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( ZEROTH) FACTORIAL

Product definitions:

Recurrence: .

Pi:

Z/n

z! = zl = -'YzIT ee lZ'0
n2:1 +%l

= IT (n+1t =
IT (l+~)Z

( ) z-ln2:1 n+z n n2:1 1+%

z! = z.(z-l)!

1f = 1f = (-lh)!2 = 3.141692663689793
0

(O.Prod.!)

(O.Prod.2)

(O.Rec)

(O.Pi)

Replication formula:

n-l

IT (z - ~)!
i=O

Reflection formula:

(O.Rep)

Asymptosy:

z!(-z)! = 1fz
sin 1fz . (O.Ref)

B2 -1 B B
_ Z + - z + -.i z-3 + ~ z-5 + •..

zI = .j21fz ZZ e 1'2 3'4 5'6

1 -1 1 -3 1 -5
:: .j21fZZz e-z + T2 z - 360

z + 1260
z

-'"

= .f21fZ (Z )Z(l 1 1 139 D( -4))
z e + 12z + 288z2 - 61840z3 - z

Z (1+1/ )n+1
/ 2

= .j21fz ( ~) IT ':
n2:Z

(O.Asym)



Product of the general rational function: if -aI' -az' ... , -a
k

are the poles and

roots and PI' Pz' ... , P
k

are the respective mUltiplicities (counting poles

negatively), then, since (O.Prod.2) is equivalent to

, I

(n+BI )Pl(n+BZ)P2 . .. (n+Bklk nap +a P + ••. +a PIT . ( )1122 kk=
'1 P +P + ... +P n+l

n~ . n 12k .

1

(O.Genp)

_ the desired product converges, and to this limit, iff };P
i
=};a.p. =0 .

1 1



Faster convergence: (0.Prod.1) is the special case k =1, m ... 0:1, of

(_Z)k+l zk+Z
= z! (1 - k(k+1)mk + O( k Zmk+1 )) ,

(0.Fast.1)

where the exponent in the multiplicand is just k terms of log 1+% .

Similarly, (0.Prod.2) is the special case k = 0, m ... 0:1, of

. z+k . 1 .
m (n+1) k+1 k . (-1)1+ (z-1)z ... (z+J-2)(z+J+1) ... (z+k)

II - z-=1 IT (n+z+l) Jl(k-J)!(k+1)

n=l k+1 i=O
n

k (-1/(Z-1)Z ... (z+J-2)(z+J+1) ... (z+k)

II«z+1)(z+2) ... (z+i»)' J!(k-J)!(k+1)

i=l

(0.Fast.2)

= zl (1 _ (z-1) z ... (z+k) + O( 1 ))
. (k+l)Z(k+2)mk+1 k 3mk+Z '

Taylor series: sending k ... CIO in (O.Fast.1),

(0.Tay.e.5)

(0.Tay.5)

where g ='Y + 2 In 2 .



FIRST FACTORIAL

Definition:

Product definitions:

zl =
1

JOZln t! dt + Z(Z; 1)

e
(l.Def)

(l.Prod.O)

= (l.Prod.1)

Recurrence:

(n+ z+1 )z
~ (1+~) 2

= e 2 II
n~l (1+%)n+z

(l.Prod.2)

(l.Prod.3)

zl
1 =(z-l)1

z f.z
_e_ e z_1 1n tl dt
JZ1f

n-1 1
= ~ lim (nz)!(Z1f) T ) ~ =

JZ1f n....oo nnz+1h
(l.Rec)

so for positive integer n,

nl = 11Z2 ••• nn.
1

First pi:
2 'Y-1- r'(2)

1f
1

= (-1,.2)1 8 = Z V31f e r(2)

= 5.77769 41333 41556 88333 68099 "49818 72681

( l.Pi)



