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Product definitions:

Recurrence:

Pi:
m="7

Replication formula:

Reflection formula:

0

(ZEROTH) FACTORIAL

Wz e’/n

n21 1...z/n

gli= 2l =@

O

=HJP+_1£=

n>1 (a+z)n™"

n21 1+z/n

= (-15)12 = 3.141569 26536 89793 ... .

n-1
(n2)l(2m) 2~
phzt e y

n-1
[M(z-#) =
i=0

nz
sin7rz ’

zl(-2)! =

Asymptosy:
-z+ﬁz"+ Eﬁz'3+£§z'5+---
5 = /EHEe 12 a4 56
T W [ T
« /BRife B W TEeS -
Z

= vEmE (2) (14 15+ — - s
e Z 288z 61840z

:
S
e
—

2 Er (1414)R44

(1+4)°

- O(z'4))

(0.Prod.1)

(0.Prod.2)

(0.Rec)

(0.Pi)

(0.Rep)

(0.Ref)

(0.Asym)



Product of the general rational function: if -a_, -a,,...,-a, are the poles and

1 k
roots and Py Py - - -, P, are the respective multiplicities (counting poles

negatively), then, since (0.Prod.2) is equivalent to

D D D
(n+a )"1(n+a,)"2...(n+a, )" )alp,+azp2+ 4Dy 1
= + 0 :
BERL nP1tPat Py - n+l al!Piazgl’a con ak!pk
(0.Genp)

- the desired product converges, and to this limit, iff Tp 8 za Pi = 0.



Faster convergence: (0.Prod.1) is the special case k = 1, m » w, of

m 2-Z(2P45(E)-.iol(-2)
e
zIz;Il 1+%h . ( (-z)k* o o k+2 ))
7z-§2 52, 1@ 3 .. LWy k(k+1)m* kz ek
e
(O.Fast.1)
where the exponent in the multiplicand is just k terms of log 1+24, .
Similarly, (0.Prod.2) is the special case k = 0, m - w, of
z+k i+1
m A ) (2-1)z .. . (z+1-2)(z4141) . . . (2+K)
f.__Li_ H (n+z+i) M(k-1)(k+1)
n=1 - k+1 I1=0
- 0.Fast.2
k CDXz-D)z. . . (z4i-2)(z4141) . . . (z+k) ( )
[1((z+1)(2z+2) . . . (2+i)) s s
i=1
z-1)z...(z+k) 1
=zl (1~ ( ES —_)]).
( (k+1)z(k+2)mk+1 ( e e ))
Taylor series: sending k » » in (0.Fast.1),
_ z+g(72—)zz-£%3—)zs+¥z4--“
zl = e (0.Tay.e)
6v*+m? 5 2v*+ymi+4;(3) 3.
= 1-vz+ 5 2 1z ++  (0.Tay)
z-16)} g B2 2 78(3) 3 160(4) 4,
(z7%) = 47%¢ . s 1 (0.Tay.e.5)

N

&, e
1 "gZ"' 2g_4+7f_ Z} zg +37r1§+28r(3) 3 e (0.Tay.6)

whereg=v+2Ilna.



Definition:

FIRST FACTORIAL

fozln t'dt + 5(—22*—12
e

z{=

Product definitions:

Recurrence:

7

2+ z+1
2

(2

e

2

Z
4= () I %

i )Z/Z

z-z2/2n

n>1 (1+24)"

2
PR /2n

(21)7%  nz1 (1424,)™*2

D)

(n+ o )z
=1z . (1+14) '
e 2 n+z
n21 (1+%4)
g ez+1z! z/ e?
z z z 21
gt T TR e ( (nz)l(2m) 2
vemn Vem now izt 1y

so for positive integer n,

First pi:

(l

1

z+1

n! = 1122, nn,

1

| =
(-1)}° = 2% me

(5@

§(2)

(1.Def)
(1.Prod.0)
(1.Prod.1)
(1.Prod.2)

(1.Prod.3)

= z2, (1.Rec)

(1.Pi)

6.77769 41333 41656 88333 68099 49818 72681 ... .



Replication formula:

n-1p
n-1 CRIC e
H (z = I/Il)! o (nz+1)z . 1
i=0 n_ 2z Tizn
Reflection formula:
z! z rz
1 2 -f In(sin nt) dt
= -] evo s
(-2)! (Z)
_ Asymptosy:
B B B
78 DA . T TR Rl S
z| = (Z%'rrlz)v‘zz'g—)z z] LA 127 2047 T a6’ eve
z(z+1) _, 2
= (287 e2)227 7 274 (1 e +O(z'4)) :
: 720z°

Taylor series:

e & 93 23 34
5= g
(am)*
2_ -
S 1-1n 27 ) (In 271)“-2(In 271 )-4v+6 5
2 8
Catalan's constant:
RIS T (-%)]

X o e o BN T
12 32 2 (-14)!

(1.Rep)

(1.Ref)

(1.Tay.e)

(1.Tay)



Product identities:

6 1 S '

z 2 Z 7ot 0

Hnnn = I pP'1 - 12 = e {2
27y

nz1 p=prime

' -2
I (2n+ 1)(3"“) - ( . g
n21

Superfactorial:

so for integer n,

Asymptosy:

Determinants: Generalized Hilbert

1 ™ (n+b)!z(n-1)!2
det( gy )n > (2n+D) (1.det.1)

Vandermonde, discriminant (special case)
c+l

n(nszes1) ( (""b/a)!) (n-1) (1.det.2)

det((ai+b)~"'“")n = a .
e

(See Knuth, probs 1.2.3.37-38, and 5.1.4.9 for applications.)






