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The strongly triple�free set constant is de�ned as follows�
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where vk is the kth smallest element of the set S � f�i�jg� i�e� v� � �� v� � �� v� � �� v� � �� v� � ��
v� � 	� v	 � 
� v
 � ��� v� � ��� v�� � �	� � � � and pn is the size of a largest subset of Sn � fk � S� k � ng
such that x � Sn implies �x is not in Sn and �x is not in Sn� A graphical interpretation of pn is as follows�
put all the elements of Sn in adjacent columns� where column j has numbers of the form �i�j� Then pn is
the size of the maximal independent set of non�adjacent vertices� Here is for n � �� a maximal independent
set consisting of �� �� ��� ��
 �marked with x�� whence p�� � ��
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We notice in the above graph that we marked all vertices of even parity �i�e� numbers �i�j such that i � j
is even�� As we shall see below� we always obtain a maximal independent set in such a way� or by taking all
vertices of odd parity�

Proposition � Among the set of all vertices with i � j even and the set of all vertices with i � j odd� at

least one is a maximal independent set�

If we assume this result� then computing pn is easy �here in MuPAD��

peven�	proc
n� local k� begin


plus
iquo
��floor
ln
n���k��ln
����

k��� mod ������k	���floor
ln
n��ln
����

end
proc�

podd�	proc
n� local k� begin


plus
iquo
��floor
ln
n���k��ln
����
k mod ������k	���floor
ln
n��ln
����

end
proc�

p�	proc
n� begin max
podd
n��peven
n�� end
proc�

�� p
n��n	������

�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �

	



Then we compute vk with the following code�
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v�	proc
n� option remember� local m� begin

while nops
V��n do
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V��� � always a power of two �
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and to approximate C�
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Error analysis� The error we make by truncating at index K is bounded by�
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as pvk � pvk�� is at most � �if one removes a vertex from a maximal independent set of k points� one obtains
a independent set of k � � points�� By estimating the number of numbers �i�j less than x� we get that
log vk �
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As pvk is the size of the maximal independent subset of Svk � which contains exactly k elements� we have
trivially pvk � k� By Euler�Maclaurin summation using Maple� and bounding ��vk�� by ��vk� we get�
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This corresponds to the values above� the di�erence between C��
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Proof of Proposition �� Suppose that the graph has a vertices of even parity� and b vertices of odd
parity� with a � b �the other case is similar�� We call domino a pair of adjacent vertices� If we can �nd a
way to put b non�overlapping dominoes on the graph �with a � b remaining vertices of even parity�� then
any independent set contains at most one vertex of each domino� plus some of the a� b remaining vertices�
hence at most a vertices� and as the set of vertices of even parity is independent and has a vertices� it is
therefore a maximal independent set�

For instance� consider the graph with 	� vertices �a � �
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Let us �rst regularly place vertical dominoes�
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We are now left with 
 isolated vertices� �	 and �� have even parity� and �� has odd parity� Let us select two
isolated vertices of di�erent parity� e�g� �� and �	� They are connected by the following path of dominoes�
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We can shift the dominoes in this path to make room for one more domino�
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We then get the desired covering with � dominoes and one remaining vertex�
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In general� after regularly placing the vertical dominoes� we get on the diagonal border a certain number
of isolated vertices� of both parities� at most one in each column and in each even line� We pair them �one
vertex of odd parity with one vertex of even parity� in such a way that paths connecting paired vertices
do not intersect� This can be done by taking them in order� pairing a vertex with the last unpaired one of
opposite parity� if any� Finally� to connect vertex x to vertex y� we move dominoes from the initial position
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The only unpaired vertices will be the a� b vertices of even parity in excess�
This works in fact for any grid graph having the property that �i� j� in the graph and i � 
 implies �i��� j�

in the graph� and �i� j� in the graph and j � 
 implies �i� j � �� in the graph �with a slight modi�cation to
take into account the case when we get several isolated vertices on the same line� which does not happen
with the graphs initially considered��

�


