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ABSTRACT. If d*(n) and o*(n) denote the number and sum, respec-
tively, of the unitary divisors of the natural number n then the harmonic
\
mean of the unitary divisors of n is given by H*(n) = nd™(n)/ o (n). Here
- . . ¥ . . B
we investigate the properties of H (n), and, in particular, study those num-

bers n for which H™(n) is an integer.

1. Introduction. Let d(n) and o{n) denote, respectively, the number
and sum of the positive divisors of the natural number n. Ore (6] showed
that the harmonic mean of the positive divisors of n is given by H(n) =
nd(n)/o{n), and several papers (see [1}, [5], (6], [7]) have been devoted to
the study of H(n). In particular the set of numbers S for which H(n) is an
integer has attracted the attention of number theorists, since the set of per-
fect numbers is a subset of S. The elements of S are called harmonic num-
bers by Pomerance [7]. This paper is devoted to a study of the unitary
analogue of H{n). We recall that the positive integer d is said to be a uni-
tary divisor of » if d|n and (d, n/d) = 1. It is easy to verify that if the
canonical prime decomposition of n is given by
(1) n=py 0y b
and d*(n) and ¢*(n) denote the number and sum, respectively, of the uni-
tary divisors of n then

2 ) =2k cF = (e e Dt D (p R+ D),

207

It is also easy to show that the unitary harmonic mean (the harmonic mean

of the unitary divisors) of n is given by

i=1

k
) H*(n) = nd*(n) /o *(n) = ][] zpji/(p:‘i L.

(
(599

We shall say that n is a wnitary harmonic numkber if H*(n) is an integer,
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and shall denote by UH the set of these numbers. A computer search (f

reql approximately 2.5 hours of CDC 6400 time at the Temple University

if 0%(n) = 25 Five such numbers are presently known [9]. Since d*(n) is

even the following resulr is immediate from

(3).

Proposition 1. The set of unitary perfect numbers s a subset of UH,

2. Some elementary results concerning
lish some facts which will be of use in the

cases, are of some inrerese in themselves,

H™(n) and UH. we now estab-
sequel and which, in certajn

7 will always denote a natura]

number with prime decomposition as given in (1); p, 9 7 with or without

subscripts wil] always denote primes.

Lemma 1. 2k+1/(/< +2) < H*(n) <2k 4
only if n =2 or 6.

ith equality on the left if and

Proof. Since x /v 1) s monotonic increasing and bounded by 1 for

positive x, it follows from (3) that

25> 5% () > 2K2/3)(3/4)(4/5) - -+ (& +

Lemma 2. If %\\n, then 2% > H*2)/(2
only if k=1,

Proof. From (3), H*(n) < kaa/(pa + 1

Lemma 3. Iy P4t is the minimum {m
n in (1) then

PESRHT ) /(22 - H¥ ) gpe > ((& -

D/(k+2) = 28+ Ly, 2).

kL H* () with equality if and

).

aximumi prime bower divisor of

D2% & H¥ ) /(2% H* ()}

with equality if and only if k=1 or n= p°9°1 where g% = “+ 1 (so thar
2ln) and + - P+ 2 0r c=0 {where q[’ =7~ 1 (so thas 2|n) and P =

¢~ 2 0or a= O!-
Proof.
H™(n) > 2%{pas(pa , D% + 1/(p% 1 2))

= 2kpa/(Pa + k)y

A R - D/(p% 1 k)
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and ’

H ) <G =+ /G —k+ DG =k + /65 —k+ 3] -+ ,5/0C + 1)}

= Zk(rc -k + 1)/(’c + 1)

with equality only in the specified ‘“‘exceptional’’ cases. B
We turn now to some results concerning UH. The following proposition
was proved by Ore [6, p. 617] for harmonic numbers and holds for elements
of UH since H(n) = H*(n) if and only if n is square-free.
Proposition 2. If nis square-free and n# 6, then n is not a unitary

harmonic number.

Since 2[(p% + 1) if p is odd, and since 4(p* + 1) if p=4j+ 3 and a

is odd, our next two results follow immediately from (3).

Proposition 3. If n is odd and n € UH, then Hx(n? is odd.

Proposition 4. If n is odd, n € UH, p*||n, and p = 4j + 3 then a
s even.

From (2) and (3) it is immediate that H¥(n) is a multiplicative func-

tion. Therefore, if (n, m) = 1 then H*(nm) = H*(n) - md (m)/0™(m) from

which we easily deduce the following result.

Proposition 5. If n € UH, (p, n) = 1, and (p% + D|2H™(n), then
p%n € UH.

