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Introduction

The identity

∞∑
n=0

1

nn
=1 +

1

22
+

1

33
+

1

44
+ · · · =

∫ 1

0

dx

xx
(1)

is known humorously as the Sophomore's dream [3]. See A073009. It is the case
a = b = t = 1 of the more general result

∞∑
n=0

tn

(an+ b)n+1
=

∫ 1

0

xb−1

xtxa dx a, b ∈ Z>0. (2)

For a proof of (1) see [3]. The proof of (2) is exactly similar: write the

integrand in (2) as xb−1exp(−txalog(x))=

∞∑
n=0

(−1)ntnxna+b−1logn(x)/n!,

interchange the order of summation and integration, and then make the
change of variable x = exp(−u/(an+ b)) to evaluate the integrals.

Watson [2, Section 5] proved the following result, originally stated by
Ramanujan: the Borel sum of the divergent series 1− 11 + 22 − 33 + 44 − · · · is

equal to

∫ ∞
1

dx

xx
.

We write Watson's result as

1− 11 + 22 − 33 + 44 − 55 + · · · =
∫ ∞
1

dx

xx
(Borel) . (3)

The numerical vaule of the integral is 0.7041699604.... See A245637.

The purpose of this note is to extend Watson's result and prove further Borel
summability results such as

11 − 32 + 53 − 74 + 95 − 116 + · · · =
∫ ∞
1

dx

xx2 (Borel)

and

21 − 52 + 83 − 114 + 145 − 176 + · · · =
∫ ∞
1

dx

xx3 (Borel).

The general result (Proposition 2, below) is

∞∑
n=0

(−1)n(an+ b)n =

∫ ∞
1

xa−b−1

xxa dx (Borel) a, b ∈ Z≥0.
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Borel summation along R+

Let A(z) denote a formal power series

A(z) =

∞∑
n=0

a(n)zn.

Borel summation of A(z) (in the direction of the positive real axis) is a
method of assigning a value to the series A(z), and involves three steps:

Step 1. Form the Borel transform of A de�ned as

B (A(z)) =

∞∑
n=0

a(n)

n!
zn.

Since the n-th coe�cient of the series B(A(z)) is smaller by a factor n! than
the corresponding coe�cient of A(z), the Borel transform B(A(z)) may have a
nonzero radius of convergence even if A(z) does not. Assuming this is the case,
we may sum the series in some open disc centred at z = 0.

Step 2. Suppose further that we can analytically continue this sum on the
whole of the positive real axis R+. Denote the analytic continuation by F (z).

Step 3. Find the Laplace transform L(F ) of F :

L(F )(z) =

∫ ∞
0

F (t)e−tzdt. (4)

The existence of the improper integral requires exponential bounds on the
growth of F (x) for large real x. If the integral converges at z0 ∈ C, say to

Ã(z0), we say that the Borel sum of A converges at z0, and write

∞∑
n=0

a(n)zn0 = Ã(z0) (Borel).

Reversion of series

Watson's proof of (3) makes use of the identity

1

1 + x
=

∞∑
n=0

(−1)n
nn

n!
(x exp(x))

n
, (5)

whose proof uses the Lagrange inversion formula. In order to generalise this
identity we need the more general Lagrange-Bürmann formula for the
reversion of power series, which we state in the following form:
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Let f(w) be an analytic function in a neighbourhood of 0 with f(0) = 0.
Then there is a function g(w), analytic in a neighbourhood of 0, which is the

inverse of f(w), that is, f(g(w)) = g(f(w)) = w. Let H(w) be an arbitrary

analytic function in a neighbourhood of 0. Then the coe�cients in the power

series expansion of the function H(g(w)) about the point w = 0 are given by

[wn]H(g(w)) =
1

n

[
tn−1

](
H ′(t)

(
t

f(t)

)n)
. (6)

(The particular case of this result when H(w) = w is the Lagrange inversion
formula.)

We generalise (5) as follows.

Proposition 1. Let a and b be nonnegative integers. Then

xb

1 + axa
=

∞∑
n=0

(−1)n(an+ b)n
(x exp(xa))

an+b

n!
(7)

in a neighbourhood of x = 0.

