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CHAPTER 1

Introduction

§1.1 Overview

The exact enumeration of graphs is one of the classical problems in combinatorics. In
this dissertation exact counting algorithms for three classes of unlabeled 2—connected
graphs are derived : minimally 2-connected graphs, 3—edge—connected blocks and
minimally 2-edge—connected blocks.

The enumerations are based on relations satisfied by cycle index sums. These in
turn are derived from the following characterization theorems, which are based on
the minimal Tutte decomposition T'((F) of a 2—connected graph ( into components
which are cycles, bonds, or 3—connected graphs.

A 2—connected graph G is :
1. minimally 2—connected if and only if each free edge in T(G) belongs to a
cyclic component;
2. minimally 2—edge—connected if and only if each free edge in T(G) belongs to
a cyclic component that contains at least one other free edge;
3. 3—edge—connected if and only if each cyclic component has at most one
free edge.
These facts are developed and proved in Chapter 2. The cycle index sum relations
are transformed algebraically to space efficient forms in Chapters 4,5 and 6. The
resulting recurrence relations were implemented in C++ to calculate the numbers,

which are tabulated in the appendices.
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As a function of N, the maximum of number of nodes for which the calculations
are to be performed, the space requirements are transformed from exponential to
polynomial order by means of inverting to power series. The number of operations
required is still exponential in N, but the maximum for which computations are
feasible is increased substantially since the workspace now fits in the RAM available
on a workstation.

An important motivation for studying graphs is that they model interconnection
networks for communication. These range in scale from the connection of processors
in a multi-processor computer on up to a WAN connecting a global network. At
any scale completeness of connectivity and efficiency are fundamental design con-
siderations. The failure of a connection or a node can change the nature of the
connectivity of the network. Minimality with respect to edge connectivity and node
connectivity give ways of quantifying the fault tolerance of a network. Knowing the
maximum number of configurations of networks satisfying a particular minimality
condition helps in predicting the feasibility of synthesis or design approaches which
require checking all possible network configurations with the specified properties and
given parameters.

Of theoretical interest are the harmonic mean numbers of automorphisms of the
graphs in our classes. These are obtained by comparing the numbers of unlabeled
graphs with the corresponding numbers of labeled graphs which were calculated in

[42]. The harmonic mean numbers of automorphisms are reported in the appendices

of [42].

§1.2 Background on counting

When we seek to count configurations too numerous to be feasibly listed, we employ

n

a formal power series of the form > 7 ja,z". These series are not required to be
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convergent. They are formal expressions. By performing appropriate manipulations
on these formal expressions, one arrives at the counting series of the desired con-
figurations. As explained by Herbert Wilf in his book “Generatingfunctionology”
[59], a counting series of a configuration is like a clothesline of numbers where each
number a,, denotes the number of configurations of size n.

A labeled graph G, is a pair (V(G), F(GQ)), where V(G) = {1,2,3,--- ,n} for
n > 1 and where F(G) is a set of 2—element subsets of V(G). This loops and
multiple edges are not allowed in a graph. Two labeled graphs G and H, both of

order n, are 1somorphuc if there exists a permutation o € S, such that

o(E(H)) = {<a<é>,a<y’>> (i) € E(H)} - Q).

We say that o is an isomorphism from H to G. In words, two labeled graphs are
isomorphic if and only if there is a 1 — 1 map between their node sets which preserves
adjacency. An unlabeled graph of order n is an isomorphism class of labeled graphs
of order n.

Let A denote the set of all the isomorphisms of a graph G onto itself. These
form a group and there is a 1 — 1 map between the left cosets of A in 5, and labeled
graphs isomorphic to G. Thus there are n!/|A| different ways of labeling G. A is
called the automorphism group of the graph G.

An obvious method of counting unlabeled graphs is by enumerating them one
by one, keeping count as they are produced. But to count this way, one has to
eliminate duplicates. This involves isomorphism testing. For graphs, this is a rather
hard problem. Even when there are orderly ways to enumerate graphs without
isomorphism testing, the number of graphs grows so rapidly that it soon becomes
impossible to manage. To overcome these limitations, one has to use generating
functions or cycle index sums to count graphs. A cycle index sum encodes the cycle

structure of the automorphisms of the graphs. For example, the cycle index sum of



all complete graphs K starts,

1 1 1 1 1
K = 1X0 + 1G1X1 + (5&%61 + 5&201))(2 + <6G?b? + 5@1@26201 + §a3b3> X3 + .-

where the coefficient of X is the cycle index of a complete graph on n nodes. In
general, we will denote the cycle index of A, Z(A), simply as Z(G), or just as G
when no confusion will arise. For a class & of graphs the cycle index sum will be
denoted as Z(®), or just as & when no confusion will arise.

The earliest known example of enumerating a general class of unlabeled graphs
(as opposed to a very special class, such as trees) is due to Redfield [48]. As noted
by Harary [19], all graphical enumeration methods in current use were anticipated
in this unique paper by Redfield, published in 1927 but unfortunately overlooked
at that time. He relied on Burnside’s Lemma, which is discussed in detail in the
Chapter 3. There have been many elaborations in the basic method of counting
graphs since then, but they all have Burnside’s Lemma as their foundation. There
have in fact been a number of independent re—discoveries of these basic methods,
the most influential being Pélya’s Theorem [41] and its applications to various types
of graphs by Harary [17]. The latter includes connected graphs.

As noted at in the beginning of Chapter 8 of [19], a famous theoretical physicist,
George E. Uhlenbeck, in his Gibbs Lecture entitled “Unsolved problems in statistical
mechanics,” given at a meeting of the American Mathematical Society in 1950, cited
the enumeration of blocks as one of these problems. Subsequently Riddell, and Ford
and Uhlenbeck counted labeled blocks, but it was Robinson [49] who succeeded in
solving the unlabeled problem. The basic idea for cycle index sum enumeration
appears already in Redfield [48], and was independently rediscovered by deBruijn
[1], but it had not actually been applied to a graph counting problem prior to the

enumeration of blocks. Blocks are discussed in section §3.4.
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When counting unlabeled graphs, oftentimes one encounters a functional equa-
tion satisfied by cycle index sums in which a special operation called composition,

occurs. Perhaps the simplest example is an equation of the form

where [ | denotes a composition of cycle index sums (defined below). Here, W
stands for a set of graphs which is to be counted in terms of a generating function
W (z). Further, W is related to an easily enumerable set of graphs C by the relation
that the graphs in the set C' are obtained by planting node—rooted graphs from a set
T on the nodes of the graphs in W. (Node-rooted graphs are discussed in detail in
Chapter 3.) This is exactly the case if we let W be the set of all connected graphs
without endnodes excepting the single node, let C' be the set of all connected graphs
which are not trees, and let T' be the set of all rooted trees. Clearly, each graph in C
can be obtained from a unique graph v in W by placing rooted trees on the nodes of
~. Then, Robinson’s composition theorem, which is discussed in detail in Chapter

3, gives
Z(C) = Z(W)[2(T)) (1.1)
where the composition product on the right is defined by
ZW)[Z(T)] = Z(W)[a; — Z(T)[ax — air]]

Equation (1.1) is typical of equations that come up in such an enumeration in that
the cycle index of the set to be counted appears on the left side of the composition
product. One can calculate Z(W) from (1.1) by a simple comparison of coefficients,
but computationally such a procedure is very demanding of time and space. For
one thing, Z (W) must be stored during the computation. For another, the eventual
outcome is Z(W). For enumeration purposes, the ordinary generating function W(z)

of the set W is sufficient; Z(W) includes much more information than is needed.
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To present another, even more basic, scenario to show upper bound on compu-
tational complexity of cycle index sum enumeration, we consider determining the
number g,, of all unlabeled graphs of order n. This requires the calculation of p(n)
terms, where p(n) is the number of partitions of n. It is well known from analytic
number theory that p(n) ~ ki exp(kqy/n)/n where ky = 1/4y/3 and ky = ﬂ'm.
To put this in perspective, note that p(20) = 627, p(40) = 37,338, p(60) = 966, 467,
p(80) = 5,769,476, and p(100) = 190, 569,292. Each term requires a slowly growing
number of arithmetic operations and contributes to a running total. Thus the
memory requirements are minimal, and the factor which determines the feasibility
of computation is the growth of p(rn) and the CPU speed.

Once cycle index sums of the automorphism groups of the objects being counted
must be stored and manipulated, storage requirements become a major problem,
as they too are proportional to p(n). When primary memory no longer suffices
and secondary storage must be utilized, huge increases in access times are incurred.
Also, a simple multiplication of two such cycle index sums requires roughly p(2n)
arithmetic operations, so the feasible problem size is cut half insofar as CPU time
is concerned, even if access times could be held constant.

In fact, Walsh in his paper [56] derived all the equations necessary to count 3-
connected graphs and homeomorphically irreducible 2—connected graphs. But since
he was performing all computations with cycle index sums, he was only able to carry
out the computations up to 9 nodes.

To combat these inefficiencies, Robinson devised a cycle index sum inversion

Theorem [12]. Using this, (1.1) is inverted to an equation of the form

Z(O)Z(M)] = Z(W) (1.2)
and then simplified to

Z(O)[M(z)] = W(z) (1.3)
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by replacing a; with z'. When W(z) is computed using (1.3), no cycle indices
need be stored and no more information than the ordinary generating function is
produced. Computationally, (1.3) is very efficient. A combinatorial interpretation
of the inversion theorem under some circumstances is provided in [11].

Using this method of extracting counting series from systems of equations
involving cycle index sums, Hanlon and Robinson were able to count unlabeled
2—edge—connected graphs in [12] and Robinson and Walsh were able to count unla-
beled 2- and 3—connected graphs and homeomorphically irreducible 2—connected
graphs in [51]. Once the equations had been inverted, extracting the numbers by
computer involved only counting series operations and summing O(n) times over
the coefficients of a cycle index sum. The inverted equations could then be solved
recursively without storing any cycle index sum. Essentially the time— and space—
complexity of the solution was reduced to that required by the direct use of Pdlya’s
Theorem to count all unlabeled graphs. In [51] this enabled the authors to compute
the above-mentioned classes of graphs with up to 18 nodes when the number of

edges is included as a parameter, and up to 25 or 26 nodes otherwise.

§1.3 Outline of later chapters

Our method for counting graphs with prescribed properties relies on decomposing
a graph into a core and components. In Chapter 2, we present decomposition char-
acterizations of the classes of graphs counted in the later chapters, along with the
characterizations of several other classes of 2—connected graphs. All these charac-
terizations are unique, as they all build on a version of the Tutte decomposition
which is unique. It should be noted that to perform unlabeled counting for a class
of graphs, one not only needs a unique characterization for that class, but also one

which lends itself to an algebraic interpretation.
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Tutte’s theorem decomposes blocks into 3—connected graphs, bonds with at least
3 edges and cycles with at least 3 edges. This can be translated to an equation
relating the cycle index sums of the cores and the components. The classes that
we have counted are minimally 2—connected graphs, 3—edge—connected blocks and
minimally 2—edge—connected blocks. For each of these classes, our decomposition
theorem given in the Chapter 2 is translated into cycle index sum equations. Fach
of these systems of equations and the one for blocks is appropriately inverted. The
resulting equations have a set of terms that are common. Solving for the desired
counting series, we obtain equations that involve only five unknown power series
wz,y), v(z,y), n(x,y), 6(x,y) and e(x,y). Note that in all power series used in this
dissertation,  and y denote nodes and edges respectively, so that each coefficient of
x in all our power series is a polynomial in y.

Five equations for these unknown five power series are derived (three of the five
in Chapter 3 and the remaining two in the respective Chapters) so that they can be
expressed in terms of explicitly known cycle index sums K, K,, K; and K., and
their terms can be extracted step by step as we follow a recursive procedure. More

explicitly, if these series are known through order (n — 1) in z (order n in the case
of n(z,y)) :

e the order n terms of u(x,y) and v(z,y) can be explicitly computed from the lower

order terms of u(z,y), v(z,y), 6(z,y) and e(z,y);

e the order (n+ 1) term of n(z,y) can be computed by substituting the lower order
terms of n(z,y), p(z,y) and v(x,y) in the cycle index sum of all complete graphs

K and in the cycle index sum of all node-rooted complete graphs K ,;

e the order n term of é(x,y) can be computed by substituting the lower order terms
of n(z,y), p(x,y) and v(z,y) in K and in the cycle index sum of all positively

edge-rooted complete graphs Kjy;
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e the order n term of ¢(z,y) can be computed by substituting the lower order terms
of n(z,y), p(z,y) and v(z,y) in K and in the cycle index sum of all negatively

edge-rooted complete graphs K..

Such an order by order computation is common to all the three classes. In
Chapter 3, assuming that u(x,y) and v(z,y) are given, the relations meant for
the above recursive computation for 6(z,y), e(z,y) and n(z,y) are are derived in
equations (3.78), (3.79) and (3.80) respectively. Power series p(z,y) and s(z,y)
depend on blocks. So, they are also derived in Chapter 3 in equations (3.83) and
(3.84) respectively. Chapters corresponding to each of the three classes provide their
own ¢(z,y) and t(x,y). These, along with p(x,y) and s(z,y) are used to compute
the corresponding p(x,y) and v(z,y).

For example, unlabeled minimally 2—connected graphs are counted by solving
equations (3.78), (3.79), (3.80), (4.8), and (4.12) simultaneously for é(x,y), e(x,y),
n(x,y), p(z,y) and v(z,y). This will involve using equations from Chapter 3 for
p(x,y), s(x,y) and equations from Chapter 4 for ¢(z,y) and t(z,y) as intermediate
steps in the computation. Computations for the other two classes are also similar in
nature, but substitute equations from Chapter 5 or Chapter 6 for those of Chapter 4.

In the above recursive procedure to extract the nth order term of a power series,
we compose with the corresponding cycle index sum only with the terms that cor-
respond to graphs of at most n nodes. This works well, because those terms of
the cycle index sums require the power series to be exponentiated up to degree n.
Using the on—line power series exponentiation routine, due to Euler, listed in Knuth’s
book [31, pp. 525], it is possible to raise a power series up to the nth power when
its first n terms are known. We use the Neat partition of Integer n (NEXTPAR)

algorithm listed in “Combinatorial Algorithms” [58, pp. 69-70] to generate each of
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the cycle index sums up to degree n from the explicit formulas given in equations

(3.29) through (3.32).



CHAPTER 2

Decomposition characterizations

§2.1 Introduction

Every graph in this dissertation will be a loopless multigraph. A multigraph is said
to be simple if between each pair of adjacent nodes there is exactly one edge. The
trivial graph (a graph with just one node) and an isolated edge (a graph with just two
nodes and one edge) are both considered to be 1-connected and 1-edge—connected
but not 2—connected or 2-edge—connected. For a graph G on p > 3 nodes and n > 1,
we say that GG is n—connected if and only if p > n+ 1 and G cannot be disconnected
by removing fewer than n nodes and their incident edges. A simple non—trivial graph
is defined to be n—edge—connected if it is connected and cannot be disconnected by
removing fewer than n edges. A block is a non—trivial connected graph with no cut
node. In other words, a graph is a block if and only if it is a 2-connected graph or
else an isolated edge. Blocks are also called non—separable graphs. A graph is said
to be minimal (respectively, critical) with respect to a property P if it has P but
loses property P when any one of its edges is removed (respectively, when any one
of its nodes along with all the edges incident to it are removed). Bonds (graphs with
two nodes joined by at least two edges) are the only kind of non—simple multigraphs
considered in this dissertation. All graphs not otherwise specified are assumed to be
finite, loopless, simple, undirected 2-connected graphs. We refer the reader to [18]

for any graph theoretic terminology not defined in this dissertation.

11
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Following Whitney’s pioneering decomposition of connected graphs into non—
separable graphs in [57], Mac Lane [33] was the first to introduce a decomposition
of 2—connected graphs. He used this decomposition to extend Whitney’s results on
planar graphs. Later, in his seminal work [54], Tutte defined and established many
properties of a decomposition of 2—connected graphs into graphs each of which is
either a cycle, a bond or a 3—connected graph. Tutte’s decomposition is equiva-
lent to that of Mac Lane’s when applied to planar graphs. Hopcroft and Tarjan
independently discovered the same decomposition [27] and exploited the unique-
ness of its minimal version for algorithmic purposes. Trakhtenbrot [53] also proved
the existence and uniqueness of essentially the same decomposition, in the guise
of a canonical decomposition of 2-pole networks. Cunningham and Edmonds [4]
proved the existence and uniqueness of the minimal decomposition in a rather gen-
eral framework. We refer the reader to [4, pp. 744-755] for a brief comparison of
the various approaches to decomposing 2—connected graphs. We attribute the basic
decomposition to Tutte, since he was the first to present it explicitly.

More recently, Di Battista and Tamassia in [7] have introduced a versatile data
structure named SPQR~tree representing the decomposition of a biconnected graph
with respect to its triconnected components and have used it for planarity testing.

In [32], D. R. Lick surveyed the properties of critically and minimally n—connected
and n—edge—connected graphs. Since then there have been a number of studies, in
particular on construction methods for these classes of graphs. However, all the
proposed constructions have been non—unique, and so entail considerable duplication
and isomorphism testing when used as a basis for constructing catalogs of graphs.
Here we exploit the uniqueness of the Tutte decomposition of 2-connected graphs to
provide unique structural characterization conditions for the construction of several

widely studied subclasses of the 2—connected graphs.
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§2.2 The Tutte decomposition

For the purposes of this dissertation, a bond is defined to be a connected multigraph
with exactly two nodes and at least two edges. A cycle is a connected simple graph
with all nodes of degree two containing at least three edges and three nodes. A
recent introduction to the Tutte decomposition can be found in [9], where it is used
to give a structural characterization of locally finite 2—connected graphs. Below we

follow the approach of Hopcroft and Tarjan [27].

Figure 2.1: An example of a 2—connected graph ¢

For a 2—connected graph (¢, a decomposition into smaller 2-connected graphs is
performed by the following process. Choose two nodes u and v in G, and let Fi,
FEs.,..., E, be the equivalence classes in G such that two edges are in the same class if
and only if they lie on a common path not containing u or v except as an endpoint.
Let F} = Ule FE; and Fy, = ?:k-H FE; be such that each F; has at least 2 edges. Form
G = (V(F), F; U (u,v)), for « = 1,2. The new edge (u,v) in each G; is called a
virtual edge. If (u,v) is already an edge in G then a bond with three edges is included
as a component, the middle edge being the original (u,v) and the other two being
virtual edges for (G; and (5. In this case, since {(u,v)} is a singleton equivalence

class, (u,v) cannot be used by itself as one of the G;’s. The reason for including

the virtual edge in (; is to maintain 2—connectivity throughout the decomposition.
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Figure 2.2: Tutte Decomposition T'(G) of the graph GG

G1 and (5 are then further decomposed until every graph in the decomposition is
indecomposable. We say that G is indecomposable if for every pair of nodes in G,
() there is only one class, or (it) there are three classes and each class consists of
a single edge, or (u1) there are exactly two classes and one class consists of a single
edge. It turns out that the indecomposable elements are 3—connected graphs, bonds
with exactly 3 edges and cycles with exactly 3 edges. In the essentially equivalent
decomposition defined by Tutte, any cycle or bond with at least 3 edges is considered

indecomposable.

Theorem 1 (Tutte, 1966). For any 2-connected graph G, the indecomposable ele-
ments of the Tutle decomposition are 3—connected graphs, bonds with at least 3 edges

and cycles with at least 3 edges. The underlying graph is a tree.

This is Theorem 11.63 in [54]. The indecomposable components were termed
3—-blocks by Tutte, but here we refer to them as basic components or just components.
The reason for our choice of indecomposable components is the uniqueness criterion

described below. Given a graph G, by T'(G) we mean the Tutte decomposition of (7,
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Figure 2.3: Underlying graph I'(G) of T'(G)

which consists of the indecomposable elements of G and an associated underlying
graph denoted by I'(G). If a 2—connected graph G is decomposed into G4 and Gy
with a virtual edge (u,v), an edge is included in the underlying graph between the
subgraphs corresponding to (G; and (5. If Gy or (53 is indecomposable, then it is
represented by a node ¢g; or gy in the underlying graph. If Gy or G5 can be further
decomposed, then it corresponds to a subtree representing its decomposition. Thus,
in I'(GG) each node is a basic component and each edge corresponds to a pair of basic
components (say, A and B) that share a single virtual edge (say, (u,v)). In this
case, we say the nodes v and v are used as an attachment pair by the components A
and B. When the two components are attached (and the virtual edge joining them
is removed) for every pair adjacent in I'((), the original graph G is recovered. Note
that the order of attachment makes no difference to the recovery of G from T'(().
For any 2—connected graph G, if no two bonds and no two cycles are adjacent in
T(G), then the corresponding decomposition is unique. This very useful uniqueness
condition has been proved only in [3] and [28], as observed in [56, pp. 14] and in [4,
pp. 745]. It may be observed that cycles (bonds) with more than 3 edges can be

decomposed into cycles (bonds) of smaller size in a non—unique way. In [27], after
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decomposing a 2-connected graph using the procedure outlined above, it is suggested
that adjacent cycles (bonds) should be merged into larger cycles (bonds) so as not to
have any cycle (bond) adjacent to another cycle (bond). The resulting components
are taken to be the triconnected components of the given graph. This decomposition
is minimal in the sense that the number of components cannot be reduced. It is the
unique decomposition of Cunningham and Edmond, and of Hopcroft and Tarjan.
This uniqueness was not explicitly noted by Tutte. From now on we restrict our
attention to the minimal decomposition and denote it by T'(&).

We remark that since the minimal decomposition for any 2—connected graph is
unique and there is a 1 —1 correspondence between the set of all 2-connected graphs
and the set of all minimal decompositions, any characterization based on minimal
decompositions leads to a unique way of constructing the graphs under consideration,
thereby avoiding duplicate representations and reducing considerably the need for
isomorphism testing.

It is well understood that graphs with given connected components, and con-
nected graphs with given blocks, have unique decompositions and constructions,
given their connected components or their blocks. For this reason we restrict our
attention to 2-connected graphs. Following Chaty and Chien [2], we note that it
is straightforward to construct all separable minimally 2—edge—connected graphs by
identifying two or more non—separable minimally 2—-edge—connected graphs at nodes
which become cut nodes after the identifications. Similarly, it is straightforward
to construct all 3—edge—connected graphs by identifying two or more non—separable
3—-edge—connected graphs at nodes which become cut nodes after the identifications.

Given the separation property of the basic components of a graph G, it follows
that any two basic components of G can have at most two nodes in common. In
T(G), any edge which is not virtual is called free. For a component H, we denote by

FE'(H) the set of free edges of H. There is a 1 — 1 correspondence between the free
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edges in T(() and the edges of G. In our discussion, we often make no notational
distinction between an edge in GG and its corresponding free edge in T (7). Although
an edge e of (G belongs to a unique component of T'((), a node of G may belong to
more than one component. We denote by H, the component containing e as a free
edge. For a node v, let H, denote some component of 7'(G) which contains v. By
7(H), we denote the node in I'(G) corresponding to the component H. A terminal
component H is a component such that 7(H) is a terminal node in I'(G). An internal
component H is a component such that #(H) is an internal node in I'(G). It should
be noted that removing an edge from a component does not affect the edge or node
connectivity of any other component, while removing a node affects the edge or
node connectivity of no component other than the ones to which it belongs. Also,

removing an edge e of GG from some component other than H leaves every free edge

in H unaffected.

Lemma 1. Let H be a basic component in the Tutle decomposition of G. For every

virtual edge (u,v) in H, there is a corresponding u — v path in G — E'(H).

Proof. Let K denote a basic component that shares v and v as attachment pair
with H. Let e denote the edge in I'(() that joins #(H) and #(K). Since I'(G) is a
tree, I'(G) — e is disconnected and has exactly two connected components. Using the
basic components in each of these connected components, construct graphs G and
Gk by identifying the virtual edges of the adjacent components and then removing
the virtual edges. By the uniqueness of the decomposition, we can recover G by
identifying the nodes u and v in Gy and G and removing the virtual edge (u,v).
Also, E'(H) C E(Gp).

By the Tutte decomposition Theorem, both Gy and G'i are 2—connected. There-
fore there is a u — v path in Gx — {(u,v)}. This path contains no virtual edge, so

is contained in G — E'(H). O



18

It is easy to see that any cycle with at least 3 edges is minimally 2—connected,
minimally 2—edge—connected, critically 2-connected and critically 2—edge—connected.
Whenever an edge or a node is removed from a 3—connected graph, the resulting
graph is 2—connected and 2-edge—connected. Thus 3—connected graphs are never
minimally or critically 2—connected or 2-edge—connected. In a bond with at least
3 edges, the removal of an edge does not create a cut node or a bridge. But the
removal of a node creates a trivial graph. So, bonds are critically but not minimally
2—connected and critically but not minimally 2-edge—connected. Thus we have the

following lemma:

Lemma 2. Let H be a basic component in the Tutte decomposition of a graph, e an
edge in H and v a node in H. If H— e or H —v contains a cul node or a bridge,

then H is a cycle.

Lemma 3. Let S be a basic component in T(G). If s1,50 € V(S)U E'(S), and

S — 51 — 89 is disconnected then G — s; — sy 1s also disconnected.

Proof. By Lemma 2, S — s; — sy disconnected implies that S is a cycle. If
(G — s1 — sy 1s connected then there is a path P which is internally disjoint from S
joining different connected components of S — s; — s5. All edges of P are equivalent
with respect to any two nodes on S. So, by Lemma 1, there must be an attachment
pair {u,v} separating F(P) from E(S) — (u,v), and (u,v) must be a virtual edge of
S. Since u and v are separated in S —s; — 39, one of sy, s, must be (u,v). But neither

of s1, s3 1s a virtual edge, a contradiction. Thus G — s; — sy cannot be connected. O

Lemma 4. Let e = (u,v) be an arbitrary edge in a 2—connected graph G.

(a) If G — e contains a cul node w then w is a cut node in H, — e.

(b) If G — e contains a bridge f then [ is a bridge in H. — e.

Proof. (a) Removing e from G cannot create a cut node w in a component

that does not contain e. If w is not a cut node of H, — e then the reconstruction
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of G — e — w from basic components of (G modified by removing e and w gives a

connected graph. For, each component is still connected and any two components

joined by a virtual edge still have at least one node in common. Thus G — e — w is
connected, a contradiction. Thus w must be a cut node of H, — e.

(b) This is similar to (a), except that now any two components joined by a

virtual edge in T'(() have two nodes in common so G — e — f would be connected,

contradiction. O

§2.3 Decomposition characterizations

§2.3.1 Minimally 2—connected graphs

Non-unique constructive characterizations of minimally 2—-connected graphs are

given in [8, 43, 25, 26, 5, 47, 29]. They are studied in [22, 23, 24].

Theorem 2. A 2—connected graph G is minimally 2—connected if and only if each

free edge in T(G) belongs to a cyclic component.

Proof. If G is minimally 2-connected, then for any edge e, G — e is connected
but not 2—connected and has at least 3 nodes, so G — e must contain a cut node.
Then by Lemma 4(a), H. — e has a cut node and by Lemma 2, H., is a cycle.

