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 NE&N=("Fy")+ (2 Fy), de. [when © - y=n]. 17

Now take &,=1, 2, 3, ..., =, in succession, giving
En=b+1; Ne=Ly .M, N, =Lppy. My (63).
Hence M, =3t24 3E-+1=38¢,,,2— ¥n+l=L,, always,........... (53a),
showing that—
The series &, —(given by £=1,2,3,..,7)—is in chain, [M.-:Lm]...(b‘!).

80b. Fuctorisation of Case 1°z. 'Table A pgives the
factorisation of this Case—[ with = X41, X=3¢"T—showing
&, 2, ¥, 2, and the Aurifeuillian Factors L, M resulting up to
E=20. It will be scen that the series of 4N, is n chain
(M =L, throughout].

The higliest number (1&,) factorisable by the large Faotor-Tubles is
given by £ =1825.

Ny (3182524 1) (3.18250— 20 (3.18257 4 |

iVu=4. (318264 1) = (31825—2) — 3.1826¢41
=(3.|825’—3.1825+l)(3.1825"+3.l825'+l)
=1021.9781:7.13.61.1801;

The highest number certainly within the powers of the Author’s Con-
gruence Tables of (134 1)=(y+1)=0 (mod p),—{see Art. 26]—is given by
E=567734; but the labor would be considerable (from the great number
of trial divisors).

Ex. Take E=21;
24577324574 245768 4 1»
4777 - 24574 = 857641 * {has 18 figures].
=(3.z"-—-3.z"+1)(3.2“+3.2"+x).—.7.19.547.:767:31.307.21157
Trin-Aurifewillian Sub- Cubans. TaB. A
Na=3(#—p%) = (x-y)= (X 14 19) 2 (X +1)
¥=y=3, X=38 »'=X+1; INyu=L.AL

Nw=1}

13 x oy X L aAf

1 4, 1 3 1:7;

2 13, 10 12 7:19:

3 28, 25 27 19:37;

4 49, 46 48 37:61;

[ 76, 73 76 61:7.13;

6 109, 106 108 7-13:127;
7 148, 145 147 127 :13.13;

8 193, 190 192 13.13:7.31;

9 244, 241 243 7.31:271;
1v 301, 298 300 | 271:331;
11 364, 361 363 331:397;
12 433, 430 432 397:7.67;
13 608, 605 607 7-67:547;
14 589, 686 688 547 :631;
16 676, 673 676 631:7.103;
16 [ 769, 766 768 7-103:19.43;
RY 868, - 866 867 19 43:919;
18 973, 970 972 919 :13.79 ;
19 [ 1084, 1081 1083 13.79:7.103;
20 | 1201, 1198 1200 7.163 :13.97 ;
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80c. Pufect square products. Using a subscript » to
denote the value of £ in“the Auriteuilljay, Series (Case 1°),
tuke 7=1,2,3 ... riy saccession.  1'hus

AW Ny Ny Ny, L A,
H(?): ) = : 3 =L, . L,. Ly, e L3,

=(L,L.LiL,... L,J=.X1,, {since the series is i chain)...(55a),
=(LoLsl ... L3, (since Ny=1:7, giving Ly=1)...(658).
Now M, =352 3%, + 1=z suppose,
where CaF=8025 41 =41 e TR 1%
Comparing this with the solutions (7, v) of the Pellian
Equation 7 — 3,7 = + 1, gives
L=ie=1), z=3+ ... crneneennnnnd(56a).

