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Qutline

|. Counting intersection points of diagonals in
an n-gon, or of semicircles on a line

2. Iterating number-theoretic functions.VVhat
(7 parts) happens when we start with n and

repeatedly apply an operation like

o(n) + ¢(n)
2

3. Emil Post’s Tag System {00 / | 101}
[Postponed]

n — f(n) = Also John Conway’s $1000 bet
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Part 3. Emil Post’s Tag System {00/ | 101}

S = binary word. If S starts with 0, append 00; if S starts

with |, append | 101; delete first 3 bits. Repeat.

Emil Post, 1930’s; Marvin Minsky, 1960’s, + ...

Open: are there words S which blow up!?

S = (100)" very interesting. All die or cycle for k < 110.

Lars Blomberg, Sept 9,2017: for k=110, after 4.10*12 steps
reached length 077

Yesterday. Lars Blomberg: k=110 died after |14 days,
43913328040672 steps; longest word had length

31299218

(A284119,A291792)
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A291792 -- Iterating the starting word 1007110

Lars Blomberg, Oct 4 2017

3.50E+07

3.00E+07 h

|

2.00E+07

- | /mm«f““w NN*WM/J\M f

1.00E+07

—"
=
m
-
Q
=4
o
d
"y
w
[
o
>
b
o

Thursday, October 5, 17



.  Counting
Intersections of Chords
or Semicircles




France 1967
v
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AMIENS ROSE WINDOWS
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la. Counting Intersection
points of regular polygons
with all diagonals drawn

A656 |
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AG561: 1, 5, 13, 35, 49, 126, ...

Number of (internal) intersection points
of all diagonals




Solved by Bjorn Poonen and Michael
Rubinstein, SIAM | Disc. Math., 1 998:

a(n) is

(Z) - (=513 + 4512 — T0n + 24)/24 - §2(n) — (3n/2) - 64(n)

- (—45n° + 262n)/6 - 66(n) + 42n - 512(n) + 60n - §153(n)
+ 351 - do4(n) — 38n - d3p(n) — 82n - d42(n) — 330N - dgo(n)
— 144n - 584 (TL) — 96n - (59() (n) — 144n - (5120 (n) — 96n - (5210(72,).

where d4(n) = 1 iff 4 divides n, . . .

In particular, if n is odd, a(n) = (Z>

A656 |




Lemma: NASC for 3 diagonals
to meet at a point:

sintU sinwVsinm™W = sinwm XsinwY sinnw/

U+V+WH+X+Y+Z = 1

Equivalently:

d rationals o, ..., ag such that
Z (6i7T(Xj _I_ e—iﬁaj) — 1
j=1..6

a1 +---+ag = 1

1
Here, oy = V+W—U—§, etc.

[A trigonometric diophantine equation, solvable: Conway and Jones (1976)]
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A656 |
(cont.)

n=8: colored version from Maximilian Hasler




Problem |b: Take n equally-spaced
points on a line and join by
semi-circles: how many intersection
points!?

The math problems web site http://www.zahlenjagd.at

Problem for Winter 2010 says:

Gegeben sind 10 Punkte in gleichem Abstand auf einer Geraden. Dariiber sind alle moglichen Halbkreise errichtet, deren Durchmesser jeweils 2 der 10 Punkte verbindet.

0000000000

Wieviele Schnittpunkte haben diese Halbkreise?

A290447



http://www.zahlenjagd.at
http://www.zahlenjagd.at

6 points on line,A290447(6) = |5 intersection points

Illustration of A290447(n): Enter the number of points,n =6

N
A

FEPE

[ Torsten Sillke, Maximilan Hasler]
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|0 points on line,A290447(10) = 200 intersection points

Mlustration of A290447(n): Enter the number of points, n =10
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David Applegate found first 500 terms:

0,0,0,1, 5,15, 35, 70, 124, 200, 300, 445, 627,
875, 1189, 1564, 2006, 2568, 3225, ... A290447
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A290447 continued

No formula or recurrence is known

a(n) < (Z) with = iff n <8

Comparison la. polygon | Ib.semicircles
# points A656 | A290447
# regions A6533 A290865
# k-fold inter. points A292105 A290867
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Part 2. lteration of
number-theoretic
functions




Starting at n, iterate k f(k), what happens!?