Conversely, suppose (G is 2—connected but not minimally 2-connected. Then for
some edge e, G — e is 2—connected. If H, were a cycle, we would have a node w in H,
such that H, — e —w is disconnected. By Lemma 3, G — e — w would be disconnected
too, contradicting the hypothesis that G — e is 2—connected. Thus H, cannot be a

cycle. O

§2.3.2 Minimally 2—edge—connected graphs

Non-unique constructive characterizations of minimally 2—-edge—connected graphs

are given in [2, 37, 13, 63, 65, 62].
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Theorem 3. A 2—connected graph G is minimally 2—edge—connected if and only if
each free edge in T'(G) belongs to a cyclic component that contains at least one other

free edge.

Proof. If G is2-connected and minimally 2-edge—connected, then for any edge
e, G — e must contain a bridge, say f. Then f is a bridge in H, — e, by Lemma 4
(b), so H. is a cycle, by Lemma 2. Note that e and f are free edges belonging to
H..

Conversely, suppose (G is 2—connected but not minimally 2—edge—connected, so
that for some edge e, G — e does not contain a bridge. Suppose H, is a cycle; then
H,. — e contains no free edge. For, if f were such a free edge, then H, — e — f would
be disconnected, hence, by Lemma 3, G — e — f would be disconnected. This is

contrary to the hypotheses that G — e is connected and bridgeless. g

§2.3.3 Critically 2—connected graphs
Critically 2-connected graphs are non—uniquely characterized in [64] by B. W. Zhu.

Theorem 4. A 2—connected graph G with at least 4 nodes is critically 2—connected
if and only if each node that belongs to a 3—connected component belongs to at least
one other component and every component that is a 3—cycle, has at most one free

edge.

Proof. Suppose (G is critically 2-connected and suppose a node v of G belongs
to a 3—connected component H, and to no other component. Then H, — v is 2—-
connected, as there cannot be a cut node in H, after removing a single node v.
Since v belongs only to H,, the node connectivity of all other components of T'(()
is unaffected by the removal of v. This means G — v cannot have a cut node,
contradicting the hypothesis that v is critical in . Also, suppose v is a node

belonging to a 3—cycle H, and is incident to two free edges of H, then H, — v is a
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virtual edge since there are at least 4 nodes in (G. This means that G —v has no cut
nodes.

We treat the converse part in four cases, (1) Suppose that an arbitrary node v
belonging to a 3—connected component H, also belongs to at least one other basic
component, say A. Then v along with another node, say w, is an attachment pair
for the components H, and A in T'(G). It can be seen that u is a cut node in G — v
since G — v is connected but G — v — u is disconnected.

(2) Suppose that an arbitrary node v belongs to a bond, say H,. Since multiple
edges are not allowed in G and bonds have at least 3 edges, H, must have been
associated with at least two other basic components, say A and B. Then v along
with the other node, say u, of H, is an attachment pair for the components A and
B with H,. As before, u is a cut node in G — v.

(3) Suppose that an arbitrary node v belongs to a cyclic component H, having
more than three edges. Then H, — v has a cut node, say u, so H, — v — u is
disconnected. By Lemma 3, this implies G — v — u is disconnected. Thus u is a cut
node in G — v.

(4) Suppose that v is in a 3—cycle H, with at most one free edge. At least one
of the edges incident to v must be a virtual edge, say (v,u). Then, as before, u is a

cut node in GG — v. O

§2.3.4 Critically 2—edge—connected graphs

Critically 2-edge-connected graphs are non—uniquely characterized in [10] by X. F.
Guo and B. W. Zhu.

Theorem 5. A 2—connected graph G is critically 2—edge—connected if and only if
each node of G belongs to a cyclic component which has a free edge not incident to

the node.
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Proof. If G is 2—connected and critically 2—edge—connected then for any node

v, G — v contains a bridge. Let f be a bridge in G — v. Then obviously in T(G), f

is a free edge not incident to v. Then v must be a cut node in G — f, so by Lemma

4(a), v is a cut note in Hf — f, hence by Lemma 2 H; is a cycle and clearly Hy
contains v.

Conversely, let an arbitrary node v belong to a cyclic component H, and let e be

a free edge in it not incident to v. Then e i1s an edge in G — v, since it is free and not

incident to v. Then H, —v —e is disconnected. By Lemma 3, this implies G —v —e is

disconnected. Since this holds for each node of GG, GG is critically 2—edge—connected.

|

§2.3.5 3—edge—connected graphs

A constructive but non—unique characterization of k-edge—connected (multi) graphs

is given in [36].

Theorem 6. A 2—connected graph G is 3—edge—connected if and only if each cyclic

component has at most one free edge.

Proof. Suppose that a cyclic component H in T'((G) contains two free edges e;
and ey. Then removing both from H would disconnect H. By Lemma 3, G—{eq, ez}
is disconnected, so (& is not 3—edge—connected.

Conversely, suppose a graph G is 2—connected but not 3-edge—connected, i.e.,
suppose there are two edges e; and e, in G such that G — {eq, ey} is disconnected.
Then by Lemma 4(b), €5 is a bridge in H., — e1, so H,, is a cycle by Lemma 2. O

Note that since we are considering only simple graphs here, components that are

bonds also cannot contain more than one free edge.
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§2.3.6 Minimally 3—connected graphs

Constructive but non—unique characterizations of minimally 3—connected graphs are
given in [14, 15, 16, 34, 35, 5, 6].

In this subsection, an edge e of a 3—connected graph G is said to be essential
(respectively, non—essential) if G — e is not 3—connected (respectively, is still 3—
connected). In a minimally 3—connected graph all edges are essential. Consequently,
for any edge e in a minimally 3—connected graph G, G — e is 2—connected but not
3—connected and hence has a non—trivial Tutte decomposition. We give a charac-
terization of minimal 3—connectivity in terms of conditions which must be satisfied
for every edge. An existential characterization would be more useful for counting or

constructing minimally 3—connected graphs, but we have been unable to find one.

Theorem 7. A 2—connected graph G is minimally 3—connected if and only if for

every edge (u1,uz) = e in E(G) the following conditions hold :

1. G — e is 2—connected.

2. I'(G —e) is a path.

3. uy and uy belong to different terminal components of T(G — e).
4. uy and uy are disjoint from the cut-pairs for those components.

Proof. Let GG be a 2—connected graph satisfying the conditions of the Theorem,
for every edge in it. Let e be an edge in (G. Since adding an edge e to G — e cannot
increase the number of cut—pairs, we can say that if a cut—pair exists in G then it
must have been in G — e. A cut—pair in G — e must either belong to a component
in T(G — e) or must be an attachment pair in T'(G' — e). If a cut—pair belongs to a
component then by lemma 2, the component has to be a cycle. By condition (2),

no cyclic component in the decomposition of G — e can have more than two virtual
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edges. Adding an edge e to G — e makes any cut—pair from a cyclic component
of T(G — €) no longer a cut—pair. On the other hand, all cut—pairs arising from
attachment pairs of GG — e, are no longer a cut—pair by conditions (2), (3) and (4)
when e is added back to make G. Hence (& is a 3—connected graph.

Now, since condition (1) also holds for every edge in G, (G is minimally 3-
connected.

Conversely, for (1) let G be a minimally 3—connected graph. Then by the defini-
tion of connectivity, G — e is 2—connected for any edge e in (.

(2) If for some edge e = (u1,uz) in G, I'(G — €) is not a path then in I'(G — e)
there is a node z with degree more than 2. Then there is a component H in T'(G —e)
which is not on the path containing u; and uy and has an attachment pair (vy,vq)
attaching H with the component corresponding to z. This attachment pair (vy, vy)
is a cut—pair in . This contradicts our assumption that G is 3—connected.

(3) If for some edge e = (u1,uz) in G, I'(G — e) is a path, but one of {ul,u2},
say u1, is not on a terminal component of I'(G — ¢€), then there must be a terminal
component not containing either uy; or uwy. But then its attachment pair is still a
cut—pair in (G. This again contradicts the 3—connectivity of G.

(4) If for some edge e = (u1,uq) in G, if one of {ul, u2}, say uy, and some node
v forms an attachment pair for a terminal component in 7'(G — €) then u; and v

form a cut—pair for G. This again contradicts the 3—connectivity of G. g

§2.3.7 2—connected cubic graphs

A graph is said to be cubic (or 3-regular) if every node has degree three. Counting
methods for cubic graphs are reported in [44, 45, 50, 60]. In [60], N. C. Wormald
discusses enumeration of labeled cubic graphs with given connectivity. The con-

nectivity possible for cubic graphs are only 1, 2 and 3. Since we deal here with
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Tutte decomposition which handles graphs only with connectivity at least two, our
characterizations will not address 1-connected graphs.

In the following Theorem we provide a unique constructive characterization of 2—
connected cubic graphs. One of the conditions is that the 3—connected components
used in such a construction must also be cubic. In Theorem 9 we provide a recursive
constructive characterization of 3—connected cubic graphs. Thus using Theorems 8
and 9 together it should be possible to construct, and perhaps to count, all unlabeled

2—connected cubic graphs.

Theorem 8. A 2—connected graph G is cubic if and only if in T(G) all the following

conditions hold :

1. Fach 3—connected component is cubic and is not adjacent to another 3—connected

component.
2. Fach bond component has exactly three edges.
3. No cyclic or bond component is a terminal component.
4. Bond components are never adjacent to 3—connected components.

5. Fach cyclic component has an even number of edges with alternating free and

virtual edges.

Proof. By conditions (1) and (2), 3—connected components and bond com-
ponents are cubic. By conditions (3) and (5), if an arbitrary node in GG belongs
to a single component, it belongs to a 3—connected cubic component. So, it has
degree three in G. Suppose that an arbitrary node v in GG belongs to more than
one component. By conditions (1) and (4), between two cubic components there
is a cyclic component. Thus by condition (5), v belongs to at most one non—cyclic

component. The nodes belonging to a cubic component that are attachment pairs
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used to attach a cyclic component with the cubic component have the same degree
after the attachment. Moreover, by condition (5), each node in a cyclic component
is in only one attachment pair of the cyclic component. Thus, G is a cubic graph.

Conversely, for (1) every node in a 3—connected component has degree at least
three in it. If a node from a 3—connected component is of degree more than three
then GG cannot be cubic, as the attachments never reduce the degree of any node.

(2) If a bond component has more than three edges then it means that each of its
nodes have degree more than three. As before, since the attachments never reduce
the degree of any node, G cannot be a cubic graph.

(3) If a bond component is a terminal component then G is a multigraph. If a
cyclic component is a terminal component then since only one edge of the component
is virtual, G contains a node of degree two. So, G cannot be a cubic graph.

(4) If a bond component is adjacent to a 3—connected component then the nodes
of the bond component are of degree more than three, as this type of attachment
increases the degree of the nodes.

(5) If a node of a cyclic component is incident to two virtual edges then it has

degree at least four in G. |

§2.3.8 3—connected cubic graphs

Labeled cubic graphs are counted by connectivity by N. C. Wormald in [60]. Here we
give a characterization in terms of the existence of an edge with certain properties.
This might be of use in counting unlabeled 3—connected cubic graphs, though it is

not immediate on the basis of existing counting techniques.

Theorem 9. A 2—connected graph G is 3—connected cubic if and only if there is an
edge (uy,usy) = e in E(G) for which all the following conditions hold for T(G — e)
and I'(G —€) :
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1. G — e is 2—connected, I'(G — €) is a path in which the poles uy and uy belong to
different terminal components of T(G — e) and are disjoint from the cut—pairs for

those components.

2. All bond components occur only as internal components and have exactly three

edges.
3. The terminal components are 3—cycles.

4. Any cyclic internal component has exactly four edges with alternating free and

virtual edges.
5. No bond component is adjacent to a 3—connected component.

6. Fach 3—connected component is cubic and is not adjacent to another 3—connected

component.

Proof. Let G be a 2—connected graph having an edge (u1,us2) = e satisfying
all the conditions (1) — (6). Note that condition (1) is similar to the conditions of
Theorem 7. Therefore, by the proof of that Theorem, G is a 3—connected graph.
Now, the conditions (2) — (6) are similar to the conditions of Theorem 8, except
that in this Theorem terminal components are 3—cycles and there cycles cannot be
terminal components. Adding e back to G — e brings u; and uy up to three. Since
adding e to G — e affects only the degrees of u; and uy we can conclude that all
nodes in (& are of degree three by the proof of Theorem 8,

Conversely, choose an edge e in GG. If condition (1) fails then G is not a 3-
connected graph, as in the proof of Theorem 7. Noting again that removing e from
G alters the degree only for the nodes uy and uy, proceeding just as in the proof of

Theorem 8 we can prove that if every node in GG is of degree three then conditions

(2) through (6) hold. O
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Corollary 1. A 2—connected graph GG is 3—connected cubic if and only if 1 — 6 hold

for every edge.

Proof. The proof of Theorem 9 actually showed the necessity of 1 —6 for every

edge of a 3—connected cubic graph. d

§2.4 Related results and problems

There has been plenty of interest in problems related to dissection of polygons. It
was only in [21] the solution was given for the problem of enumerating dissections
of n—gon into k—gons (k > 3) subject to equivalence under rotations and reflections.
The stratagem used in [21] to enable the symmetries of the configurations to be easily
perceived was to convert the problem into a type of cell-growth problem. This turns
the dissection of polygons problem inside out; instead of starting with a polygon and
dividing it up, one starts with a number of small polygons (cells) and sticks them
together to make the larger polygon (or a homeomorph of it). Such an assemblage
of regular cells will be called a “cluster.” Since no vertex of the dissected n—gon
can belong to more than two cells, it follows that the structure of these clusters is
essentially tree-like, as observed in [21]. It is this which makes their enumeration
feasible, in contrast to the general cell-growth problem, which appears to be quite
intractable.

Based on the theory developed in [21] one of the three authors, R. C. Read in
[46], using Pdlya’s Theorem, has counted the number of dissections of an arbitrary
polygon by the number of cells and by the number of sides of the polygon being
dissected but by allowing the cells to be with unequal number of sides.

We remark here that the cell-growth problem can be characterized, and hence

perhaps be counted, using Tutte decomposition. If bonds with only three edges are
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used between every pair of cyclic components with at least three edges, we get a

cluster.

§2.5 Conclusions

Since the characterizing conditions for minimally 2—connected graphs are based on
edges and the characterizing conditions for critically 2—connected graphs are based
on nodes, the conjunction of the two sets of conditions gives a unique character-
ization for critical minimally 2—connected graphs. Such graphs are non—uniquely
characterized in [30] by K. Huang.

Similarly, the conjunction of the characterizing conditions of Theorem 3 with
those of Theorem 5 give a unique characterization for non—separable critical mini-
mally 2—-edge—connected graphs. The connected graphs having these as blocks are
characterized non—uniquely in [61].

The unique characterizations of minimally 2-connected graphs, 2—connected min-
imally 2—edge—connected graphs and 2—connected 3—edge—connected graphs given in
Theorems 2, 3 and 6 are the structural basis for unlabeled counting algorithms devel-
oped in Chapter 3 for these classes of graphs. Each of these algorithms is the first
of its kind.

Theorems 4, 5, 7, 8 and 9 do not seem to lend themselves to efficient use as bases
of unlabeled counting methods. Theorem 9 shows more promise than the others. It
might provide a basis for counting unlabeled 3—connected cubic graphs. However,
the fact that it deals with edge—rooted graphs suggests that this would require the

development of new methods for counting unlabeled graphs.



CHAPTER 3

Cycle index sums and reversions

§3.1 Preliminaries

Let A be a permutation group with object set X = {1, 2, ,n}. Each permutation
o in A can be written uniquely as a product of disjoint cycles. Let ji(o) denote the
number of cycles of length & in the disjoint cycle decomposition of . Then the

cycle index of A, denoted by Z(A), is a polynomial over the rational numbers Q in

indeterminates a1, as,- - - ,a, defined by
1 T
Z(A) = > e 3.1
( ) |.A| — 1 ay, ( )

Each permutation o of n objects can be associated with the partition of n which
has exactly (o) parts of each size k. We shall denote a partition of n by the vector

J=(J1,J2, "+ ,Jn) where ji is the number of parts of size k. Thus,

n = Z k.
k=1
In the following, let 3 F n denote that 3 is a partition of n.
For example, the automorphism group of the complete graph K, on n nodes is
Sn, the symmetric group on n objects. Let h(3) be the number of permutations o

in S,, whose cycle decomposition corresponds to the partition 3, so that ji(o) = j&

for all k. Then
h(g) = n!/ [T ¥+ !
k=1

30
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and the cycle index sum of 5, is given by
1 T
Z(5,) = a%h(ﬁgaﬁ-
Let A and B be two groups with disjoint object sets X and Y, respectively. The
product of A and B, denoted by AB, is a permutation group with object set X UY.

Each pair of permutations « in A and 3 in B determines a permutation af in AB

such that for each z in X UY,

az, z€ X
(aff)z =
Bz, zeY.

Polya observed the elementary but useful fact that the cycle index of a product is

the product of the cycle indices of the constituent groups [41, pp. 28].

Theorem 10. The cycle index of the product AB is given by
Z(AB)=Z(A)Z(B).

Now, again let A be a permutation group with object set X = {1,2, e ,n}.
Then z,y € X are called A — equivalent if there is a permutation ¢ in A such that
or = y. It is a classical and immediate result that this is an equivalence relation.

The A-equivalence classes are called orbits of A. For each x in X, let
Stab(z) = {a EA|oz = 1’}

Then Stab(x) is called the stabilizer of x. In some situations the stabilizer is more

naturally thought of as Aut(x), the group of automorphisms of z.

Burnside’s Lemma. [38] The number N(A) of orbits of A is given by

N(A) = ﬁ' > (o).

cEA
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Proof. Let m = N(A), let X1, Xs,---, X, be the orbits of A, and let z; € X;

for all 2. Now, let 01,0, € A. Since
o1 = o9z & oy Loy = x; & o7 oy € Stab(x;) & 0yStab(z;) = o1 Stab(z;),

it follows that the map given by oStab(x;) — ox; is a well-defined bijection of the
set of left cosets of Stab(z;) in A onto the orbit X; = {0‘.’172' | o € J‘l}. Hence the
number of elements in the orbit of any x; is the index of the stabilizer of z; in A.

Thus we have,

mlA| = |Stab(x;)] - |Xi].
=1

If  and x; are in the same orbit, Stab(x) and Stab(z;) are conjugate subgroups of
A, so |Stab(z)| = |Stab(x;)|. Hence,
miAl = 3 [Stab(z)],
zeX
which can be also be expressed as
A=Y Y
r€X g€Stab(x)
On interchanging the order of summation and modifying the summation indices

accordingly, we have

mlAl =) L

cEA rx=0x

But the second sum is just ji(o). Thus the proof is completed on division by |A| on
both sides and recalling that m = N(A). O

Burnside’s Lemma forms the basis for numerous solutions to counting problems
for unlabeled graphs. Basically, it says that number of orbits of a permutation group
is the average number of fixed points of the permutations in the group. We will need
a slight generalization of this famous lemma called the weighted form of Burnside’s

Lemma.
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Let R be any commutative ring containing the rationals and let w be a function,
called the weight function, from the object set X of A into the ring £ which respects
A-equivalence. That is, if  ~4 y then w(z) = w(y), so that w can be considered
to be defined on orbits of A by w(X;) = w(z;). Sometimes such a weight function

is called a class function. Then

Lemma 5. The sum of the weights of the orbits of A is given by

1
> w(X;) = WZ > w(a).

=1 oA ocr=zx

m

The proof is similar to that of Burnside’s Lemma.

We will now develop the terminology to express Pélya’s main enumeration The-
orem, which is based on the weighted form of Burnside’s Lemma.

Let A be a permutation group with object set X = {1,2, e ,n} and let € be
the identity group on a countable object set Y of at least two elements. Then the
power group, denoted by €4, has the set Y of functions from X to Y as its object
set. The notation of €4 and terminology power group were established in a context
in which € could be replaced by a different group B. The permutations of €4 consist
of all ordered pairs, written (a;¢), of permutations « in A and ¢ in €. The image of

any function ¢ in YX under (a;¢) is given by
((a;0)0)(2) = td(ax) = ¢(ax), for each z in X. (3.2)

It is easily seen that a — (a~!;:) is a homomorphism of A onto 4. From now on
we consider €4 to be the natural representation of A as a permutation group on YX,
and rely on context to determine whether A is acting on X or on Y*. We also note
that this representation need not be faithful.

Let w:Y — {0, 1,2,--- } be a function whose range is the set of nonnegative

integers, and for which |w™!(k)| < oo for all k. Then w is a weight function for Y,
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and the elements of Y are called figures. For each £k =0,1,2,--- let
Fi = |w™ (k)]

the number of figures with weight k.
The series in the indeterminate z

F(z) = ZFkl'k

which enumerates the elements of Y by weight is called the “figure counting series”.

The weight of a function ¢ in YX is defined by

rzeX
It is easily seen that functions in the same orbit of the power group &# have the
same weight. We can therefore define the weight w(©) of an orbit © of €4 to be
w($) for any ¢ in ©. Since |w™'(k)| < oo for each k = 0,1,2,--- , there are only
a finite number of orbits of each weight. We let f; denote the number of orbits of
functions of weight k. Then the series in the indeterminate =
fla) =) fra*
k>0
is called the function counting series, or the configuration counting series following

Polya. Now we can finally state

Pélya’s Enumeration Theorem (Pélya [41]). The function counting series
f(z) is determined by substituting F(z*) for each indeterminate ay in Z(A). Sym-

bolically,
f@) = Z(A)lay « F")]  or  flz) = Z(A)[F(x)]. (3.3)

Proof. Let ¢ be the identity permutation on Y. For each « in A, and each

k=0,1,2,---, let n(a, k) denote the number of functions of weight & fixed by («;¢).
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Now for each k, on restricting the power group €4 to the functions of weight k& and

applying Burnside’s Lemma, we have

1
_ k). 4
fk |A| —~ H(Oz, ) (3 )
Therefore, f(z) = Z % n(a, k)z*, (3.5)
k>0 | | a€A

and on interchanging the order of summation we have
(@) = |J17| SN n(a, k)t (3.6)
a€A k>0
Now, Zkzo n(a, k)z* is the counting series for all functions fixed by (a;¢) and we
seek an alternative form for this series.

Suppose ¢ in Y is fixed by (a;¢). Then (a;¢)¢(z) = ¢(z), for all z in X, but
from equation (3.2) we have («;¢)¢(z) = t¢(ax). Thus we must have ¢(ax) = ¢(x)
for all z, and hence ¢ must be constant on the disjoint cycles of a. Conversely, all
functions constant on the cycles of a are fixed by («;¢).

Let 3, be a cycle of length r in a. If ¢ maps the elements of 3, to one of the Fj
elements of Y of weight k, then the contribution to the weight of ¢ is rk. Thus it

can be seen that the series

F(z") = Z Foa™*

has as its coefficient of 7%, the number of ways ¢ can be defined on the elements
of 3, so that ¢ is fixed by (a;¢) and the contribution to w(¢) is rk. It follows that
F(2")7(®) enumerates by weight the ways of defining functions which are fixed on
all the cycles of length r in a.

On considering cycles of « of all lengths we can then express the series for fixed

functions as the product
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Equation (3.3) follows from this, equation (3.6) and the definition of Z(A). O
From now on we assume that the members of ¥ = {Yl, Y, - } are graphs Y;
with order as weight and automorphism group B;. We define B to be the multi-set
union of the automorphism groups B; of graphs in Y. Define Z(B) = >, Z(B,).
Then F(x), can be replaced in Pdlya’s Theorem by the cycle index sum Z(B). The
replacement a; «— F(z') generalizes to a; « Z(B)[ay + ai], and the latter is
abbreviated to [Z(B)]. We can then state Robinson’s [49] generalization of Pélya’s

Theorem,

Composition Theorem. The cycle index sum of the A—inequivalent funclions in

YX is Z(A)Z(B)].

We refer the reader to [19] for a proof of this Theorem. To prove the Composition
Theorem, Robinson generalized Redfield’s Lemma [48]. We will need that here in
order to prove Norman’s Theorem. Let A be a permutation group with object set
X and let £ be a commutative ring containing the rationals. Let y be any type
(generalizing the cycle type), x : A x X — R, which satisfies the following condition
for all @ and #in A and all z in X :

if ax = By ==z, then x(a,z)=x(8""aBy). (3.7)

The orbit of z determined by A will be denoted by [z] = {a:z: | a € .A}. Recall that
the stabilizer of z is Stab(z) = {oz EA|ax = ;z:} Then

Lemma 6. For any function x satisfying equation (3.7),

1 1
%]: TStab(2)| Y. xlaz) = Al > xlaa). (3.8)

a€Stab(z) oA z=ax

Proof.

1
Let Z,(Stab(z)) = 7——— Z X(a, x). Then since for any a € A and

|Stab(z)] | 5= .,
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for any = € X, Stab(z) = o~ (Stab(az))a, we have

Z(Stab(z)) = Z.(Stab(az)). Thus for any = € X we can define

Z,([]) = Z,(Stab(x))

_ ﬁ' S |Stab(x)| Zy(Stab(x), since [[a] = 1N
T€[x]

~ |Stab(z)|
1
= W Z Z x(a, ).
€[z] )

z] a€Stab(z

Summing over all [z] and reversing the summations yields the right side of (3.8). O

Now, let A be the automorphism group of a graph G. We denote Z(A) by Z(G),
or just by G if no confusion will result. Denote by G’ the set of non-isomorphic
node-rooted graphs whose underlying graph is G. Node-rooting can be though of as
giving a node v the special status of “root-node” and requiring that the root—node
be preserved by isomorphisms and automorphisms.

Z(G')= > Z(H).
HeG'

By convention the root-node is not included in the object set of the automorphism

group of any H € G'. Then we have the following Theorem :

Theorem 11 (Norman [39]).

Z(G) = %Z(G).

Proof. We first note that, if v is a node in G, then Stab(v) is the automorphism
group of the graph obtained from G by rooting at v So

2(6') = - 3 Z(Stab([o).
[v]

where [v] denotes the equivalence class of v with respect to Aut(G).

Now, define a function ¢ : A x X — R by

E(a,z) = [Jal,

k
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where ji(a) is the number of cycles of length & in the disjoint cycle decomposition of

a. Since object x does not figure in the definition of ¢, we can define £(a) = &(a, z).

Then
1
Z¢(A) = Al Zf(a)

is the cycle index of A, as given in the equation (3.1). To establish that ¢ satisfies
the conjugacy condition (3.7), note that if (xy,z2,---,x) is a cycle of «, then

(B~ Yx1), B~ Yxg), -, B xr)) is a cycle of B~ aB. Thus, jr(a) = jr(B~'aB), for

all k. So we have
, 1
Z(G') = - > Z(Stab([v]))
[v]

= =3 Ze(Stab([e])
[v]

1
= a, ), in view of Lemma 6
R SpILT

aEA r=ax

=ﬁﬂ2mmw

B
= 5 2(G).