Every solution (r, v) of the Pellian with T even and v odd
gives a suitable value of £; X =3z x, =X +1, ¥,=x,—3,
Lhe Table below shows the vadues of £, 2 z,, ¥, ansing
from r=¢ v=0, giving M =z and 7 (N)=n,

v I 2, 1 ] 26,15 362,209 5042,2011
o & 1,01 3 181,104 2521,1005
Zpy, | 1, 8 ’ 148,145 32449,32446  3.1005241,3.)0057—2

‘Ez. Take r=f=7. The symbol (x, y) is here used to denote 1N

Ny, Ny Ny N,

MY, =~ e ; (£, 1)(13,10) (28, 25) (49, 46) (76, 73)

(109, 106)(148, 145)
=(1.719.37.61.7.13.127.13%,

81 Case 2°(of IN,). Take =, Y= 37" whence
A=E+1, y=38yt—1, A=y=3, X~Y=8-3ni=l,,,,.... (7).

Formulz 434 give
. (31,7)’__]8_ (&34 ]s_ (B34 (3n2)s

s = T = e
=9n‘+3v1'+l=£‘—£‘+1=£‘—3Ezu'+9n‘ [ eorennnenn.(58a),
=B =1)4(3n)=... = (4 3P~ (BM)® e, .. (680),
A v =AM Cesnenne (58¢c);
showing that this TN is both an Ant-Awrifn. and an Aurifa.
Here L=8~3Fn+3n2, M=E43tn+302 ... (59).

Now take £, 7, successive terms ot the Pelliap equation

E—=3n=41, giving

oo A’r= Lnﬁ!r,

lvv.1=Lrn -J‘Ir,x... ,

(&

——

——————

NEN=@"5y+ (xF ), de. [echen r—y=n]. 19

Here £ =2F+ 31, T =54 2 e, ..(60),
M =E2 43,4302, L, =80 =85 0, 430, ... (60a),
and hence, by (57 to 59) Me=L.,,, alicays crerecenennnaa.(602),

showing that this series of N.. is tn chain.

381b. Fuactorisation of IN., Cuse 2°. The Table below
shows the successive elements (€., m,) of the Pellian equation
E=3n"=11, with the values of @, y, X, ¥ thereby given,

and finally the Aurifenillian Factors (L, ) of the successive

r 0 1 2 3 4 5
g n 1,0 2,1 7,4 26,15 97,56 362,209
X, ¥ 2,T 52 50,47 677,674 9110,9407 131045,131042
X, Y 1,0 4,3 49,48 676,675 9409,9408 131044,131043
L2 115 1 13; 13:181;  18t:25215; 2521:13.37.73;  13.37.73:489061;
r 8 7 8
oy 1351,780 5042,2911 1R817,10864
z. y 1 1825202,1825199 5042241,8.29112— 1881724 1,3.10864% —1
Xy 1825201,1825200 5042%,3.291 1% 188177,3.108454%
L,27 | 489061:6811741; 6811741:13.181;61.661; 13.181;61.661:1321442641?1

32. Aurifenilliun, &e., Jorms of N With the help of
the formule "(436) it will be found that N vields Auri-
feuillians and Ant-A urifeuillians of one kind.

Case 3° Tuke Z=mn"; then Result (431) gives

93~ 33 ns— 33

Nt = 7= ‘—3=n‘+3n'+9, [a Trin. Ant-durifevillian]...(61a),
y=38 - _
=(1'=8)*+(Bnp=p14 02 A LTI PP eeeenenn (613).

CASE 34°. Take Z=E"; then Result (430) gives

L, a4 33 33 A cm
N =T %:E‘—3E"’+ 9, [a Trm-Auﬂfzudhan].........(62a),

=(8-35+3) (224 3E+ B)=LM=A e (625).
Now form tiwo series of £, increasing by 3, with two
series of N'=A corresponding,
Series 1° £,=1,4,7,10, ..., r=3p 41 PN NN, vy N < LM, (63a).
Series 2°. 5,29, 5, B 1L, r=8p42; N\ N, Ns‘....,1\',‘:Lr.n['...(SSb).
Then—in cach series— A, =L, 1f,, New=L, M, 4 ..... Ceveraneinene (63¢),
Ho=Er 13+ 3= (Br+3)"=3(&43)+3= L..y, alicays. ..., (634),

showing that cach series of N is in chain,

5
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20 Lt.-Col. Cunningham, Factorisation of

320, Fuctorisation of Case 3°, Table ] B gives the
factorisation of this Case—(with z = &)—shewing £, x, y and
the Aurifeuillian Factors L, M of N uptof= 25, and also
the Sub-Cubam element (line ., y) of L M. It will be seen
that botl series of Ni—lwith € as in (63a, b)}—are ta chain.
(M, =L | thromghout,.

