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Contest 7 Results

The problem presented in Contest 7 was the following.
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Start with the natural numbers. At level 1, take one number,
reject one number, take one, reject one, indefinitely. Level
1 thus yields the odd 1integers. At level 2, take the output
from level 1: take two numbers, reject two numbers, take two,
reject two, indefinitely. Repeat this process: at level K,
take K numbers, reject K numbers,... What numbers will
survive this sieving process?

The winning solution, unquestionably, comes from
Tom Duff and Hugh Redelmeler, graduate students in computer
science at the University of Toronto, who submitted 1199
terms of the resulting sequence. The first 58 of these
terms, and some larger ones, are shown. Mr, Duff writes:

"We notice first that if we want only the first N
numbers that the sileve generates, we need only simulate the
first N-1 levels of the sieve, since the levels from N
onward will all let at least the first N numbers pass. Each
level of the K-level sieve may be regarded as a co-routine
or asynchronous process which is in a producer-consumer
relationship with the levels immediately above and below it.
Level 1 of the sieve may be represented by the following
plece of programme:

Loop:
For*d:=i1*-unticl [2qo
receive M from level I-1
send M to level I+l
end
For*y E=1~antl1¥ 4580
receive M from level I-1
end
goto Loop

A whole set of these co-routines, running in parallel, act
a little like a bucket brigade. When a member of the bucket
brigade receives a number from the previous member, it either
passes the number on to the next member, or it discards the
number. Of course, the first and last levels of the sileve
are a little different, since the first level has no previous
level to receive numbers from, and the last one prints the
numbers out instead of passing them on.

With a little effort, this algorithm can be programmed
to be relatively quick, but no matter how hard you try, its
speed will still be at best a linear function of the result.
Since the numbers outputted by the K-level sleve increase ’

approximately exponentially, there is little hope of pro-
ducing significant output of the sieve with any programme
that has to simulate the sieve's operation.
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Some results of the
K-level Sieve Problem
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Let us analyze the behaviour of thls programme. :
Each member of the bucket brigade receives a certain number
of numbers from the previous member and passes along a
certain fraction of them to the next member. When level I
passes along its Nth number to level I+1, it will have
recelived

2*N - ((N-1) mod I) - 1

numbers from level I-1. The Kth number outputted by the
sleve 1s just the length of the sequence of numbers that
must be inputted to the first level of the sieve to get K
numbers out of the Kth level. We can compute that number
by iterating on the above formula, like this:

N:=K

For I:=K-1 step -1 to 1 do
N:=2#*N-((N-1) mod I)-1

end

Thus, a complete programme to print the first KMAX numbers
generated by the K-level sieve 1s:

for K:=1 until KMAX do
N:=K
for I:=K-1 step -1 until 1 do
N:=2%N-((N-1) mod I)-1
end
print K, N
end

In order to simplify the calculations in the inner 1loop,
the above programme can be transformed by replacing K and
N with K+1 and N+1. This yields the following programme:

for K:=0 until KMAX-1 do
N:=K
for I:=K step -1 until 1 do
N:=N¥2-N mod I
end
print K+1, N+1
end

Our programme implements the last algorithm given
above in UNIX assembly language. The main problem 1is
that the variable N must be stored to extremely high
preclision. Our programme represents N as a sequence of
base 10000 digits, each of which 1is stored in a single
PDP-11 word."

We think that Duff and Redelmeier's work 1s a superb
piece of computing. Members of our staff wrote eight
different programs for the K-level sieve, the best of which
yielded 42 terms of the sequence. The problem appears to
be intrinsically useless, but i1s still a splendlid exercise
in logical analysis that calls for a high level of
sophistication to achieve significant output. With 1199
terms of the final sequence now known, the problem passes
into the realm of outstanding textbook problems.