O
So far, the cycle index Z(G) has been the disjoint cycle decomposition of auto-
morphisms of G considered as acting only on the nodes of G. We now extend this by
viewing the edges of G as objects, so that each automorphism gives rise to a disjoint
cycle decomposition over the nodes and edges. In the corresponding cycle type, an
orientation preserving (respectively, an orientation reversing) edge cycle of length k
corresponds to an indeterminate by (respectively, corresponds to an indeterminate
k).
More explicitly, suppose o is an automorphism of the graph G = (V(G), E(G)).
Then o : V(G) — V(G) induces a permutation 6 : E(G) — E(G). Any cycle C
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of length k of the permutation & is represented by a factor by (respectively, ¢x), if
for every edge (u,v) € C, o¥(u) = u and o*(v) = v(respectively, o*(u) = v and
o*(v) = u). Since we would like to keep track of nodes as well as edges, in each
term of the cycle index the corresponding a’s, b’s and ¢’s are all multiplied together
in a single monomial. In this way the cycle index sum of a class of graphs & can be
considered to be a member of the commutative ring Q[by, ¢1, by, ca, - - - |[[a1, aq, - -+ ]].
In fact, for a graph G with automorphism group A, the cycle index in all three types
of indeterminates ay, by and ¢ is

2(8) = o S [T [T TL e

ceA k k k
where ai(o) denotes the number of cycles of length & in the disjoint cycle decom-
position of o and fi(o) (respectively, vx(c)) denotes the number of orientation pre-
serving (respectively, orientation reversing) edge cycles of length k£ in the disjoint
cycle decomposition of &.

Corresponding to Theorem 11, there are analogous theorems for rooting with
respect to an oriented edge and for rooting with respect to an unoriented edge.
For a graph G, let the set of all non—isomorphic graphs obtained by rooting (but
not orienting) the edges of G be denoted by G*. Edge-rooting can be thought of
as distinguishing and then deleting an edge of the graph. When the root edge is
oriented before deletion, the nodes incident to the edge are distinguished and labeled
with a positive or negative sign (or a 0 or oo). These distinguished nodes in the
graph must be preserved in isomorphisms and automorphisms. In the literature
these nodes are called poles. Edge-rooted 2—connected graphs are termed networks
by Walsh [56]. When the root edge was oriented he called them 2—pole—networks.
Let N(G) denote the set of 2-pole-networks obtained from a graph G.

For any network g € G*, define A*(g) to be the subgroup of positive automor-

phisms of g — those which preserve the ends of the root edge — and define A~ (g) to
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be the subset of negative automorphisms of ¢ — those which reverse the ends of the
root edge. Then A(g) = A*(g) UA(g). Define the positive cycle index Z*(g) of
g to be Z(A*(g)), and extend the notation to sets of networks by linearity. If g is
pole—symmetric — that is, if JA~(g)| > 0 — then clearly |[A*(g)| = |[A~(g)| = |A(g)]/2.
In this case, define the negative cycle index Z™(g) of g to be Z(A~(g)); otherwise
define Z7 (g) to be zero. Note that if ¢’ is the (unique up to isomorphism) 2—pole—
network corresponding to any pole-symmetric ¢, then A(¢') = A*(g). Any pole
non-pole-symmetric ¢ corresponds to two 2-pole networks ¢; and g;, where the
labels on the poles of g; and gy are opposite. Since A™(g) =0, A(g) = A*(g) and
A(g) = A(g1) = A(g2). Thus by linearity 2Z*(G*) = Z(N(G)), since this holds for
each network whether pole-symmetric or not.

Let Gr denote the set of all non—isomorphic edge-rooted graphs obtained by
rooting at the pole—symmetric edges of G' and let G denote the set of all non—
isomorphic edge-rooted graphs obtained by rooting at the non—pole-symmetric edges
of G. Then G = Gr U Gy. As noted above, each member of G corresponds to
one member of N(G) while each member of G corresponds to two. Symbolically,
N(G) = GRU2GT. Let ZT(G) denote Z(N(G))/b; and let Z~(G) denote Z~(G™).

In the literature Z7(G) and Z~(G) are called positive and negative cycle index sums,

respectively.
Theorem 12.
2 0
+ - -
i) 2%6) = 53 2(6)
_ 2 0

Proof. We can apply the method of the proof of Theorem 11 to N(G). Since

there are two ways of labeling the poles, this gives

mmwz%%mm (3.9)



41
in view of the convention that the poles themselves are deleted from the cycle index.
Then by the definition of Z*(G), we have (i). Now applying the method of proof

of Theorem 11 to G™ gives

"9 @+ 2 g, (3.10)

Cl_%a—bl a9 aCl

Z(G") =

since the root edge may be left fixed (b, with ends a?) or reversed (¢; with ends a,).

Now it is enough to show that
Z (G)=2Z(G") - Z(N(G)), (3.11)

since (72) will then follow from (3.9) and (3.10). In turn, (3.11) will follow by linearity
once it is verified for an arbitrary network and corresponding 2-pole-network(s).

First, suppose ¢ is a network in Gg. Then

Z(A(g)) = Z(o)
Al 2
1
:WA@M{ §;)z@)+ E;)Z@@n

Since |A(g)| = 2]A%(¢)| = 2|47 (g)],

1 1
2 = gty 2 ZOV gy 2 2
= JZ(AT(9) + S Z(A"(g).

Now if ¢’ is the unique 2-pole-network in G'g corresponding to g, then A(g') = A*(g)
and, Z(A(g')) = Z(A*(g)). Thus the contribution of ¢ € G'g to the right hand side
of (3.11) is 2{1Z(A*(9)) + 1Z(A"(9))} — Z(A*(9)) = Z(A~(g)), in agreement
with the left hand side of (3.11).

Second, suppose ¢ is a network in G;. Then as noted before, g corresponds to
two 2-pole networks ¢g; and g9, both with the same automorphism group as ¢g. So

g contributes 2Z(A(g)) to Z(N(G)). Thus the contribution of ¢ € G to the right
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hand side of (3.11) is 2Z(A(g)) —2Z(A(g)) = 0. This agrees with the left hand side
of (3.11) since Z(A™(g)) = 0 in this case. O

In order to count the minimal Tutte decompositions rooted at specified compo-
nents or at attachments between specified components we will need a generalization

of the Composition Theorem in which Z(A) [a; < Z(B)[ar < a;x]] generalizes to
Z(.A) a;, bZ — Z+('D)[ak — 4k, bk — bik,ck — Cik]a
C; Z_('D)[ak — Gk, bk — bik,ck — Cik] s

which is abbreviated to Z(A)[a1, ZT (D), Z~ (D).

We will prove a generalization to Pélya’s Theorem and arrive at a theorem from
which this generalization of the Composition Theorem will follow as a special case.
But we need more definitions and facts before plunging into the statement and proof
of the generalized Pdlya’s Theorem.

Let A be the automorphism group of a graph whose nodes are X = {1, 2, ,n}
and whose edges are Y = {1,2, cee (Z) } Then the action of A on X induces an

action on Y as described earlier in this section. Then the generalized cycle index of

A s

Z(.A) = |‘,1{T| Z H azk(d) H bfk(”) chk(a)‘

ceA k k k

Let X = X UY. We wish to count functions from X into Z = Z; U Z; which map
X into Z; and Y into Z,. We can consider any such function as a pair in Z{% x ZJ .
Further, elements of 7, will be 2—pole networks. A 2—pole network is a 2—connected
graph with an edge say (u,v) removed from it and the labels with signs + and —
are given to the poles u and v respectively. Let F denote the pole-reversal operation
on 2-pole networks. That is, F maps G to the result of reversing G’s poles. Let R
be the set of pole reversible members of Z;. Then F(G) = G, for any G € R. Let

J =73 — R. Then the action of F on J is a disjoint set of 2-cycles. Then each o in
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A induces o which acts on functions in Z x Z) as follows : for all z in X
(a6)(z) = ¢(c7'z), and for all y = (u,v) in ¥ with u < v,

d(a™y), if o7y < o7 tw,
(¢)(y) = (3.12)
Fé(oc~'y), otherwise.

Let A denote the set of all . It is easily seen that ¢ +— o is a homomorphism
from A to A. From now on we consider A to be a natural representation of A as a
permutation group on Z;* x ZY. We also note that this need not be faithful. In the
following, the object set of o should be clear from the context if not specified.

Let © = {0,1,---} and let an arbitrary element (kq, kq,---) of  be denoted by
k. A sequence of elements (21, 25, - - - ) in Z shall be denoted by z and (2,252, ...)
by 2k Further, let O denote all sequences in € such that all but a finite number
of terms are equal to 0. Let w : Z — 0% be a function for which |w=!(k)| < oo,
for all k in Q. Then w is a weight function for Z, and the elements of Z are called

figures. Let [2F1, ... 2%] denote the coefficient of operator. Let F/(z) be a function

such that the coefficient of 2/, ... 2k in F(z)

[z8 . 2B F(z) = Jw ™ (ky, - L ke, 0,---) 0 Z4], let P(2) be such that

»~r

[zfl,--- ZkT]p(z) — |w‘1(k1,--- ke, 0,0 )N R +2|w—1(1€17... ke, 0,--)N |

Y ~r

and let R(z) be such that [z, ... zFR(2) = w™ (ky, - , ke, 0, )N R

Y ~r

The weight of a function ¢ in Z x ZY is defined by

zeX

where the summation is taken term-wise. It is easily seen that functions in the
same orbit of the power group A have the same weight. We can therefore define the
weight w(0) of an orbit © of A to be w(¢) for any ¢ in ©. Since |w™'(k)| < oo

for each sequence k in Q% there are only a finite number of orbits of each weight.
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Let f(2) be such that [z51, .- 2] f(2) is number of orbits of weight (ki,--- , k).

Then f(z) is called the function counting series, or the configuration counting series

following Polya. Then Pdlya’s Theorem generalizes to

Generalized Pdélya’s Enumeration Theorem. The funclion counting series
f(2) is determined by substituling for each indeterminate ay, by and ¢ in Z(A),

F(2%), P(2*%) and R(2%) respectively. Symbolically,
f(2) = Z(A)ag — F(2F), b, — P(2"), cp — R(2F)]
This is abbreviated as f(z) = Z(A)[F(=), P(z), R(z)]. (3.13)
Proof. For each o in A, and each sequence of non negative integers k in QF,
we let n(o, k) denote the number of functions of weight k fixed by . Now for

each k, on restricting the power group A to the functions of weight k& and applying

Burnside’s Lemma, we have
9

) = g X stk

ceA
1
Therefore, f(z) = Z Z Tl Z n(o, k)zk,
klzokgzo | | O'E.A

and on interchanging the order of summation we have

f(z) = ﬁ' S n(o, k)R, (3.14)

oceA kEQ

Now, > fcq 1o, k)zk is the counting series for all functions fixed by o and we seek
an alternative form for this series.

Suppose ¢ in Z;X x ZY is fixed by . Then (a)¢(z) = ¢(z), for all z in X, but from
equation (3.12) we have (o)¢(z) = ¢(c~'z). Thus we must have ¢(c7'z) = ¢(z)
for all z, and hence ¢ must be constant on the disjoint cycles of o. Conversely, all

functions constant on the cycles of o are fixed by o.
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Let 3; be a node cycle of length ¢ in o. If ¢ sends the elements of 3; to one

of the [z, ... | z¥]F(2) elements of Z of weight (ky,--- , k), then the contribution
to the weight of ¢ is (tkq,--- ,1k,), since ¢ must be constant on the nodes of 3;.
Thus it can be seen that the series F(2') has as its coefficient of 21, ... 2% the

number of ways ¢ can be defined on the elements of 3; so that ¢ is fixed by & and
the contribution to w(¢) is (tky,--- ,1k,). It follows that F(2")*{?) enumerates by

weight the ways of defining functions which are fixed on all node cycles of length ¢

in o.
Similarly, let l; be an orientation preserving edge cycle (eq,--- ,e;) of length ¢
in 0. If ¢ sends the elements of {; to one of the [z, ... 2]P(z) elements of Z of

weight (k1,--- , k), then the contribution to the weight of ¢ is (tky,--- ,tk,) since
the value of ¢ on one edge, say e;, determines the values of ey, --- , e;, and these are
consistent (mapping back to eq) since l; is orientation preserving. Thus it can be

seen that the series P(z?) has as its coefficient of 2%, ... 2tk

the number of ways
¢ can be defined on the elements of Ll; so that ¢ is fixed by & and the contribution
to w(@) is (tky,--- ,tk,). It follows that P(2%)%(°) enumerates by weight the ways of
defining functions which are fixed on all orientation preserving edge cycles of length
tin o.

Similarly, let B, be an orientation reversing edge cycle (e, - , e;) of length ¢ in
o. The critical thing here is that o'(e;) = elf, so mapping ¢ not left fixed unless
d(e1) € R. If ¢ sends the elements of ; to one of the [z, -, z*|R(2) elements of
Z of weight (ky,--- , k), then the contribution to the weight of ¢ is (tky,--- ,tk,).
Thus it can be seen that the series R(z") has as its coefficient of zikl, oo, 2tk the
number of ways ¢ can be defined on the elements of U; so that ¢ is fixed by & and
the contribution to w(¢) is (tky,--- ,tk,). It follows that R(z*){°) enumerates by

weight the ways of defining functions which are fixed on all orientation reversing

edge cycles of length ¢ in o.
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On considering all cycles of o, we can then express the series for fixed functions
as the product

3 n(a k)R = ] £z T Pz T R(=').
k>0 t t t
Equation (3.13) follows from this, equation (3.14) and the definition of Z(A), since
the choices for cycles are independent, and the product of the generating functions
generates all of these choices due to distributive law for multiplication over addition.
O

As a consequence of this generalization of Pdlya’s Theorem, in Polya’s Theorem,
Z(A)[ay «— F(z*)] generalizes to
Z(A)ay «— F(z*,y%), b « P(z*,y%),cx «— Q(z*,y*)], which is abbreviated to
Z(A)F(z,y), P(x,y),Q(x,y)]. For us, when counting graphs, the resulting power
series is the counting series that lie in the ring Z[y|[[z]], where Z is the integers,
while the triple F(z,y), P(z,y), Q(z,y) of series in Q[y][[z]] defines a more general
homomorphism from the cycle index ring to the counting series ring. In the following,
for a power series P(z,y), when it is not misleading, we might denote P(z*,y¥)
simply by Pj.

Now, let P denote a set of 2—pole networks and R denote the subset (possibly
empty) of it consisting of those that are pole-reversible. Let F' denote a set of
node-rooted graphs. Let & denote the set of all graphs which can be obtained by
selecting a graph from a set A, replacing each node with a graph from a set F', and

replacing each edge with a network from a set P. Then

Generalized Composition Theorem. The cycle index sum of the A—inequivalent

functions in ZX x 7Y is Z(®) = Z(A)|Z(F),Z(P),Z(R)|.

In order to prove the Generalized Composition Theorem by applying the Gen-

eralized Pdlya’s Theorem, we consider “decorating” each graph in & by assigning a
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positive integer (not necessarily unique) to each node and edge and orienting some
(perhaps none) of the edges.

Let f; be the weight that is associated with the assignment of ¢ to a node of &,
let g; be the weight that is associated with the assignment of : to an oriented edge
of & and let h; be the weight that is associated with the assignment of ¢ to an edge
of & that has been left unoriented.

Let a =) . fi, 8=>,¢9iand v = >, h;. In the cycle index sums, ¢’s are substi-
tuted with 4, to denote that those edges are left unoriented and b’s are substituted
with v + 23 to denote that those edges are either not oriented or oriented in one of

the two ways. Then by the Generalized Pélya’s Theorem

T T o LA | 2(®)fes 28+ .71

is the number of non-isomorphic decorated graphs in & having exactly k; nodes
assigned ¢, forz = 1,2,---, n; edges that are oriented and assigned ¢, forz =1,2,-- -,
and m; edges that are not oriented and assigned ¢, for 1 = 1,2, --.

Then
(Z(“” 2r). 2), Z(Rﬂ) 0,25 4 7,] 7 ezt

Z(A) {Z(F)[Oz, 28 + 7,7, Z(P)[a,28 4+ 7,7], Z(R) [, 28 + 7,7]
by combinatorial associativity

= Z(®)[e, 28+ 7,9l

This gives
(Zw) ~2(a)[2(F), 2(P), Z<R>}) (0,28 4 7,7] = 0.

The result of substitution of «, 23 4+ ~ and ~ are algebraic combinations of power
sums in the sets of variables {fz} {gz} and {hz} Since these power sums are

algebraically independent, as noted by Pdlya in [41, pp. 26] in a similar but simpler
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context, it follows that,

Z(®) = Z(A)| Z(F), Z(P), Z(R) (3.15)

§3.2 Deriving basic equations

In the rest of this chapter and in Chapters 4 through 6, applying the decomposi-
tion characterization Theorems, which are based on Tutte’s decomposition Theorem
and developed in the previous chapter of this dissertation, the defining relations for
minimally 2—connected, 3—edge—connected blocks and minimally 2—edge—connected
blocks are expressed in terms of cycle index sums. The basic tool used for expressing
the decomposition characterizations as cycle index sum relations is Generalized Com-
position Theorem. These relations are then transformed by an appropriate choice
of ring homomorphism so that they involve only counting series. The fundamental
algebraic facts upon which this approach depends are that homomorphisms may be
composed, and are associative under composition. Then the unknown counting series
in these relations are eliminated, so that the desired counting series is related only
to the counting series of those that can be directly computed using explicitly known
cycle index sums. The resulting equations are solved recursively to any desired order
by composing term by term and extracting the coefficients iteration by iteration.
We initiate the process of deriving the counting equations of the three classes
of graphs that we would like to count by developing appropriate terminology and
reviewing some important equations which form the basis for our calculations.
Often graphs decompose into tree like structures where each node of the tree
corresponds to a smaller graph. Tutte decomposition also does this. So we need
tools to count the number of graphs in a set &, where each graph G can be obtained
by attaching some graphs from another set of graphs 9% in a tree like structure, I'(G).

The tool that we will use for this purpose is a dissimilarity characteristic equation
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which was originally discovered by Otter [40]. The automorphisms of I'(G) are all
induced from the automorphisms of G. If m is a component of G, then G,, is a
graph which results from distinguishing m in G. Thus the automorphisms of G,
consists of the automorphisms of G' which map m on to itself. If e is an edge of I'(G)
then G is a graph which results from distinguishing e and considering it irreversible.
Thus the automorphisms of G, are the automorphisms of G which fix e¢ and each
of the components at the ends of e. When I'(G) has an automorphism which fixes
an edge e = s but switches the components at the end of e, then it is called a
symmetry edge. Here the automorphisms of G that reverse the end components of
s are included in G5. Hence the dissimilarity characteristic equation giving cycle

index of GG is written as,

Z(G)=> Z(G.)-> Z(G.)+ ) Z(G,), (3.16)

where m ranges over all dissimilar components, in 9, of G, e ranges over all edges of
I'(G) and s ranges over symmetry edges of I'(G). A reader wishing a rigorous proof
of (3.16) is referred to [12] where it is proved for the decomposition of connected
graphs into bridgeless graphs.

Counting graphs with prescribed properties usually involves decomposing a graph
into core and components. For unlabeled graphs it also involves keeping track of the
number of automorphisms of the core with a given cycle decomposition by means
of a cycle index. In the case of counting all n-node graphs, the core is the complete
graph on n nodes, in which each edge is replaced by a component with 2 nodes and
0 or 1 edge to obtain the graphs to be counted. From now on, let G denote the cycle
index sum of all graphs, K denote the cycle index sum of complete graphs. Then

the above statement can be written in symbols as,

G=Kla, — a;,b; — (1 +b),¢; — (1+¢). (3.17)
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In the case of connected graphs, the core is a set, in which each element is replaced
by a component, which is a connected graph, to obtain an arbitrary graph. From
now on, let C' denote the cycle index sum of all connected graphs. It follows from
Composition Theorem that Z(S,)[C] denotes the cycle index sum of graphs with

exactly n components. Summing over all n and using the well known identity,

Z Z(S,) = exp (Z %) (3.18)

n>0 k>1

the above statement, can be written in symbols as,

14+ G = exp (Z %[C]) . (3.19)

E>1

Note that the 1 on left hand side of the above equation denote the empty graph,

a graph with no nodes or edges. Robinson solved for C using Mobius inversion

as follows. On both sides taking log, composing on a;, multiplying by M and
i

summing over all z > 1 give,
(i) 1) [ o
—a;[log(1 + G)] = —a —[C
D flog(1 + @) « |3 %o

4

NI G
=Y ey ui ) =c. (3.20)
m>1 i|m

0, m>1,
since Z,u(z) =

ilm 1, m=1.
We will use this method of inversion several times later in this dissertation on
different cycle index sums.
In both cases, the cycle structures of the automorphisms of the core are known.
Thus one can compute the cycle indices of the automorphism groups of all possible

cores and then use Pdlya’s Theorem, which relates the cycle index sum and the

counting series for components and compositions.
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Recall that any graph in class of all Blocks, from now on denoted by B, is either
a 2—connected graph or an edge. In the case of counting all blocks, the core is a
set of node-rooted blocks joined at the root; every other node has a node-rooted
connected graph attached to it, to obtain another node-rooted connected graph.
Then this can be written in symbols as,

no_ a, ! !

(a1C") = ajexp (; - [B [a1C ]]) ) (3.21)
As before, rooting by nodes is denoted by a prime. In this case, the unknown is the
cycle index sum for cores, from which the counting series can be obtained. However,
this cycle index sum cannot be obtained from the counting series for components
and composition; so Robinson[49] generalized Pdlya’s Theorem to relate not counting
series but cycle index sums for components and compositions to those of cores.

Generalizing Norman’s solution to count graphs with given blocks[39], using cal-

culus Robinson[49] obtained indirectly another equation relating B and C,
C = (Cll + B — alB/)[CZlC/]. (322)

This can be more directly derived using an argument involving the Otter’s dissimi-
larity characteristic equation (3.16) on the block—cut node tree of connected graphs.
For any connected graph G, the block—cut node tree I'((G) associated with G has a
node for every block b and every cut node v of (G. Every edge e it has is between a
b and a v, indicating that v joins b to GG in such a way that G — v is disconnected.
In this context, the first term in the equation (3.16) corresponds to distinguishing
block nodes in I'() or cut nodes of (. Distinguishing a block node corresponds
to a block with every node replaced by a node rooted connected graph, which is
denoted as B[a;C']. An arbitrary node of (G can be either a cut node of G or not
a cut node of G. Distinguishing a node of GG that is not a cut node amounts to

rooting a block and replacing every node of it with a node rooted connected graph,



52
which is denoted as a1 B'[a;C"]. Distinguishing an arbitrary node G corresponds to
a;C’. Subtracting the former from the latter gives the contribution of distinguishing
a cut node of . Thus the first term in the equation (3.16), in this case, becomes,
B[a,C'| + a,C" — a1 B'[a, C"].

Now, the second term in the equation (3.16) corresponds to distinguishing an
edge e of I'(). Recall that any edge in I'((Z) is between a cut node and a block
node. Since a cut node is an arbitrary node of G but not a node that is not a cut
node, we have a;C’ — a; for one side of the edge and a rooted block with every node
replaced by a node rooted connected graph, denoted by B'[a;C’] for the other side
of the edge. Thus, the second term in the equation (3.16), in this case, becomes,
(a1C" — ay)B'[a1C"].

Since every edge in I'((7) is between a cut node and a block node, there is no edge
with both ends isomorphic. That is, there is no symmetric edge in I'(). Hence no
contribution to the third term in this case.

Putting together (3.16) for this case, we have

C = B[Glc/] + Cllc/ — CllB/[Cllc/] — (Cllc/ — al)B’[alc’]
= B[a,C’'] + a,C" — (a;C")B'[a1C’], cancelling
= B[Glc/] + alc" — (alB/)[alc’]
] (a1 —|— B — G,lB/)[G,lc/].
Now, an edge-rooted connected graph can be decomposed into an edge-rooted

block along with node-rooted connected branches at the nodes of the block. Putting

this in symbols,

OB, ., e
5 @l ber] = 2. (3.23)
OB, _, e
Fe b er] = 5= (3.24)
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The above two equations can also be derived from equations (3.21) and (3.22) by
appropriate differentiation and simplification.

Now, taking @a and then multiplying by a1, equation (3.19) yields,
ax
alG’ =G- Glc/. (325)
Rewriting this using equation (3.17) we get
, 0K
(Cllc )K[al,l—l—bl,l—l—cl] = ala— [al,l—l—bl,l—l—cl]. (326)

a1

Similarly, differentiating equations (3.17) and (3.19) appropriately, one can get,

oC 0K
<a—b1> K[al, 1 —|— bl, 1 —|— Cl] = <a—bl> [al,l —|— bl, 1 —|— Cl]. (327)

aC 0K
- K[al,l—l—bl,l—l—cl] =\ /— [a1,1—|—bl,1—|—61]. (328)

801 aCl
Now, expression for K is explicitly available in [51] which can be differentiated

. .. . 0K 0K
appropriately to get explicit expressions for —, ——, and for —— so that all of
@al 861 861

them together will look like,

_ el aj’ G o o
ey (M e
on) Li<i

5‘:(0’1,0'2,---, 221
;20

(3.29)

: io;(o; i—1

aK ¢ Yoio; ;7 f—” S P
8&1 Z | {H bii (i.i } {H J?!igi b, +15+] c } .

=(01=0]+1,02,, t<y i>1
0,20

8K ged(2,5)oi0; 1 o1 w D)
SR> >{i<]- Venti " [ 3 o

r=(o1=01 42,02+,
0,20

qi 1o;(o;—1) i—1 o .
H CZ,L. b 2 +L 2 J 16{721 . (331)
o;lioi ! '

1>1

aK g(,d( )0 0 02 4 %11) o9
Sy e B
Un—2)

d=(01,02=0+1,03,, 1<J
;20




o4

2 to;(o;—1) i—
1 o2702(02-1) 04 a; (2 +1 21Jgi 02;
a3’ by c ——b, e
202 4! oileoi !

1>2
(3.32)

Note that in equations (3.30), (3.31), (3.32) o! denotes the corresponding o; in the
corresponding partition & of equation (3.29).

Recalling Tutte’s decomposition Theorem, as mentioned in the previous chapter
of this dissertation, for any 2—connected graph the indecomposable components are
3—connected graphs, bonds with at least 3 edges and cycles with at least 3 edges.
From now on, let T'" denote the cycle index sum of all 3—connected graphs, M denote
the cycle index sum of all cycles with at least 3 edges and N denote the cycle index
sum of all bonds with at least 3 edges.

When composing cycle index sums of components with the cycle index sum of a
core, at times we have to keep an edge of the core from being replaced in substitution
by a component. Such edges are denoted by b7 and ¢;. When all the composition
solving 1s over when we get to counting series which are which are obtained by
composing power series, these are recovered into the counting series. In other words,
b7 and ¢} are defined so that when composed with power series they yield y and
when composed with cycle index sums, they yield b; and ¢; respectively. The cycle
index sum of all cycles with exactly one special edge is denoted by My and the cycle
index sum of all cycles with at most one special edge is denoted by M;. Also, the
cycle index sum of all bonds with at most one special edge is denoted by N;. The
corresponding edge-rooted classes are denoted with a superfix + or — according to
whether it is positive or negative.

The cyclic group of degree n, denoted C,,, is generated by the cycle (123---n).

