COUNTING WALKS ON FINITE GRAPHS

RICHARD J. MATHAR

ABSTRACT. This illustrates the Matrix Transfer Method of counting walks
along edges of simple finite graphs defined by their Adjacency Matrices.

1. WALKS ON LABELED FINITE GRAPHS

1.1. Adjacency Matrices. The class of walks of n steps on a finite graph consid-
ered here starts at one of the vertices, successively steps to a vertex that is adjacent
to the current vertex, and finishes at another or the same vertex. Labeling the
vertices helps to distinguish the paths if the graph is asymmetric.

The algebra that ensues is explained by the small example of walks on the graph
of the square; vertices are labeled clockwise 1 to 4, and each step can be clockwise
or counter-clockwise. The number of walks with n steps that start on vertex i and
finish on vertex j are recursively bound to the number of walks with n — 1 steps
that finish on a vertex adjacent to j. Let W=, .(n) be the walks that end on vertex

j after n steps; the recurrence can be wrltteer ’

(1) Wili(n+1) = Wis(n) + Wi, (n);
(2) Wis(n+1) = Wii(n) + Wis(n);
(3) Wisn+1) = Hz(n) 4 (n);
(4) Wkan+1) = Wii(n)+ Wisn).

where the initial condition, starting at vertex 1, is
O
(5) WZ*}]( ) = 5i15j1‘

Rewritten as a system of linear recurrences in matrix format condenses the infor-
mation of the structure into the binary Adjacency Matrix A:

W2 (n+1) 01 0 1 W, (n)

(6) z—>2(” +1) | _[ 1010 W2,s(n)
2%3(” +1) 0 1 01 W, 5(n)

z—>4(n +1) L0 10 W¢D—>4(n)

1.2. Transfer Matrices. Such systems of linear recurrences with constant coeffi-
cients are solved with the transfer matrix method: Define generating functions

(7) z—)g Z 1—)3

n>0
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such that

(8) WzD—>j( ) = z—)] Z z—>] - z—)J + z Z i—j n + 1
n>1 n>0

Multiplication of each line of the system of linear recurrences by 2™ and insertion
of that split gives

don WF—A(” +1)2" 01 01 Don Wi%l(n)zn
9) > Wia(n+1)z" _| 1010 o0 Wika(n)z"
S WE s (n+1)2" 010 1 S, W a(n)2
>on Wl-'i’4(n +1)z" L0 10 2on Wig4(n)z”
Wz‘D—u(Z) - WiD—>1(O) 0101 Wz‘D—n(z)
(10) 2 Wi%?(z) - Wz‘%z(o) _| 1010 Wi%Z(Z)
Wz'D—>3(Z) - W¢D—>3(0) 0101 Wz‘D—>3(z)
Wisu(2) — WiZ4(0) 1010 Wis4(2)
Wg—n(z) 0z 0 = WzE—}l(Z) Wig—n(o)
(11) W%2(z) _|1 %020 Wi‘:TQ(Z) + W’iﬁ)Q(O)
WD—> (z> 0 2z 0 =z Wz|:|—>3(2) Wi|:|—>3(0)
a (Z) z 0 20 Wi*}4(z) Wi%él(o)

The diagonal unit matrix minus z times the adjacency matrix, 1 — zA, appears in a
linear system of equations where the initial values at n = 0 are the right hand side:

I =z 0 -z Wigl(z) ng(o)

(12) -z 1 -z 0 A Wzg—ﬂ(z) _ Wz§—>2(0)
0 -2z 1 =z Wit,5(2) WiZ,5(0)

-z 0 -z 1 Wi, (2) wi,,(0)

Multiplying with the inverse of this matrix of z, the generating functions become
uncoupled [4, 1]:

(13)
W, (2) 222 -1 —z —222 —z W, ,(0)
wH 2(Z) 1 —z 222 —1 —z -222 | W, ,(0)
WEL(2) | 422 -1 —22% —z 2221 —z Wi2,5(0)
Wi (2) -z —22° -z 2% -1 W;2,4(0)

and the initial condition (5) provides explicit rational generating functions such
that only the first column of the inverse matrix is needed:

W1—>1(Z) 1— 222

W1a2(z) _ 1 z
1 W) | Tz |22

W1—>4(Z) z

The technique of splitting the rational generating functions into partial fractions
and the Binet formula (rewriting the geometric series as Taylor series) gives in this
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case
(15)
1,11 11 1,1 n . on

1%1(2) §+%17122+%1+122_?+Z nsol(=2)" +27]

1Da2(z) _ ) %17122: - %1+12z =1 ;nzlo[(_%n 2"]en

D—>3(Z) itiTmtamsE T T2t 2 nzol(=2)" +27]

4(2) 113 — 1132 = 1 2nxol(—2)" —27]

We get sequence [3, A199573] for W, (n) and (setting the first element to 0) for

W, 5(n), and [3, A199572] for W2, (n) and Wi, 4(n).

Remark 1. For r-regular graphs (graphs where the degree of every vertex is the
same, 1) the probabilities of reaching vertices after n steps is W;_,;(n)/r™.

Remark 2. Forr-regular graphs the number of paths with n steps is Zj Wi j(n) =

7", so the sum rule of the generating functions is 3, Wi—;(2) = 1/(1 —rz).

Remark 3. We are only considering undirected graphs, so the adjacency matrices
are symmetric. The technique is also applicable to reluctant /hesitant random walks
with non-zero entries on the diagonal of the adjacency matrix, and potentially also
to self-avoiding walks [5].

2. TETRAHEDRON

The tetrahedron is the complete graph K, of Figure 1 with the adjacency matrix

01 1 1
1 01 1
(16) 1 1 0 1
1 110
Inverting 1 — zA gives
1-2z
ngﬁl(z) ¥ 20139
W, z A3
(17) W1D_>2( ) | _ | aF 1(1-32)
153(2) (1+2)(1—32)
Wi, 4(2) Wzl_gz)
so Wi1(2) = 143224623 +212%+- -+ [3, A054878][2] and W1 _s2(2) = Wi3(2) =
Wisa(z) = 24222 + 723 + 202 + -+ [3, A015518].
3. Y3 PrisM

The adjacency matrix of the prism graph of Figure 2 is
01 1001

101 010
1101 00
(18) 0 01 011
01 0101
1001 10

Inverting 1 — zA gives [3, A094554,A094555,A094556]

1—22—222 4223 9
19) W = =143 223 +192% 43025 + - -
(19) Win@) = g asaa_ss —  +3 +2 H 194307+
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FIGURE 1. Structure of the edges (grey) in the tetrahedron of 4 vertices.

FIGURE 2. The prism graph with triangular lids.

(20)

Wisa(z) = Wiss(z) = z(l - ’22)

(I=2)(1+22)(1-3z)

(21)
Wisa(2) = Wiss(2) = 22— 2)

= 22243234162 +352°+13225+. - -
()l +2:)(1—3z) -7 Tz tlbarddoralasz

(22) 6W1_>4(71) = 6W1_>5(n) =3" + (-2)” — ].;

2(1 — 2z +222)

= 723 + 824 +512° +1002° + - - -
()l +2:)(1—3z) - FrF sz +ola 1004

(23) Wise(z) =

= 2422462341122 +4625+11128+- - -
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FiGure 3. The utility graph.

