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Dr. Neil J. A. Sloane
AT&T Bell Laboratories
Room 2C-376

600 Mountain Avenue
Murray Hill, NJ 07974

Dear Neil,

I probably forgot to tell you about the sequence 1,1,2,4,14,62,... that I published in the
MONTHLY long ago (April 1974, page 340). It counts “necklace permutations,” a fairly natural
kind of combinatorial object that I hope somebody will soon enumerate.

Cordially,

Donald E. Knuth
Professor
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February 26, 1973
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Prof. David A. Klamer
Computexr Science Dept.
Stanford University

Dear David:

Last week while skiing #n Norwey I thought of another emmeration problem
I couldn't solve, but it looks interesting so I wondsr if you will see how to

do 1it.

t ‘necklace permmtations’
ish. It represents the
can change n white
the operation of turning
ion preserves the

The problem is to discover the mmber of diff
-- this 18 a word I made up, you can change it if
number of essentially different orders in which a
beads of a necklace #mto all black beeds,
and/or flipping over the necklace whenever such an

current black/white pattern.

Thus, al"'“n is equivalent
whenever both are permutations, LR 1, and 1< J)k<nj; and
transitivity epplies too. In part : £ oo ny is always equivalent to
323155...0 and to 8y . a_ 8 The distinct necklace permutations

.eo (eak"d)%bl'”‘n s modulo n ,

n
for n <6 are

5, 134253

124356, 12536, 12h635, 132456, 13254€,
y 13hé62s, 135246, 1k2356, 142536, 1428353
jsn't wrong there are 62 of order 7 .
Sincerely,
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November 8, 1990

Here is another installment of ruminations on the partially ordered set of necklaces of n beads (read
this after the batch of handwritten stuff I sent you yesterday).

When I looked at that poset, it occurred to me was that I didn’t even know the numbers of necklaces
in its layers, i.e., the numbers of necklaces of n beads, each black or white, with exactly k black beads. This
is quite a fundamental number, because it’s the number of subsets of k unlabelled things chosen from a set
of n unlabelled things on a circle. So it is a circular binomial coefficient, which is really quite nice.

I'll denote it by (:)C,.’ where the subscript indicates that the operative group is the cyclic group.
The layer counts in your original question would be (',:).D-, for the dihedral group. The original binomial
coefficients belong to the identity group £, etc. etc. (I think it’s delightful that all of a sudden there are
mountains of new binomial coefficients to play with).

In general, if G, is any subgroup of S, then by Pdlya’s theorem one has the generating function (I'm
following Harary Graphical Enumeration, p. 36)

3 (:)G‘z" =Z(G,1+7) (1)

k

where Z is the cycle index of G. Precisely, Z = Z(s1,...,5n) i8 a polynomial in n variables, and we are to
substitute 1 + 27 for each s; on the right side of (1).
In particular, since

Z(Cars) = = 3 H(ds3

d\n
one has
5 (5), 7 = a e+
k Ca d\n
and therefore the evaluation . ) n/d
(+).. = RS (+/a)

The beginnings of the cyclic Pascal triangle are as follows:

1

11 e o

111 \[k ] f lx -/
1111 f /[ 7/
11211 [ =
112211

1134311

11355311

1147107411
114101414104 11
1151222262212511

Dennis White has a theorem, that I'll look up, to the effect that Pdlya theory tends to make unimodal
sequences. It might imply already that the rows are always unimodal.
This is really pretty stuff, and I’ni"glad you sent me your original question.
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