Redfield provided the following formula for Z(C,,) using the Euler ¢—function.
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Theorem 13. The cycle index of the cyclic group C,, is given by

Z(Co) =Y g(k)ap by

kln
The dihedral group of degree n, denoted by D,, is generated by the cycle
(123 ---n) and the reflection (1 n)(2 n —1)(3 n — 2)---. Its cycle index can be

expressed in terms of Z(C,,).

Corollary 2. The cycle index of the dihedral group D, is given by

%alclagn—l)/Zb(zn—l)/Z

n odd

?

(3.33)

i{a%a(f—%/?b;p + a;/Qc%b(Qn_Z)/Q}, n even.

Since the cycle index of a cycle with n nodes is Z(D,,), the cycle index sum of

all the cycles with at least three edges is obtained by summing equation (3.33) over

ab aib?  azb
all n. With correction terms — — — =21 _ 2 2, we then get

2 4 4

1 ¢’(d) a1y G%b% )
M=—=S"2Y 0001 — agby) — _ _
2%; g 1os(l —aaby) — =5 A A

a1c1a9by atayb? aictb,

2(1 — azby) ' A(1 — aghy) | 4(1 — agby)’ (3.34)

The cycle index sums of all other aforementioned types of Ms can be explicitly

represented as

QaM alb%

Mt = = . 3.35
a%@bl 1— albl ( )
_ 20M albg + nggcl
M- = = . 3.36
agacl 1— CLQbQ ( )
a? as a3brb? az¢(arby + azbyer)
My = 2bMY + M~ = — 11 L 3.37
o= Mt A 2(1 — arby) 2(1 — azby) (337)
ajoby dby (1 —a1by)?
_ 2@M0 CT@M_ CTGQbQ
M = = = . 3.39
0 ay0cy dcy 1 — azb, ( )

M1 — JM —|— Mo. (340)
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Mf = M* + M+ = arby (1 — ayby)(by + b7) + blarby

(1 — Cllbl)2
aib? — a3+ 2a,b5by — adbih? (3.41)
(1 — albl) ‘ .
b b
Mo = M-+ Mo = 109 —|—1a2 2(21 + C1) (3.42)
— U209

On the other hand, a bond with n edges has two types of automorphisms; one
which leave both the nodes fixed and the other type which swaps them. When the
nodes are swapped edge cycles of odd length reverse the orientation and edge cycles
of even length preserve the orientation. Since the edges are unordered, the edge
automorphisms form S,. Summing over all n, recalling (3.18), and subtracting the
terms that correspond to bonds with less than three edges, the cycle index sum of

all bonds with at least three edges is

b; b:oob
exp<z7)—1—bl—§l—§2}

_ “;exp (Z%) + 5 exp (Z D )

i>1 ¢ odd 7 even
2 2 2
“ R a b
2{(1+bl)+2+2} 2{(1+c1)+2+2}. (3.43)

The cycle index sums of all aforementioned types of Ns can be explicitly

represented as,

20N b;
Nt = pEET = exp (Z 7) — (14 by). (3.44)
1

i>1
20N ¢

N~ = = (1 3.45
s (S st e 34

Ny =N+ “1 Dpen+ 4 ?:;N—

2 . . .
fon(52) o5 (55 5

i>1 z odd 7 even
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a & az
—I—?chexp (Z + Z ) ——201 (1+cp).
7 odd 7 even
St iyesn (D8] + L+ gen (P04 Y L
= — ex — — ) ex — —
2 VEP VLG VEPN LT L
1>1 ¢ odd 1 even
a% b

armen+ bl pa) G4
2 EEECIECY BT L e AT

b;
N1+ :N+—|—b;‘ {exp (Z:) —1}
i>1

= (1 + b)) exp (Z %) — (1457 — by. (3.47)

(3.46)

i>1
- — * C; bz
N7 =N —I—CI{exp(Z?—l—'z 7) —1}
7 odd z even
¢
= (14 ¢])exp (Z + Z ) (1+¢f) — e (3.48)
7 odd 7 even

Let the pair D' and D~ denote all non—empty positively and negatively edge—

rooted 2—connected graphs (or 2—pole networks). In these, root edge may belong to

any of the three types of the components. Further, since we are actually looking

for blocks, a single edge also has to be included. If the rooted edge belongs to a 3—

connected component, the positive and negative networks is denoted by 7't and T~

respectively. Thus, all 2-pole networks can be symbolically written as follows (This

is a recursive definition. When explaining these, one has to start from somewhere

and define one using the other. So many symbols in this will be clear as the reader

continues to read next couple of paragraphs.)

D+ = bl —|—T+[CL1,D+,D_] —|—N1+[CL1,D+ —P+ — bl,D_ - P~ —Cl]
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+ M*[ay, DY — 5%, D™ — 57]. (3.49)
D_ =C +T_[G1,D+,D_] —|— Nl_[al,D+ —P+ — bl,D_ — P_ — Cl]

+ M [ay, Dt — 8%, D™ — 57]. (3.50)

Let the pair {ST, S~} denote all Series networks. In these networks, the rooted
edge is a free edge belonging to a cyclic component. In other words, to get one of
these, one has to edge-root a cycle and replace each of the other cycle edges with
other components. Since in the Tutte decomposition, a cyclic component cannot
be next to a cyclic component, we should substitute Dt — ST and D~ — S~ for
br and cg, respectively in the edge—rooted cycles. In 2—connected graphs, there is
no restrictions on the number of free edges in a cyclic component. The single edge

already included in DT and D~ takes care of this case. Thus,

S* = M*[ay, DY — S+, D~ — §7]. (3.51)

S= = M~[a, DY — §*, D~ — §7]. (3.52)

Let {P*, P~} denote all Parallel networks, In these networks, the rooted edge
is a free edge belonging to bond component. In other words, to get one of these,
one has to edge-root a bond and replace each of the other bond edges with other
components. Since in the Tutte decomposition, a bond component cannot be next
to a bond component, we should substitute D — P™ and D~ — P~ for positive and
negative edges in the edge-rooted bonds. There cannot be more than one free edge
in a bond component, as otherwise, the resulting graph will be a multi-graph. So we
remove the single edge from DT and D~ and then have an optional special edge in

the edge-rooted bond in the form of 5* or ¢* to which no composition is supposed to

happen. That explains the use of N;" and N; instead of plain N* and N~. Thus,

Pt = Nit[ay, DY — P* — b, D™ — P~ — ¢y]. (3.53)

P_:Nl_[al,D+—P+—bl,D_—P_—cl]. (354)
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The corresponding minimally 2—connected counter parts will be distinguished
using a hat. For example, B denote minimally 2-connected graphs; 3—edge-
connected counter parts will be distinguished using a tilde. For example, B
denote 3—edge—connected graphs and the corresponding minimally 2—edge—connected
counter parts will be distinguished using a check. For example, B denote minimally
2—edge—connected blocks.

A single edge is not a minimally 2—connected graph. So there is no b; in D+
and no ¢; in D~ By the decomposition Theorem given in previous chapter, for
minimally 2—connected graphs, free edges can only be in a cyclic component. So we
have to explicitly add a free edge in the components that make S+ and S~ from
the cores that are edge-rooted cycles. Since there cannot be a free edge in a bond
component, we use plain Nt and N~ for the cores of Pt and ]5_, respectively. Thus,

as before,
DY =T*[ay, DY, D]+ Nt[ay, DY — P+, D~ — P7]
+ M*[ay, by + DY — 8% ¢, + D™ — §7]. (3.55)

D™ =T"[a;,D*, D]+ N~ [ay, Dt — P*, D~ — P]

+ M7 [ay, by + DY — 5% ¢y + D™ — 57, (3.56)
St = M*[ay, by + DT — 8%, ¢, + D™ — 857, (3.57)
S™ =M [ay, by + Dt — 8t ¢y + D™ — §7]. (3.58)
Pt = Nt[ay, D* — PT, D~ — P]. (3.59)
P~ = N-[ay, D" — Pt D~ — P]. (3.60)

A single edge is not a 3—edge—connected block. So there is no by in Dt and no ¢
in D~. By the decomposition Theorem given in the previous chapter, for 3—edge—
connected blocks, there can be at most one free edge in a cyclic component. Thus,

we use M;" and M; as cores to make S* and S~. Similarly, since at most one
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free edge is allowed in a bond component, we use Nj and N as cores to make P+
and P~. Also, there is no restriction on the number of free edges in a 3—connected
component. So we add a single edge with the components that gets composed with

T+ and T~. Thus, as before,

D+ = T+[Cll,bl —|—D+,Cl + D_] + Nf[al,[ﬁ' — P+,D_ — p_]
+ Mi[ay, DT —S§*, D™ — 5. (3.61)

D_ = T_[Cll,bl —|—D+,Cl —|—D_] —|—N1_[Cl1,[)+ — P+,D_ — p_]

+ M;[ay, DY —S* D™ —§7]. (3.62)
ST = Mila, DY — ST, D~ — §7]. (3.63)
S™ = M [a;, DY — S*. D™ — 5. (3.64)
P* = Njf[ay, DT — P*, D~ — P7]. (3.65)
P~ = Ny [ay,D* — P*, D~ — P7]. (3.66)

A single edge is not a minimally 2-edge-connected block. So there is no by in DF
and no ¢ in D~. By the decomposition Theorem given in the previous chapter, for
minimally 2—edge—connected blocks, each free edge belongs to a cyclic component
that contains at least one other free edge. This means, when making St and S~
we allow a single edge to be composed with M+ and M~ and then remove the case
of having exactly one free edge in a cyclic component. Since there cannot be a free
edge in a bond component, we use plain Nt and N~ as cores when making P* and

P~. Also, 3—connected components cannot have a free edge. Thus, as before,

DY = T*ay, D*, D] + N*[ay, D¥ — P+, D= — P
+ M+[Cl1,bl + D+ — S+,C1 + D_ — S_] — MS—[Gl,D—I— — S’+,D_ — S_]
(3.67)

D™ = T [ay, D*, D]+ N [ay, D* — P+, D~ — P
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+ M_[Cll,bl + D+ — S+,C1 + D_ — S_] — MO_[Gl,D—I— — S’+,D_ — S_]

(3.68)
ST =M"ay,by+ DT — ST, ey + D™ — S7] — M [ay, DT — ST, D™ — 57].

(3.69)
S™ =M [ay, by + DY — St ey + D™ — ST — My [ay, DY — ST, D™ — S7].

(3.70)
Pt = N¥[a;, DT — P*, D~ — P7]. (3.71)
P~ = N7[ay, D" — P*, D™ — P7]. (3.72)

In equations (3.49) through (3.72) we have represented the corresponding decom-
position Theorems in symbols. These play a central role in deriving the counting
equations. Equations (3.49) through (3.54) are used with corresponding equations
for each class of the graphs. The parts that are unknown are solved within each set
with the ones that are explicitly known or can be solved for an explicit expression.

For a cycle index sum X, let )? denote the ordered pair (X+, X 7). We define an

inner product ¢ for two cycle index sums X and Y to be

— — 2
Xo¥ = (X*, X )o(Y*H, V™) = %X+Y++%X‘Y‘. (3.73)

Using Otter’s dissimilarity characteristic equation (3.16), the decomposition of

blocks can be written as :
B = T[al,D+,D_] + Nl[al,D+ — P+ — bl,D_ — P — Cl]
+ M[a17D+ — S+,D_ — S_]
. {?[al,DﬂD—] o Ni[ar, DY — P* — by, D™ — P~ — ]

+ Nyjay, DY — P*— b, D™ — P~ — ¢] o Mlay, DY — S+, D= — §7]

+ Tlay, D, D) o Mlay, D* — §*, D= — §7]
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1_; —
+ 5T, D, D] o Tlay, D¥, D]

n <“§ I “2> aQ[T+[a1,D+,D_]]} + <@> as [T*[ar, D*, D7]]

2

—_

—|— —(G%bl —|— agcl). (374>

[S]

This is equivalent to equation (23) in Walsh’s paper [56] The first term of (3.16)
corresponds to distinguishing a node corresponding to a 3—connected or a bond or
a cycle component. This accounts for the terms,

Tlay, D*, D7)+ Ny[ay, DY — PT—by, D™ — P~ — 4]+ M[ay, Dt — ST, D~ —S~] in the
above equation. The second term of (3.16) corresponds to distinguishing an edge
between a 3—connected component and a bond component or a bond component
and a cyclic component or a cyclic component and a 3—connected component or a
two 3—connected components. This accounts for all the terms with in curly brackets
in the above equation. The third term of (3.16) corresponds to distinguishing a

symmetric edge. A symmetric edge in this decomposition can only be between two

2
) a1+ %, D]

3—connected components. This accounts for the term <
in the above equation. Also, since B denotes all blocks and a single edge 1s a block
but not a 2—connected graph, we have the last term %(a%bl + azcq) to balance both
sides of the equation.

The handling of the cycle index sums becomes computationally too difficult for
both storing and computing. This calls for inversion of cycle index sum technique.

We choose pu(z,y), v(z,y), e(x,y) and 6(z,y) in such a way that
DF [z, p(w,y), v(z,y)|= 6(x,y) = D¥[w,y,y)= D¥[z,y,y] +y = D[z, y,y]
and (3.75)
D[, p(w,y),v(z,y)]= e(z,y) = D7[2,y,yl= D™ [2,y,y] +y = D" [z,y,y].
Composing (3.74) on both sides with [z, g, v] and using (3.75), we get,

Blz,p,v] =T[x,6,¢] + Ny [w, (DY — Pz, p,v] — py (D™ — P7)[x, pt,v] — 1/]
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—I'M [$,5—S+[$,/L,Z/],6—S_[l’,,u,l/]]

- {T[m,ﬁ, ¢ oﬁl [:v, (DY — Pz, p,v] — py (D™ — P7)[z, pt,v] — 1/]

+ ﬁl [;z;, (DY — PH)[z,pyv]) — pt, (D™ — Pz, p,v] — 1/]

OM[;L',5—S+[:L',[L,V],6—S_[;U,[L,Z/H

— — 1_\ —
+ Tz, b,¢]o M [:x,(S — Stz p,v], e — S [z, p, 1/]] + §T[:r;,5, elo Tz, b, ¢

+ Sl ¥e, 6.+ o [1710,8.d) + G (ule ) + v12.0)

We note that by virtue of our choice of power series for inversion, in each equation
similar to this for all other three classes that we wish to count, there will be terms
involving 7" which will be exactly like the ones we have here. So we would like to
rearrange this to write as,

. 2

T[z, 8, - %T[:c,fs, o Tlz,6,¢+ %ag[T+[5L‘,5, ]

= Ble,p,v] — Ny [2,(D* — Pz, p.v] — i, (D~ — Pz, p,w] — 0]
— M [£,6 — S*[z, g vl e — S, ]

+ Tz, 8,0 Ny [2, (DY — PH)a, p,v] — p, (D™ — Pz, pyv] — ]

+ ﬁl [:1:, (DY — PH)[z,pyv]) — pt, (D™ — Pz, p,v] — 1/]

oM [:L',5— S+[:L',[L,l/],6— S_[:L',[L,Z/H
_ _ 2
+ Tle,6,d 0 M [2,6 = 5* [, pv]e = S [e. 0] = S(ula,y) + v(z.y))- (3.76)
For each class of graphs, first p(z,y) and v(z,y) will be computed. Then corre-
sponding n(x,y), 6(z,y), €(x,y), Bz, u,v] are computed and supplied in the equa-
tion (3.76) and in the equation corresponding to this for the class of graph. Since
the LHS of both the resulting equations look the same, as mentioned above, by

rearranging, we get a relation for the counting series for the graph. If we get n(z,y),

6(z,y), (x,y) and B[z, p,v] in terms of K and its derivatives, since (3.29) through
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(3.32) are available for explicit computations, given p(z,y) and v(z,y), it is possible

for one to compute each of the four power series.

§3.3 Deriving reversion power series

§3.3.1 6(z,y)
Since D' contains all non-empty positively edge-rooted blocks, we can write
2 0B

1

Composing [z, 1, v] on both sides of this gives,

D%l = 8(r9) = (1 + ) S5 9 ] = 1.

2 0B
This can be written as 1 + 6(z,y) = (1 4 p(z,y))— " a@b [z, p, v].

Let n(x,y) be such that a;C’[n, p,v] = . (3.77)
To see that such a series exists, define the order of a term in a cycle index sum
to be the exponent of z resulting from the substitution a; < z7; then

a1C' = a; + aib; + (terms of higher order).

Now (3.77) is equivalent to n(z,y) = z — (a1 C’ — a1)[n, p, v},

which can be seen to define n(z,y) iteratively in powers of x. One has 5(0,y) =0
to start; having found 5(z,y) through powers of "', substitution in the right
side gives n(x,y) correctly through the coefficient of z".

Then composing [n, i, v] on both sides of equation (3.23), we get,

oC 0B 0B

a—bl["’”’ v] = b, —[a1C’, by, e][n, p,v) = b, -z, p, V).
2 0C

Therefore, (14 6(z,y)) = (1 ‘|‘H($7y)) 200 =1, 1, v].

s _ 214 6(,y))
Rearranglﬂga 6—61[777’u7l/] o 2(1 + y(:z:,y)) '

Composing, [n, i, v] on both sides of (3.27), we get
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oK oC
a—h[n,lﬂt,liﬂ/]—ab [, 1, V]K[n,1 4 p,1 + v]
(14 6(x,y))
= Kn, 14+ up,1+v.
20+ e, y)) L
. 0K
e 25 (G0 )b 14 ] = (1 8 KT 1+ 01 40),

Adding and subtracting 1 on right hand side K we get,

2 (G )1 401 = (14 8L0)) 4 (1 8 ) K = D1+ 1 401

S +1= 2 (0 ) 1 4] = (1 B ) (K — D1+ 1+ )
Let F(z,y)= (K —1)[n,1 + u, 1 +v].

0K

2
Then é6(z,y)+1=— < D0

) 1+, 1+ v] = (1 +6(z,y)) F(z,y).

This can be written as

n(z,y)

x

> 3 <bg€{> (1,14 1 4 0] = (L4 8(, 9)) Pz, y).

(3.78)

5(;z;,y)+1:<

§3.3.2 ¢(x,y)

Similarly, since D™ contains all non-empty negatively edge-rooted blocks,

we can write,

D-=(+e) 228

aq 0JCq
Composing [z, i, v] on both sides gives,

_ 2 0B
D [wvﬂvl/] = e(a:,y) = (1 + l/(l’vy))ﬁa—cl[l'huvl/] - L

le, 1+ e(z,y)=(1+ Z/(x,y)) 2 ZB [, p,v].

Then composing [n, i, v] on both sides of (3.24), and using (3.77), we get

oC 0B 0B
8—cl[n’”’y] = der [a16’ 51701][77 s V] = 87[1’7/%1/]-
8(3’

Therefore, 1 + e(z,y) = (1 + l/(l’ay)) [77 fv].
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2?(1 + ¢z, y))
21 +v(z,y))

oC
Rearranging, 8—61[7], p,v] =

Composing [n, i, v] on both sides of (3.28), we get

0K oC
- 1+pl+v]=——[npv]Kn1+pl+v]
@cl aCl
(1 + €(z,y))
= Kin, 1 1 .
2(1 —I—l/(l',y)) [777 —I_M? —I_l/]
) 2 0K
1.e., ﬁ (cla—c) [777 1 —I' ;le —I_ l/] = (1 —I_ 6($ay))K[777 1 —I_ :le —I_ l/]'
1

Adding and subtracting 1 on right hand side K we get,
2 0K
Cla—c [7771‘|'M71‘|‘V]:(1‘|‘6(l’ay))‘|‘(1‘|‘6($ay))(K_1)[7771‘|‘M71‘|‘V]
1
2 0K
E(LL',y)—I- 1= ; cla—c [7771+M71 —I'l/] - (1 —|—6(l’,y))(K— 1)[7771+:u71 —I_l/]
1

2

2 0K

Then 6(1’,y) +1= ﬁ <cla—c> [7771‘|‘ :le—l' l/] - (1 + 6($7y))F(‘T7y>‘
1

This can be written as

(=%, 9°)

o+ 1= (M) 2 (@85 1] - (4 o) o)

as acl

(3.79)

§3.3.3 7n(x,y)

Now, composing [n, i, v] on both sides of (3.26), and using equation (3.77)

K
we get, vK[n, 1+ p,14+v]= <a1%> 7,1+ p, 1 4+ v]. Adding and subtracting
1

1 on LHS K and adding and subtracting a; on RHS, we get,

oK
r+a(K = 1), 1 +p1+v]=n(z,y)+a <87—1> [, 1+ p, 14 v].
1

This on rearranging,

oK
77(1’,3}):J/’—I-J/’(K—l)[?],l—l-,u,l—l-l/]—al <87_1) [7771‘|‘/%1‘|‘V]
1

This can be written as,

0K
n(z,y) =z +zF(z,y) —a <—aa - 1) 14+ p,1+v] (3.80)
1
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§3.3.4 DB(z,y)
Now, expanding equation (3.22), C = a;C’ + B[a1C'] — (a:C")B'[a,C"].
Rearranging this, B[a;C'] = —a;C’' + C + (a,C")B'[a,C"].
Composing [n, i, v] on both sides and using (3.77),
Blz,p,v] = —x 4+ Cln, p,v] + B[z, p, v]. (3.81)

Now, composing [n, iz, v] on both sides of equation (3.21) and rearranging

we get, n(:l:;,y) = exp (— Z %[B/[.TL‘,;L, l/]]) :

i>1

k
Then by M6bius inversion (3.2) Z %ak [10g (W%Z’ﬂ)] = —B'[z,p,].

Z
E>1

Also, composing [, s, ] on both sides of equation (3.19) gives

Kln, 1+ p,1+v]=Gln, p,v] = exp (Z %[C[mm V]]) ;

i>1

k
Then by Mébius inversion (3.2), Z ,u(k )ak[log(K[r], 14 u, 14 v])] = Cln, u, v].
k>1

So that equation (3.81) becomes,

Blr.no] = —r+ 3 Mo flog (K. 1 4 1 4]

k>1

g (120

E>1
This can be written as

Blz,p,vl=—z+) @ {ak[log(K[n, 1+ p, 1+ v])] — zay [log (@)] } .

E>1

Let log(K[n, 14 p,1+v]) = Zfz(y);t:l and log <M> = Z ei(y)z'.

; T
>0

— zay [ Z ei(y);z;i] _ Z fk(yk)l,ik_ Z ei(yk)ka-l‘

0<i<n 0<i<n 0<i<n

Then ay [ Z fily)z'

0<i<n

Thus,



k>0 n>1 \ki=n kei=n—1

Since fo(y) = 0, Ble,p,v]+2=3 { 3 “(kk)fz(yk) @ i ’“)} "
n>1 \ki=n ki=n—1

(3.82)

§3.4 Deriving counting series for 2—connected graphs

Expressions for S*[z, p,v], S~[z, u,v], (DY — P*)[z, p,v] — p(z,y) and

(D™ — P7)[x, p,v] — v(z,y) are needed to substitute in the final counting series of
each of the classes of graphs. Further, S*[z, u,v] and S~ [z, u, v] are used along with
their counter parts in each class of graphs to compute the corresponding p(z,y) and
v(x,y). Since all these four power series are common to all three classes graphs that

we wish to count, we will list their derivations here.

§3.4.1  ST[x, u,v] = p(x,y)
Now, from (3.51), S* = M*[a;, DT — S*, D~ — S7].

alb%
1-— aq bl

Substituting for M, from (3.35), we get, ST = [a;, Dt — ST, D™ — S7].

Cll(D+ — S+)2
1-— al(D+ — S+)

Or, S*=aSH(D* — %) + ay(D¥ — S*)? = ay(D* — SH)(S* + D+ — §%).

Expanding this we get, St =

Thus, St = a (DT — ST)D*.

This on composition on both sides with [z, i, ] becomes,

ple0) = 26(e){ 8e.9) = plo) | where, o) = 3 plo)e’ = 570

i>0

Solving for the nth term of p(z,y), we get,

with po(y) = 0 and pi(y) = So(y)(o(y) — pol(y)) = do(y)* . (3.83)



§3.4.2 S [zr,p,v] = s(z,y)
On the other hand, from (3.52), S~ = M~ [ay, DY — S*, D™ — S7].

Substituting for M ™, from (3.36), we get,

_arby + azbyc

g-
1 —'dgbg

[Cll,D+ — S+,D_ — S_]

Expanding this,

a1(DF — SF) 4 ay(Dy — S7) (D™ — 57)
1 —ay(DF — S5)

= ay(Df — SHS™ + a1(DF — SF) + ax(Df — SHH(D™ — S7).

5 —

ie., ST =a(Df — S+ ay(DF — SH)D™.

This on composition on both sides with [z, i, ] becomes,
sta) = o{ ) = et ) | el {60t - i) |

where, s(z,y) =Y si(y)a’ = 5[, p,v].

i>0

Then for n > 1,

saly) = ) {5k—1(y2) _pk_l(yQ)}@n_%(y) and

1<k<n

sMH@>=@@%—pAfy%}j{aqwﬂ—pmmfﬁ@Mk%@;

1<k<n

with so(y) = 0 and s,(y) = 8o(y*) — po(y?) = So(y°) .

§3.4.3 DT — PT
Now, from (3.53), PT = N{[a;, DT — P — b, D™ — P~ — ¢].
Substituting the expression for N;" from equation (3.47) in this,
Pt = {(1 + b7) exp (Z %) — (14087 — bl} la1, DY — P — b, D~
i>1

This becomes,

69

(3.84)

— P~ —-Cl].
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Pt =(1+4b)exp (Z%Uﬁ — pt _bl]) — (14 b)) — (DY — Pt — ).

i>1

$ e ey - PO D Pty Dt
; T 1+ b T o146,

Then exp (

i>1

' 1+ DT
Then by Mébius inversion (3.2), DT — PT — b, = Z IM(-Z)GZ' [log < 1—:_ b )] .
' 2 1
1>1

This on composition with [z, u, v] becomes,

(D — PY)[z, v Z” [ (%)] (3.85)

i>1

§3.4.4 D~ — P~
Now, from (3.54), P~ = Ny [ay, DT — P* — b, D™ — P~ — ¢4].

Substituting the expression for N from equation (3.48) in this gives

P_:{(l—kc’l‘)exp(Z G Z ) 1—|—cl—|—cl)}

7 odd 7 even

[a17D+—P+—bl,D_—P_—Cl].

This on expansion becomes,

P‘zﬂﬁwﬂ{wp(ij%w_—P_—qu2:%w+—P+—h0}

7 odd 7 even

—(1+ D —P).

This on rearranging becomes,

exp (Z %[D_ — P — ]+ Z %[D+ — Pt — 51])

7 odd 7 even
PP 4+ 14D —P"  1+D"
N 14 ¢ RN
k 1+ D~
Then by Mébius inversion (3.2), kz;d 'M(k )ak [bg ( 1—:_ o >]

_Zu Z%D _P__CIHZ@Z%[zﬁ_PJr_bl]

k odd 7 odd k odd 7 even
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=Y %[D‘—P‘—cl]z:@—l- > %[D+—P+—51]Z“(,i)

t|lm m even

=D~ P —al+ Y ‘;i:[m — Pt —by).