(k)
2. o(k) —k (aliquot sequences)
2b. (k) —1 (Erdos)
2c.  (¢(n) + ¢(n))/2 (Erdos)
2d.  (o(n) + ¢(n))/2 (Erdos)

2e. f(8)=23, f(9)=32, f(24)=233  (Conway)
2f.  £(8)=222, (9)=33, f(24)=2223 (Heleen)

2¢.  Power trains (Conway)




2a: Aliquot Sequences

(The classic problem)

Let o(n) = sum of divisors of n (A203)
s(n) = o(n) - n = sum of “aliquot parts” of n (A1065)
Start with n, iterate k==s(k), what happens!’

30-42-54-66-/7/8-90-144-259-45-33-15-9-4-3-1-0
|6 terms in trajectory, so A98007(30) = |é.
6 is fixed (a perfect number), so A98007(6) = |

Escape clause:A98007(n) = -1 if trajectory is infinite

Old conjecture (Catalan): all numbers go to 0 or cycle.
New conjecture: almost all numbers have an infinite trajectory

Not a single immortal example is known for cetain!
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Iterate n —=s(n) = sigma(n) - n (cont.)

276 is the first number that seems to have an infinite
trajectory (see A8892):

276, 396, 696, 1104, 1872, 3770, 3790, 3050, 2716, 2772,
5964, 10164, 19628, 19684, 22876, 26404, 30044, 33796,
38780, 54628, 54684, 111300, 263676, 465668, 465724,
465780, 1026060, 2325540, 5335260,...

After 2090 terms, this has reached a 208-digit number
which has not yet been factored.
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BLACKBOARD

A291784




2b, 2¢c, 2d: Three Problems from
Erdos and Guy (UPNT)

|terate
o(k) = sum of divisors (A203)

(2b) k= olk) =1 o) = k[ = )

k) + ok ik (A10)
(2c) k — Y (k) 2 ¢ (k) T ]_1))
plk
(2d) k& o(k) + ¢(k) (Dedekind psi fn., A1615)
2

starting at n, what happens!?
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Problem 2b: Iterate|f(k) = sigma(k)- |

k>1:sigma(k) >= k+1, = iff k = prime
So either we reach a prime (= fixed point) or it blows up

Erdos conjectured that we always reach a prime

N trajectory steps

2 0

3 0 Prime reached (or -1): A39654
4 16 |11 2 Steps: A39655

5 0

6 |11 1

/ 0

8 |14 23 2

9 (12|27 (3955|715

red = prime reached
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Problem 2b: Iterate f(k) = sigma(k)-1 (cont.)

Numbers that take a record number of steps to reach a
prime: (A292114)

2,4,9,121, 301, 441, 468, 31/1, 8373, 13440,
16641, 16804, 83161, 100652, 133200, ...

QIl: What are these numbers?

Q2: Do we always reach a prime, or is there a
number that blows up!?
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Problem (2¢): Iterate| k¥ — (k) ; o(k)

starting at n, what happens!

fh) = 3 (Ha + )+ [la - ;))

P
plk plk

Prime powers p'.t > 0, are fixed, otherwise we Srow.

So either we reach a prime power or we increase for ever.

BUT NOW WE CAN INCREASE FOR EVER !




Problem 2c (cont.) lterate f(n) = v(n) + ¢(n)

2
Numbers that blow up:

45, 48, 50, ..., 147,152, ... (A291787)
Theorem (R. C.Wall, 1985)
The trajectory of 1488 is infinite:

a, = 148% 26(3.@

q‘ = \FF6 = P 3t
a o SVNa = 6. 5 Bte
ag = 262% = 6. % k]
@, = 2656 6. 2. 23
ag = A6 F2 (6. 16F

wouow )

26 80 16 . L%Y:
Trajectories of: RS

45 through 147 contain 1488 op -
152 merges after 389 steps: Apez = Ran S M n2zTF
bsgo = 21°%.3.31, thereafter b; = a;.2'"
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h(n) + ¢(n)

Problem 2c (cont.) lterate f(n) = >

Conjecture (weak):

If a number blows up, its trajectory
merges with that of 45 (A291787)




Problem (2d): lterate [n — f(n) = o(n) + ¢(n)

2
starting at n, what happens!