SECOND FACTORIAL

Definition:
3e+3E+D\T8 , =
4 d_i_f(e ) 2, nt}at (2.Def.0)
2n3
czj:(z—t) In ¢! dt— §(y— S )4 et D@et D)
o e (2.Def.1)
(252

Product definitions:

H((6—47)22+9:+1)\ 5 ene+322/2+23/3n
7= ( ) - (2.Prod.0)
s 22(9z+1)118z7rf13 ol (1+ %)(n-{—z)
1 g 12(n+12+18E—1)(nt1)+(z—1)(42—5)
[ z(z—1) H (l + ; =
= (2we™* )" 7 (2.Prod.1)
Azl (1 + %)(ﬂ-{-z)z
Recurrence:
v 8 n—1/n
i o g s 2f7 mdar _ [ ¥ T8 I (m){"(ﬁ"fl) - %—zza 9
e | el G e d— e e im =z =2z, (2.rec)
2 2”1 2‘”‘1 o0 n ) n

so for positive integer n,
' n} = 1122 n™,

Second pi:
2
Ty = (—%)é = ebs@)™ " = 1.11245 53503 14827 97281 62913 28755 33992 32213 1868. ..

Asymptosy: ,
zé ~ 1{22.—(‘-’-_1)5('&”3—bza+1§'z+2(r7?éﬁz_l+3%13_a+"')
2.Asym)
_jseimoetn Lo g ] 1 259193 (
2% : (1 — 350; * 35920022 + 19595520007 T )
Replication formula:
b, 2(n3—1)
I A R
== n 2 nnz nz+41)(2nz-+41
Reflection formula: BT
z%(_z); z (%)Z e2];(t—z)lnsin xtdt
Taylor series:
ez 32+ — 1P +2(5 5 — £ 25 +)
z = (2.Tay.e)
(25‘*"1%1('51\’1&)3
2 2¢° — 9g(4 — 1) — 4 6
=1+gz+2g izz+3z2+ g° — 9g( 12) < Fark (2.Tay)
B ek | ¢(2)
where [ = S . Sl 6('1+log21 @



SECOND FACTORIAL

Definition:
3N\ T8 | ¢+
zé (i;r (e_—_i—_——) 32 fo ln t{dt (2.Def.0)
27r§
2y a—tymed—gir—53) Iyttt
= o (2.Def.1)
(2m)" "
Product definitions:
(63((6——4‘7)z2+92+l))3% enz+3z’/2—|—z3/3n ( s 0)
2l == 2.Prod.
- 2 22(9z+1)7r18z,”? oS (1 % %)(n-{—z):
(1 4 Ly b))
: 1)
— (2%322—1) H 3 (2.Prod.1)
ot (1 +f_)(n+z)
n
Recurrence:
: 3 n—1/n 4
z! 9z IJQ' nz)l» 3 1; n
Lo ()P e () (B o
(z— 1)} 27} 2m3 o no3 trm
so for positive integer n,
n} = 11722 ™,
Second pi:
2 —
Ty = (_%)5 — e¥s@®)77 — 1.11245 53503 14827 97281 62913 28755 33992 32213 1868. . .
Asymptosy:
z&zwgzﬁ)ﬁwe—%zs et R s g2y s )
2.Asym)
IR S CTNCEES BT A 1 259193 (
- SR o ('~ 550 5920052 T 15055200027 T )
Replication formula: .
n—1 )‘2 ;(—"—.,:ﬂ ;}f
H ( = _)2 W_ (2nz+1)
Reflection formula: g f'
o R e R (t—z)Insinwt dt
2 z)} (2) e“Jo
Taylor series:
el r+ 1+ — 12 ke — s 4)
il = (2.Tay.e)
(25‘*'1457r§7r1<’l)z
2g% — 12143 2¢g% — 9g(4l — 1) —47+6
=14g24 2 2+ i s ot (2.Tay)

4 12

where | = log627r, g = %— %('y—l-log21r— (2 ))




NTH FACTORIAL

n recurrence:
Bny1(z+4-1)—Bn 41
n(n-41)

(l)—i—nf; In t"_!_ldt
€
zh

(= Lyt g eie
2
Z Tecurrence:
z!
n

(z—1),

= zz"

so for positive integer z,

n

n n
2 =11"22" 2%
n

Asymptosy:
1 B 1) In2
:Z:o (”‘: )Bk(l +y)z?FH (Inz 4+ P(p+ 1) — ¥(p — k+ 2)) + %EE*):T
In(z + y)l = ==
p+1
In(— ),
. PP p # |p]
N (p+1
- (B,,+1(1 tatynst Y ( . )Bk(l + )P (W(p + 1) — Up — k + 2))
k=0
' p=|p]
Bp(l+y)(—2P~*  Bpa(m2) ., W)
_k>§~l (k+1)(p-)+¢_1) il 1 (p+ ) +2_2-——p
Useful fact: :
q— ¥
Z Biyi(l1 42— 3) = ¢ *Biy1(1 + ¢7)
i=0
Replication formula:
pH1_yN\T "
Bp41(1) qp:Fx___
e ey )T
i]_;l(; (z— ;),', = Bpt1(14-42) ;s

q p-+1




T o o 00 B"+1(xil1)_Bp .
(__)n+1n o H k—n T—n == ¥4
n 0 0 0 —-n ?
k=0 k+1 z—k
0 0 1 0.0 (=Pall)
k—nmn k—n fp1
kbl E¥1 0 0 By(1)
e ety
= ¥ 00 n
0 0 1
5.,
(O () g
— () L= 0, Vn= n] > p= o)
k=1 =1
[[2 -1
k>1
tlnt 57
S T
2.3 T 50 /]
nl=1-2-3---n.
n)l:=172%"3% ™
o “Int!dt
z] <ez+l) =ef° \
= slEf2 e*
o H z\n+z/2°
n>1 ]_-|-._.)
n
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