E>1

Therefore, D™ — P~ —¢; =

()],

m=21te >0

k odd

This on composition on both sides with [z, s, v] and using equation (3.85),

(D_ _P_)[Q;vﬂal/]_l/(‘rvy):

Sl ()] -2 w s el ()

it o0 ™ 1+ p(z,y)
(3.86)

§3.5 Some routines

In later chapters we will assume the existence of some pieces of code. These are

listed here.
§3.5.1 E1(H(z,y),3(x,y))

Let H(z,y) =exp (Z %[ﬂ(l’,y)]) :

i>1

Taking ;L’2 on both sides,
Ox

;z;;—w(ﬂ(m y)) H % (z y))]

52>
:H:z:yzzj

21
n
ie., n(y)x )
n>1 n>0 >1 j>1

(o) (g () )

Solving for the nth term of H(z,y), we get,

m|)—\

(]
=

Bily
(zm )



H,.(y) = % Z H,—x(y) { Z Jﬂj(?/)} ;

1<k<n ij=k

with Ho(y) = 1; Hi(y) = Ho(y)B1(y) = B1(y).

We call this as routine E1(H(z,y), 3(z,y)).

§3.5.2 E2(M(x,y),B(x,y),v(z,y))
Let M(z,y) = exp (Z %[ﬂ(m,y)] + Z %[’Y(JJ,H)]) )

Taking xi on both sides,
Ox

l’%(M(fE,y)) = M(z,y) (Z D iBiyH)a T+ Y vy

¢ even j>1 todd j2>1

Solving for the nth term of M(x,y), we get,

B;(yt), if i is even
Mo (y) :% Y Maily) Y {]ﬂ (y,) }

1<k<n ij=k | Jvi(y"), if ¢ is odd

with Mo(y) = 1; M1(y) = Mo(y)v1(y) = 7 (y).

We call this as routine E2(M(z,y), B(z,y),v(z.y)).

§3.5.3 MP(A(z,y),5(z,y))

Let A(z,y) = M*[z,3,7] =

1_(1161['17/[377] =

= zA(z,y)B(z,y) + =B(z,y)".

- .TL‘,B(CL’,y)

Solving for the nth term of M(xz,y), we get,

) = Y LA sl + s

1<k<n

with Ao(y) = 0; A1(y) = Bo(y)Bo(y)-

We call this as routine M P(A(z,y), 3(z,y)) .

alb% ‘Tﬁ(xvy)Q

72

(3.87)

) |

(3.88)

(3.89)
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§3.5.4 MN(A(x,y), (2, y),v(x,y))

Let A(z,y) = M [z,3,7] = ML&Z:M[%&V]-

I — agby
Then A(z,y) = 2’ A(z,y)8(2% y*) + z8(2% y*) + 2°B(2*,y*) (2, y)

:xmﬁw%+ﬁmﬁw%{aaw+waw}
Solving for the 2nth term of A(x,y),

Agn(y Z Br_1( {AZn 2k (Y )+72n_2k(y)}-

1<k<n

Solving for the (2n 4 1)th term of A(xz,y), we get,

A1y Z Br—1( {A2n+1 2k (Y )‘|’72n+1—2k(y)}7 (3.90)

1<k<n
with Ao(y) = 0; A1(y) = Bo(y?).

We call this as routine MN(A(x,y), B(z,y),y(z,y)) .

§3.5.5 MOP(R(z,y), (x, y))
Let R(z,y) = M [z, 3,7] = ((21&1_[)1@1 by )? 1h)
y(228(x,y) — 2*B(z,y)*)
(1 —zpB(z,y))?

= R(z,y)(22B(z,y) — 2°B(z,y)?) + y(22B(z,y) — 2*B(z,y)?)
= 2zyB(x,y) + 22 R(x,y)B(x,y) — 2*R(x,y)B(x,y)* — ya’B(x,y)*

So that, for n > 2,

Ru(y) = 2yBna(y -I-QZRnk )Br-1(y)

[z, 3,7].

Then R(z,y) =

1<k<n
_ZRnk Zﬁ ) Br—2—r(y —yZﬁn Y)Br—2(y
2<k<n 0<r<k=-2 2<k<n
with Ro(y) = 0 and Ri(y) = 260(y)(Ro(y) + y) = 260(y)y. (3.91)

§3.5.6 MON(R(x,y).3(z,y))

cagbg z2p(z2, y?
Let R(z,y) = Mla, 8,7] = 9 yrpt )

- $2ﬁ($27 y2>

[ﬂ,]—
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= R(xay)$2ﬁ2 + y$2/32'

So that, for n > 1, Ran(y) = yBa-1(y’) + > Be-1(y*) Ranak(y)

and R2n+1 Z ﬁk 1 R2n+1 Qk(y) Wlth Ro(y) = Rl(y) = 0 (392)

1<k<n

§3.5.7 MO(R(z,y),B(x,y),v(x,y))

Let R($7y) = M0[$7577]'
_ {2(“%6?“16% GQCT(ale —|— CLQbQCl) }[x /3 ’y]

1 —aib) 2(1 — aghy)
Bl Bty + et )
2(1 — zfB(z,y)) 2(1 — 223(22,y?)) ’

i, R(1 —zB)(1 — 2%8;) = %{(1 —22B)2° By + (1 — 28)z?y(x By + :z:%v)}
Or, R =3 {2:1:252]% +22RA(1 — 2°By)
+ 21— a8 + (a7 — 298 o+ 5%B) |
Expanding and collecting coefficients,
R(z,y) = %{Qxﬁ]% +22°Bo R + 2%(y* — 26:8R + yf2)

+ 2y Ba(y — B) — 2y BaB(5B + 7)}-

Then Ro(y)=0:  Faly) = 5 Ro(w)foly) = 0.

Ron(y :{ Zﬁkl YR2n—k(y +225k1 YR2n—2k(y)

1<k<2n 1<k<n

+ Y yBa()Back(y) =2 Y Bema?) D Be(y)Rancr—ak—r(y)

3<k<2n 1<k<n 0<r<2n—-1-2k
+ Z Y Br—a( {’an k(Y )—52n—2k(y)}
2<k<n

=3y Y ﬂ2n—1—2k_r(y){%(y)—I—ﬂr(y)}}.

2<k<n 0<r<2n—-1-2k
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Ronti(y) = { Z Br—1(y)Rant1-x(y) + 2 Z Br-1(y*) Rans1—2k(y)

1<k<2n+1 1<k<n

+ Z yﬁk—a(y)ﬁhﬂ—k(y)

3<k<2n+1
=23 Ba(y?) Y Be(y)Ranmzker () + yBaca ()
1<k<n 0<r<2n—2k

+ Z Y Br—a( {72n+1 2k (Y )—/32n+1—2k(y)}

2<k<n

IR ﬂzn—%—r(y){%(y)—I—ﬁr(y)}}.

2<k<n 0<r<2n—2k

et — 3 if 2|n
2=l stherwise

2

Then for n > 2,

R.(y) = %{Qﬂo(y)Rn—l(y) +261(y) Rn—2(y)
+ Y {200 Rakl0) + s}

3<k<n

+ Qﬂo(yZ){Rn—Q(y) - Z ﬁr(y)Bn—S—r(y)}

0<r<n—3

+ Y {zgk o { k() — Y ﬂr(y)Rn_l_zk_r(y)}

2<k<m 0<r<n—1-2k

+ yﬂk—g(yQ){fYn_Qk(y) - ﬁn—Qk(y) - Z 5n—1—2k—r(y){7r(y) + ﬂr(y)}}}

0<r<n—1-2k

+{yﬂm_1(y2> if 240 }} (3.93)

0 otherwise

§3.5.8 MI1P(R(x,y),B(x,y))
2 213 * 2772
Let R(z,y) = M [z,8,7] = {albl alb(ll—l__Qaallbbll)b; aibiby }[1’7 B,9].

ie., R(z,y) = R(x,y)(22B(z,y) — 2*B(z,y)?)

+ 2f(z,y)* — 2*B(z,y)’ + 22y B(z,y) — 2’y Bz, y)?



76

= 2ayB(x,y) — 2y B(x,y)* + xB(z,y)(2R(x,y) + B(z,y))
— 2*B(x,y)*(R(z,y) + B(x,y)).

So that, for n > 2,

Ro(y) =2B,a(y) —y Y Bea(y)Busaly) +

1<k<n—-1

+ Y Beea(y)2Ruci(y) + Buk(y))

- §j<m%qw+@Hﬁwn{§j/umm44@}

= 2yBn-1(y) + Bn-1(y)(2Ro(y) + Bo(y))

+ Z {—yﬁk—l(y)ﬂn—k—l(y) + Br-1(y) 2Rn—i(y) + Br-k(y))

1<k<n—-1

— (Rp—p-1(y) + ﬁn—k—l(y)){ Z ﬁr(y)ﬂk—1—r(y)}}-

0<r<k—-1

Since Ro(y) =0,

Ru(y) = Ba-1(y)(2y + Bo(y))
+ Z {ﬁk—1(y)(_yﬁn—k—1(y) +2Rnk(y) + Bn-k(y))

1<k<n—1

— (Rp—p-1(y) + ﬁn—k—l(y)){ Z ﬁf(y)ﬁk—l—r(y>}}7

0<r<k—-1

with R (y) = 2yBo(y) + Bo(y)(2Ro(y) + Bo(y)) = 2yBo(y) + Bol(y)>. (3.94)

§3.5.9 MIN(R(z,y),[(x,y),v(x,y))

b b 1
th%w:qumﬂ{MQﬂ?iz+Q)

e .1

Le., R(;C, y) = $QR($7 y)ﬁ(:er, yQ) + :L‘ﬂ(:l?Z, y2) + $2ﬂ($2, 92)(’7(3:7 y) + y)
= 2?B(2%,y*)(R(z,y) +v(x,y)) + 2B(2? y*) + 2y (2*, ).

Then Ro(y) = 0 and Ry(y) = Bo(y?) -



7

Then for n > 1, Ry, (y) = yﬂn_l(yZ) + Z ,Bk—l(QZ){RZn—Zk(y) + ’72n—2k(y)}-

Rona(y) = 5n(y2) + Z ﬂk—l(yQ){Ran—%(y) + 72n+1—2k(y)}- (3.95)

1<k<n

§3.5.10 V(g(x,y),a(x,y), B(x,y))

Let g(z,y) = log (W

Taking ;L’aa—x on both sides,
(1 =zp\ [ (I —2B)(~a—zay)r — (1 —za)(—8 —z6;)x
wanten) = (7770 )} (= =d) J
(z — 22)(B+ 26;) — (x — 2*B)(a + xagg)‘
(1= za)(1 = 2)
zf+ 226, — 2B — 22aB, — za — 2o, + 2?af + 23 Ba,
1 —z(a+ B) + 22ap '

Cancelling (1 — z3), we get g, =

Expanding, zg, =

Cancelling zaf3 and rearranging,

Solving for the nth term of ¢g(z,y)

ng,(y) = Z (k — 1)gk—1{an—k + ﬂn—k} - Z (k—2)gr_2 Z o By_p—r

2<k<n 3<k<n 0<r<(n—k)

+ Bna(y) = an1(y) + (0 = 1Baa(y) = (n = Dana(y)

+ ) {ﬂk_Q(n — k)an_r(y) — ar_a(n — k)ﬂn—k(y)}-

2<k<n

Gathering, for n > 2,

gn(y) = %{ Z {(k — Dgr—1(n_t + Bn-k) — (k — 2)gr—2 Z o, Bn_k—r

0<r<(n—k)

+ Br—2(n — k)an_(y) — ar—2(n — k)ﬂn—k(y)} +n(Bn1 — an—l)}7 (3.96)

with go(y) = 0;91(y) = Bo(y) — ao(y).

We call this as routine V(g(z,y), a(z,y), 8(x,y)) .
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§3.5.11  W(P(z,y),B(z,y),v(z,y))

aiashscy atayb’ a2byc?
Let P = 3, ~].
¢ (:an) {2(1 — agbg) —I_ 4(1 — ngg) —I_ 4(1 — Clgbg) [1?7’377]
Then P(z,y) =
1

T (22 1 ) + S o) |

Bringing the RHS denominator to LHS and rearranging, we get,
1
P(z,y) = $2P($7 y)ﬁ(l{ y2) + 53;37(*7;7 y)ﬁ(ljv yQ)
Uoapia 22, 2002 ,2
—I'Z:E ﬂ(m 'Y ) —I_Z’y(xvy) /3($ 'Y )
Collecting the common terms,
2

Play) = 2012 Plav) + Jorloan) + 125000 + (e

Solving for 2nth coeff of P(z,y),

* {PQn—Qk(y) + l'YZn—Qk—l(y) + iﬂn—kq(ﬁ) + i Z ’7r—2(y)’72(n—k)—r(y)}.

2
2<r<2(n—k)

Solving for (2n + 1)th coeff of P(z,y),

1 1 1
* {P2n+1—2k(y) + _’72(n—k)(y) + -0+ Z Z ’YT—Q(y)’YZ(n—k)—T—}—l(y)}'

2 4
2<r<2(n—k)+1

%, if 2|n

Letting m =

”2;1 , otherwise

allows us to rewrite both these equations into single equation as,
1
Pn(y) = Z 5k—1(y2){ Pn—zk(y) + 5%_1_%(3;)

1<k<m
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l'ﬂ_k_l 2 , if 2|n
( > %_z(y)%_zk_r(y)> + (452 ) 2 )}, (3.97)

2<r<n—2k 0, otherwise

=

_|_

with Po(y) = Pi(y) = 0; Pa(y) = Bo(y*) Poly) = 0.

We call this as routine W (P(z,y), 8(z,y),v(z,y)) .



CHAPTER 4

Counting unlabeled minimally 2—connected graphs

§4.1 Initial derivations

In this section, we first derive ¢(x,y) and t(x,y). Then using p(z,y) and s(z,y)
derived in 3rd chapter, we derive equations to express y(x,y) in terms of p(z,y) and

q(z,y) and v(z,y) in terms of s(z,y) and t(z,y).

§4.1.1  St[z,y,y] = q(z,y)

A

Recall (3.57), St = M*[ay, by + Dt — St ¢, + D~ — §7].
. Cllb%
N 1-— Cllbl
ar(by + D+ — S"’)Q
1 —ai(b + D+ — 5”‘)

SO that, »§+ = al(bl —|— D+ — §+)S+ —|— Cll(bl —|— b+ — S+)2

Substituting for M* from (3.35), St [a1,b; + DY =St ¢; + D~ — 5],

Expanding this gives, St =

= ay(by + Dt = SH)(S* + by 4+ DT — 5%

= ay(by + DT — S*)(by + DT).
Composing both sides with [z, y, ] this becomes,
i) =o{y+ o) = ate o+ {u + e |

where, ¢(z,y) = Zqz'(y)l’i = §+[$7yay]'

i>0

Thus, q(z,y) = xy® + 2zyd(x,y) — zyq(z,y) + 26 (z, y){5(l’7 y) — q(=, y)}-

Solving for the nth term of ¢(z,y), gives, for n > 2,

80
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w0 =r{2s) - 0+ Y G -} @

with go(y) =0

§4.1.2 S7[a,y,y] = i(e,y)
Also, recall (3.58), S = M~ [ay, b1 + Dt — 8t e+ D — S_]

Substituting for M~ from (3.36),

A b b A A A A

S_ = —al 2 + 429261 [Cll,bl + D+ — S+,Cl + D™ — S_]
1-&262

g_ . a1(62 + D;— — S;) + GQ(bQ + D; — S;_)(Cl + D™ — S_)

1—02(62+D;—§;)

Expanding,

So that, S™ = ay(by + DF — S5)S™ + ay(by + DF — 5F)
+az(by + Df = SF)(er + D™ = §7)
= ai(by — DF — 5§) + aa(by + DF — S )(er + D7)
= (a1 + ax(c1 + D7))(by — Df — SF).

Composing both sides with [z, y, y] this becomes,

t(z,y) = {l‘ + a2y + é(way))} * {?f —6(2*,y*) — q(a”, yQ)}

where, t(z,y) = Zti(y)xi = S_[$7y7y]'

i>0

Or, t(z,y) = zy° + 2°y° + 2°y’e(z, y)
#{e vty e} {oen ) - et
Then collecting the odd and even terms, for n > 2,

tan(y) = 62n—2(y)y2 + y{5n_1(y2) - Qn—l(yQ)}

b Y {07 — ) s

1<k<n

tons1(y) = 62n—1(y)92 + 5n(y2) - qﬂ(yQ)



with o(y) = 0;t1(y) = y* + So(y*) — q(v?) = v

and t2(y) =y + coly)y” + (y + eo(y)){5o(y2) - QO(yQ)} =y

§4.1.3 Dt — P+
Recall (3.59), Pt = N+[a1,f)+ —Pt.D — ]5_]

Substituting for Nt from (3.44) gives,

A b’L A A A A
Pt = {exp (Z —,> —(1+ bl)}[al,D+ — P*, D™ — P7].
2

i>1

On expansion this becomes, PT = exp (Z —[D* — P+]) — {1 + (Dt — P+)}.
i

i>1

biony s . .
Or, eXp(Z—,[D+—P+]):P+—I—1—I—D+ Pt =1+ Dt.
2

>1

Then by Mébius inversion (3.2), D — Pt = Z i a;[log(1 + D+)]

>1

Composing both sides with [z, y, y], gives

(D — 2 )eyu) = 3 M Daflog(1 + (2]

i>1
§4.1.4 D — P~
Recall (3.60), P~ = N_[al,b+ — Pt D — ]5_]

Substituting the expression for N~ from (3.45) in this gives
p_:{exp (Z 4 Z ) 1—|—c1)}[a1,f)+—]5+,f)_
¢ odd ¢ even
On expansion this becomes,
P = 1+ D™~
o (500701 3 - ) -0

This on rearranging becomes,

)

).
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(4.2)

(4.3)
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exp(ZZ +Z ) P~414D —P =1+D".

7 odd i even

Then by Mébius inversion (3.2),

“ axflog(1 + D™)] = ZMZ“*[D—_P—]

1~ ik
k odd k odd 7 odd
w(k ooa .
30 S e
k odd 7 even
=N Gy pe S0
-y gy
m odd i|lm
- . w(2)
mipt - pt 7
! mzev:en m [ ] | de t

~ ~ a ~ ~
=a[D” - P71+ Y Qi:[m — Pl

k>1
A— _ H— _ pu(k) - Am i+ Dt
Therefore, D™ — P~ = Z p agllog(l1+ D7)] — Z E[D — PT].
k odd m=21t¢ e>0
Composing both sides with [:1: y,y| and using equation (4.3)
. M

(D™ = P7)[z,y,9] ar[log(1 + e(z,y))]

k odd

1 Il
- Z — 5 )azm[log(l +6(x,y))] (4.4)
m=21te >0 i>1

§4.1.5  p(z,y)

Now, rearranging, (3.49), gives
T*[ay, D*, D] = D* — N[y, D¥ — P* — by, D — P~ —¢1] — by
~ M*[ay, D* — 8%, D" — §7].
Applying (3.53) and (3.51), on RHS of this gives
T*[ay, D¥, D] = D* — P* — b, — S+,
Composing with [z, g, v] and using (3.75) gives
T+a,8,d = (D — P¥){o 0] — () — 7T, o). (4.5

Also, rearranging (3.55) gives
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TH[ay, DY, D7) = Dt — Nt[ay, Dt — P, D™ — P~]
— M*tlay, by + Dt — 8 ey + D™ — 57].

Applying (3.59) and (3.57), on RHS of this gives T+[a1,ﬁ+,ﬁ_] = Dt — pt — 5+,
Composing this with [z,y,y], and using (3.75), gives
T*z,8,¢] = (D¥ = P¥)[e,y,y] = 5¥[z,y,y]. (4.6)
This along with (4.5), gives
(D¥ = P, p,v] — p(z,y) — SHa, p,v] = (DT = PH)[z,y,y] — 5[z, y,y].

(4.7)

" §+[$7yay] - S+[xafuvl/] = (ﬁ+ - f3+)[$7y7y] - {(D+ - P+)[$7:ual/] —/L(:E,y)}

=3 @ai[log(l +6(z,y))]

50 g (L] 13103,

-y 10 o Hog(1 + u(a, y)].

2

Then by Mébius inversion (3.2),

L+ p(z,y) =exp (Z %[é+[$7?¥ay] - S+[;c,,u, V]])

i>1

= exp (Z %[q(l’, y) — p(z, y)]) : (4.8)

i>1

Thus, p(x,y) can be computed using E1(1 + p(z,y), q(z,y) — p(z,y))

with uo(y) = 051 (y) = i(y) —p(y) = y* = 0 =y

§4.1.6 v(z,y)
Now, rearranging, (3.50), gives
T_[Cll,D+,D_] =D — N1+[Cl1,D+ — P+ — bl,D_ — P — Cl] — C1

— M~ [ay, DT — 5%, D™ — 57).
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Applying (3.54) and (3.52), on RHS of this gives,

T [ay,D*, D] =D~ — P~ —¢; — 5.

Composing this with [z, g, v] and using (3.75) gives,

T7[x,6,¢) = (D™ — P7)[z,p,v] —v(z,y) — S [z, p,v]. (4.9)
Also, rearranging (3.56) gives

T~ [ay, DY, D7) = D~ — N~ [ay, DY — P*, D~ — P]

A

—M_[G,l,bl —|—D+ — §+,Cl —|—D_ —S_]

A

Applying (3.60) and (3.58), on RHS of this gives T_[al,f)"',f)_] =D —P -5
Composing this with [z, y,y], and using (3.75), gives

T~[z,6,6 = (D™ = P7)[z,y,y] — 5[z, 9, ). (4.10)

This along with (4.9), gives

A

(D™ — Pz, p,v]) — v(z,y) — S [z, p,v] = (D™ = P7)[z,y,y] — S [z, 9. y].
(4.11)

A A A

" S‘[a:,y,y]—S‘[x,u,zx] = (D_ —P_)[:z:,y,y]— {(D_ —P_)[a:,,u,z/]—z/}

= Z ﬂ(kk) agllog(l + e(z,y))] — Z %Z @aim[log(l +8(z,y))

k odd m=21te >0 i>1

b G T A b )

k odd m=21te >0 >1

from (3.86) and (4.4).
ie., t(z, y) —5(:1: Y)

= Z i ak [log(1 + v(z,y))] — Z Z —sz[log (14 p(z,y))]

k odd =21+e, e>0 >1
u( am
= Z ak log(1 4 v(z,y))] — Z —[q(z,y) — p(z,y)].
k odd m=21%¢ >0 "

Y M i fog(1 + (o))

k odd



= ai[t(z,y) = s(z, )]+ Y %[Q(%y)—p(%y)]

m=21t¢ e>0

m odd i|lm m odd ilm, 7 odd

_ (k) N\~ air p(k) a;

= > Nl Z — [tz y) = s(z,y)] + > N Z —la(z,y) = plz,y)l.
k odd 7 odd k odd 7 even

Then by Mébius inversion (3.2),

7 odd 7 even
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Y i) - sl D+ Y o) - ple) 3 A

Hmwnm@ﬁwmwmm+z%mwww®.@m

Thus, v(z,y) can be computed using
E2(1 + l/(:z;,y),q(:l:,y) —p(x,y),t(:l:,y) - S(:C,y))

with vo(y) =0, wi(y) =t(y) —si(y) =y* - 0=

§4.2 Main counting equation

Now, using Otter’s dissimilarity characteristic equation(3.16) as in the case

of 2—

connected graphs (3.74), the decomposition of minimally 2-connected graphs can

be written as :

B = Tlay, D%, D] + Nlay, D* — P+, D= — P
b Mlay, by + D* — &+, e+ D™ — &7
_{?mhﬁ+quoﬁmhﬁ+_zﬂ,b—_pq
4 Nlay, D — P+, D™ — P~ o Mlay, by + D — S*,er + D™ — §7]
+ Tlay, D, D)o Mlay, by + D* — §*, ey + D= — §7]
_F%?mhzﬁyb—yyfmhiﬁ,ﬁj
T+[a1,D+,D—]}} + <@) as

a2—|—a
-|-< 14 2>G2

Composing on both sides with [z, y,y] and using (3.75) gives,

T+[ay, DY, D7]|.
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Bla,y,yl = T[xz,6,¢|+ N {l’ (DF = PT)[z,y,y], (D™ - P‘)[x,y,y]}

+M {x,y+5—ﬁ*[wvy,y]vyiré—ﬁ‘[:c’y,y]}

ATt 6,00 ¥ [0 (57 = P)feun. . (07— P

+ N [, (D = P¥)[a,y,9), (D™ = P7) [,y

oM {x,y+5—9+[w7y,y]7y+6—§‘[w7y,y]}

+ Tla,6,do M {x7y+5—3+[$,y,y],y+6—3‘[$,y,y]}

+ %?[1,5, o Tle,6, + %2@ [T+ [a, 6, e]}} + 2y [Tz, 6,]] .
Now, using (3.76) on RHS of this gives
Blz,y,y] = Blz, p,v] = Ny [2,(D* — Pz, p,v] — p, (D™ = P7)[a, p,v] — V]

— M [2,8 — §*[x, p,v] e — S, p, ]

+ Tz, 8, o Ny [o, (D — PH)[a, p,v] — p, (D™ — P™)[a, p,v] — v]

+ Ny [, (DF = PH)[a, ] — (D™ = P, 0] — 0]

o M [2,6 — §%[x, p, V], e — S~ [z, 1, V]

4 Tlobi o M [1,6 = §%[o, 0] e = 5[] = 2 (u(29) + v(,0)

+ N [, (D% = P¥)[a,y,y), (D7 = P7) [,y

+M{w,y+5—§+[l‘7y,y],y+6— S7[z,y, y}
—?m&doﬁPmﬁ+—ﬁﬂuwwuﬁ-—ﬁvuwwﬂ
= N [, (D = Pyl (D7 = P,y
oM {x,y+5—3+[I,y,y],y+6—5‘[rﬁ,y,y]}
—Tla,6,Jo M {x,y+5—§+[rﬂ7y,y]7y+6—5“[x7y,y]}-

(4.13)

Rearranging (4.13) gives



88
Bla,y.y) = Ble.p, v+ N |2, (D* = P¥)la,y,y), (D™ = P7)a,y,y]]

— Ny [z, (DF = P9,y 0] — s (D™ — Py iy 0] — ]

+M {x,y +6— Stz y,yly+e— g‘[ﬂf’y,y]}

— M [2,6 — S*[z, g, ], e — S [z, p, ]

+ Tz, 8, o Ny [z, (D — Pz, o] — o (D™ — P7) [z, p, o]

= Tlo,8, o N |a, (D = P¥)a,y,ul, (D7 = P7)le,y,y]]

+ Ny [z, (DF = PH)[a, ] = p, (D™ = P™) [, 0] — o]

o M [2,6 — §%[x, p, v],e — S~ [z, 1, V]

= N [, (D = P, y,y), (D7 = P7) [,y )

oM {x,y +6— St [z,y,yly+e— 5”‘[SL’,y,y]}

+ Tz, 8,d o M [x,6 — S*[z, 1, v], e — S~ [z, 1, v]]

- ?[1,5, G]OM
2

— () + (). (4.14)

$,y+5—§+[$,y,y],y—|—6—»SA’_[ZL',y,y]}

§4.3 Final counting series

Now, let u(z,y) = (D+ — P+)[$7y7y]‘

Then (4.6) becomes, Tt [z,8, ¢] = u(z,y) — q(z,y). (4.15)
Also by (4.3), u(z,y) = Zuz(y):zzl P @ai[log(l +6(z,y))]
Letting w(z,y) = log(1 4 é6(x,y)), gives, u,(y) = Z @w]‘(yi). (4.16)

Moreover, rearranging (4.7) gives,

(DF = P, p,v] — plz,y) = ple,y) — q(z,y) + u(z,y). (4.17)

Now, let v(z,y) = (D™ — P7)[z,y,y].