A292108 = no. of steps to reach |, a prime
(fixed point), or a fraction (dies), or -1 if immortal;

STEes

| O O

25 O

L, O

b > 5 : Calculations on this problem by
5 O Hans Havermann, Sean Irvine, Hugo Pfoertner
6 > F9 l

r )

R

15 3 |

0= 1> |

\Z > g » é;’ 2-

1239 4 Y,

> (5l 5 2 3

2F0 > e+~ PRoGARLY [MMORTRL-
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2F0 > e+~ PRoGAPLY [MMORTRL-

BLACK-
BOARD

A292108

Thursday, October 5, 17



o(n) + ¢(n)
2

Problem 2d (cont.) n — f(n) =

- n =1 oraprime: fixed points
- Fact: For n>2, sigma(n)+phi(n) is odd
iff n = square or twice a square
- N = square or twice a square, n>2, dies in one step

- A290001: reaches a fraction and dies
in more than one step:

12, 14, 15, 20, 24, 28, 33, 34, 35, 42, 48, 54, 55, 56, 62, 63, 69, 70, ... WHAT ARE
THESE NUMBERS?

- A291790: apparently immortal:

270, 290, 308, 326, 327, 328, 352, 369, 393, 394,
3995, 396, 410, 440, 458, 459, 465, 4906, 504, ...

(blue: trajectories appear to be disjoint)
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e
496 =
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805 |—»] 840 () From Sean Irvine
559 |—»{ 560 620 Immortal trajectories!?
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685 |—»] 686 570
834 }—»[978 | 0
725 745 |—w{ 746 |—»] 747 270 s10] :
=R e e
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306 852
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465 |—] 504
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Thursday, October 5, 17



Problem 2d (cont.)) »n — f(n) = o(n) + ¢()

2
A291789: Trajectory of 270:

270, 396, 606, 712, 851, 852, 1148, 1416, 2032, 2488, 2960,
4110, 5512, 6918, 8076, 10780, 16044, 23784, 33720, 55240,
73230, 97672, 118470, 169840, 247224, 350260, 442848,
728448, 1213440, 2124864, 4080384, 8159616, 13515078,
15767596, 18626016, 29239504, 39012864, ...

after 515 terms it has reached a 142-digit number

766431583175462762130381515662187930626060

289448722569860560024833735066967138095365

8464325279694429699208993393252810106664 74
490174067251 7008

and it is still growing
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oo O€an Irvine: Trajectory of 270
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Problem 2d (cont.)) n — f(n) = 7(n) ; #n)

The question that kept me awake at night:

HOW DID 270 KNOW IT WAS DESTINED TO BE
IMMORTAL?

What was the magic property that guaranteed that it
would never reach a fraction or a prime!

(We don’t know for sure that is true, but it seems certain)

Answer:

It was just lucky, that’s all!

It won the lottery.
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Problem 2d (cont.) f(n) =

Andrew Booker (Bristol): It appears that almost all
numbers are immortal

Consider a term s = {(r) in a trajectory. boi

3 possibilities: f(s) = fraction (dies), e
prime (fixed point), or composite (lives) ;
If s is even, no worries [f(s) is integer unless

s = 2.square or 4.square, rare]

If s =1(r) is odd, dangerous. Implies o(r) + ¢(r)
is twice an odd number(A292763)

.