4. UtiLity GRAPH

The adjacency matrix of the Utility Graph of Figure 3 is

01 01 01
101 0 1 0
01 01 01
(24) 101010
01 01 01
1 01 010
Inverting 1 — zA gives [3, A102518,A001019,A013708]
1— 622 9 4 6
(25) Wlﬁl(z):l_—gﬂzl—ki’)z +272% +2432° 4 - -
(26) Wisa(2) = Wisa(z) = Wise(z) = 1_;%2 =24 92° +812° + 72920 + - ..
32° 2 4 6
(27) Wiss(z) = Wiss(z) = T-92 = 32° 4 272" +2432° + - -
5. CUBE

The standard cube (or Yj-prism) with 8 vertices, 12 edges, and 3 edges at each
vertex is labeled as in Figure 4. The adjacency matrix is

01000101
101 01000
01 010001
00101010
(28) 01010100
100 01 010
00010101
101 0 0 010
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FIGURE 4. Structure of the cubical graph with 8 vertices and 12 edges.

Inverting 1 — zA gives [3, A054879,A066443,A125857,A054880]

1—722
(1-22)(1-922)

(29) Wi1(2) = =1+322 +212* +18325 + .- |

(30) 2
Wisa(2) = Wise(2) = Wiss(z) = 2(1 - 32%)

= 2+ 72846125 +5472" +- -
(=21 —gm2)  ~Hitbleaodizd

(31)

222
Wis3(z) = Wiss(2) = Wi (2) =

(1 —-22)(1-922)

623
(1—22)(1-922)

(32) Wisa(z) = =62° +602° + 54627 + - -

6. WAGNER GRAPH

The Mobius variant of the cube is the Wagner Graph, Figure 5. The adjacency
matrix is

010071001
10100100
01010010
00101001

(33) 10010100
010071010
001007101
10010010

Inverting 1 — z A gives

1—2—522+ 234224

= 1432241924 +102°+14125+- -
(=21 +2:—2)(1—3z) oF Tz #llarldlas

(34) Wisa(z) =

= 22249202 +18220+164025+- - -
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FIGURE 5. Structure of the Wagner graph with 8 vertices and 12 edges.

(35)
z — z2
Wise(z) = Wins(z) = (1—22%)

= 24623 4+424 4452545620 +3582"+- - -
(1122 —22)(1 4+ 2)(1—3z) - r0F ez daoadnberddnsz it

(36)
Wiss(2) = Wisr(z) =

22

2 3 4 5 6 6
—_— = 1 02°+91 27 -+, A03311
=501 —37) 2°4+32°+102°4-302°4912° 42732+ - - , A033113

(37)

Wisa(2) = Wise(2) = 22+ 2)

(142)(1—-32)(1+22z—22)

= 2224234162 +162°+1262°+18927+- - -

(38) 2.3
Wya(2) = 2(1 —z— 22— 29%)

= 2472422445122 4422643937+ ..
(I 2)(1—32)(1 1 2: —22) -7 ez doladaszaaset

With the auxiliary integer sequence
(39)

1
152, -2 g g(n)2" = 1-224522 1224292 —702°+- - - ; g(n) = —2g9(n—1)+g(n—2), AOT7985
z—z
n>0

we may rewrite these counting sequences of the Wagner Graph as

(40) 8Wis1(n) =2+ 3"+ (—1)" + 4g(n) + 4g(n — 1);
(41) 8Wia(n) =3" — (=1)" +4g(n — 1);
(42) 8Wi4(n) =3" = (=1)" —4g(n — 1);

(43) 8WiLs(n) =3"+2+ (—1)" — 4g(n) — 4g(n — 1).
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FIGURE 6. The Octahedron.

7. OCTAHEDRON

The adjacency matrix of the Octahedral Graph of Figure 6 is

011110
101 011
11 0 1 01
(44) 101 011
11 01 01
011110

Inverting 1 — zA gives

1—2z— 422

(45) Wi (z) = 1 +r22)(1—4z)

=1+422 +82% +482* +1602° + - - - , 4054881

(46)

Wisa(2) = Wisa(2) = Wisa(2) = Wiss(2) = ©

= 4222412234404 4176254 - A
07291 -12) 24+22°4+122° 440241762+ - - , A003683

422

(47) Wise(z) = 1 +22)(1—4z)

= 42W_4o(2) = 42% 4+ 82% + 482" +1602° + - -
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