
ON INTEGER SEQUENCE A128135

SELA FRIED†

The purpose of this note is to show how sequence A128135 is obtained by a greedy integer
recurrences. To this end, define a1 = 1 and, for n ≥ 2, let an be the least positive integer
such that the average of a1, . . . , an−1 is a power of 2. We prove the following result.

Theorem 1. For every positive integer n we have

an =

{
(n + 1)2

n
2
−1 if n is even

2
n−1
2 if n is odd.

Proof. Set sn =
∑n

i=1 ai. We claim that sn = n2b
n
2 c (A132344). We proceed by induction

on n. The base case, namely n = 1, obviously holds. Now, assume that the assertion
holds for every 1 ≤ i ≤ n − 1, where n ≥ 2. Let ` be a nonnegative integer such that
sn = n2`. We have

an = sn − sn−1 = n2` − (n− 1)2b
n−1
2 c. (1)

Clearly, if ` ≥
⌊
n−1
2

⌋
, then an > 0. We claim that the converse also holds. Indeed,

suppose that an > 0 but ` <
⌊
n−1
2

⌋
. Then

n2b
n−1
2 c−1 − (n− 1)2b

n−1
2 c > 0 ⇐⇒ n

n− 1
> 2.

But since n ≥ 2, we have n
n−1
≤ 2.

Now, assume that n is even. If ` =
⌊
n−1
2

⌋
, then, by (1) and the induction hypothesis,

an = 2b
n−1
2 c = 2

n−2
2 = an−1, in violation of the distinctness condition. Trying the next

best candidate ` =
⌊
n−1
2

⌋
+ 1, we have, by (1),

an = n2b
n−1
2 c+1 − (n− 1)2b

n−1
2 c = (n + 1)2b

n−1
2 c,

which is obviously adequate. Thus, sn = n2b
n
2 c.

Consider an+1 now and let ` be a nonnegative integer such that sn+1 = (n + 1)2`. We
have

an+1 = sn+1 − sn = (n + 1)2` − n2b
n
2 c.
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Here, ` =
⌊
n
2

⌋
is possible, leading to an+1 = 2b

n
2 c and sn+1 = (n+ 1)2b

n
2 c, concluding the

proof of the induction step.
�
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