For example, since 40950 € UH and 30 = 2H *(40950) we see that
29 - 40950 € UH also.

3. Two cardinality theorems.

- t H'(n) = ¢,
Theorem 1. If SC is the set of natural numbers n such tha

then S is finite (or empty) for every real numkber c.
C

Proof. Our proof is based on an ide;a due to Shapiro [8]. S-inc? -
22*1/(k + 2) > & we note first that if H*(z) = ¢ then Femma 1 lmp;es ;
the number of_prime factors of 7 is bounded (by c¢). Now assume tha;f .
is infinite. Then SC must contain an infinite subset, say Scm, eac

i 1 iff1 to see that
whose elements has exactly m prime factors. It is not difficult to

e s he fOllO -
n n Of 1stinct int g [S €X1s 1
an 1[1f“llte Sequenc v > (l ege e s with w

ing properties:
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4
2 ') n.e§ so that H*(rz.)=cfor i=1,2 -...
z cm H4

>

m
.- _ a‘l_'_ As -1 al-S_,' i al'j
i) SRESERNE A SR SE MY § %
JI=s
where
a a a- a- ;
P11<‘..<psi—il<pz'sls<...<pir:1m fOI'l.:I,Z’---,

(P may be empty, but s~ 1 £ ».)
(ii1) ps.l‘j ~> % as [ — e for j=s, -

(That is, each 7.

©, m.

finity with i)

From (i) and (ii) we see that

C

m
== ] H*(p ) < omt1-s
H (P) ].{{ pzl

so that there exjscs a fixed

positive number v such thar H’.”_SH*(p?i/) =
1- . Sy = o
mrl=s _ for 7 = 1, 2, 3 .... But from (iii) it follows that
.
H*(pz,]_”) — 2 as i — = for s S 7 < m. Therefore, for

flla[ge’7 I',
ko Qpp - . L
H;”___S H (pz.],”) > omtl-s This contradiction completes the proof.

nitely many integers between 22 4 2

ollows from Lemma 1 and Theorem 1.

Since there are only fi

and
2% the following theorem f

Theorem 2. There exist at most finitely man

Y unitary harmonic num-
bers with specif

ted number of distinct prime factors.

From Proposition 1 we have the followin

g corollary which was first
proved by Subbarao and Warren [10].

Coro“ary 2.1. There are at most 4 finite number of unitary perfect

numbers with a Specified number of prime factors.

4. Elements of UH with a specified number of prime facters.

denote the set Ot U“ltaly hafmolllc “Umbefs W

hich have exactly & prime
factors. In connection with Theorem 2 it is p

erhaps of some interest to
identify the elements of T, for a few selecte

d values of k.

Proposition 6. T, is empty.

Proof. H*(p%) = 20%/(p% + 1), and it is easy to see that (p* + 1) J2p°.

Proposition 7. T, = {6, 451.

D

I 5
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: *
' T, then, from Lemma 1, H*(n) =2 or 3. If H*(n) =2
TR ’ 6. 1f H*(n) =3 then from
hen from Lemma 3, 2||» and consequently = = 6. ! }
; d Lemma 2, 3%|n where 6> 1. From Lemmas 2 and 3 either 2%||n or
(;H) al;f n=223% then 5(3% + 1) = 16 - 3*~! which is impossible. If n =
. =
5.3% then 3=H* () >H™(5 - 3% =3 sothat = = 45.

125},
Proposition 8. T, = 160, 90, 1512, 15925, 55125}

Proof. From Lemma 1 H (n) =4,5,6 or 7 if n € T,. 'W-e cons%der
h ossibilities separately. p® will always denote the, minimal prime
these p ‘ 1
ower in (1). It can be bounded by using Lemmas 2 and 3. .We shall also
: ly heavily on the fact that x/(x + 1) is monotonic mcreasu-lg-. -

- *(n) = Th “ =2 or 3, and from Proposition 3 7 is

Case I. H (n) = 4. en p , AN

If p% =2, then, since n is not square-free, 4 = H (n) >
o L , * *(22 - 5) = 4. Therefore, n =60 or 90.
=4, If p?=3 then 4 =H (n) > H (27 -3.5)=4. r >
o . H¥n) =5. p% =2, 3 or 4, and from (3) S|n. If p% =2 th-en

s b-tl €=1_3) =16 which is impossible.
n=2-3%5 and from (3): (3 - 5)s hich | ; -
If p% =3 then from Proposition 4 7 is even and n = 2%3 - 5. It fol :wcs t 2:
(26 —5)(5€~ 1 1) = 6 which is impossible. If p? =4 then n =4 - 5°¢° and

_ e -
5= H n) > H*(ZOqc) =164°/3(g° + 1) which implies that ¢ =7, 9, 11 or
13. Each o_f these possibilities leads to a contradiction. .