Thursday, October 5, 17



sl&CL\ C afe V‘Gf‘e:, Imglies G 5?“‘;

P glime, m=070 201

C = :2* 3e' 5e2' '-7-69,.. : e. all even oy

2t most evne odd -

T
Hou M any such € <5 T L Andr’ew
Use Se(befj lLW” Bouwd Sieve Booker’s

Ansuwes : 0(@’; ;/> argument

, |
2. Poobal \?B o{» o(avxjm r s @g x;,)_. '
But~ w \’fajeofpw 8 J/y-e\.)c |
Q}‘()Ow\e/n‘hu“ ) ar A Z oé:;-_ c&g\f&‘(}% ’

[ T

Co fjv\u\( Qafjo, arm(wg;t-@ tecm  WUec
Qi"HQ c/\r\avwe O-S— 2ve C Mo\wl::j a
e&‘lm& > a /Q*rué‘{m

Thursday, October 5, 17



A080670

Problem 2f

(8)=23, 1(9)=32, 1(24)=233

e\ e“),. 63

mer s P\ P2 Py c--
== T

then  $() has decimal @xpansio

P11 02 S P35 777

Qxcﬁ{l— ow .t g ey = (

S(akew) = §(2° 7. 13
= P2 Flzad




NEWS FLASH: JUNE 5 2017
Math Prof loses $1000 bet!

If n =p{'p5®--- then f(n) = pieipses - --but omit any e; = 1.

n [1|2(3] 4 |5|6(7(8]| 9 | 10 [II| 12 |.| 20
f(n) | 112({3] 22 |5|23(7({23| 32 | 25 | || | 223 |..| 225 | A080670
F(n) | 1123|211 5|23|7|23\2213]2213| 11 | 223 |..| 4 [AI95264

Still growing aftelrl 10 terms, see A195265

John Conway, 2014: Start with n, repeatedly apply f until
reach | or a prime. Offers $1000 for proof or disproof.

James Davis, June 5 201 7:
13532385396179 = 13.5372.3853.96179

Fixed but not a prime!
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JToMeES DANS: A195264 cont.
I wne=Xp pO> Pime in X

§(n)= -}(’ﬁ)lo + - xr

.i(ﬁ..aw = ?
Guess % ceml0d e

y=5 r = 96(19
= 13,535 3853
RLE 53 3853 9437
=12 5323853 9¢(39




PINARY YERSION - A\15 264 (cenk

Nyl 23 S 8
.(«(n%: ) 2.3 10 5 - 1~ A2306aS
Fo) + 23 31 § ---23 - A23062F

DAVD Seg  ¢)i3[elF
NS F =3 11 49T = 111 10011 (11110011

= 255 98%F

AL SO AT Al
(607F (269 | 503 235 |

Rt 4 N

As of June 17 2017, based on work of Chai Wah Wu (IBM) and David |. Seal:
there are two known loops of length 2;

234 is first number that seems to blow up (see A287878).

No, later Sean Irvine found at step 104,
234 reaches 3507432297483 1751926085777766094401896629040678664 |

All n <12389 end at a fixed point or a loop of length 2.
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Problem 2f. | (8)=222, f(9)=33, f(24)=2223

HoME PRIMES . J‘oﬂ Heleen (97 A3 4 27y
Nfivasiny | sl Gl 7F € i

B v 2lol2l ElJal #] 244l B3 ()
W U R 5 Al 5 23 F 233010396533 8(3510F | 31\ .- | @  (psyard)
(I‘—r S"EV,") g\'iﬂj(ouinj a,]r("h’
(03 sl'eg;

Note this is monotonic so cannot cycle

There has been essentially no progress in 27 years
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POWER TRAINS: John Conway, 2007 Problem 2g.

f(24) = 2M4 = 16, f(623) =672.3=108,.. (Al33500)
The known fixed points are

1,...,9, 2592 =2°9% and (A135385)

n = 24636 51072 — 94547984284866560000000000
fin) = 245%7%8%2%4%6°5° =n

Conjecture: no other fixed points (none below 10*100)

Perhaps all these problems have only
finitely many (primitive) exceptions!?
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OEIlS.org

Like these problems?

Become a volunteer OEIS editor!

Contact Neil Sloane, njasloane@gmail.com

or (easier) president@oeis.org

New sequence! Register, submit it!

Join Sequence Fans Mailing List
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