Then (4.10) becomes, T [z,6,¢] = v(z,y) — t(x,y). (4.18)
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axllog(1 + (. ))]
- Y Eluley).

1+ (2, y)) gives,

: 1
o)=Y, Tk = Do —ui(y™), where, m = 2% for € > 0.

i-j=n, 1 odd 2|n,m-1=n

(4.19)
Moreover, rearranging (4.11), gives,

(D™ = PO, p,v] —v(z,y) = s(x,y) — t(z,y) + v(z,y). (4.20)
Recall from previous equations,

8(z,y) — S*[x, p,v] = (x,y) — p(z,y),

e(z,y) — S7[z, p,v] = e(z,y) — s(z,y),

y+6(z,y) — Sty yl =y + 6(x,y) — a(z,y),

y+e(z,y)— S [z, y,yl =y + e(z,y) — Hz,y).

Substituting all of these in (4.14), gives,

A

Blz,y,yl = Blz, p,v] ( say, B(z,y) )
+ N[z, u,v] — Ny[z,p—q+u,s —t +v] ( say, Al(z,y) )
+ Mlz,y+6—qy+e—i]—Mz,6—p,e—s| (say, A2(z,y) )
—I—?[:r:,&e]oxfl[x,p—q—l—u,s—t—l—v]
—?[1,5, e]oxf[;z;,u,v] ( say, A3(z,y) )
—|—Kfl[:z:,p—q—l—u,s—t—l—v]o]\?[mﬁ—p,e—s]
—N[w,u,v]o]\?[m,y—l—5—q,y—l—e—t] ( say, Ad(z,y))
-I-?[w,&e]o]\z{[w,é—p,e—s]

—?[w,(S,e]o]\}[;ﬂ,y—l—(S—q,y—l—e—t] ( say, Ab(z,y))
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1,2

= 5 (ulz,y) +viz,y)).

In terms of nth coefficients, for n > 2, this is,

A

B(y) = Bu(y) + Alu(y) + A2,(y) + A3,(y) + A4, (y) + A5.(y)

— %{ﬂn—a(y) + Vn—z(y)}- (4.21)

§4.3.1 Al(z,y)
Al(xvy) = N[:x,u,v] - Nl['r7p_ Q‘I‘ U, s -1+ v]'
Let pgu to denote p — ¢ + v and stv to denote s — ¢ + v.

Then from (3.43) and (3.46), we get

Al(z,y) = %Q{exp (Z %) + exp (Z %—I— Z %)

i>1 7 even 7 odd

u? Ug v? U2
{1 2o 2Y [ - .2
<+u+2+2) <+v+2+2)}

_ %2{(1+;L)6Xp (Z quuz) 4 (14 v)exp (Z pqzuZ n Z Stivi)

>1 7 even 7 odd

u? u stv? u
_ {(1 + 1) (1 + pqu) + pqg + qu 2 + (1 +v)(1 + stv) + 5 + pqz 2}}
Applying (3.87) and (3.88), let T'l come from E1(7T'1,pqu), T2 come from

E2(T2, pqu, stv), T3 come from E1(T3,u) and T4 come from E2(T4,u,v).

ll','2 u2 ’U2
Then, Al(z,y) = ?{TS—I—TZL— <1—|—u—|—?> - (1—|—v—|—?> — Uy

— (L4 )7L = (1 4+ ) T2+ (1 + p)(1 + pgu) + (1 4+ v)(1 + sto)

u? stv?
+ qu + 5 +pun}
$2
= 2 o= T+ )+ st T2+ 0
1
+ §(pqu2 + stv? —u? — v2) —242

—|—(T3—|—T4—|—,u—|—l/—u—v)—|—pqu2—uz}.
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Thus, for n > 2,

1
Al,(y) = 5{ Z {(Pqun—k — Tl ) k2 + (Stvj_p — T2n—k)l/k—2}
2<k<n
1
T3 Z PQUn—kPqUE—2 + StV STVR_3 — Un_pUk—2 — Vn_kVk—2
2<k<n

+ TSn—Q + T4n—2 + Hn—2 + Vp—2 —Up_2 — Up_2

. {pqum(y ) — um(y®), if 2[n for m = <%>}} (4.22)

0, otherwise

§4.3.2  A2(z,y)
A2(z,y) = Mz,y+6—qy+e—t]— M[z,6 —p,e — s].
Let ydg to denote y + 6 — g, yet to denote y + ¢ — ¢,
dp to denote 6 — p and es to denote € — s.

Then using (3.34), gives

{z (=)

2
X
(dp® — ydq®) + Z(dPQ — ydqs)

+ 5 (dp — de) +

(SRR

l’
4
+ T xQ vda) { ~yet - ydgy + 2t - ydg; + tyet® - ydqg}

_4(1—$2-dp2){2$ es - dpy + z* dp§—|—$4-632-dp2}.

Applying (3.96) and (3.97), let T'9 come from V(7'9,dp, ydq),

T10 come from W(T'10,ydq,yet), T11 come from W(T11,dp,es),

A2(z,y) {Z

n>1

2

(Z G T9 ) } + g(dp —ydg) + %(de — ydg?)

i-d=n
2

X
+ —(dp2 — ydgo) + T10(z,y) — T11(z,y).

Then for n > 2,
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A2,(y) = @T%(yd) + %(dpn—l — ydgn_1)
-d=n

.

_'_
Sl

(dpr—2 - dpp—r — ydqr—s - ydqu_i) + T10,(y) — T'11,(y)

2<k<n
{dpm — ydg,(y*), if 2|n for m = (%)

otherwise

(4.23)

with A2(y) = 0 and

A2:(y) = @T%(g) + §(dpo — ydqo)

1 1 1 1
= %(_dpo + ydgo) + §(dpo —ydgo) = Y oY= 0.

§4.3.3 A3(z,y)

—

A3(z,y) = f[w, 6, €| o Nl[w,pqu, stv] = Tz, b, ¢ ON[&:, u, v].

Applying the definition of ¢ from (3.73),

2 2

A3(w,y) = ST, 8, N, pqu, stv] + T [a, 8, Ny [, pgu, stv]

2

2
- %T""[:ﬂ,é, N[z, u,v] — %T‘[w,& )N~ [z, u,v].

Applying (4.15), (4.18), (3.47), (3.48), (3.44) and (3.45), gives

A3(z,y) = g{(u = Q){(l + 1) exp (Z pqlu) — (14 p) —qu}

i>1

+ (v —t){(l + v)exp (Z quuZ + Z St;”) —(1+v) - Stv}

7 even 7 odd

—(u —Q){eXp (; %) —(1 —I—u)}

_(v—t){exp (Z +§d:dvl> (14w }}

1 even

As before, let T'1 come from F1(T'1, pqu), T2 come from E2(T2, pqu, stv),

T3 come from E1(T3,u), T4 come from E2(T4,u,v). Then,
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51?2

A3(z,y) = 5{@ = q){(l + )T = (14 p) —pqu}

+ (v —t){(l +v)T2—(14+v)— stv}

- (u—q){TB— (1 —I-u)} — (v —t){T4— (1 —I-v)}}

1,2

:?{(u—q){(l—l-,u)Tl—(l—l—/L)—pqu—T?)—I-l—I-u}

—I—(v—t){(l—|—1/)T2—(1+y)—stv—T4—|—1—|—v}}.

Thus, for n > 2,

A3,(y) = %{M; 2{ <un—k—2(y) - qn—k—2(y)>

9 (z P11 (0) ) = ) = pndy) = T3) + e |
 (somseaty —_tn:k_xy))

9 (z ) T2i-(0) ) = ) = stonly) — ) + ) |
+tna(y) - qn_;@_) + vnaly) - m@)}- (4.24)

§4.3.4 Ad(z,y)

—

Ad(z,y) = Nz, pqu, stv] o M[z, dp, es] — Nlz,u,v] o Mlz, ydq, yet].

Applying the definition of ¢ from (3.73),

2 2
Ad(w,y) = SN[, pau, sto] M¥ o, dp, es] + 5-N7 [, pgu, sto] M [, dp es]
1’2 LL’Q
- ?N—}_ [SIZ, u, U]M-I_[:L‘, ydga yet] - ?N_[:U? u, U]M_['I? ydgv yet]

Applying (3.47), (3.48), (3.44) and (3.45) gives
2

Ad(z,y) = %{{(1 + 1) exp <z>1: %) —(1+p) — qu}M+[w7dp, es|
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+ {(1 + v)exp (Z pqluz + Z Stl,vi) —(1+v)-— stv}M_[:z:,dp, es|

7 even 7 odd

- {exp (Z %) —(1+ u)}MW%ydq,yet]

i>1

N {exp (Z “7+ 3 ”7) —(1+ v)}M‘[Q:,ydq,yet]}.

7 even 7 odd

As before, let T'1 come from F1(T'1, pqu), T2 come from FE2(T2, pqu, stv),
T3 come from E1(T3,u), T4 come from E2(T4,u,v).
Also, using (3.89) and (3.90), let 7'5 come from M P(T'5,dp), T6 come from

MP(T6,ydq), T7 come from MN(T7,dp,es); T8 come from MN(T8,ydq,yet).

2

Ad(z,y) = %{{(1 + )Tl = (1+p) — pqu}T5

+ {(1 +0)T2— (14v) - 5tv}T7

- {TS —(1 —I—U)}TG— {T4— (1 —I—U)}TS}.

Thus, for n > 2,

{M;_Z{{ > wely) - Thce(y) — ply) —pqwc(y)}  T5,_p_a(y)

0<r<k

Ad,(y) =

DO | =

{5 ) 1200 = o) = ston(o) 4 TTaat)

0<r<k

— (T3p—k—2(y) — un—r—2(y)) * T6.(y)

— (T4 p—2(y) — va—r—2(y)) * T8k(y)} + T6,-2(y) + T8n—2(y)}'
(4.25)

§4.3.5 A5(z,y)

Ab(z,y) = ?[CL‘, 6, ¢|o ]\?[[:x, dp,es| —T|[z,6,¢| ¢ M[CL‘, ydq,yet].

Applying the definition of ¢ from (3.73),
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1,2

2
A5(w,y) = ST, 8, M, dp,es] + ST (0,6, ] M [z, dp, s

1,2

2
— ST (2,6, dM* [z, ydg, yet] — ST (2,8, | M [z, ydg, yel].

Again, using (4.15) and (4.18), gives

1,2

A(z.y) = 7{@ — Mo dp e = Mo, e}

t(v— t){M‘[:z;, dp, es] — M~ [z, yeq, yet]}}.

As before let T'5 come from M P(T5,dp), T6 come from M P(T6,ydq),

T7 come from MN(T7,dp,es), T8 come from M1P(T8,ydq, yet).

2

A5(z,y) = %{(u —)(T5-T6)+ (v—1)(TT7— TS)}.

Thus, for n > 2,

A5, (y) = { 3 {<uk_z<y> — Gialy)) * (T5uily) — T6,-4(y)

DO | =

+ (Or=2(y) — te—2(y)) * (TTk(y) — T8n—k(y))}}- (4.26)

§4.4 Summary of the counting algorithm

In the computations below, power series are computed term by term. At any given

time order n term of each of the power series (except in the case of n(z,y), for which

order (n 4 1) term is computed) is computed one after the other in the sequence

given here, utilizing all its low order terms and all the available terms of the power

series computed before it. Steps are numbered for easy perusal.

1. From (3.83), compute, for n > 2, p,(y) = Z 6k_1(y){5n_k(y) — Pn—k(y)}.

Then from (4.1), compute, for n > 2,

) = 12100 = 60} + Y o) - st .
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Then from (4.8), compute, for n > 2, nth term of p(z,y) using
these in F1(1 + p,q — p).

2. From (3.84), compute, for n > 2, s, (y) using,

saly) = ) {5k—1(y2) _pk_l(yQ)}%_%(y) and

1<k<n

52n+1(y) = 5n(y2) - Pn(y2) + Z {5k_1(y2) - Pk—l(yZ)}ﬁan—zk(y)-

1<k<n

From (4.2) compute, for n > 2, ¢,,(y) using

lan(y) = €2n2(y)y’ + y{5n—1(y2) - qn—l(yQ)}

+ {5k—1(?¥2) - Qk—1(y2)}ezn_zk(y) and

1<k<n

tant1(y) = e2a-1(¥)y* + 6a(y%) — qu(y?)

+ 2. {5k—1(y2) _qk—l(yQ)}QnH—Zk-

1<k<n
Then from (4.12), compute, for n > 2, nth term of v(z,y) using

these in F2(1 + v, q — p,t — s).

0K

3. From (3.80), n(z,y) —z=zF(z,y) —a (@— — 1) [, 1+ p, 14 v],
ay

where F(z,y) = (K — 1)[n,1 4 p,1 4 v]. We compute the nth term F(z,y) by

doing the composition on the terms generated for K.

0K
Let K, denote aq <@— — 1) . Compute the power series
ay

R(z,y) = K.[n,1 + p, 1 + v] by doing the composition on the terms
generated for K,. Compute, for n > 2, the (n 4 1)th term

of n(z,y), using Mg (y) = F(y) — Ruga(y).

4. From (3.78),

(r,y) +1 = (’7“‘””)2% (150 )14 s 4] = (1 8, )) ),
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0K

Let K} denote —; (bl o

> . Compute the power series

S(z,y) = Ky[n,1 + p,1 + v] by composing on the terms generated for Kj.
Then é(z,y)+1 = ( S(z,y) — (1 +6(x,y))F(x,y).

2 s
Let E(z,y) = (" ) Then,

Since Fo(y) =1 and Fo(y) = do(y) = 0, we have,

= Z Sn—i(y) ( Z Er(y)Ek—T(y))

1<k<n 0<r<k
+ 5a(y) - 2 SWFey).
1<k<n-1

This can be written as
Suly) = > {Sn—k(y) ( > Er(y)Ek—r(y)) - 5k(y)Fn—k(y)} +Su(y) — Fu(y)-

5. From (3.79),

o +1= (M) 2 (T8 s 14 ] - (14 o) o)

22
0K

Let K, denote z(
861

> . Compute the power series

T(x,y)= K.n,1+ p,1+ v] by composing on the terms generated for K..

Then, e(z,y)+ 1 = <M) T(x,y)— (14 €(z,y))F(x,y). Then,

22

en(y) = Z Ek(yZ)Tn—Qk(y) - Z ek(y)Fn—k + Tn(y) - Fn(y)

1<k<| 2] 1<k<n—1

6. Let B(z,y) = Bz, u,v]. Then, from (3.82), for n > 2,
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B =Y MWpeh - 3 B8,

7. From (4.3), u(z,y)= ;ui(y):z:i = 3 @ai[logu +6(z,y))].

Let w(z,y) = log(1 + 5(3;,@;)), so that, fr:)m (4.16) u,(y) = Z @wj(yf).
8. From (4.4), )

o(r.0) = Lotw)a' = 3 a1 o = 3T i)

Let h(z,y) =log(1l + €(x,y)), so that, from (4.19)

va(y) = i.j:;Odd'ME—,i)hj(yi) — 2|n7;j:n %ui(ym),where, m = 2'*¢ for, e > 0.
9. Having computed the essential power series, we now compute some auxiliary
power series that are used in the remaining computation. For all n > 2,
Pqun(y) = pu(y) = an(y) + un(y),

ston(y) = sa(y) — ta(y) + valy),

dpn(y) = n(y) — pu(y),

esn(y) = enly) = sn(y),

ydan(y) = 6a(y) — ¢a(y) and

yetn(y) = enly) — tn(y)-

Now, we pass on these into routines K1, K2, MP, MN., V, W to compute
the nth term of power series T'1(z,y) through T11(z,y).

E1(T1,pqu), E2(T2,pqu,stv), FE1(T3,u), FE2(T4,u,v),

MP(Th5,dp), MP(T6,ydg), MN(TT7,dp,es), MN(TS8,ydq,yet),
V(T9,dp,ydq), W(T10,ydq,yet), and W (T'11,dp,es).

10. From (4.22), for n > 2,
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1
Al (y) = 5{ Z {(pqun—k — 11—k ks + (Stv,_p — TQn—k)l/k—z}
2<k<n
1
+ B Z {pqun—kpquk—Z + 8lv,_pStVp_g — Up_pUp_2 — vn—kvk—Z}
2<k<n

+ TSTL—Q + T4n—2 + Hn—2 + Vp—2 —Up_9 — Up_2

| {pqum<y2> — U (y?), if 2[n for m = <—>}}

0, otherwise

11. From (4.23), for n > 2,

d 1
A2,(y) = ) %Ta(yd) + 5 (dpamy — ydgu-1)
i-d=n
1 7 7
7 D (dprez - dpuck — ydas_z - ydgu_i) + T10,(y) — T114(y)
2<k<n

1{dpm(y2) — ydgn(y?) if 2|n for m = (”2;2>}
4

0 otherwise
with A2(y) = 0= A2:(y).

12, From (424), or n > 2,
A3,(y) = %{Z{ (1001200) = a2
-, { (z P11 (5)) =) = pnly) = T3) + e |
t (somseaty —;n:k_2<y>)

9 (Z )T 2(3) ) = 12(0) = stonly) = Thalo) + (o)}

+ Un-2(y) = Gn2(y) + vn2(y) — tn—z(y)}-

13. From (4.25), for n > 2,

1

Ad,(y) = 2{ Z {{ Z pr(y) - Ty (y) — pr(y) — quk(y)} * THn_r—o(y)

0<k<n—2 0<r<k
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{5 ) 1200 - o) — stonlo) 4 TTaat)

0<r<k

— (T3n—k—2(y) = un—r—2(y)) * T61(y)

— (T4 k—2(y) — va—p—2(y)) * T8k(y)} + T6,-2(y) + T8n—2(y)}'

14. From (4.26), for n > 2,

45,0) = 3| 32 {0es) = )+ (T500200) = 76,0400

+ (veay) — toa(y)) * (TToon(y) — Tsn_k@))}}.

15. From (4.21), for n > 2,

Bn(y) = Bn(y) + Aln(y) + AQn(?J) + Agn(y) + A4n(y) + A5n(y)

= %{Nn—2(y) + Vn—z(y)}-

(4.27)



CHAPTER 5

Counting unlabeled 3—edge—connected blocks

§5.1 Initial derivations

In this section, we first derive ¢(x,y) and t(x,y). Then using p(z,y) and s(z,y)
derived in 3rd chapter, we derive equations to express g(x,y) in terms of p(z,y) and

q(z,y) and v(z,y) in terms of s(z,y) and t(z,y).

§5.1.1  S*[z,y,y] = q(,y)
Recall from (3.63), ST = M;[ay, D* — 5, D~ — 57].

Substituting for M;" from (3.41) gives,

o+ _ a1b? — alb} + 2a,bby — albib?
(1 — albl)Q

}[al,[ﬁ I S |

Expanding this and rearranging gives,
G = 9 GH (DY — §4) — a2EH(DY — GV 4 ar (D — G
(D — B 4 2aba (DT — &) — by (DT — &)
— a1 (DY — ST)(2S* + Dt — S*) — o} (Dt — SH2(ST + Dt — §H)
+ 2a1by (DY — S*) — a2by (DT — §1)?
— (DY = V)2 + D+ §F) — (DY — SHR(DT + by).
Let g"’[a;,y,y] = ¢(x,y). Since, Dt [z,y,y] = 6(x,y) — y, we have,
g(z,y) =26 -y —q)2y+6—y+q) —2* (6 —q—y)*$
=z(6—y—q)(6+y+q)—2*(6—q—y)*

101
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=2(6® = (y+¢q)*) —2?6(6 —y — q)°

=26 —x(y* + 2yq + ¢*) — 2*6(y* — 2y(8 — ) + (§ — ¢)).

g(z.y) =z ( 52»(@,):#) - x{f +25 ) aly)e’ + (Z Q¢(y)$i) }

—a’ 25( ){y —QyZ )zt + (Z(@(y)—qi(y))xi) }

i>0

Then, ¢1(y) = 8o(y)” — ¥* — 2y40(y) — q0(¥)q0(y) = o(y)* — y”

and for n > 2,
mé «sk_z<y>{6n )= 0 k<y)} .
2;n5:2<y>0<§<;k{&<y>q<y>}{6n o) = b () }

o buay) = T (r) + K;n{ék 1(0)80+(y) = 01 (9)gn4(y) }
+ ij 6k_2(y>{2y{6n—k<y> ~4uil0)
_ Ogg_k{(sr(y) o) ke () - qn_k_r<y>}}

= —y2602(y) — 29 qn_1(y) + 80(¥)60_1(y) — G0(¥)gn-1(y)

S {57»(3;)—qr(y)}{én_k_r(y)—qn_k_r(y)}}}. (5.1)

0<r<n—k
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§5.1.2 S~ [z,y,y] = t(z,y)
Also recall (3.64), S~ = M; [ay, D* — S+, D™ — 5.
Substituting for M; from (3.42) gives,
o {a152 + agby(er + ci)}[al,fﬁ e .

1 — aybsy
Expanding,
5—{1 _an(DF — g;)} —an(DF — 85t an(DF — SHY(D = § + 1),
i, ST =a (D — SF) +ay(Df — SH(S™+ D™ =5 +¢)
= ay(DF — 5F) 4 aa(DF — SH(D™ + ¢1).

Let S™[x,y,y] = t(z,y). Since D™ [z,y,y] = e(z,y) — ,

tz,y) = x(b — T q@2) + 1:2(52 —y? - q2)e(x,y). Then, to(y) = 0.

tr) = o T 607 - als et — )

bt (Z a(y):ci) {6 - e )
Then, 41(y) = ;o(yz) - qO(yz)_— y'=b(y*) —y*
and for n > 1,
)= ~3Penca) 3 {Bes) — 0 ) o0
tons1(y) = 6a(y?) — 4u(y?) —_y;ezn—l(y) + > {5k—1(y2) - qk—l(yQ)}Q(n—k)-H(y)-

1<k<n

(5.2)

§5.1.3 Dt — P+t
Recall (3.65), PT = Ni[ay, D* — P*, D~ — P7].
Substituting the expression for N;© from (3.47) gives

Pt {<1+b;)exp<z%> _<1+b;)_bl} [al,fﬁ _ P b — b,

i>1
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N b - N . N
On expansion, PT = (1 + b;)exp (Z —[Dt - P+]) — (14 b)) — (Dt = P*).
i

i>1

14 b, 14 b,

.. ~ ~+ ~+_~+ ~+
Then, exp<ZE[D+_P+]):P ‘I‘(l‘I‘bl)‘l’D P :1‘|‘bl—|—D .

i>1

14 b

S ' 14 b, + Dt
Then by Mébius inversion (3.2), (Dt — PT) = Z Mai [10g (L
i

i>1

This on composition with [z, y,y], gives

(5 = PH)ley] = 3 g (2 .

i>1 I+y

§5.1.4 D~ — P~
Recall from (3.66), P~ = N; [ay, D¥ — PT, D~ — P~].

Substituting the expression for N from (3.48) gives,

p i bZ * ™ e ~
pPm = {(1+CT)6XP (Z%+ Z 7) —(1+C1+01)} [al,D+—P+,D —

7 odd 7 even
Expanding,
p- — Yirp-_ p- dirp+ _ p+
P —(1—|—c1){exp (Z}di[l) P ])—I—exp (Z 7,/[D P ])}
—(1+a)- (D_ — ]5_)

Rearranging,

a; . . a; .~ .

—2[D™ — P~ —[Dt — Pt
(£ 507 #1) o (5 1007

P-4+ (14+e)+ D" —P" 14e+D"
1—|—C1 N 1—|—C1 ’

Then by Mébius inversion (3.2),

= 2 s (L) - 5 M0 5 o

E>1

)
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=3 %[D——ﬁ—]z@

m odd i|lm
Gm vt et p (i)
+ Y Dt =Py
m odd t|m

=a[D” - P+ Y ‘;ik’“[b+ — P

E>1

L k 1 D~ misL A
e, DT —Pm =Y ”(k ) s [log (%)] - ¥ %[D* ~ P,
1

k odd m=21t¢ >0

On composing both sides with [z,y, y] and using equation (5.3)

(57 = Pyl = Y Mg ()]

k odd 1 + Y
1 ) 146
— Z — Z Maim [log (M) ] ) (5.4)
m=21te, e>0 m >1 t 1 —I_ Yy

§5.1.5 pu(x,y)
Now, rearranging (3.61), gives
T*[ay,by + D¥, ey 4+ D7) = DY — Njt[ay, DY — P, D™ — PT]
 MFla D 5§,

Applying (3.65) and (3.63), on RHS of this gives

T*lay, by + DY, ey + D7 = DT — PT — S+,

Composing with [z,y,y], and using (3.75), gives

Tz, 6, = (DY = PH)[e,y,y] — ST [z, y,y]. (5.5)

Applying this with (4.5), gives

(D* = Pz, p,v] = p(z,y) — ST e, p,v] = (DY — PH)[a,y,y] — Sz, y,y).
(5.6)

e S+[$7yvy] - S+[$7;u71/] = (D+ - P+)[$,y,y] - {(D+ _P+)[$7:uvl/] —,M(l’,y)}

g (52

i>1
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[ <%)] from (3.85) & (5.3)

R
; I [ (%)]
ate) ot = 3 |

_I_ y '

%(‘Z’y) = exp (Z %[q(x,y) - p(:v,y)]) .

i>1

Then, 1+ p(z,y) = (1 +y)exp (Z %[Q(% y) — plz, y)]) : (5.7)

i>1

Thus p,(y) can be computed using E1(1 4 p(z,y), ¢(x,y) — p(x,y)),

with 1+ po(y) =1+ y and p1(y) = (L +y)(a1(y) — pi(y)).