Proof. We split the proof into three cases.

(i) Case a = 0 is trivial.

(ii) Suppose b = 0. We have the identity [1, formula (14)]

1

1 +W (x)
=

∞∑
n=0

(−1)n
nn

n!
xn, |x| < e−1, (8)

where the function W (x), which satis�es W (x) exp(W (x)) = x, is the principal
branch of Lambert's W function.

Replacing x in (8) with W−1(x) = x exp(x) gives

1

1 + x
=

∞∑
n=0

(−1)n
nn

n!
(x exp(x))

n
, |x exp(x)| < e−1,

and then replacing x with axa yields (7) with b = 0.

(iii) Suppose now a and b are both positive integers. Let z = x exp (xa). Let

H(x) =
xb

b
. We apply the Lagrange�Bürmann formula to �nd H(x) in terms

of z. After a short calculation, we arrive at the result

xb

b
=

∞∑
n=0

(−1)n(an+ b)n−1
zan+b

n!
. (9)
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Di�erentiating (9) with respect to x gives

xb−1 =

∞∑
n=0

(−1)n(an+ b)n
zan+b−1

n!

dz

dx

=

∞∑
n=0

(−1)n(an+ b)n
zan+b

n!

(1 + axa)

x

leading to the identity

xb

1 + axa
=

∞∑
n=0

(−1)n(an+ b)n
(x exp(xa))

an+b

n!

valid in some neighbourhood of x = 0. �

The rational function on the left side of (7) is analytic throughout the complex
plane, except for a �nite number of poles, which all lie o� the positive real axis
since a is positive, and thus gives an analytic continuation of the series in (7)
to an open set in C containing R+ ∪ {0} .

We now have the ingredients to �nd the Borel sum of the alternating divergent

series

∞∑
n=0

(−1)n(an+ b)n.

Proposition 2. Let a, b be nonnegative integers. Then

∞∑
n=0

(−1)n(an+ b)n =

∫ ∞
1

xa−b−1

xxa dx (Borel).

Proof. The case a = 0 is straightforward. Assume now a is a positive integer.
We have

∞∑
n=0

(−1)n(an+ b)n =

∞∑
n=0

(−1)n
(an+ b)n

n!

∫ ∞
0

tne−tdt

=

∫ ∞
0

{ ∞∑
n=0

(−1)n
(an+ b)n

n!
tn

}
e−tdt

= a

∫ ∞
0

{ ∞∑
n=0

(−1)n
(an+ b)n

n!
tan+b

}
ta−b−1e−t

a

dt (t→ ta) .

Since ueu
a

increases steadily from 0 to ∞ as u increases from 0 to ∞, we have,
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on writing ueu
a

for t in the last integral,

∞∑
n=0

(−1)n(an+ b)n = a

∫ ∞
0

{ ∞∑
n=0

(−1)n
(an+ b)n

n!

(
ueu

a
)an+b

}
ua−b−1e(a−b−1)u

a

e−u
aeaua

d
(
ueu

a
)

= a

∫ ∞
0

{
ub

1 + aua

}
ua−b−1e(a−b−1)u

a

e−u
aeaua

eu
a

(1 + aua) du

(by Proposition 1)

= a

∫ ∞
0

ua−1e(a−b)u
a−uaeaua

du

=

∫ ∞
1

xa−b−1

xxa dx

on making the change of variable x = eu
a

.�

References

[1] R. M. Corless, D. J. Je�rey, and D. E. Knuth A sequence of series for the Lambert W function,
Proceedings of the 1997 International Symposium
on Symbolic and Algebraic Computation
(Kihei, HI), pp. 197�204.

[2] G. N. Watson, Theorems stated by Ramanujan (VIII): ,
Journal of the London Mathematical Society,
Volume s1-4, Issue 2, April 1929, Pages 82-86.

[3] Wikipedia, Sophomore's dream.

5

https://www.researchgate.net/publication/243132893_A_Sequence_of_Series_for_the_Lambert_W_Function
https://doi.org/10.1112/jlms/s1-4.14.82
https://en.wikipedia.org/wiki/Sophomore's_dream

