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A Note on Markoff Forms Determining Quadratic Irrationals with
Purely Periodic Continued Fractions

Wolfdieter L a n g 1

Abstract

Two equivalent indefinite binary quadratic forms associated with Markoff triples are considered.
The standard representative forms used by Cassels, corresponding to quadratic irrationals which have
not purely periodic continued fractions, and the forms which lead to the purely periodic continued
fractions used by Perron. It turns out that these equivalent irrationals differ by −2. The reciprocal of
the Perron irrationals are also considered. The quadratic forms become in general noninteger.

A) Cassels’s version

Indefinite binary quadratic Markoff (Markov) forms Mf are related to Markoff triples MT = (m, m, m)
with positive integers m1 ≤ m2 ≤ m, satisfying the Markoff equation

m2
1 + m2

2 + m2 − 3m1m2m = 0 . (1)

The sequence A002559 [16] (henceforth A-numbers will be given without this citation) gives the numbers
which appear in solutions in strictly increasing order. It is known (see e.g., [1], pp. 38-39, pp. 47-48)
that every Markoff number m(n) = A002559(n), n ∈ N, appears at least once as largest member of a
Markoff triple. The uniqueness conjecture ([7], [1],[8]) is that it appears precisely once, that is for given
m there exist m1 and m2 uniquely. This conjecture has been verified for m ≤ 10105 in [2]. See Table 1
for the first 40 ordered triples MT (n). In [22] one finds the Markoff tree with more triples. In this note
we assume that the conjecture is true. Otherwise one would obtain for certain m(n) different triples, and
the numeration of the triples by MT (n) would become wrong)

More properties of Markoff triples are: i) The members are pairwise coprime ([4]. Lemma 2, p. 28, [1],
Corollary 3.4., p. 48). ii) Except for n = 1 and n = 2 no repeated numbers appear (e.g., [1], Lemma
3.1, p. 45). iii) If m(n) is odd then m(n) ≡ 1 (mod 4) , and otherwise m(n) ≡ 2 (mod 32) ([7], II,
p. 601, and the sharper version [1], Proposition 3,13, p. 55). iv) Each odd prime divisor of m(n), of
3m(n) − 2, and of 3m(n) + 2 is from A002144, the odd primes modulo 4. ([7], III, p. 601).

The Markoff forms are defined in [4], p. 31, as follows (note the above remark about the numeration by
n) .

Mf(n) = fm(n)(x, y) = mFm(n)(x, y) = m(n)x2 + (3m(n) − 2 k(n))x y + (l(n) − 3 k(n)) y2 , (2)

with l(n) =
k(n)2 + 1

m(n)
, and the k-sequence, using now kC(n) for the form MfC(n) (C for Cassels), is

defined by

kC(n) = min{k1(n), k2(n)}, with

m1(n) k1(n) − m2(n) ≡ 0 (mod m(n)),where 0 ≤ k1(n) < m(n),

m2(n) k2(n) − m1(n) ≡ 0 (mod m(n)),where 0 ≤ k2(n) < m(n) . (3)
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For this kC-sequence see Table 1 and A305310. The corresponding Mf(n) coefficients [a, b, c] are also
shown in Table 1 for n = 1, 2, ..., 40 . The discriminant of such forms [a, b, c] is D = b2 − 4 a c.
Therefore,

D(n) = 9m(n)2 − 4 = b(n) (b(n) + 4), (4)

with b(n) := 3m(n) − 2. Note that for even m(n) these forms are not primitive (they have a common
divisor > 1). The forms with odd m(n) are primitive and, except for n = 1, also reduced (for reduced
see [3], p. 21 or [20], p. 112). Sometimes, e.g., in [5], Table 2, p. 11, k(1) is taken as 1 (not 0), leading
to the primitive reduced form [1, 1 − 1]. In [1], p. 37, the forms of Cassels are used. Also Dickson [6], p.
106, uses these forms (with m→ Q, kc → π and l→ ρ).

