A 4-parameter family of embedded Riordan
arrays

Peter Bala, Nov 30 2015
(Revised and corrected Mar 01 2018)

Let R = (f(z),zg(x)) be a proper Riordan array. We shall associate with R
a bi-infinite array R* (itself not a Riordan array), which contains R as a
subarray. The main result of this paper is to find a 4-parameter family of
Riordan arrays that are embedded in R*. For particular values of the
parameters these arrays will in fact be embedded in the Riordan array R.

The generating function of the k" column of R is, by definition, the Taylor
series expansion of the series f(x)(zg(z))* about 0. In section 3 we prove a
companion result for the rows of R: there is a pair of formal power series F'(x)
and G(x) such that the entries in n*" row of the proper Riordan array R, read
from right to left, are the coefficients in the Taylor polynomial of degree n of
the series F'(z)G(x)™ about 0. The proof uses the properties of a particular
member of our family of Riordan arrays embeddded in R*. In Section 4 we
show that the Taylor series expansions about 0 of the functions F'(z)G(x)™,

n € Z, are the generating functions for the rows of the extended array R*.

1 Introduction

Let f(x) =1+ fix+ fo2? +--- and g(x) = 1+ g12 + g22% + - - - be a pair of
formal power series with (say) integer coefficients. The proper Riordan array

R = (R(nk))nr>o = (f(z),z9(z))

is defined as the lower unitriangular array whose k** column has the ordinary
generating function f(z)(zg(z))* [2, Section 2], [4, Section 1]. The elements of
the array R are thus given by

R(n.k) = [a")f(2)(zg(2)* [0,k > 0]. (1)

where [2"] denotes the coefficient extraction operator. The most well-known
example of a proper Riordan array is Pascal’s triangle of binomial coefficients

((Z))n_k>0, which is the Riordan array ( Lz )

-z’ 1—2

We associate with the Riordan array R the bi-infinite array R* (which is not
a Riordan array) whose elements are given by

R(n.k) = [¢")f(2)(zg(2)* [0,k € Z]. (2)

R* is an example of a recursive array [1]. We refer to the array R* as the
extended array associated with the Riordan array R.



The first few rows of R* are shown below. Clearly, R*(n, k) = R(n, k) for
n,k >0, so we can view R as a subarray of R* occupying the bottom right
quadrant of R*. We see by (2) that the entries in R* lying above the main
diagonal are all zero.

R*(n,k), nk el
fg~? fg~? fg~! f fg R
k| - —3 ) 1 | 0 1 2 3
' |
-3 R*(-3,-3) |
-2 R*(-2,-3) R*(-2,-2) |
~1 R*(—1,-3) R*(-1,-2) R*(—-1,-1) |
(_) . R*(O_, -3) R*(O_, —2) R*(O_, -1) I R((;, 0) _ _ _
1 R*(1,-3) R*(1,-2) R*(1,-1) | R(1,0) R(1,1)
2 R* (2a 73) R*(27 2) R* (27 71) | R(27 0) R(Qa 1) R(Qv 2)

Ags an example we show part of the extended version of Pascal’s triangle
below. By (2), the array entries are given by

n 1 xk
S s sy

[aj"_k] (1 _ x)—k—l

(—1)"k <nk_k1) [n, k € 7).

Note the bottom left quadrant of the array has all zero entries, which is usually
not the case in an arbitrary extended array R*.

1

-3 1

3 -2 1

-1 1 -1 1
1
11
1 21
1 3 3 1

It follows from the definition of an extended array that the column generating
functions of the extended version of Pascal’s triangle are given by 1/(1 — )™ for
n € Z. Note there is a similar result in this case for the rows of the extended
array: if we read the rows from right to left, the row generating functions have



the form (1 + z)™ for n € Z. In Section 4 we generalise this observation to a
result on the row generating functions of the extended array R* associated with
an arbitrary proper Riordan array R.