Replication formula:

n-l

IT (z - ~)l =
i=O

n- lfn
(nz) Ilfn (2

1
/ 3 1r1) 12

(nz+1)z + _1_
n 2 12n

(loRep)

Reflection formula:
zf

1 =
(-z)l

z rZ
(~) e-Jo 1n(sinl'lt)dt, (loRef)

(l.Asym)

1k. 1/: ~ 2/4( 1 4)= (2';' 1r lez) 12 z 2 e-z 1 + 2 + O(z- ) ,
720z

_ Asymptosy:
1 2 1 B4 -2 Bs -4 B s -6

1 1 ~ - -z + - - -z - --. z - --z -'"zl = (2 IJ 1r l z) /12 Z 2 e' 4 12 2'3'4 4'5'6 6'7'S

Taylor series:

(loTay)

(l,Tay,e)

1 'Y-1 2 r(2) 3 r(3) 4-z--z +-z --z +".
2 1'2 2'3 3'4e

(21r//2

1-In 21r (In 21r)2-2(ln 21r)-4'Y+5 2'
= 1+ 2 z+ 8 z + ...

zf =
1

Catalan's constant:



Product identities:

1
-2-

IT p p -1 =
p=prirne

IT (2n+ 1)(2n+1r
2

n~l

Superfactorial:

I def z!z+1
z· = Zt

1

so for integer n,

Asymptosy:

n n z(z+1) 1
2 7 9..!.. ../21f( -) (n+1) 2 +12= ( 1f) 36 IT __e_-....,....--.,.-__
36 z(z-t) 6
e1f1 n~1 (n+z)!n 2 -12

n! = 1! 2! ... n! .

z' =

z+l
2

(1+ l~Z +O(z-2)) . (S.Asym)

Determinants: Generalized Hilbert

1
det(~b)l+J+ n

(1.det.l)

Vandermonde, discriminant (special case)

. n(n+2c+l) (n+bAJ)! c+1
det«ai+b)J+C) = a 2 ( ) (n-1)!

n bAJ!

(See Knuth, probs 1.2.3.37-38, and 5.1.4.9 for applications.)

(1.det.2)



Dilogarithm:



(2.Asym)

SECOND FACTORIAL

Definition:

Product definitions:

(
e3((6-4/,)z2+9z+1) ) fa- e=+3z2/2+z3 /3 n

Z' - II (2.Prod.0)
2 - 22(9z+1)1r18z1r~ n>1 (1 + ;)(n+z?

1 12(n+l?+18(z-I)(n+l)+(z-I)(4z-5)
(1 + )z 12

-- (2""e2z- 1)!i!:;:Q II nII .. ---'-"-------:--,.......,.-;;----- (2.Prod.l)
n>1 (1 + ~in+z)2

Recurrence:

z~ (e9Z )1\ 2 11< Int1dt (e9Z )i\. ((nz)1;'(2!1rd~);' 2
( 1)' = -3 e 1<-1 1 = -3 hm (nz+l)z+rt.. = zZ , (2.rec)
z - 2 21r 21r n-+oo n-:r- n

1 1

so for positive integer n,

Second pi:

1r2 = (_~)~2 = e~~(3)?r-2 = 1.11245535031482797281629132875533992322131868...

Asymptosy:

I 2 1«z+I)(2z+1) _~z3+-.Lz+2(~z-I+_~-Z-"3+...)
Z2 ~ 1r~Z 6 e!J I2 n= ~

_ ,z(z+I)(2z+1) 16(3-4z2)( 1 1 259193 )
- 1l"2 Z

6 e 1- 360z + 259200z2 + 1959552000z3 +...
Replication formula:

Reflection formula:
2 1Z

ZI( )' (Z)Z 2 (t-z) In sin?rt dt
2 -z 2 = 2 e 0

Taylor series:

e*z+~z2+(!-1)z3+2(~z4-¥.Az5+.. )
z~ = (2.Tay.e)

(2~+h1l"ht)z

= 1 + + 2g
2
-12l + 3 2 + 2g

3
- 9g(4l-1) - 4, + 6 3 +... (2 T )

gz 4 Z 12 z, . ay

log 21r 1 1( ((2))
where l = -6-' g = 4 - 6 ,+ log21r- ~(2) .