The solution of fm(n)(x, 1) = 0 determines two equivalent quadratic irrationals for each n. The one with
positive square-root is denoted by ξ(n) and is given by

ξ(n) =
2 k(n) − 3m(n) +

√
D(n)

2m(n)
. (5)

The definition of equivalent real numbers is (see e.g., [19], pp. 54-56, [14], p. 14, or [10], p. 224):

α ∼ β if there exit integers p, q, r, s such that α =
p β + q

r β + s
with (p, s − q, r) = ±1 (unimodular

equivalence). (Sometimes the symbol ∼ is used only for the +1 case and ≈ for the −1 case. In this
note mostly the +1 case is used). Equivalent irrational numbers are characterized by the fact that their
regular continued fractions eventually coincide ([19], Satz 2.24, p. 55, [1], Definition 1.25, p.24). This
equivalence of numbers is in relation to the equivalence of forms under unimodular transformations. Two
forms f(A, ~x) and f(A′, ~x′) with

f(A, ~x) = ~x>A ~x, with A =

(
a b

2
b
2 c

)
and ~x =

(
x
y

)
(6)

are said to be properly (or improperly) equivalent, denoted by f ∼ f ′, if f(A, ~x) = f(A′, ~x′), with
~x′ = M ~x, identically in ~x, and A′ = M−1,>AM−1 with DetM = +1 (or −1).

If f(A, (β, 1)>) = 0 and α ∼ β, as given above in terms of M =

(
p q
r s

)
with DetM = ±1 then

0 = f(A′, (p β + q, r β + s)>) = f(A′, (α, 1)>) has a solution equivalent to β (see [4], p. 19).

In the Cassels case, with k(n) = kC(n), one obtains the irrationals ξC(n) given in Table 1. The
regular (also called simple) continued fraction representation of ξC(n) is eventually periodic but
not purely periodic, as is seen in Table 1. The (primitive) period is denoted by brackets. E.g.,

For n = 5, ξC(5) = −63+
√
7565

58 one has 0, 23, (12, 24) standing for the simple continued faction
[0, 2, 2 , 2, repeat(1, 1, 2, 2, 2, 2)]. Note that there is an ambiguity in defining the (primitive) period.,
depending of the choice of the preperiod (see e.g., [19], p. 65). E.g., in [5], Theorem 3, p. 23, for n ≥ 3,
the leading 0 is immediately followed by the period. In the present example this is 0, (23, 12, 2) (also not
purely periodic but with a shorter (trivial) preperiod). If these periods are used then the multiplicity
indices are not always even. The first and last index is odd (in the example 3 and the not written 1). In
our case only even multiplicities appear in the periods. The reason for this choice of the larger preperiod
is that then the periods are the ones considered by [18], pp. 5-6.

In the context of Diophantine approximations ([9], [11], [4], [14], [15] [21]) Perron’s [17] function M(ξ) is
defined for any irrational number ξ as supremum of the set of positive numbers c which satisfy∣∣∣∣ξ − p

q

∣∣∣∣ < 1

c q2
(7)

for infinitely many fractions p
q (p ∈ Z, q ∈ N, in lowest terms). M(ξ), also called the Lagrange number

of ξ, is a real unimodular function. i.e., M(ξ) = M(ξ′) if ξ ∼ ξ′. The set L of all possible values
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of M(ξ) over all irrational numbers ξ is called the Lagrange spectrum (see e.g., [1], p. 8). It takes for√
b2 + 1 ≤ M(ξ) < 3 countable infinitely many values with the single accumulation point 3. Here b is

the largest of the infinitely many partial quotients of the regular continued fraction of the irrational ξ.
(see [17] Satz 6. p. 11, and [18], Satz 1, p. 4, and [1], sect. 1.4, pp. 22-28). In this range the Lagrange
spectrum coincides with the Markoff spectrum M defined in terms of indefinite binary quadratic forms

f(A, ~x), for given a, b, and c, withm(f) := inf
{
| f |

∣∣∣ (x, y) ∈ Z2 \ {0, 0}
}

asMa(f) :=

√
Disc(f)

m(f)
, with

the discriminant Disc(f) of form f ([12], [13], [5] and [1] , pp. 35-38). Markoff showed, by factoring out
a Disc(f) dependent factor that all forms with Ma(f) < 3 are equivalent to the forms f = Mf(n) with
discriminant D(n), given above in Cassels’s version as MfC(n), and inf{|Mf(n) |} = m(n) = A002559(n).
Because for values < 3 L coincides with M (see [13] and [18], Satz 1, p 4) one has

L(n) = Ma(Mf(n)) =

√
D(n)

m(n)
=

√
9m(n)2 − 4

m(n)
, for n ∈ 1, 2, ... , (8)

The values of L(n) are shown in the last column of table Table 1 for n = 1, 2, ..., 40 .