§5.1.6 v(z,y)
Now, rearranging (3.62), gives
T [a1,by + D¥,e1 4+ D7) = D™ — Ny [ay, DY — P*, D™ — P"]
CMofa Dt Gt DG,
Applying (3.66) and (3.64), on RHS of this gives
T [ay, by + DY ey + D7) =D — P~ - §~.
Composing with [z,y,y], and using (3.75), gives
T[z,6,d = (D™ = P7)la,y,y] = S7[z,y, ). (5.8)
Applying this with (4.9), gives
(D™ = P, v] = vz, y) = 87 [, p,v] = (D™ = P72, y,y] = 5[z, y,y].

e S_[:anvy] - S_[$7;u71/] = (D_ —P_)[:z:,y,y]— {(D_ _P_)[$7IL[/7Z/] _V(:Evy)}



()5 A pe(57)
R Ceeror) | D SR S R Y G
from (3.86) and (5.4). |

Le, t(z,y)— s(z,y)

>, [log (“Til’))] -y %EMM [log <%@;y)>]

_ Z% og (12 | mz % fg(z,y) - pla. )l

- alitew) —sal+ ¥ “fg(a,y) ~ ple.y)]

- %Z[t@,y)s(ayni’ﬁM > Jlate.y) =) | Z@
-> (k) > Slte) = st +z@ > Flatey) —z;(l',y)]-

Then by Mobius inversion (3.2),

L+ v(z,y) = (1+y)exp (Z %[t(l’,y) —s(z, )]+ > %[q(%y) —p(l’,y)]> :

7 odd i even

(5.11)
Thus v,(y) can be computed using
E2(1 + l/(xay)7Q($7y) —p(:l:,y),t(:l:,y) - S(:va))

with 1+ w(y) =14y and vi(y) = (1 +y)(t(y) — s1(y))-

§5.2 Main counting equation

Now, using Otter’s dissimilarity characteristic equation (3.16) as in the case of

2—connected graphs (3.74), the decomposition of 3—edge—connected blocks can be
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written as :

B =Tlay, by + D*, ey + D7) + Myfay, D* — P+, D~ — P7]
—I—Ml[al,D+ —§+,D_ —S'_]

— {?[al,bl + D+,cl + D_] <>K71[a1,l~)‘F — ]5+,D_ — ]5_]
4 Nilay, DY — P+, D™ — P~]o My[ay, D* — 8+ D= — §7]
4 Tar, by + D ey + D7) o Myfay, D — §%, D~ — §7]

n %ﬂal,bl b D* e 4 Do Tlar, by 4 D¥ ey + D]

+ (a%j;%) ao
+ (a%—gc@) as

Composing on both sides with [z,y,y] and using (3.75), we get,

T+[Cl17 by + D+,Cl + D_]} }

T+[Cl1, bl + D+,Cl + D_]:| .

Bla,y,y) = Tla,8,d+ N o, (D* = PH)[e,y,y). (D™ = P7) [,y )
+ My |2,6 = 5* [z, ] -y, — $7[e,y,9] ]
T, 0o W [, (5 = Pyl (07 = Pl
+ N [, (DF = P,y (D7 = P7) ey,
o My |2,8 = §*a,y,9] =y, e — S [z, ,0] — v
+ (e, 8 o My [2,6 = S, y,y] = y,e = §lx, .91 — ]

2

+ %?[;c,& ¢ o?[m,& |+ %az [Tz, 6, GH} + ztay [TH]2,6,€]] .

Now, using (3.76) on RHS of this gives
B[:L‘,y,y] = B[:C,[L,l/] _Nl [:E,(D+ _P+)|:$7IU/7I/] —/L,(D_ —P_)[;L',,u,l/] - l/]
-M [$76_ S+[I7N7V]76_ S_[:L‘,/L,Z/H

+ ?[w,& ¢ <>K71 [w, (DY — PY)[z,p,v] — p, (D™ — Pz, pt,v] — 1/]
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+ Ny [, (DF = PH)[a, ] = (D™ = P, 0] — 0]

o M [2,6 — §%[x, p, v],e — S~ [z, 1, V]

+ Tz, 6,0 M [2,8 — S*[z, p,v], e — S~ [z, o, V]

+ﬂh{%(D+——P+H$JhyL(D_—-p_N%y,w

+ My (2,8 = §*[o,y,yl =y e = Sl yyl — y)
— 12,8, 0 Ny [0, (D = P¥)la,y,y), (D™ = PO)l,y.y)
= Ni [, (DF = P,y ), (D7 = Pl )
o My |2,8 = §*[2,y,9] — y,e — 5[z, 5,] — o]
— Tle,8, o My [2,6 = 5[z, y,9] =y, = $ w91 -y

2

— S () + via,y)). (5.12)

Rearranging (5.12), gives
Bla,y,yl = Ble.p, v+ Ny |2, (D* = PH)la,.y], (D™ = Py, y]]
— Ny [z, (DF = P9,y 0] — s (D™ — P, iy 0] — ]
+Mihﬁ—5ﬂamm—ym—§ﬂa%m—y}
— M [2,6 — §*[x, p, v, e — 7 [z, p, v]
+ Tz, 8, o Ny [o, (D — P¥)[a, p,v] — p, (D™ — P™)[a, p,v] — v]
= Tle,6,d 0 Ny [, (D* = P¥)e,y,], (D = P7)e,y, 9]
+ Ny [, (DF = PH)[a, o] — (D™ = P, 0] — o]
o M [2,6 — §*[x, p, v],e — S [z, 1, V]
= Ny [5.(D* = P,y (D7 = P,y
Oﬂihﬁ—gﬂx%m—y&—gﬂa%ﬂ—ﬂ

—I-?[:L‘,&G]OM [1675— S+[£E,,LL,Z/],6— S_[xaf%l/]]
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—T[Jf,&,E]OMl $,5—§+[$,y,y]—y,e—g_[l’,y,y]—y

51?2

= & (ulz,y) +viz,y)). (5.13)

§5.3 Final counting series

Now, again let u(z,y) = (D+ — P+)[$ayay]-

Then (5.5) becomes, Tt [z,8, €] = u(z,y) — q(z,y). (5.14)
Also, by (5.3), u(z,y) = Zuz(y)ff = Z @ai [log <%($y,y)>]
Letting w(z,y) = log <%($y’y)> , gives, u,(y) = 2 %wj(yi). (5.15)

Moreover, rearranging (5.6) gives,

(DF = P, p,v] = p(z,y) = p(z,y) — q(z,y) + u(z,y). (5.16)

Now, let v(z,y) = (D™ — P7)[z,y,y].

Then (5.8) becomes, T [z, 6, €] = v(x,y) — t(z,y). (5.17)
Also by (5.4), v(z,y) = Z Z ,u(k [ <1—|—%(a;y)>]

- Y ey,

m=21%¢e e >0

1
Letting h(z,y) = log m) , gives,

14y
vn(y) = Z Mh(y") - Z i1¢Z(yT’L) where, m = 2'*¢ for, e > 0.
N ' Z J m 9 Y Y Y -
i-j=n, ¢ odd 2|n,m-1=n
(5.18)
Moreover, rearranging (5.9), gives,
(D_ - P_)[‘Tv 22 V] - Z/(l’, y) = S(‘Tv y) - t($7 y) + ’U(CL’, y)' (519>

Recall from previous equations,

§(x,y) — SF[x, p,v] = 8(x,y) — p(z,y),

e(z,y)— S [z, p,v] = e(z,y) — s(x,y),



111

8(z,y) — S*z,y,y] —y = 8(z,y) — q(z,y) — y and

e(z,y) = S [z,y,yl —y = e(z,y) — t(z,y) — y.

Substituting all of these in equation (5.13) gives,

Blz,y,y] = Blz, u,v] ( say, B(z,y) )
+ N[z, 0] = Nife,p— g+ u, s — L+ 0] ( say, Al(z,y) )
+ Mi[z,6 —q—y,e—t —yl— M[z,6 —p,e — 5] ( say, A2(z,y) )
4Tz, 6,6 Nu[o,p—q +u,s — 1t +0]
— T[2,6,¢ o N[z, u,0] ( say, A3(z,y) )
4 Nalo,p—q+u,s—1t+0]oMz,6—p,e—
—Nl[:p,u,v]oj\ql[:ﬁ,é—q—y,e—t—y] ( say, Ad(z,y))
4Tz, 6, M[z,8 — p,c — s]
—Tle,6,J o Mife,6 — g —y.c—t —y] (say, A5(z,y) )
— S ule.y) + v(a,y).

In terms of nth coefficients, for n > 2, this is,

B, (y) = Ba(y) + Alu(y) + A2,(y) + A3,(y) + A4, (y) + A5.(y)

- %{Nn—?(y) + Vn—z(y)}- (5.20)

§5.3.1 Al(z,y)
Al(;l/"y) = Nl[xauav] - Nl[l',p— qg+u,s— L+ v]'
Let pgu to denote p — g + v and stv to denote s — ¢ + v.
Then from (3.46), we get
2 U; U; U;
Al(z,y) = 5{(1 +y)exp (237) + (1 +y)exp (Z =D 7)

i>1 7 even 7 odd
2 2

_{(1+y)(1+“)+%+%+(1+y)(1+v)+%+%}
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— {(1 + 1) exp (Z qu") + (1 4 v)exp (Z quuz n Z stivi)

i>1 i even 7 odd

pqu® 4 Pgu2
2 2

tw?
+(1+y)(1+stv)+%+pq;2}}}.

- {(1 4 )1+ pqu) +

Applying (3.87) and (3.88), let T'l come from E1(7T'1,pqu); T2 come from

E2(T2, pqu, stv); T3 come from E1(7T3,u); T4 come from E2(T4,u,v).

x? w2
Then, Al(z,y) = ?{(1 +y)(T3+T4—u—v)—2(1+y)— 5Ty Us
+ (1 + p)(pqu — T1) + (1 + v)(stv — T2)
2 t 2
—I—(2—|—,u—|-1/)—|-pq2u —I—%—I—pquz}.

Since, Tlo(y) = T20(y) = T30(y) = T4o(y) = 1 and
pqug(y) = stve(y) = uo(y) = vo(y) =0, we have

Alg(y):%{(1+y)(1+1—0—())—2(1—|—y)—0—0—0—|—(1—|—y)(—1)

F+)(-1)+ 2+ 20) 404040}

:1{(1+y)2—2(1+y)—(1+y)—(1+y)+2(1+y)}

2
= 0.
So, for n > 3,
1
Al (y) = 5{ Z {(pqun—k — Tl ks + (Stv,_g — TQn—k)l/k—z}
2<k<n
+3 % +st st
— Up_k * PGUE_ StU,_k - StUL_9 — Up—k * Uk—2 — Up—k * Vk—
22<k< Pq k- Pqui—2 k k—2 ko UE—2 k" Vg2

‘I’ (1 —I' y)(Tgn—Q —I' T4n—2 — Up—2 — vn—2) —I' Hn—2 —I' Vn—29 ‘I’

. {pqum(y2) — up(y?) if 2|n for m = (%)}} (5.21)

0 otherwise
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§5.3.2  A2(z,y)
A2(z,y) = My[z,6 —q—y,e—t —y| — Mz, 6 — p,e — s].
We let dgy to denote 6 — ¢ — y, et to denote e —t — gy, dp to denote 6 — p
and es to denote € — s.

Then using (3.34), gives

A2z, y) = 1{2 qﬁ(dd)ad [log (%)] }

Do |

2 2

X X X
+ 5 (dp — dgy) + Z-(dp* — day”) + —-(dp2 — dgys)
1
T I =22 dgyy) {2:(;3 cety - dqys + 2" - dqy; + x'ety® - dqya}

1
— i _xZ‘dPQ){Q:L’S-eS-dpQ—|—a:4-dpg—|—:1:4-632-dp2}

+MO[$76_q_y76_t_y]
Applying (3.96) and (3.97), let T'9 come from V(7'9,dp,dqy); T10 come from
W(T10,dqy, ety); T11 come from W (T11,dp, es);

T12 come from MO(T'12,dqy, ety).

A2(z,y) = %{Z (Z @T%(gd)) }

2 2

(dp — dqy) + %(de —dqy®) + %(dpg —dqy2) + T10 = T11 + T12.

x
2
Then for n > 2,

_|_

AQn(y) = Z %T%(yd) + %(dpn—l - dqyn—l)

i-d=n
1
+7 > (dprz - dpuoy — dqyx—s - dqyn_i) + T10,(y) — T11(y) + T12,(y)
2<k<n
1 | dpm(v?) — dqy,(y?), if 2|n for m = (252
0, otherwise

with A2¢(y) = 0;
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A2:(y) = ¢(1)T91( )+ %(dpo — dqyo)

2

1 1
= %( dpo + dqyo) + §(dpo — dqyo)
R TR S
TRV TRV

§5.3.3 A3(z,y)

—_

A3(z,y) = f[[l), 6, €| o ]Tfl[x,pqu, stv] = Tz, b, ¢ <>Z_\}1[:1:, u, v].

Applying the definition of ¢ from (3.73),

2 2

A3(a,y) = ST * (2,6, N o, pgu, sto] + 17 (2, 8, N7 [z, pqu, sto]
z? z?

- ?T—l—[l‘,é, 6]]vl-l_[:[;7u7v] - ?T_[.Z‘,é, 6]]\/vl_[:lj7u7v]'

Applying (5.14), (5.17), (3.47), (3.48) gives,

2

A3(z,y) = %{(u = Q){(l + 1) exp (Z pqz.ui) — (14 p) —qu}

i>1

1 tZ
—I—(v—t 1—|—1/ exp pqu S,U>—(1—|—1/)—stv}
2

7 even 7 odd

—(u—q (1+y) exp( ) 1—|—y)—u}
>1

_(v—t 1—|—yexp(zu2 Nl ) (1+y) —v}}

z even 7 odd

As before, let T'1 come from F1(T1, pqu); T2 come from FE2(T2, pqu, stv);

T3 come from E1(T'3,u); T4 come from E2(T4,u,v).
22
A3(a,9) = 54 (= {1+ 0T = (14 ) = o}
+ (v — t){(l +v)T2—(14+v)— Stv}

—<u—q>{<1+y>T3—<1+y>—u}—<v—t>{<1+y>fr4—<1+y>—v}}

[172

- 5{<u—q>{<1+u>ﬂ—<1+m g (T3 (149 +
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—I—(v—t){(l—|—1/)T2—(l—l—l/)—Stv—(1+y)T4—|—(1—|—y)—|—v}}.

Then, for n > 2,

+ (1 + y)(wn—2(y) — gu2(y) + va-2(y) — tn—z(y))}. (5.23)

§5.3.4 Ad(z,y)
Ad(z,y) = N[z, pqu, stv] o Mz, dp, es] — N[z, u,v] o My[z, dgy, ety].

Applying the definition of ¢ from (3.73),

2 2

Ad(,y) = SN [, pqu, sto] M¥ o, dp, es] + 5-N7 [, pgu, sto] M [, dp es|

2 2

T x _ _
- 3N1+[a:,u,v]M1+[:l:,dqy,ety] - ?NI [:C,U,U]Ml [xadquety]'

Applying (3.47), (3.48) gives,

Ad(ry) = ?{{(1 baesp( 3P ) — (14 1) = pgu M .

i>1

pPqu; stv; B
(1 g —(1 —stv s M d
+ + v)exp . + - ) (I1+v)—s v} [z,dp, es]

7 even 7 odd

{
{ 14 y)exp Z%) —(1+y)—u}M1+[:v,dqy,ety]

i>1

—{(1—|—y)exp Z —I-Z ) (1+y) —U}Mf[m,dqy,ety]}.

i even 7 odd

As before, let T'1 come from F1(T'1, pqu); T2 come from FE2(T2, pqu, stv);
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T3 come from E1(T'3,u); T4 come from E2(T4,u,v).
Also, using (3.89) and (3.90), T'5 come from M P(T5,dp); T6 come from

MI1P(T6,dqy); T7 come from MN(T7,dp,es); T8 come from MIN(T8,dqy, ety).
2

X
A4(‘T7 y) = ?

{{(1 + )T = (14 p) — pqu}T5 + {(1 +v)T2— (1 +v) - stv}T7
_ {(1 LT3 — (1+y)— u}TG _ {(1 L y)T4— (1+y) —U}T8}.

Then, for n > 2,

{Z{ {Z o) Ti ) = (o) = paus(s) |+ T50ma02(0)

25 _W<y) - T;k;-(y)  ly) — stvk(y)} T al(y)

0<r<k

(14 9) T30 saly) — un_m(y)} « T6y(y)

Ady(y) =

_|_

— "~ o~

(14 ) T4 ialy) — vn_k_z<y>} . T8k<y>}

T (1+y)(T6,(y) + T&H(y))}, (5.24)

§5.3.5 A5(z,y)

—_

A5(x,y) = Tle. 5, | o Mz, dp, es] — T[z,8,¢] o My[, day, ely).

Applying the definition of ¢ from (3.73),

$2

2
A5(a,y) = ST (2,6, M*[z,dp,es] + ST [z, 6, M~[z, dp,es]

z? z?
- ?T-I_[;l’}, 57 6]j\ll-l—[l’? dqy7 th] - ?T_[:I;? 57 6]2‘41_ [l’, dqya th]
Again, using (5.14) and (5.17), gives

$2

Ab(z,y) = 7{@ — q){MWSE, dp, es] — Mi" [z, dgy, 6ty]}

t(v— t){M‘[:I;, dp, es] — M [z, dqy, ety]}}.
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As before let T'5 come from M P(T5,dp); T6 come from M1P(T6,dqy);

T7 come from MN(T7,dp,es); T8 come from MIN(T8,dqy, ety).

2

A5(z,y) = %{(u —)(T5-T6)+ (v—1)(TT7— TS)}.

o forn > 2, A5, (y) = %{ Z {(Uk—Z(y) — qr—2(y)) * (T5,—r(y) — T6,—x(y))

2<k<n

+ (Or—2(y) = te—2(y)) * (T Tk (y) — T8n—k(y))}}- (5.25)

§5.4 Summary of the counting algorithm

In the computations below, power series are computed term by term. At any given
time nth term of each of the power series (except in the case of n(z,y), for which
(n + 1)th term is computed) is computed one after the other in the order given
here, utilizing all its previous terms and all the available terms of the power series

computed before it. Steps are numbered for easy perusal.
and for n > 2, p,(y) = Z 5k_1(y){5n_k(y) - pn—k(y)}-

and for n > 2,

4n(y) = =42 6n-2(y) — 2y¢n-1(y) + 60(y)6n-1(y) — @0(Y¥)Gn-1(y)

s {{gk_1<y>5n_k<y> ~ (W)}

2<k<n

+ 5k—2(y){2y{5n—k(y> - qn_k(y)}
N Z {&(y) - QT(y)}{5n—k—r(y) - qn_k_r(y)}} }

0<r<n—k

Then from (5.7), compute, for n > 2, nth term of p using these in

E1(1+ p,q—p) and 1+ po(y) = 1 +y and p(y) = (14 y)(a(y) — pa(y)).
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2. From (3.84), compute, so(y) = 0 ; s1(y) = 6o(y*) — po(y?) = do(y?)

and for n > 2, s,(y) using,

From (5.2) compute, to(y) =0 ; t1(y) = 50(y2) —y?
and for n > 1, ¢,(y) using

ban(y) = =y ema(y) + Y {5k—1(y2) - %—1(342)}62(n—k)(y) and

tang1(y) = 8a(¥%) = @u(y®) — VP eanma () + Y {5k-1(y2) - qk—l(yZ)}@(n_k)H(y)-

1<k<n
Then from (5.11), compute, 14 vo(y) =1+ y and v1(y) = (1 + y)(t1(y) — s1(y))

for n > 2, nth term of v using these in £2(1 4+ v,q —p,t — s).

K
3. From (3.80), n(z,y) —x=azF(z,y) — a1 (g— — 1) i, 14+ p, 1+ v]
ay

where F(z,y) = (K — 1)[n,1 4+ p,1 4 v]. We compute the nth term F(z,y) by
doing the composition on the terms generated for K.

0K
Let K, denote aq (0— — 1) . Compute the power series
ay

R(z,y) = K.[n,1 + p, 1 + v] by doing the composition on the terms
generated for K,. Compute, for n > 2, the (n + 1)th term

of 77(1'7 y)7 USing 777L+1(y) = Fn(y) - Rn+1(y)‘

4. From (3.78),

2
, 2 0K
6(x7y)+1: <n<x y)> _2<bl >[T],l—l—p,l—I—l/]—(1‘|‘5(l’,y))F($,y)
x aj b,
Let K denote % (bl 8_K> . Compute the power series
ay abl

S(z,y) = Ky[n,1 + p,1 + v] by composing on the terms generated for K.



S(x,y) — (L+6(z,y)) F(z,y).

M) . Then

This can be written as

Suly) = > {Sn—k(y) ( > Er(y)Ek—r(y)> - 5k(y)Fn—k(y)} — Fa(y).

0<k<n 0<r<k

5. From (3.79),

et = (M) 2 (B 1= (1 o) Pl

T
0K

Let K, denote 3(
acl

> . Compute the power series
T(x,y)= K.n,1+ p,1+ v] by composing on the terms generated for K..
Then, e(z,y)+ 1 = (M) T(x,y)— (14 e(z,y))F(x,y). Then

bl b :1:.2 bl bl bl * bl

en(y) = Z Ek(yQ)Tn—Qk(y) - Z ek(y)Fn—k + Tn(y) - Fn(y)

1<k<| 2] 0<k<n—1

6. Let B(z,y) = B[z, u,v]. Then, from (3.82), for n > 2,

=> @ (TOEEDS @@(yk)-

kei=n k-i=n—1
7. From (5.3), u(z,y) =Y wly)a'=» ri [bg <1 +15(:L’,y)>] ‘
1>1 i>1 L +
1+6 :
Let w(z,y) = log <%$y,y)> , so that, from (5.15)u,(y Z]z:n p@) y')

8. From (5.4),

CURDWITEEDY M ftog (A2 = S 2,

m=21%¢ e>0

119
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1
Let h(z,y) = log <m) , so that, from (5.18)
1+y
va(y) = Z Mh(y’) — Z iuz(ym) where, m = 2'*¢ for, e > 0.
N ‘ Z J 2| - m bl ) ) ) -
1-j=n, 1 0 n,m--j=n

9. Having computed the essential power series, we now compute some auxiliary
power series that are used in the remaining computation. For all n > 2,
Pqun(y) = pn(y) = an(y) + un(y),

stva(y) = suly) — taly) + valy),

dpn(y) = 6n(y) — pu(y),

esn(y) = enly) = sn(y),

dqyn(y) = 6a(y) — ¢a(y) and

elyn(y) = €n(y) — tn(y).

Now, we pass on these into routines K1, K2, MP, MN, M0, M1P, M1IN, V,
W to compute the nth term of power series T'1(z,y) through T12(z,y).
E1(T1,pqu), E2(T2,pqu,stv), FE1(T3,u), FE2(T4,u,v),

MP(T5,dp), MI1P(T6,dqy), MN(T7,dp,es), MIN(TS8,dqy,ety),
V(T9,dp,dqy), W(T10,dqy,ety), W(T11,dp,es), and MO(T12,dqy,ety).

10. From (5.21), for n > 2,

1
Al,(y) = 5{ Z {(pqun—k — T ) k-2 + (Stvg_p — TQn—k)l/k—z}
2<k<n
1
+ 2 Z PqUp_k - PqQUE—2 + STV,_f + STVE_9 — Up_f * Up—9 — Vp— * Vp—2
2<k<n

+ (1 + y)(Tgn—Z + T4n—2 — Up—2 — vn—Z) + Hn—2 + Vp—2 +

N {pqum@?) — U (y?) if 2|n for m = (—)}}

0 otherwise

11. From (5.22), for n > 2,
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A2,(y) = Z @T%(yd) + %(dpn—l — dqyn—1)

2
1
+ 1 (dp—2 - dpn—r — dqyr—2 - dqyn—i) + T10,(y) — T11,(y) + T12,(y)
2<h<n
A (y?) — dqym(y?), if 2|n for m = (252)
—I_ 4 .
! 0, otherwise

12. From (5.23), for n > 2,

> { (un—k—z(y) - qn—k—z(y)>

0<k<n—2

S
Qo
3
~—~
Ny
S—
Il
DO | =
,_/H

f—A—\
//—\\

y)T 1y )) — pi(y) — pqui(y) — (1 4+ y)T3x(y) + uk(y)}

+ (vn k— 2 __tn k—2 y))

{ ( )2 () = o1(0) = stonly) = (1 + ) Thalo) + al0) |}

+ (14 y)(Un—2(y) = gn-2(y) + va_aly) — tn—Q(y))}-

13. From (5.24), for n > 2,

{(K; 2{{0;kﬂ (y) - T (y) — px(y) —pqwc(y)} # T5,_p_a(y)

T2 () — () — stmy)} TTukoa(y)

Ad,(y) =

DO | =

f—A—\

0<r <k

(1 +y)T3k—2(y) — un—k—Q(y)} * T'6(y)

f—A—\ f—A—ﬂ

(14 ) T4 g —vn_k_z(y)} *T8k(y)}
+ (1 +y)(T6,-2(y) + T8,—2(y ))}

14. From (5.25), for n > 2,

1

Abn(y) = 5{ >, {(Uk—Q(y) = Ge-2(y)) * (T5n-r(y) — T6n-1(y))

2<k<n
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+ (0—2(y) — tr-2(y)) * (TTni(y) — T8n—k(y))}}-

15. From (5.20), for n > 2,

Bn(y) = Bn(y) + Aln(y) + AQn(?J) + Agn(y) + A4n(y) + A5n(y)

= %{ﬂn—a(y) + Vn—z(y)}-

(5.26)



CHAPTER 6

Counting unlableled minimally 2—edge—connected blocks

§6.1 Initial derivations

In this section, we first derive ¢(z,y) and ¢(z,y). Then using p(z,y) and s(z,y)

derived in 3rd chapter, we derive equations to express p(z,y) in terms of p(z,y) and

q(z,y) and v(z,y) in terms of s(z,y) and t(z,y).

§6.1.1  S*[z,y,y] = q(z,y)
Recall from (3.69),
S+ = AM—l—[Cll,bl + D+ — S+,Cl + D_ — S_] — AMS—[CLl,D—}_ — S+,D_ — S_]

Substituting for M™* from (3.35) and My from (3.38),

. b? . . . .
= B b DY 8t e+ DT — 8
1-&1[)1
bj{(QCllbl — G%b%) ~ > ~ -
- Dt — St Dt — .
(1 _ 0151)2 [ala S > S ]

Expanding, S* = ar(by + D* — S+)* _ bi(2a:(D¥ — §F) — af(D* — 57)?)
: 1 —ay(by + Dt — 5¥) (1 — ar(D+ — 3+))2 :

ST — ay(by + DY — §F))(1 — ay (DT — §+))?

= ay(by + DY — §F(1 — ay (D — §*))?

~by(1 — ay(by + D¥ — S+)){2a1(b+ ~ 8~ aX(DF - S+)2}.