SECOND FACTORIAL

Definition:

Product definitions:

<l r(e3(Z+t)(Z+1))11r J.' 1zl e e2 0 In t1dt
2 2 371"1

2J.z(z-t) In t! dt-~(,- ('(2»)+ .(.+ 1)(2z+ i)e 0 0 T(2f 4

.(s.+ I)
(271")-.-

(2.Def.0)

(2.Def.1)

Recurrence:

(2.Prod.0)

(2.Prod.1)

(2.rec)

so for positive integer n,

Second pi:

1 2 2 2 n 2
n~ = 1 2 . ..n .

71"2 = (_~)~2 = eh(3)7f-' = 1.11245 535031482797281629132875533992322131868...

Asymptosy:

1
A .(.+1)(2.+1) _lz3+.1 z+2( B, Z-1+ B6 z-3+... )

z2 = 71";; Z • e Q 12 = ~

A .(.+ l)(2'+1) ..3-(3-'1Z2)(1 1 + 1 + 259193 + )= 71"7 Z 6 e3. - -- ...
2 360z 259200z2 1959552000z3

Replication formula:
2(nS-I} 1

n-1 i ( (nZn71"2 7 )~II (Z - ;:;)~ = n.(nz+I)(2n'+i)
i=O n 6

(2.Asym)

Reflection formula:

Taylor series:

I( )1 _ (Z)Z2 2 J.' (t-z) In sin 7ft dt
Z2 -z 2 - '2 e 0

...L +3 2+(.1. .,) S+2(.iill.. 4 .i.1& 5+ )e 12Z 'i z 2-3 z 2_3_4. Z -3 .... 5 Z ...

zl = (2.Tay.e)
2 (2 z +...L • .1.)2 '871"271"f z

= 1 + gz + 2g
2

- ~2l + 3 z2 + 2g
3

- 9g(4l ~ 1) -.4--( + 6 z3 +"', (2.Tay)

where l = log 271" g = ~ _ ~(I + log 271" _ ((2)).
6' 4 6 ~(2)



NTH FACTORIAL

n recurrence:
Bn±I(Z+l)-Bn+l(l)+ f."1 t I dt

e n(n+l) non n~l

zh = ------------
((_ ~ )nJ... 1n2

n
-

t
2Bn (l)) 2"~1

2
z recurrence:

so for positive integer z,

Asymptosy:

" (p + l)Bk(l + y)zP-k+l(ln z + tJt(p + 1) _ tJt(p _ k -t- 2)) + B p+1(1) In 2
L.J k 2P+l_1

In(z + )! = _k=~_O _

Y P p+ 1

In(-~)!p

+ 2- 2-P' p:f lpJ

Useful fact:

Replication formula:



k-n+1
(k + l)P a B p+1(x + 1) - B p

k+2 a a
(-r+1n(~) IT k-n

p+1

a x-n a a -n
k=O k+1 x-k

a a 1 a a (_)n+1n(~)

Vn = LnJ > P = LpJ

I '" 2'" 3'" '"n J := 1 2 3 ... nn .

n!=1·2·3···n.

tIn t

zl (~
..,. )Z/2" J.% In t! dt= e 0

ez+1

k-n k -n p p-1--

C
a Bp(l) )n k+1 k+1

nIl a k-n 1 a Hn ,
-- -

k=l k+1 k a n
a a 1

n H'-l ( ) ,L k ~ LP = B p (l),
k=l j=l

z. e.,

I


	pg1
	pg1.5
	pg2
	pg3
	pg4
	pg5
	pg6
	pg7
	pg8
	pg9
	pg10
	pg11