Instead of Perron’s unimodular invariant function M(ξ) whose values < 3 coincide with the La-
grange numbers L(n), in [4], pp. 10, 18 and [21], pp. 80-81, the unimodular invariant function
λ(ξ) := lim inf(q ||q ξ||) (in [4] called ν(θ)) for irrational ξ is considered. Here ||x|| denotes the (pos-
itive) difference between ξ and the nearest integer. The spectrum of λ coincides for > 1

3 with the
reciprocal Lagrange numbers 1

L(n) , for n = 1, 2, ... . See the values given in the last column of Table 2.

B) Forms and Perron’s irrationals

The purpose of this note is to find the forms which lead to the quadratic irrationals ξ(n) with purely
periodic regular continued fractions as used in [18], pp. 5-6. For n = 1 the continued fraction of the
golden section ϕ = A001622 is repeat(1), denoted in the Table 2 just by (1). The periods of the continued
fractions for n > 1 begin with 2 (not 1). It is known (see [11], 10., pp. 31-32) that this so called
Markoff period P (n) is, for n ≥ 3, of the structure (σ0, σ0, σ1, σ1, ... , σs, σs) with σ0 = 2, σs = 1 and
σi ∈ {1, 2} for i ∈ {0, 1, ..., s }. The sub-sequence σ1, σ1, ... σs−1, σs−1 is its own reverse sequence. See,
e.g., the continued fractions of Table 2, for n ≥ 3. One can also recover the Markoff numberm(n) from the
denominator of the corresponding finite continued fraction [σ0, σs, σs, σ1, σ1, ... , σs−1, σs−1, σ0] by using
the well-known three term recurrence relations for the regular finite continued fraction [b0, b1, ... , bm] =
Am
Bm

, with qk = bk qk−1 + qk−2, k ∈ 1, 2, ... , for q = A, or B, with inputs A−1 = 1, A0 = b0, and

B−1 = 0, B0 = 1, (e.g., [19], p. 24).

The procedure to find the quadratic irrationals ξ(n) and the Markoff forms Mf(n) corresponding to the
purely periodic continued fractions, shown in Table 2, which are obtained from the continued fractions
of the Cassels version, shown in Table 1, is the following.

First the irrationals ξ(n) are determined from the regular purely periodic continued fraction ξ =
repeat(b0, b1, ... , bL−1) (L is the length of the period) by the well known formula ([19], p. 62)

ξ =
AL−1 − BL−2 +

√
(AL−1 + BL−2)2 + 4 (−1)L−1

2BL−1
, (9)

where the three term recurrences for sequences {A} and {B} given above are used. This produces the
ξ(n) given in Table 2 for n = 1, 2, ..., 40 .

Then the Markoff forms Mf(n) = Mf(n;x, y) = m(n)x2 + (3m(n) − 2 k(n))x y + (l(n) − 3 k(n)) y2

with l(n) =
k(n)2 + 1

m(n)
and the Markoff number m(n) = A002559(n) are considered. Now k(n) is
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determined as the integer solution of the quadratic equation for k(n), given the irrational ξ(n), obtained
from Mf(n; ξ(n), 1) = 0, viz

k(n)2 − m(n) (2 ξ(n) + 3) k +m(n)2 ξ(n) (ξ(n) + 3) + 1 = 0. (10)

The two solutions are k(n)± =
1

2

(
m(n) (2 ξ(n) + 3)±

√
D(n)

)
. The integer value is obtained for the

negative root (cancellation of the roots) called k̃(n) in Table 2. The Lagrange numbers L(n) are given
in eq. (8) (andTable 1).

k̃(n) =
1

2

(
m(n) (2 ξ(n) + 3) −

√
D(n)

)
=

m(n)

2
(2 ξ(n) + 3 − L(n)) . (11)

This sequence {k̃(n)}, for k = 1, 2, ..., is given im A305311.

Hence ξ(n), expressed in terms of k̃(n), becomes (see also e.g., 5)

ξ(n) =
1

2

(
L(n) − 3 + 2

k̃(n)

m(n)

)
. (12)

One can compare these ξ(n), given for n = 1, 2, ..., 11 , in Perron [18], pp. 7-8, with his formula on p. 4

(rewritten with Q → m(n),M(ξ) → L(n) and P → P (n)) ξ =
1

2

(
L(n) + 1 + 2

P (n)

m(n)

)
. One obtains

P (n) = k̃(n) − 2m(n), for n = 1, 2, ... . It turns out that P (n) = kC(n). Hence

k̃(n) = kC(n) + 2m(n) ≡ kC(n) (mod m(n)), for n = 1, 2, ... . (13)

This corresponds to the difference of the quadratic irrationals, given by eq. (5) with the corresponding
k(n) values (like in eq. (12) for k̃(n))

ξ(n) = ξC(n) + 2, for n = 1, 2, ... , (14)

which are obviously equivalent ((p, q, r s) = (1, 2, 0, 1)) as they have to be because the continued
fraction of ξC(n) ends up in the period of the continued fraction of ξ(n).

The proof of eq. (14) (hence eq. (13)) can be given directly by using the following information about the
continued fraction for ξC stated in Theorem 3, pp. 23-24 of [5]. For n = 1 and n = 2 this proof is trivial.
As mentioned above, for n ≥ 3 the preperiod can be taken as 0. Then the continued fraction for ξC(n)
is [0, repeat(b1, ..., b2 l)], with the length of the period 2 l(n), and b1 = 2 = b2 l and b2 l−2 = 1 = b2 l−1
Therefore, adding 2 results in the purely periodic continued fraction [repeat(2, 2, b2, ..., b2 l−3, 1, 1)] which
is the one for the above constructed ξ(n).

Note that in [1]. pp. 37-38, the Markoff forms are the ones of Cassels (as mentioned above). However,
the quadratic irrationals are given for the purely periodic continued fraction case as γm for our ξ(n) with
u for kC(n). Therefore, the forms in [1] do not satisfy fm(γm, 1) = 0. See the example for n = 3, m = 5
given there. The form f5(x, y) = 5x2 + 11x y − 5 y2 (like Cassels) and therefore f5(x, 1) = 0 has the

solution with positive root x+ = ξC(3) =
−11 +

√
221

10
, not γ5 which is ξ(3) =

9 +
√

221

10
.

From the equivalence of the quadratic irrationals in eq. (14) follows the equivalence of the corresponding
forms, as explained above. The rôle of α and β plays ξ(n) and ξC(n), respectively. The transformation

matrix is M =

(
1 2
0 1

)
, M−1 =

(
1 −2
0 1

)
and thus A′ =

(
a −2 a + b

2

−2 a + b
2 c + 4 a − 2 b

)
, with

a = m(n), b(n) = 3m(n) − 2 kC(n) and c = kC(n)2+1
m(n) − 3 kC(n). This produces the new form

coefficients for Mf(n)

Mf(n) =

[
m(n), −(m(n) + 2 kC(n)),

kC(n)2 + 1

m(n)
+ kC(n) − 2mn

]
, (15)
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which is from eq. (2) with k(n)→ k̃(n)

Mf(n) = [m(n), 3 (m(n) + 2 k̃(n)),
k̃(n)2 + 1

m(n)
− 3 k(n)] . (16)

This can be verified also directly using eq. (13).

Using eq. (14) one can convert directly each regular continued fraction for ξ(n) into the one for ξC(n).