2 Embedded Riordan arrays

In this section we are interested in finding Riordan arrays that are, so to
speak, contained in either a given Riordan array R or in the associated
extended array R*. We refer to these arrays as embedded Riordan arrays of R
or of R*. One simple method to construct an embedded Riordan array of a
proper Riordan array R = (R(n,k)) = (f(x),zg(x)) is by selecting columns
from R. For example, the Riordan array (f(z),zg°(z)) = (R(n + &, 2k)), 150
is constructed by taking the even indexed columns of R and arranging them in
a lower unitriangular array. Similarly, the Riordan array (f(x)g(z),zg%(x))
= (R(n+k+1,2k +1)), 1>, is constructed from the odd indexed columns of
R. Embedded arrays of these two types have been studied in [3]. More
generally, let p > 0,q 2 1 be integers. Then the Riordan array
(f(x)gP(z),zg%(z)) = (R(n + (¢ — L)k + p, gk + p)),, >0 is constructed from
columns p,p +¢q,p + 2q, ... of R. -

A less obvious example of an embedded Riordan array was given by
Sprugnoli [9, Section 5.6]. The binomial coefficient array ((2"7:’“)), which is

A092392 in the database, is an embedded Riordan array of Pascal’s triangle,
constructed by taking the first k + 1 elements from column k of Pascal’s
triangle and using them to form the k** row of a lower unit triangular array:

() (Gow)

1

1 1

11

1 2 1 ; :

. g g . 6 3 1

1 4 6 4 1 - 38 :132 145;)1
1 5 10 10 5 1

1 6 15 20 15 6 1

Using the Lagrange inversion formula, Sprugnoli shows that the array
((2”7:’“)> is the Riordan array ('(x),r(x)), where

1—-v1-4
r(z) = Revert(z(l— 1)) = %
By the above remarks we can then construct further Riordan arrays from the

columns of |A092392. For example, the array ((f_&)) formed from the even


https://oeis.org/A092392
https://oeis.org/A092392

numbered columns of |A092392 is the Riordan array (r'(z), @) This is

A094527. The array ((nzflj Jrll)) formed from the odd numbered columns of

A092392 is the Riordan array (r'(x) "2, ")) This is A111418 in the
database.

Sprugnoli says his approach extends to deal with arrays of binomial
coefficients of the form (p:ffkk). Indeed, as we shall see in a moment,
Sprugnoli’s approach can be extended to find examples of embedded Riordan
arrays in an arbitrary proper Riordan array. Given a Riordan array R and its
associated extended array R*, we shall construct a 4-parameter family of
embedded Riordan arrays of R*. For particular values of the parameters these
arrays will be embedded in R, as was the case in the examples above. The
proof uses series inversion. We shall make use of the following version of the

Lagrange-Biirmann formula for formal power series [5, Theorem 1.2.4], [11]:

Let f(x) =1+ fix+ fax? + faa® + -+, H(x) = ho + h1x + hox? + hga® + - - -,

be a pair of formal power series. Let G(z) = Revert (ﬁ) Then

’

["|H(G(z)) = [«" ' H (2) f(x)", for n > 1. (3)

1
n

The following result extends the calculations in [2, Theorem 6]. For related
results see [10].

Theorem 1.  Let m,a,b,c be integers with a > b.  Let

f(x) =1+ fix + fox® + - and g(x) = 1+ g1z + go2* + -+ be a
pair of formal power series. Let R = (R(n,k)), ;-0 = (f(2),zg9(z))
be the associated proper Riordan array and let R* denote the
extended array associated with R as defined in (2) above. Define

the array R = <§(n, k)) by setting
>0

n,x=

R(n,k) = R*((m+1)n—ak+c,mn—>bk+c) [n,k=0].

Then R is a Riordan array given by

where the power series r(x) is determined by

r(z) = Revert <gmi(x)) . (5)
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If m is nonzero then we can write R solely in terms of f(z) and

r(z):

R = (f(r(x))rl(x) (@) N Lz (@) abi) [m # 0].
(6)

Remark. If a = b+ 1, the array Risa proper Riordan array. while if
a > b+ 1 the array R is a vertically stretched Riordan array

Proof. Let n,k = 0. By (2)

R(n,k) = R*((m+1)n—ak+ c,mn — bk +c)
— {x(erl)nfakJrc} f(x)(xg(x))mnfblﬂ»c

= [x"]x(a_b)kf(x)g(x)m"—b’f'*‘c

T [ F 1
- <n+1>{ ) ( )(gm<x>>"*}. @)

n+1" “gme(z) \g*(x)

Define a power series H(x) by

Then (7) becomes

R(n, k)

Il
=
_|_
=
—
—_
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—
——

for n, k > 0.

