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All references to notations, lemmas and theorems can be found in the link of A241561 mentioned
above. The proofs of Lemmas A & B and the Theorem closely follow those of Lemmas 6 & 7 and
Theorem 6 stated in the link cited above.

LEMMA A:

Letn=2"x q= 2’”x]‘[f‘=1p,-ef withm=0,k=20,2<p;<..<pgprimes,andeeN, g =1, forall 1=<is<Kk,
be the prime factorization of n. Suppose that for all 1 <i <k, e;is even and that for any two odd divisors
f<gofn, 2™'x f<g. Then ¢, = gy(q) is odd and w), = 1.

PROOF:

Since every e;, 1 <i <k, is even we get do(q) = go([T51p¥) = TTX4 (ei + 1) is odd. Suppose that the odd
divisorsof nare 1 =dq < ... <dy <dxs1 <... <daxs1 = qwhere 2xx+1 = gp(q). Then dyx dox2_y =q, for
all 1 <y <x. By Lemma 1(e) the odd divisors dox.1-y, 1 £y < X, are represented by 1’s in positions
2m+ dy in the n-th row of irregular triangle A237048. Therefore, the condition 2™+ f < g for any two
odd divisors implies that 1’s in odd and even positions alternate in that row and w, = 1.

|

LEMMA B:

Letn=2"xq=2"x[T&,pf withm=0,k=0,2<p;<..<pgprimes,ande;eN, g =1, forall1<i<k,
be the prime factorization of n. If ¢, = gp(q) is odd and w, = 1 then for all 1 <i <k, e;is even, and for
any two odd divisors f < g of n, 2™« f< g.

PROOF:

If k = 0 then n = 2™ and its symmetric representation has one region of width 1 (see the comments and
links in A238443). Let now k > 0, then n must have at least one odd divisor greater than 1. Further-
more, since ¢, = do(q) = TT&4(e;j+ 1) is odd all e;,1 <i <k, are even, and there is an odd number of 1’s in
the n-th row of irregular triangle A237048. Since w, = 1 the positions of the odd divisors d;, 1 <i < gp(q)
= 2xx+1, represented by 1's in the n-th row of irregular triangle A237048 alternate between odd and
even positions, i.e.,

1=d1<2™1 < dy< 2™y < ... < dy < 2™ V% < dyr S 1.

This chain of inequalities holds for all odd divisors since for

Aix 02 x42-i = djp1xd2x41-j = G We get 02 x41-j < d2x+2-j SO that

m+1 _ 2m+ly o
2™ % Ay xat-j = T % Gaxe2-i < O2xs2-i
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THEOREM:

For every number n € N with prime factorization n = 2™x q = 2™x[T&,p® withm =0, k=0,2<py < ... <
px primes,and e;e N, g; 21, forall 1 <i<k:

cnh isodd & w, =1 & neA241010

o forall 1 i<k, gjis even, and for any two odd divisors f < g of n, 2m+l . f < g.

As in the proofs above, let the odd divisors of nbe 1 =dy < ... < dy < dxs1 < ... < daxs1 =, Where 2xx+1
= go(q). The z-th region of n has area a, = ;—x (2’”+1 - 1)x (dy + daxs2-z), for 1 £z < 2xx+1, so that in this

case v, = ¥2Xa, = y2X1 ;— x (2™ = 1) x (dy + Do xe2-z) = (2™ = 1) x (3ot (dz + daxaz-7) + dxat) = O(N).
PROOF:

The equivalences follow from Lemmas A & B. In order to verify the formula for the areas a,, 1 <z < 2x
x+1, we establish the following identities for the n-th row of irregular triangle E (A235791) that together

show v, = g(n) in this case. Since all regions have width 1, their respective areas are
m+1 -
ij:dz d;—1 T,k = €n,d, - €n,2m1.4,, forall 1 £z < x, and
In - st =1 - — —
2x Ty k- 1=2x(n=Z 297 o k) - 1=2%x(N-6n1-€nagu,)-1=2%6n 4., - 1= (2™ =1)x 1,

for the center region ay,¢ that crosses the diagonal of the Dyck path.
) enomixg, = €pot omieg,t 1= ;—(g- - 1) “2Mxd, + 1
i) end = entqt1=2"xL- T(d,+1)+1

. 1 1
V) end. = Ex(Zm+1 —1)xdy + 3

(
(
(i) enq- €n2miag= 3% (2™ = 1) x(dy + daxiz-2)
(
(V) enk=6€ntkforall1<ks<r,with k=d, 2™ «d,,

Formulas (i) - (iv) are straightforward calculations. For (v) we argue as follows.
Letn=uxk + vwith 0 =v <k. Then

enk= [%_%] =u+ [%_’(;—1] ande,_ 1 x=u+ [f_k?]‘
If kis odd and k * d, forany 1 <z < x then [ 1] = [£] =1.

If k is even and k # 2™ xd, for any 1 < z < x then

AET S T )
Case05v<§:

v+1 17_aA-TVY

[ -z]=0=[%-

Case - <v<k:

] since 2xv < k and k even imply 2xv + 2 < k.

N =

[EL - 1] =1=[% - 1] since 0 < 2xv - k.
Case§=v:

In this case n = uxk + v = uxk + & = £x(2xu + 1) so that 2xn = 2™1xq = (2xu + 1)xk.

This implies that 2| k and k = 2™'xd,, for some z, contradicting the assumption on k.
u



