 20000 X
the actual number.

Greatly improved by Charikar, Guruswami, & Wirth (2005).

Theorem 10.3 (Swamy 2004). An algorithm to mazimize the number of good
edges to within 0.7666, on a weighted signed graph.

All generalized to weighted signed graphs by Demaine, Emanuel, Fiat, &
Immorlica (2006).
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11. BIPARTITE CLUSTERABILITY
> is bipartite: V. =UUW.

Clusters are within each part.
A (kq, ko)-biclustering is a partition of U into kj parts and of W into ky parts:

U:U1UU2U'°'UUk1, W:W1UW2UWk2.
Qs (k1, k2) := number of edges in [U;, W;] that go against the majority.

Theorem 11.1 (Mrvar & Doreian 2009). Qx(k1, k2) is a weakly decreasing
function.

Proof. By splitting a part into two parts, one cannot increase the number of
edges that go against the majority. [

Theorem 11.2 (Zaslavsky). Qs(1, k2), Qu(k1,1) > 1(X) > Qx(2,2).
Proof. Find X C V such that X% has [(X) negative edges. Let
U =UnX, W, =WwnX,
Uy,=U\ X, Wy =W\ X.
For @Qx(1, ky), the number of edges that go against the majority in each
[U, W] cannot be less than the number of negative edges in %%,

For Y5(2,2), the total number of edges in all [U;, W}| that go against the
majority, cannot be larger than the number of negative edges in XX. [

Next step: Characterize the cases where [(X) > @x(2,2). This has been
done but is too complicated and not important enough to describe here.
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12. PSYCHOLOGY/SOCIOLOGY: BACK TO THE BEGINNING

Studies and inventions continue.

Clusterability:

Hummon and Doreian, Doreian and Mrvar:

e Testing k-clusterability index against small sample social groups.
e Looking for modifications or additions to the theory that give better
results.

Biclusterability:

Mrvar and Doreian:
The two color classes are
U = set of people,
W = set of objects for which the people have favorable or unfavorable
feelings.

Conclusions?

People are too complicated, but the models are mathematically interesting
and have unexpected applications.
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