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Figure 3.

Thus,
3
Y _ 3_6);(2 (2)
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Since m/MPD = mLCBD,
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Upon solving for z and substituting in equation (3), we have

__»nB 4
tan¢—3y+%\/-3_

Thus, we wish to determine whether or not the equation below is an identity.
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This simplifies to:
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Y _ y(2y% +3/3xy +3x?)

x  x(2x2 +3/3xy +3y?) ©)
Therefore, we conclude that PB trisects 2B only when x =y (AC = BC); that is,

our conjecture holds true only for isosceles right triangles!

2y2 + 34/3xy + 3x2

2
2x2 + 3/ 3xy + 3y2 ranges from 3 to

% as the ratio of y to x ranges from 0 to o, In retrospect, it is clear that if BC

is held fixed and AC approaches 0, then PB “almost” bisects segment AC and
ml PBC
m/{ ABC

Note that the value of the expression

approaches 5-

STARS, HEXES, TRIANGULAR NUMBERS,
AND PYTHAGOREAN TRIPLES

HARVEY J. HINDIN
5 Kinsella Street
Dix Hills, New York 11746

Figurate numbers such as the Star numbers, §, = 6n(n - 1) + 1, and the Hex
numbers, H,, = 3m(m - 1) + 1, have been defined [1]. A table of the first
15,000 Stars and Hexes has been calculated [2] and certain of their properties
will be discussed in a forthcoming book [3].

In this article, we answer the question of when S, = H,,,. This problem is
equivalent to the problem of determining when one triangular number, Ty =
k(k + 1)/2 is twice another. It is also equivalent to determining the Pythagorean
triples x, y, z such that y =x + 1. A table of solutions is given in this article.

If H, =8, then m(m - 1)/2 = n(n - 1). Thus, H,, =S, is equivalent to
Tp_y =2T,_,, where T,, = m(m + 1)/2 is a triangular number. Clearly, for
m=4,T,=6and forn=3,T, =3,s0 T; = 2T,. Therefore, H, =53 = 37. Also,
H, =S, = 1. The problem is to find other solutions.

If m(m-1)/2=n(n- 1), thenm? -m=2n> -2nandn =
(1 +v2m? - 2m + 1)/2. In order for n to be a positive integer, we need
2m? - 2m + 1 to be the square of an odd integer, say z2. So, we need
(m-1)2 +m? =22 But (m-1)* + m? =22 is precisely the Pythagorean
theorem wherein one side of the triangle is one unit longer than the shorter side.
This problem has been solved [4].
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: It is shown in reference [4] that a solution is given by m - 1 = 2q,q,, | forp
o Qe even and m = 29,4, for p odd where g = (1 +v/2F - (1 -v/2)P)/23/2 and
o 3 N p=1,2,3,...,adummy variable. For example, forp=1,q4, =1,q, =2,
9 R 5 (WaN m = 4. In this case, n = 3 and T, = 2T, (as above), and H, = S; (as above). For
_ w 8 B 8 8 . P=2,q,=2,q5=5,m=21,n=15 Ty =2T,,, and H,, = S;5. Rather than
i w © © ~ B 5 perform the calculations for n, it can be shown that n = (1 +gq,,,,)/2 for all p.
~ ©® 8 % & 3 8 5| ) ) A
o &8 & @ g 2 © 9 It can also be shown that g, = 2q,_; +qp_, which sequence defines the Bell
8 b « i—; © 5 e F 2 = numbers. For further details see reference [4].
o o - @ : The numbers in Table 1 show the first ten Star and Hex numbers which
o 8 ' S satisfy H,, = S,. They also show the corresponding solutions to 7,,, | =27, _,
o S 2 e and the hypotenuse z of the corresponding Pythagorean triangles where, as seen
o 9B 'g :@, s in the text, m is the longer side (by unity). The table can be examined for
7 = § E =5 5 congruence and other relationships according to the whim of the reader.
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All pandiagonal fourth-order magic squares can be written in the form
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