The highest nmmber Niii factorisable by the large Factor-Tables is
given by ¥=31863, x=3163%;

N, (S1630 4 (31632-3)r (3163t 38 31612—12 31643—1s

SI6T S (3.637—3) T aloatys = 31611 ° 31641
=7.19.223.337:2917.8433; (14 figures).

=Ly

Trin-Aurifeuillian Sub-Cubans. TaB. B

Nii = (24 5 = (2 +3) = (34 39) £ (5.4 3) .
Z=y=3, x=F; Ny'=L.A.

Iox oy L L M
1 1, 2 1:7; 2, T 4, 1
2 4, 1 1:13; 2, T 5. 4
4 i6, 13 7:31: 4, 1 7, 4
51 25, 92 13:43; 5, 2 8, 5
7 49, 46 31:73; 7, 4 10, 7
8 64, 61 43:7.13; 8 & l;. lg
16 | 100, 97 73:7.19; 10, 7 13, ;
11| 121, 118 7.13:157; 11, 8 14, 1
13 169, 166 7.19:211; 13, 10 16, 13
14| 196, 193 157:241; 14, 11 17, 14
16 256, 253 211:307; 16, 13 19, 16
17 | 289, 2gr¢ 241:343; 17, 14 2?, 17
19 | 361, 358 307 :421; 19, 16 22, ‘l’g
20 | 400, 397 343:463; 20, 17 23, 2
22 484, 48] 421:7.79; 22, 19 25, 22
23 | 529, 528 463: 601 ; 23, 20 | 26, 23
25 | 625, ®22 7.79:19.37; 25, 22 28, 25

38. Connezion of the AN, Ny series. TIn the 3N series

take the o =& ; and in tle N, series take the 2, = ¢ * 'so that
N'=A of Art, 19, Then, by (43¢, b)

Vo= =35, 4 3= the L, of N, vevvvvos (64),

if\’r».zfr..’—35,+:+ 3, [here €,4g:£,+3}...-- """"" (65a),
=EPH3E, +3=the M, of N'\\oovvnini (658),

where N, AN, =L M, =N, always ........ [T (66).

Now arrange the E, IN, N, each in two Serips ns i:l
Art. 32 Then frowmn it is seen that 7n each of the Series 1°,2°,

r

e—

PR -

e

NJ N=(aFy =« (=F9), §c. [when T—y=n]. 21

Every pair of adjacent members (tN,, IN,,,) of the AN

series are the
LM, of the corresponding number of the N,'= A series

The product of every such pair (3.v,, .§NH,)=1he corresponding N,'.(678).

The complete N, series is made u

P wholly out of the y N, series, and
contains the whole of the members

thereof twice over ... . © " o (67¢)n

34. Perfect Square products. Resylt (64)
taking adjacent members of either Series of 1
corresponding N,

shows that,
]\Tﬁ" with the
iNr . !’Nrbx . Nr‘ = (il‘rr . éNrd.’i)‘=N *

P erneniieennend(68).
Also, since each serjes of N.'is in chain, and since N'=1:7
and N'=1:13, it follows that the continued product of either

series taken along with the Jast JL:%NM i8 a perfect square,

ot N N, N L\
(N;‘,'N;. NS NN = (3‘ e .. ), [r:3p+l]..(63a),

N,
33
N, N\

3
e s . N, N .
[N,,N,,A,,...,N,).gN,,,:( 2 3". ),[m3p+2}.(6u).

- Errata in the previous Paper, Voi. xlix, 1919,

page  Tab. p. ol For Read
3! ‘ C3 619 X, x 409, 201 291, 329
31 C3 877 | x, x 481 491
33 ’ cr | 2n ‘ Pl 83 93
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