LA vertically stretched Riordan array S = (f(z),z%g(x)), where s is a positive integer
greater than 1, is defined as the lower triangular array whose k-th column has the ordinary
generating function f(x)(z®g(z))* - see [4, Section 2].



Thus R is the Riordan array

where

completing the proof of (4).

When m # 0 we can use (10) to rewrite (11) solely in terms of f(z) and r(z).
We obtain

o= (ﬂwmw%w(ﬁ?)%?a#*(ﬂ?)ab%> m 0]

proving (6). O

Example 1. In Theorem 1 take R to be Pascal’s triangle ((})) = (ﬁ, ﬁ)

so f(z) = g(x) = = and choose a =m,b=m — 1 and ¢ = 0. Taking

m =1,2,... we get a family of proper Riordan arrays ((2”7}6)), ((327;:2kk)>,

n

((4"_3k)) s (((mﬂ)"*mk)) embedded in Pascal’s triangle and given by

3n—2k mn—(m—1)k
1 ar(x) r(z) "
(1—mw mm’x( x) )’
where
r(x) = Revert(z(1—2)™).



This result can be expressed in terms of Lambert’s generalized binomial
series B;(z) [6, Sections 5.4 and 7.5] defined as

1 nt+1\ .,
Bi(z) = Znt+1( n )x

n>0

Lambert’s series satisfy the identity [6, equation 5.61], [7, Section 2]:

(") =

n>0

Hence the array of binomial coefficients ((ﬁ;’;fl()ﬁ:ﬁ:)) equals the proper
n,k>0

Riordan array (Mlij;—m,xl?mﬂ(x)) .

3 A result on the row generating functions of Riordan
arrays

Let R = (R(n,k))n k>0 = (F(z),zG(x)) be a proper Riordan array. By
definition, the column generating functions of R are the Taylor series
expansions about 0 of the functions ¥ F(2)G*(x). We shall use a particular
case of Theorem 1 to find a similar result expressing the generating functions
of the rows of R as Taylor series expansions.

_ Applying Theorem 1 with m = 1,a = 1 and b = ¢ = 0 tells us the array
R = (R(2n — k,n))n k>0 is the proper Riordan array

R = (xF(r(z (@) x r(z)
7= (aro@ige (). -
where
r(z) = Revert(Gfo. (13)
The first few rows of the arrays R and R are shown below.
(R(n, k)) R = (R(2n — k,n))
R(0,0)
R(1,0) R(1,1)
R(2,0) R(2,1) R(2,2) R(0,0)
R(3,0) R(3,1) R(3,2) R(3,3) ggf% ggég B2
R(4,2) R(4,3) ~ | R(6.3) R(.3) R(43) R@33)
R(5,3) . . .
R(6,3)




We observe that the entries in the n'® row of the Riordan array E, when
read from right to left, are the first n 4+ 1 entries from column n of the Riordan
array R = (F(z),xG(x)), which has the generating function F'(x)G(z)™. Thus
the entries in the n' row of R, when read from right to left, are simply the
coefficients of the n'" degree Taylor polynomial of the function F(z)G"(z)
about 0. In other words

R(n,k) = [2"F]F2)G(x)" [n>k>0]

Now we claim that an arbitrary proper Riordan array (f(z),zg(z)) is equal
to an array of the form R = (R(2n — k,n)), x>0 for some proper Riordan array
R = (F(z),2G(z)), and hence the entries in the n'" row of the array
(f(z),zg(x)) will be the coefficients of the n*" degree Taylor polynomial of the
function F(z)G™(z) about 0. To prove the claim we see from (12) and (13)
that we need to show that given power series f(z) =1+ fix + fox? +--- and
g(z) =1+ g1z + g22® + - - - we can find power series F(z) and G(x) solving
the following pair of equations:

Pl@) s = f@) (14)
"D g (15)

where
r(z) = Revert(GfI)>. (16)

From (15) and (16) we find

Gl) = Revert(zg(z)) (17)

By (15)
r(z) = xg(x). (18)

In (14), replace = with Revert(r(z)) and then use the identity

Ao , 4
I ((rb (x)) = -1
dz d(gx (1')
for the derivative of an inverse function to obtain

x4 (Revert(r(z)))
: Revert(r(z)) f (Revert(r(z)))

x% (Revert(zg(z)))
Revert(zg(z))

f (Revert(xzg(z))) . (19)

by (18).



It follows that the power series F(z) and G(z) given by (19) and (17) are
such that the entries in row n of the Riordan array (f(z),z, g(z)) are the
coefficients of the n'* degree Taylor polynomial of F(z)G(z)" about 0. For the
sake of convenience we state this result in the form of a theorem.

Theorem 2. Let f(z) =1+ fix+ fox? +--- and g(z) = 1+ g1x + gox? + - - -
be a pair of formal power series. Let R be the proper Riordan array

R = (R(TL, k))n,k:ZO = (f(x),xg(x)),
where
R(n,k) = [2"]f(z)(xg(z))* [n,k>0].

Then there exists formal power series F(z) =1+ Fyz + Foa? + - and
G(x) =1+ Gz + Gox? + -+ defined by

x% (Revert(zg(x)))

F(x) Revert(zg(2)) f (Revert(xg(x)))
Gla) = Revert(zg(x))
such that
R(n,k) = [2"FF(2)G@)" [nk>0].0

Example 2. The triangle A033184/in the OEIS is the Riordan array
(C(x),zC(x)), where C(z) = 1= =2 Vzi_% =1+ +22% + 523 + 142* + - -+ is the
o.g.f. for the sequence of Catalan numbers A000108. The array begins

TN ==

1

2 1
5 3 1

14 14 9 4 1
42 42 28 14 5 1

It is easy to check the generating function C(z) has the properties

Revert(zC(z)) = x—a?
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C(z— x2) = 1-%
Then from (17) and (19) we find
1-2x
F —
and
1
G(z) = T

Therefore by Theorem 2, the entries in row n of A033184 are the coefficients
of the n'" degree Taylor polynomial of the rational function F(z)G(z)" =

(1—2x)
(1—z)n+2

about 0. For example, for n = 5 we have the Taylor expansion
(1-—2x)
(1—a)
which gives row 5 of A033184 as (42,42,28,14,5,1).

1+ 5a + 142” + 282° + 422" + 422° + O ("),

The first few rows of the Riordan array (F'(z),zG(x)) = ( 1-2¢ -2 ) are

-0 1-7
shown below.

1

0 1

-1 1 1

-2 0 2 1

-3 -2 2 31

-4 -5 =5 5 41
-5 -9 —-14 5 9 5 1

Exercise 1. With the conditions and notation as in Theorem 2, define a map
¥ on pairs of powers series by ¥ : (f,g) — (F,G). Show

1 1
| F = — - .
vi(rg) - (75)
Exercise 2. A hitting-time array H = (H(n, k))n x>0 is a proper Riordan

array of the form (xh/(z)/h(x), h(z)), where h(x) = x + hox® + hga® + -+ .
Show the (n, k)" entry of the hitting-time array (zh/(z)/h(z), h(z)) is given by

H(nk) = [2"%]G@)" [nk>0],

where
xr

~ Revert(h(z))
This particular case of Theorem 2 is due to Peart and Woan [8, Theorem 4.1

(D)]-

G(x)

10


https://oeis.org/A033184
https://oeis.org/A033184

4 The row generating functions of the extended array R*

Let R = (f(z),zg(x)) be a proper Riordan array and let R* be the
associated extended array. Theorem 2 tells us that there are power series F’
and G such that coefficients in the n" degree Taylor polynomial of FG™ about
0 give the entries in the n'" row of R, for n = 0,1,2,.... In this section we
show that Taylor series of FFG™ about 0 for n € Z is, in fact, a generating
function for the n'® row of the extended array R*.

Theorem 3. Let f(z) =1+ fix+ for®> +--- and g(x) = 1+ g1+ goz? + - -
be a pair of formal power series. Let R be the proper Riordan array

R = (R(nk)nk>0 = (f(2), 2z9(x)),
where
R(n,k) = [¢"]f(z)(zg(x))* [n,k>0)].

Let R* = (R*(n,k)),, 1z e the extended array associated with R with entries
defined by

R'(n.k) = [a"f(2)(zg(2))* [0,k €2,

Then there exists formal power series F(z) =1+ Fiz + Fha? + - and
G(x) =1+ Gz + Gox? + -+ defined by

x% (Revert(xzg(x)))

F(z) = Revert(zg(2)) f (Revert(xg(x)))
Glz) = Revert(zg(z))
such that
R*(n,k) = [2"FF(2)G(x)" [n, k€ 7).

Proof. Let m be a nonnegative integer. Define a subarray R*(m) of R* by
R*(m) = (R*(n,k)) [n,k>—-m].

Thus R*(m) is the subarray of R* starting at row —m and column —m.
Clearly, the array R*(m), when regarded as a lower unitriangular array, is the
proper Riordan array (f(x)g~"™(z),zg(x)). In particular R*(0) is the array R.
When R*(m) is viewed as an array in its own right, the row indices n and
column indices & both start at 0. When R*(m) is regarded as a subarray of
R*, the n'" row of R*(m), n=0,1,2, ..., gives the first n + 1 elements of the
(n —m)™" row of R*.

11



We now apply Theorem 2 to the proper Riordan array R*(m)

= (f(x)g~™(x),xzg(x)) to produce a pair of power series F(z), G(x) given by

~ x4 (Revert(zg(z))) ~
Flz) = dRevert(xg(x)) f (Revert(zg(x))) (20)

é(x) = m, (21)

where f(z) = f(z)g(x)~™, such that the coefficients of the n'* degree Taylor
polynomial of F'(z)G(x)™ about 0 gives the entries in row n of R*(m), that is

produces the first n + 1 elements of the (n —m)® row of the extended array
R*.

It follows from (20) and (21) and the definitions of the functions F(z) and
G(z) that
F(z) = F(x)G(z)™™, G(z)=G(x). (22)

Hence, for n = 0,1,2, ..., the n!* degree Taylor polynomial of ﬁ(x)é(a:)" =
F(z)G(z)"~™ about 0 gives the first n + 1 elements of the (n — m)" row of
R*. Therefore, setting n = m + p, we see that for p > —m the (m + p)t" degree
Taylor polynomial of F'(z)G(x)P about 0 gives the first m + p + 1 elements of
the p* row of R*. Letting m tend to infinity, we find that the Taylor
expansion of F(x)G(x)P about 0 gives the elements of the p* row of R*. ]

Example 3. Consider the proper Riordan array R = (f(x),zg(x)), where
f(z) =1 and g(x) =1 — x. This is A109466. The first few rows of the array R
are shown below.

Column gf. | f fg fg* f&* fg* [fo° [f4°
n\k 0 1 2 3 4 5 6

0 1 F

1 0 1 FG
2 0 -1 1 FG?
3 0o 0 -2 1 FG3
4 0o 0 1 -3 1 FG*
5 0o 0 0 -3 -4 1 FG®
6 0 0 0 1 6 -5 1 FGS

Using (17) and (19) we find

1+ V1—-4x _ 2z
F(z) = BN G(m)—wﬁ. (23)

12
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Therefore, by Theorem 2, the n'"degree Taylor polynomial of the function
FG™, n=0,1,2,... about 0 gives the entries in row n of the Riordan array
R = (1,z(1 — x)). For example, for row 4 we have

F(z)G(z)* = 1-3z+2%+0("), (24)
giving correctly the five entries in row 4 of R, and hence also the first five

entries in row 4 of the extended array R*.