. a
III. H*(n) = 6. Then n is even, 3|n, and p% =4, 5, 7 or 8.
. s, i po =2%3°S; if p? =8 then n =
p% =4 then n=4-3%.5° if p% =5 thenln_ ; :
- - L
8-3%. 4 where ¢ > 11. From (3): (3571 —5)(5¢"1 - 3) = 16; or _
5 0 b=3 € —27) = 32. None of these is
(25— 9) (32 1) =10; or (5- 3272 — 1)(54

; “=7 th , 223¢7, and (2671 = 3)(37! —2) = 7. There-
possible. If p“ =7 then n = ,
fore, b=c=3 and n=1512.

Case IV. H*(n) =7. Then 7|n and p% =8, 9, 11, 13, 16, 17 ox 19.f
Assume first that 2|n. Then, if p% =9, 11, 17 or 19, = hsz [Zur pr61me ac
tors (from (3)). If p% = 13 then H "(n) ZH*(2573132 > 7 if p ;21 tl;en
H*(n) > H*(16 - 7217) > 7; if p® = 8 then n =8 - 3¥7°, and (32772 _7) .

- i i . Then,
(7¢-1 _ 9) = 64 which is impossible. Now assume [hai n is oid Hf(r;) .
using Proposition 4, 7.2|n; and p9 =9, 13 or bl7. If p =bl—71 t 6;1(76_l —_5) )
H*(17-3%. 7)) > 7. 1f p% =9 then n=9 - 5°7°, and (5 -7 -
36. Therefore, b =3, c =2 and n =55125. If p% = 13 then *n = 137-4;'7)41).7
If 5> 4 then, from (3), 7°|(¢ + 1) so that ¢° 397.2 Bm2 H (1325- :
Therefore, b = 2 and it then follows that 7 = 13 - 72 - 52 = 15925.

i itive
5. The distribution of the unitary harmonic numbers. For each posi

real number x we shall denote by A(x) the number of integers n such that
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7xXx and n € UH, Thj ion i )
1o secdon is devoted 1o a Proof of 6% Tabl¢ 1. The unitary harmonic numbers in (1, 10°].
Theorem 3. For any € >0, Alx) < 2.2x% 2(1+€)log x /log log x for 6 08 /
T large’ x
P * * * *
. .l'oof. Ve use an argument of Kanold [5], A powerful number ; ! e ’ e : e
o : . ris a
Positive integer 7 with the property that if plm then o2 s obui
that every positive inte en pllm. It is obvious 1 1 27300 15 232470 15
€ { N .
(N N = v &€r can be written uniquely in the form NPNF where 6 2 31500 10 257040 20
P F » ¥p 1S powerful (or 1) and N is s uare-fu I ) 45 3 40950 15 330750 10
number of powerful numbe . F 4 ree. If P(x) is the
o . 3/ rs not exceedmg X it is proved in (2] that P(x) 60 4 46494 9 332640 20
where ¢ = 32/§(3);2173 x)~ ;
= 2. ve e 4 12 464940 18
large x. - It follows thar P(x) < 2.24% for 90 4 51408 .
' 420 7 55125 7 565488 22
If N, is a (fixed 5
p ixed) pow 64260 17 598500 19
Square-free numbere po er}ful number Jer g(NP, x) denote the number of o ; 66528 12 646:25 13
s 1512
UH. If G(x) = max| (NF e thac (N, Ne)=1, NpNp <%, and NpNp e 3780 9 81900 18 661500 12
8Wp, X)) for N, <x it follows
P that 5460 13 87360 16 716625 13
(4) Alx 1/32 _ 7560 10 95550 14 790398 17
() < 2.2¢ Glx)  for large . 8190 13 143640 19 791700 29
We now i ; . .
. ~ tnvestigate the magnitude of G(x). Let N be a £ 9100 10 163800 20 859950 18
|' er for which square-free numbers m.. p powerful num- 15925 7 172900 19 900900 33
1 Tttt m exi
. (NP‘ mi) =1, Npm. <x and Nm. € UH for ; - G(x) €Xist such that 16632 11 185976 12 929880 20
- HX(Npm) = 5y Y * P or t=1,2, -+, G(x). Then
p) = H (/\P)H (m)=2z. where Z. ;
If Z. =7 wher 'y z i ilSanxntegErfori:l,...,G(X). N
o o /e 1% ], and (m, m) =d then, of course H¥H) - 1y ) REFERENCES
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