
Asymptotic of subsequences of A212382 

(Václav Kotěšovec, published July 17 2014) 
 
In the OEIS (On-Line Encyclopedia of Integer Sequences) published Alois P. Heinz in 2012 sequences "Number of Dyck 

n-paths all of whose ascents have lengths equal to 1 (mod p)", which can be generalized (for    ) as the family of the 

sequences with an ordinary generating function A(x), satisfies functional equation 

 

          
    

          
  

 
Sequences in the OEIS: 

A000108 (p=1), A101785 (p=2), A212383 (p=3), A212384 (p=4), A212385 (p=5), A212386 (p=6), A212387 (p=7), 

A212388 (p=8), A212389 (p=9), A212390 (p=10), all sequences in one array together A212382. 

 

 

Theorem (V. Kotěšovec, July 16 2014): 

The asymptotic is (for    ) 

         
  

                         
 

         
 

 

 

where r  (     ) and s are real roots of the system of equations  

 

   
        

          
                                  

      

   
 

 

 

Proof: 
 

Following theorem by Edward A. Bender is (in case of implicit functions) very useful  (for proof see [1], p.505 and also [4], p.469). 

 

 

Citation: Edward A. Bender, "Asymptotic methods in enumeration" (1974), p.502, see [1] 

 
 

Bender's formula applied for ordinary generating function is 

       
 

    
 

     
       

 

(for exponential generating function see [8]) 

 

 

 

 

http://oeis.org/
http://en.wikipedia.org/wiki/Generating_function#Ordinary_generating_function
http://oeis.org/
http://oeis.org/A000108
http://oeis.org/A101785
http://oeis.org/A212383
http://oeis.org/A212384
http://oeis.org/A212385
http://oeis.org/A212386
http://oeis.org/A212387
http://oeis.org/A212388
http://oeis.org/A212389
http://oeis.org/A212390
http://oeis.org/A212382
http://en.wikipedia.org/wiki/Generating_function#Ordinary_generating_function
http://en.wikipedia.org/wiki/Generating_function#Exponential_generating_function
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Now we have the implicit function 

       
  

       
     

 

 

partial derivatives  

   
 

  
       

                 

          
 

   
 

  
       

                 

          
   

    
 

  

 

  
        

                         

           
 

 

 
r, s, are roots of the system of equations 

 

   
 

       
                

                   

          
   

 

which can be simplified as 

   
        

          
                               

      

   
 

 

 

Note that   is the root of a polynomial of degree    

 

                        
 

 
The asymptotic is then 

         

 
 
 
    

                                   
                   

       
 

 

 
after simplification 
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Numerical verification (for p=6, A212386) 

 

 
 

Numerical verification (for p=9, A212389) 
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