For n = 1 one uses for the golden section ϕ the equation ϕ − 2 = −1 +
1

ϕ
to obtain the ξC(1)

representation [−1, repeat(1)], For n = 2 one has for [repeat(2)] − 2 the reciprocal of ξ(2), hence
[0, repeat(2)]. If, for n ≥ 3, the representation of ξ(n) is [repeat(22j , B(n))] with j ∈ N then ξC(n)

.
=

[0, 22j−1, repeat(B(n), 22j)]. E.g., in the notation of the Tables ξ(26)
.
= ({24, 12}2, 22, 12) is mapped to

ξC(26)
.
= [0, 23, repeat(12, 24, 12, 22, 12, 24)].

Conversely, if a 2 is added the continued fraction representation of ξC(n) one obtains the one of ξ(n):
if, for n ≥ 3, ξC(n)

.
= [0, 22j−1, repeat(BC(n), 22j)] then ξ(n)

.
= [repeat(22j , BC(n))], for j ∈ N. For

n = 1 and 2 the mapping is [−1, repeat(1)] 7→ [repeat(1)] and [0, repeat(2)] 7→ [repeat(2)], respectively.

We conclude with mentioning yet another version of equivalent quadratic irrationals, viz ξH(n) = 1
ξ(n) .

Such irrationals are considered in [10], pp. 222-223, and their regular continued fraction representation
is ξH(n)

.
= [0, repeatP (n)] if ξ(n)

.
= repeat(P (n)), the purely periodic version. It turns out that the

equivalence matrix M(n) as well as the sequence kH(n) is not integer for n ≥ 3, and therefore the

Markoff form MfH(n) is also not an integer form. If ξ(n) =
a(n) +

√
D(n)

b(n)
then the equivalence matrix

is, with

p(n) :=
b(n)

√
D(n) − a(n)2

D(n) − a(n)2
and q(n) :=

2 a(n)
√
D(n) − a(n)2

D(n) − a(n)2
,

M(n) =

(
p(n) −q(n)

0 1/p(n)

)
. (17)

The first eleven values for [p(n), q(n)] are: [1, 1], [1, 2], [
√

35/7, 9
√

35/35], [
√

247/19, 23
√

247/247],
[
√

1189/41, 53
√

1189/1189] [
√

17/5, 6
√

17/17], [
√

11659/131, 157
√

11659/11659],
[13
√

239/239, 309
√

239/3107], [
√

13774/142, 86
√

13774/6887], [
√

1631/49, 411
√

1631/11417],
[
√

265429/613, 791
√

265429/265429], ....

The first 20 irrationals ξH(n) shown in Table 3 (where the table should end with a vertical bar).

From eq. (11) follow the corresponding values for kH(n) also shown in Table 3.

Eq2, with k(n)→ kH(n), yields the coefficients of the Markoff forms MfH(n): see Table 3.
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Table legends
Table 1

The first 40 increasingly (for n = 1, 2 not strictly) ordered Markoff triples (m1(n), m2(n), m(n))
are shown. The kC(n) values used by Cassels are defined in eq. (3). The Markoff forms of Cassels are
MfC(n), and their coefficients are given. The quadratic irrationals given by the positive solution of
MfC(n; x, 1) = 0 are ξC(n), and their approximate values are given. The regular continued fractions
are given in a notation like 0, 2, (12, 22) standing for [0, 2, repeat(1, 1, 2, 2)], The period is enclosed in
brackets. Also, a power notation with curly brackets is used, e.g., {24, 12}2 stands for 24, 12, 24, 12. In
the last colum the Lagrange spectrum numbers L(n) < 3 from eq. (8) are given. Their reciprocal values
are shown in the last column of Table 2.

Table 2

The notation is as in Table 1 but now for the the Markoff forms Mf(n), obtained with k(n) → k̃(n) in
the general form of eq. (2), which have quadratic irrationals ξ(n) with purely periodic continued fractions
(ppconfrac) as positive solutions. The decimal approximations of the reciprocal Lagrange numbers in the
last column use also the notation, like 38 for an eightfold repetition of the digit 3.

Table 3

The notation is as in Table 2. Here the noninteger Markoff forms MfH(n) with their kH(n) values and
quadratic irrationals ξH(n) are shown.
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