Below we show a subarray of the extended array R*, starting at column
k' = —4 and row n’ = —4. Clearly, regarded as a lower unitriangular array,
this subarray is the proper Riordan array (f(x)g_4(x), xg(x)), which we
denote by R*(4). The n'" degree Taylor polynomial of the function F(z)G(z)™
about 0, where by (22)

F(z) = F(z)G(z)™*, G(z) = G(x), (25)
gives a row generating function for the n'® row of R*(4).

For example, for row 8 of the Riordan array R*(4) (corresponding to the
beginning of row 4 of the extended array R*) the row generating function is the
Taylor polynomial of degree 8 of the function F(2)G(x)8 = F(x)G(x)* about
0, that is the expansion

F(z)G(z)* = 1—3z+2%+ 2%+ 725+ 3627 + 1652% + O(2?).

now gives the correct values for the nine entries in row 8 of R*(4), which are
also the first nine entries in row 4 of R*.

Array R*(4), n,k >0

Column gf. | fg~* fg=> fg=> fg~' f fg fe* fé° fg'
n\ k 0 1 2 3 | 4 5 6 7 8
0 1 | FG1
1 4 1 | FG™3
2 10 3 1 | FG™2
3 20 6 2 1 FG™!
4 35 10 3 1] 1 F
5 56 15 4 1 ] 0 1 FG
6 84 21 5 1 | 0 -1 1 FG?
7 120 28 6 1 | 0o o0 -2 1 FG3
8 165 36 7 1 | o 0o 1 -3 1 FG*
|

13




References

[1] M. Barnabei, A. Brini, G. Nicoletti, Recursive matrices and Umbral
calculus, J. Algebra 75 (1982) 546-573

[2] P. Barry, On the Central Coefficients of Riordan Matrices, Journal of
Integer Sequences, 16 (2013), #13.5.1.

[3] P. Barry, Embedding structures associated with Riordan arrays and
moment matrices, arXiv:1312.0583v1 [math.CO]

[4] C. Corsani, D. Merlini, R. Sprugnoli, Left-inversion of combinatorial sums,
Discrete Mathematics, 180 (1998) 107-122.

[5] I. P. Goulden and D. M. Jackson, Combinatorial Enumeration, Dover
Publications Inc., Mineola, NY, 2004. Reprint of the 1983 original.

[6] R. L. Graham, D. E. Knuth and O. Patashnik, Concrete Mathematics,
Addison-Wesley, Reading, MA. Second ed. 1994.

[7] E. Lebensztayn, |On the asymptotic enumeration of accessible automatal,
Discrete Mathematics and Theoretical Computer Science, Vol. 12, No.3, 2010,
75-80.

[8] P. Peart and W.-J. Woan, |A divisibility property for a subgroup of Riordan
matrices, Discrete Applied Mathematics, Vol. 98, Issue 3, Jan 2000, 255-263.

[9] R. Sprugnoli, An Introduction to Mathematical Methods in
Combinatorics |, CreateSpace Independent Publishing Platform, 22 Oct 2014.

[10] Sai-nan Zheng and Sheng-liang Yang, On the r-Shifted Central
Coeflicients of Riordan Matrices, Hindawi Publishing Corporation Journal of
Applied Mathematics Volume 2014, Article ID 848374.

[11] Wikipedia, |Lagrange inversion theorem

14


https://cs.uwaterloo.ca/journals/JIS/VOL16/Barry1/barry242.html
https://arxiv.org/abs/1312.0583
https://arxiv.org/abs/1312.0583
http://dx.doi.org/10.1016/S0012-365X(97)00110-6
https://notendur.hi.is/pgg/(ebook-pdf)%20-%20Mathematics%20-%20Concrete%20Mathematics.pdf
https://dmtcs.episciences.org/512/pdf
http://dx.doi.org/10.1016/S0166-218X(99)00166-3
http://dx.doi.org/10.1016/S0166-218X(99)00166-3
https://pdfs.semanticscholar.org/c32d/7ac813bc374a688ed21106b9deacc3390d18.pdf
https://pdfs.semanticscholar.org/c32d/7ac813bc374a688ed21106b9deacc3390d18.pdf
http://dx.doi.org/10.1155/2014/848374
http://dx.doi.org/10.1155/2014/848374
https://en.wikipedia.org/wiki/Lagrange_inversion_theorem