S+ = S+{(1 “ar(by + DY — §F)) x (200 (DT — §F) — a2(DF — 5+)2)}
+ a1 5% (by + DY — §T)
Fay(b + DY — S+)2{1 ~9ay(D* — §*) + dX(D* — S+)2}

123
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4 (1= ay(by + D* — §%)) « { 25 (D — %) — 2a,b, (D* S+)}
— 2a3(D¥ — §%)(by + DT — S+){—S+—bl—D++S+}
a3(DY — §)2(b, + DY — s+){g+ b+ DT - s+}
420, 5T (DY = §F) — a25H(DF — §F)? 4 ay(by + DY — §T)?
+a; 5% (by + DY — S§T)
+(1—a(by + D* —S+)){ 2h, (D — §%)? — 2a,by(D* 5+)}
= 2a2(DF — §%)(by + DT — S+){—61—D++bl}
a3 (DT — 5 (b + DY — 5+){bl + DY — bl}
+ 20,8 (DT — §%) — a?SH(DY — §F)?
+ ay(by + DY — 5F) % (by + DT — 5t + §*)
+ a?by (DT — ST — 2a4b, (DT — ST
=a} (DY — ST2(by + Dt — SHDT — 243(D* — S*)(by + DT — ST)DT
— 241 (DT = §1)(by — SF) 4 a2(DF — §T)2 (b, — §T)
+ a1 (DY — ST+ by)(by + D)
= a¥(DT — ST2(by + DT — STH)DT
+ (DY — &%) (b — S+){D+ . 2D+}
—2a2DTA (DY — S) — 2a,(DY — ST (b — ST)
+ a1 (DY — ST)(by + D) + ayby (b, + D)
— B(DF — 8 (by + DT — SH)DF — a¥(by — §H) (DY - §¥2)
—2a2DT? (DY — S*) +ay (DY S+){—2bl+2S++bl+D+} + ayby(by + DY)
— (DY — §5)2(by + DY — SH)DY — 2DF(by — T 42D — 25%)
4+ a?ST2(by — S*) + ar (DY — ST)(=by) 4 a1y (by + DY)

+ay (DT = ST)(2ST 4 DT)
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= 3(DF — S by + D — ) DF — a2 D2(by 4+ 2D — 384)
+a282 (b, — §)
—ar1by DY 4 ayby DY 4 a1 by ST+ ayb} 4 a (DT — ST)(28T 4+ DY)
= a3(DY — ST2(by + DY — SHDY — 2D (by + 2D — 35T)
a2y — §)
—|-a1( S+)(25+—|-D+)—I-a1615 + ab}.
Composing with [z,y, y] on both sides, and letting S*[z,y,y] = ¢(z,¥),
g(z,y) = 2°(6 — q)*(y + 6 — 9)8 — 2°6*(y + 26 — 3q)
+ 27" (y — q) + 2(8 — q)(2q + 8) + xyq(a,y) + zy”.
Expanding and collecting the coefficients, gives
q(z,y) = l’{52 +6q—2¢* +yq+ yz} + $2{352q —26% —¢® —y&* + yqz}
+ x3{54 _ 363 + 36%% — 6¢° + y6° — 2y8%q + y(5q2}
= l’{5(5 +q) — 29'2} +ayq(z,y) + xy® + $2{52(3q —26)— ¢ +y(¢* - 52)}

+ :1;3{53(5 —3q) + 5q2(35 —q)+ y5(52 — 26qg + qZ)}.

a1 (y) = bo(y)* + do(v)ao(y) — 290(y)* + yao(y) + y* = bo(y)* + y*

and for n > 1,

1) = ) + Y {5k_1<y>{6n_k<y> + qn_k@)} - zqk_1<y>qn_k<y>}

¢ 5 (s} 3 st
- qn—k(y) * Z_ qr(y)Qk—Z—r(y) + y{%—k(y)%—z(y) - 5n—k(y)5k—2(y)}}

+Z{{ y) = 3gn-k(y } Y Gres(y) Y bily)o-

3<k<n 0<r<k-3 0<e<r
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(6.1)

§6.1.2  S”[z,y,y] = t(z,y)
On the other hand, recall from (3.70),
S_ = JW_[al,bl + D+ — S+,Cl + D_ — S_] — JMJ[G17D+ — S+,D_ — S_]

Substituting for M~ from (3.36) and My from (3.39) gives,
G- (Gle + azbycy

- 1-— Clgbg

_ (e N pr gt pe— 5,
1-— Clgbg

> laz, by + DT — S+701 + D™ — S_]

Expanding,
S_ . a1(62 + D;_ — S;) + a2(62 + D;— — S;)(Cl + D_ — S_)
1—(12(62—|—D;—S;—)
_ clag(D; - S;_)
1—G2(D; _S;)
S7(1 = az(by + Df = 55)) * (1 — ax(DF — 5F))

= (1= ay(Df = §5)) « {ar(ba + Df = 5F) + ax(by + DF = $f)(er + D™ = §7)}
— {1 = @b+ DF = 5} {eraa(DF - 55}

87 = 5 {albs + Df = 55) + aa(DF — ) - ad(DF — $5)(b + DF - 55}
-I-az(bz—l—DgL —Sj)*(cl—l-lv)_ —S_)
—ay(Df = 8F)# (by+ DI = 5F) (e + D™ = §7)
+(1 = ay(Df = SF))ar(by + DT — 5F)
— (1 = as(bs + Df = 5F))eras(DF — 5F)

= a2(62 —|— D;_ — S;)(Cl —|— D_ — S_ —|— S_)



_a2(DF — $H)(by + D — §H)(er 4+ D~ — 57 4 §°)
+as(DF — S5 + as(by + DF — §F) — avas(DF — SF)(bs + DF — 53)
—aye (D — SH) + akey(DF — SF)(by + D — S5)

— 2(DF — ) (ba + D — 5;>{_c1 _ Db+ cl}
—araz(DF — SF)(ba + Df — 5F) + azba(er + D7)
+as(Df — SF)er + as(DF — SF)D™ — azer(DF — S)
+ a5 (DF = 8F) + as(by + DF — §F)
= —a2(Df — SH)(by + DF — SHYD™ — ayaqa(DF — SF)(by + DF — SF)
+ aQ{bQ(cl + D7)+ (D™ + S7) (D — S,j)} + ay(by + DF — S).
Composing with [z,y,y] and letting S~ [z,y,y] = t(z,y),
t(a,y) = = (8 — q2)(y* + 62 — @2)elw, y) — 2(8 — q2)(y* + 62 — ¢2)
+ 2 {yy+ elay) + e+ D= @) | + o+ 82— a)
= ay® + (8 — q2) + 1'2{(6 +1)(82 — q2) +yPe + yg}
+ 2 {0 — 8) = (02— 62"} + 2" {02 = ) — el — 2)* .

Then, {o(y) =0,

t(y) = y° + 6o(y?) — qo(y?) = y* + &o(y?).

ta(y) = {eoly) + to(w) } + {bo(s) = a0lu™) } + vPeoly) + v

= co(y)8o(y?) + v eo(y) + y°.
1 is even
2=l s odd.

For n > 3,

ni) = 3 {{ontn) +tea } o {0 = a0} et

1<k<m
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n Z {y26n—2k(y) * {(Qk_g(yZ) _ 5k_2(y2)}

—enan(y) ¥ Y {qr(yQ) - 5r(y2)} * {Qk—Q—r(yQ) - 5k—z—r(y2)}}

0<r<k—2
0, if n is even
+ on(y?) — qm(y®) + yQ{qm—l(yZ) = 5m—1(y2)}
El<k<m{qk 1Y) = 8kl )} * {qm—k(y —6m_k(y2)}, Otherwise
(6.2)

§6.1.3 DT — pt
Now, Pt = NTt[ay,D* — P*, D™ — P7].
Proceeding just as in the case of minimally 2—connected graphs gives,

(D — Py = 30 o flog(1 4 6] (6.3

i>1
§6.1.4 D— — P~

Also, P~ = N7[ay, D" — P*. D™ — P7].

Proceeding just as in the case of minimally 2-connected graphs gives,

(D™ = P7)[z,y,y] ”

ag[log(1 + ¢(z, y))]

k odd

Y > M foa(1 4 ()] (6.4

m=21t¢ e>0 i2>1

§6.1.5 pu(x,y)
Now, rearranging (3.67) gives
T*lay, D%, D] = D* — N*ay, D — P* D~ — b
CMFlay by 4 DY G et D &
CMFla, D - 84D — &,

Applying (3.71) and (3.69), on RHS of this gives
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Ty, D¥, D] = D — P+ — &+,
Composing this with [z,y,y], and applying (3.75), gives
T*[z,6,¢ = (D* = P¥)[a,y,y] — 5[z, y,y]. (6.5)
Applying this with (4.5), gives
(D* = Pz, p,v] = p(z,y) = ST e, p,v] = (DY — PH)[z,y,y] = S*[z,y,y).

(6.6)

L8[,y ] = $H vl = (DF = PH)wy, ] = {(D* = Pl ] = pa,p) |-
Since the expression for (D% — P)[z,y,y] looks the same as (ﬁ+ - ]5+)[:1c,y, yl,

proceeding just as in the case of minimally 2—connected graphs gives

1+ p(z,y) = exp (Z %[q(% y) — pla, y)]) : (6.7)

i>1
Thus p,(y) can be computed applying E1(1 + p(z,y), ¢(z,y) — p(z,y))

with po(y) = 0 and p1(y) = @1(y) — pa(y)-

§6.1.6 v(z,y)

Also, rearranging (3.68) gives
Tlay. D%, D] = D~ — N-[ay, D* — P* D~ — P
— M~ [a1,b1 + Dt — S+,01D_ — S_]
Mo, D & D 8]
Applying (3.72) and (3.70), on RHS of this gives
T[ay, D* D] = D — P — &
Composing this with [z, y,y], and applying (3.75) gives

T7[2,6,¢ = (D™ = P7)[a,y,y] = S [z, 9, y]. (6.8)

Applying this with (4.9), gives
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(D™ = P7)[x, p,v] —v(z,y) = S™ [z, p,v] = (D7 = P7)[z,y,y] — S™[x,y,y].
(6.9)

" S_[;r:,y,y] — STz, p,v] = (D_ — P_)[:x,y,y] — {(D_ — Pz, p,v] — y(:z:,y)}.

Since the expression for (D™ — P7)[z,v,y] looks the same as (D_ — P)[z,y,y],

proceeding just as in the case of Minimally 2—connected graphs, gives

1+ v(z,y)=exp (Z %[t(fc,y) —s(z,y)]+ Y %[Q(%y) —p(l’,y)]) . (6.10)

7 odd 7 even

Thus v,(y) can be computed applying
E2(1 + l/(xa y)v Q(xa y) - p($7 y)7 t(:E, y) - S($7 y))

with vo(y) = 0 and v1(y) = t1(y) — s1(y).

§6.2 Main counting equation

Now, applying Otter’s dissimilarity characteristic equation (3.16) as in the case of
2—connected graphs (3.74), the decomposition of minimally 2—edge—connected blocks

can be written as :

B =Tlay, D", D] + Nlay, D* — P*, D~ — P
+ Mlay, by + DY — ST, ¢; + D™ — S7] — Mg[ay, DY — ST, D™ — 7]
_ {f[al,fﬁ,f)—] o Niay, D* — P+, D~ — P
4 Nlay, D — P+ D™ — P~ o Mlay, by + D — §%,¢r + D™ — §7]
~ Nlay, D* — P, D™ — P~] o Mo[ay, DY — §%, D= — §7]
4 Tlay, D, D7) o Mlar, by + D¥ — 8%, e, D= — 87
~ Tlay, D*, D7) o Molay, D* — 8+, D~ — §7]

+ %?[al,b+,b—] o Tlay, D¥, D]

n (a% 1‘ a?) a [T+[a1,D+,D_]]} + (#) az [T*[ar, D¥,D7]] .
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Composing on both sides with [z,y,y] and applying (3.75), we get,
Ble,y,yl = Tlz,8,e|+ N [z,(D" = P*)[z,y,y], (D™ = P7)[z,y,y]]
+ M [z,y+6—SF[z,y,yl,y + e— S [z,,y]]

— My [3;76_ S+[$7y7y]76_ S_[$7y7y]]

— {?[m,& E]OZ_\} [:L’,(D+ — PPz, y,y], (D™ — P_)[:E,y,y]]

[, (D* = Pz, y,y], (D™ ~

=1
~

+ N, y,yl]

M [$7y+5_5+[$7y7y]7y+6_S_[xayay]]

<

[z, (DY — P*)[z,y,y], (D™ — P7)[z,y,y]]

<>2\40 [1775_ S’+[$7y7y]76_ S_[J:,y,yﬂ

=1

‘|‘T[.’L’,5,6]<>M[Jf,y—|—5—S+[$,y,y],y+6—5_[$,y,y]]

—Tlz,6,d o Mo [2,6 — §* [z, y. 5], e — S [z, 5, ]
+ %?[m,& € o?[m,& €| + %2@ [Tz, 6, EH} + ztay [TH]2,6,€]] .
Now, applying (3.76) on RHS of this gives
Blz,y,y] = Ble,p,v] = Ny [z, (D¥ — P¥)[z, p,v] — p, (D™ = P )z, pp, v] — v]
— M [2,6 — S*[x, p, v, e — S7[z, p, o]
+Tlz,6,d o Ny [z, (D — Pz, 0] — p, (D™ — P7)[z, 1, 0] — o]
+ Ny [, (DF = PH)[a, ] — (D™ = P, v] — o]
o M [2,8 — §*[x, p, v],e — S~ [z, 1, V]
+ Tz, 6,0 M [2,8 — S*[z, p,v], e — S [z, o, V]
£ N [o,(DF = P, g,y (D™ = Py, ]
+ M [z,y+6—5%[z,y,yl,y+ e— 57 [z,y,y]]

- MO [:(:76_ S+[l’,y,y],6— S_[$7y7y]]

— ?[1’,5, 6]0]_\} [a:,(D+ — PH)[z,y,y], (D™ — P_)[x,y,y]]
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— N [a, (D = P*)[z,y ), (D7 — P7) [z, g, y]]
o M [z,y+6— 5[z, y, 5],y + e — Sz, . yl]
N [a, (D = P,y ). (D™ = P,y )]
o Mo [2,6 — $* [z, y,y],e— S [z, 5, ]

—T[$,5,6]<>M[:Z?,y—|—5—S+[$,y,y],y—|—6—;§_[$,y,y]]

—I_i;[xaév 6]0]\}0 [11775— S’+[$,y,y],6— S_[:L',y,yﬂ
2

— S () + v(a,y)). (6.11)

Rearranging (6.11), gives
Bla,y,yl = Bla,p,v] + N [2,(D* = P)[z,y,y],(D™ = P7)[z,y,y]]
— Ny [z, (DF = PH)[a, p, 0] = p, (D™ = P7)[z, pp, v] — v]
+ M [z,y+6— 5%z, y,yl,y + e— S [z,y,y]]
— Mo [,6 — S*[z,y,y,e— S [z,y,y]]
— M [2,6 — S*[z, g, v], e — [z, i, ]]
+ Tz, 8, o Ny [2, (DT — PH)[a, p,v] — p, (D™ — P7) [z, p,v] — v]
— Tz, 6,0 N [z, (D* = P*)[a,y,y], (D™ = P7)[z,y,y]]
+ Ny [, (DF = PH)[a, o] — (D™ = P, 0] — 0]
M [:1;,(5 — S*[a, vl e — S 2, p, v
N [2,(DF = PV, y, (D™ = P7)[z,y,y]]
[x,y+5 Sty ),y + e — Sz, y, y]
N [a, (D% = P¥)[a,y,y), (D™ = P72y, ]
o My (2,6 — St[z,y,y).e— S [z, y,v]]
+ Tz, 6,0 M [2,8 — S*[z, p,v], e — S [z, o, V]

_T[$7576]<>M[$7y+5_S+[$7y7y]7y+6_‘§_[$7yvy]]
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—|—§;[{L’,5, 6]OZYJ\O [3;75_ S’+[$7y7y]76_ S_[J:,y,yﬂ

2

— S (e, 9) + vl ). (6.12)

§6.3 Final counting series

Now, again let u(z,y) = (D — P*)[z,y,y].

Then (6.5) becomes, TF[z,8, ¢] = u(z,y) — q(z,y). (6.13)
Also, by (63), u(w,9) = Y uitya' = 32 “aftog(1 4 62, )]
Letting w(z,y) = log(1 4 é6(x,y)), gives, u,(y) = Z @wj(yi). (6.14)

Moreover, rearranging (6.6) gives,

(DF — PH)[x, p,v] — plx,y) = pla,y) — q(z,y) + u(z,y) (6.15)

Now, let v(z,y) = (D™ — P7)[z,y,y].

Then (6.8) becomes, T [z,6,¢] = v(x,y) — t(z,y). (6.16)

Also by (6.4). v(z.9) = Y o) = 3 W0 flog(1 4 c(z.9))]

i>1 k odd

- Y )

m=21te >0

1+ (2, y)) gives,

OEND Y VENDY Lui(y™), where, m = 21+, for ¢ > 0.

m

Letting h(z,y) = log

t-j=n, t odd 2|n,m-i=n

(6.17)

Moreover, rearranging (6.9), gives,

(D7 = P7)[x, p,v] = w(z,y) = s(x,y) — tz,y) +v(z,y). (6.18)

Recall from previous equations,

§(x,y) — STz, p,v] = 8(x,y) — p(z,y);

e(z,y)— S [z, p,v] = e(x,y) — s(x,y);
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v+ 8(z,y) — STz, y, 9] = y + 6(z,y) — gz, y);

y+e(z,y) = STz, y,yl =y + e(z,y) —t(z,y).

Substituting all of these in equation (6.12), we get

Blz,y,y] = Blz, u,v]( say, B(z,y) )
+ Nz, u,0] — Nifo,p—q+u,s — 1t +0]( say, Al(z,y) )
+ M[z,y+6—q,y+e—t] — Mo[x,6 — g, ¢ — ]
— M[z,6 — p,e— s]( say, A2(z,y) )
4Tz, 6,0 Nafo,p—q+u,s — 1t +0]
— T[z,6,¢] o N[z, u,v]( say, A3(z,y))
4 Nalo,p—q+u,s—1t+0v]oMz,6—pe—
— Niz,u,v]o Mlz,y+6 — g,y + ¢ — ]
+ Nz, u,0] 0 Molz, 6 — q, ¢ — 1]( say, Ad(z,y) )
4 Tz, 6,0 M[z,6 — pyc — s] — Tle, 8, o Mlz,y+ 6 — ¢,y + ¢ — 1]
+ T2, 6,¢] o Moz, 6 — q, ¢ — 1]( say, A5(x,y) )
— S (ulx,y) + v(z,y)).

2

In terms of nth coefficients, for n > 2, this is,

B,(y) = Bu(y) + Alu(y) + A2,(y) + A3,(y) + A4, (y) + A5.(y)

- %{un—z(y) + Vn—z(y)}- (6.19)

§6.3.1 Al(z,y)
Al(l”y) = N[:L’,u,v] - Nl[:l?,p— Q‘I‘ U, S -1+ v]'
Let pgu to denote p — ¢ + v and stv to denote s — 1 + v.

Then from (3.43) and (3.46) gives,
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Al(z,y) = {GXP (Z: )-I—eXp(Z u7+zv7>

7 even 7 odd

2 2
<1+u+7+%)—<1+v+%+%)}

_ %2{(1+;L)6Xp (Z quuz) (14 v)exp (Z pqzuZ n Z Stivi)

i>1 7 even 7 odd

u? U stv? U
_ {(1 +p)(1 —I—pqu)—l—pq’2 —|—p(]2 2 + (1 +v)(1 + stv) + T—I—pQZ 2}}

Applying (3.87) and (3.88), let T'1 come from E1(7'1,pqu), T2 come from

E2(T2, pqu, stv), T3 come from E1(T3,u) and T4 come from E2(T4,u,v). Then,

2

x u? v?
Al(m,y):? T3+ T4 — 1—|—u—|—? — 1—|—v—|—5 —uy — (1 + p)7T'1

— (1 + )72+ (14 p)(1 + pgu) + (1 + v)(1 + stv) qu t2v2 }

= g{(pqu —TH(1 4 p) + (sto =T2)(1 + v) + %(pun + stv? —u? — 1)2)
—2—|—2—|—(T3—|-T4—|-/L—|-l/—u—v)—|-pq’ll2—UQ}.

Since, pquo(y) = stvo(y) = uo(y) = vo(y) =0

and Tlo(y) =T2(y) = T3o(y) = T4o(y) = 1

we have, %{(—1)+(—1)+%O-I-Q—Q—I-(l—l-l)—l-()—()} = 0.

Thus, for n > 2,

1
Al,(y) = 5{ Z {(pqun—k — Tl ) k2 + (stvp_p — TQn—k)l/k—z}
2<k<n
1
T3 Z PGUn—kPqUk—2 + SLVp_SLVk_3 — Up_pUk—2 — Vn_kVk—2

2<k<n

+ TSn—Q + T4n—2 + Hn—2 + Vp—2 —Up_2 — Up_2

. {pqum(?ﬁ) — up(y?) if 2|n for m = (%)}} (6.20)

0 otherwise
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§6.3.2  A2(z,y)
A2(z,y) =Mz, y+6—qy+e—t] — Mo[x,6 —q,e—t] — M[z,6 — p,e — s].
Let dg denote 6 — ¢, et denote ¢ — ¢, ydg to denote y + 6 — ¢,
yel to denote y + ¢ — t, dp to denote 6 — p and es to denote € — s.
Then applying (3.34) gives

A2z, y) = 1{2 @“d [log (%)] }

2 2

X
—ydq®) + Z(dm — ydgy)

Do |

=22 ydgy) 22° - yel - ydgy + a* - ydg; + x'yel® - ydqa}

1
— i _xZ‘dPQ){Q:L’S-eS-dpQ—|—a:4-dpg—|—:1:4-632-dp2}

— Moz, 6 — q, e —1].
Applying (3.96) and (3.97), let T'9 come from V(7'9,dp,ydq), T10 come from
W(T10,ydq,yet), T11 come from W (T11,dp,es) and

T12 come from MO(T'12,dq,et).

A2(z,y) = %{;

$2

+ 7 (dpz = ydgo) + T10(z,y) = T11(z,y) = T12(z, y).

Then for n > 2,

i-d=n

AQn(y) = Z %T%(gd) + %(dpn—l - den—l)

i-d=n

1
+ 1 D (dpia dpuok — ydges - ydgus)

2<k<n

+ T10,(y) — T11,(y) — T12,(y)

1 Vdpm(¥?) — ydg..(y?) if 2|n for m = (22
- P (y?) — ydan(y?) if 2| (%) (6.21)

0 otherwise
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with A2(y) = 0; A24(y) = @T%(y) + %(dpo — dqo)

2
1 1 1 1
= #(_dpo + dqo) + §(dpo —dqo) = oY~ ¥ = 0.

§6.3.3 A3(z,y)

A3(z,y) =Tz, 6,¢) 0 ]Tfl[;r:,pqu, stv] — T[;L', b, €] OZ_\}[CL‘, u, v].

Applying the definition of ¢ from (3.73),

2 2
A3(z,y) = %Tﬂx,& €| N [, pqu, stv] + %T_[:C,& €| Ny [z, pqu, stv]

z? z?
- ET+[ZL',5, )Nt [z, u,v] — ?T_[{L',é, )N ™[z, u,v].

Applying (6.13), (6.16), (3.47), (3.48), (3.44) and (3.45) gives

a3te.0) = H{ - o f 0+ e (Z pqz.“i) - -}

i>1

+ (v —t){(l + v)exp (Z pq;ui + Z Stf) —(1+v) - stv}

7 even 7 odd

- (U—Q){GXP (; UT) = (1—|—u)}
—(v—t){exp (Z “7+ Z%) —(1—|—v)}}.

i even 7 odd

As before, let T'1 come from F1(T'1, pqu), T2 come from FE2(T2, pqu, stv),

T3 come from E1(7T'3,u) and T4 come from E2(T4,u,v).

1,2

w(e,) = 5 =0 {0+ 071 = (040 = )
4 (v —t){(l L T2 — (14 v) — stv}

- (u—q){TS— (1 +u)} ~ (v —t){T4— (1 +v)}}

1,2

:?{(u—q){(l—l—y)Tl—(l—l—u)—pqu—TB—I—l—I—u}
—I—(v—t){(l—|—1/)T2—(1—|—1/)—5tv—T4—|—1—|—v}}.

Thus for n > 2,
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A3,(y) = 5{ Z {{un_k—2(y) - Qn—k—z(y)}

_ *{ ((;;k Mr(y)le_r(y)> — pu(y) — pqui(y) — T3x(y) + Uk(y)}
+ {vn—k—2(y) —;n:k—2(y)}
, { (z ur<y>T2k_T<y>) — ily) — stoly) — T4uly) + vk<y>}}

+ Un-2(y) = Gn-2(y) + vn-2(y) — tn—z(y)}- (6.22)

§6.3.4 Ad(z,y)

J— —_

Ad(z,y) = Ni[z, pqu, stv] o M[z, dp, es] — N[z, u, v] o Mz, ydg, yet]
+ Z_\}[l’, u,v] o A}o[x, dq, et].

Applying the definition of ¢ from (3.73),

2 2
Ad(,y) = SN [, pau, sto] M¥ o, dp, es] + 5-N7 [, pgu, sto] M [, dp, es|
2
T

2
— 5N, u, oM, ydg, yet] = 5 N[, u, 0] Mo, ydg, yed
2 2

5 N [o,u, oM o, dg, ef] + SN[, u, 0] Mg [, dg et].

Applying (3.47), (3.48) gives,

Az y) = ?{{(1 baesp( 3P ) — (14 1) = pgu M e

; ?
21

(1+v)exp (Z pql,ui + Z Stz,vi) —(1+v)-— Stv}M_[:z;,dp, es|

7 even 7 odd

exp Z %) - (1 + u)}Mﬂx,ydq,yet]

i>1

exp Z u7—|- Z %) - (14 v)}M_[fc,ydq,yet]

7 even 7 odd

exp Z &> -1+ u)}MJ[m,dq, et]

- 4
i>1

_|_

_|_

— —— — =
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+ {exp (Z u7+ > %) (1 —I-v)}MO_[a:,dq,et]}.

i even 7 odd

As before, let T'1 come from F1(T'1, pqu), T2 come from E2(T2, pqu, stv),
T3 come from E1(T'3,u), T4 come from E2(T4,u,v).

Also, applying (3.89) and (3.90), T'5 come from M P(T'5,dp),

T6 come from M P(T6,ydg), T7T come from MN(T7,dp,es),

T8 come from MN(T8,ydq,yet), T13 come from MOP(T'13,dq),

T14 come from MON(T'14,dq).

2

Ad(z,y) = %{{(1 +u)T1— (14 p)— pqu}T5

+ {(1 +v)T2 - (14+v)— 3tv}T7

—N

73— (1+ u)}(TG ~T13)

—N

T4 — (1—|—v)}(T8—T14)}.
Thus for n > 2,

{{ > we(y) Thee(y) — mely) — pquk(y)} 4 T5_s_(y)

0<k<n—2 0<r<k

0o (y) - T2 () — ve(y) — stvk<y>} T ia(y)

Thocica(y) — vacia(u) } * { TSi(y) — T144(0)}

+ (T6,-2(y) — T13u—a(y) + TSu_s(y) — T14n_2(y))}. (6.23)

§6.3.5 A5(z,y)
A5(x,y) = Tle, 5, | o M., dp, es] — T[z,6,¢] o Mz, ydg, yel]
+ ?[L b, €| o A?[o[a:, dq, et].

Applying the definition of ¢ from (3.73),
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1,2

2
A5(w,y) = ST, 8, M, dp,es] + ST (0,6, ] M [z, dp, s

2

2
= ST e 8, M e, dg, ef] = ST [, 6, Mo, ydg, yel]
{E2 1’2
+ ?T+[$7 67 E]MJ_[$7 dgv 6t] + ?T_[:E? 57 G]Mo_[l’a dq7 et]

Again, applying (6.13) and (6.16), gives

1,2

A5(z,y) = 5{(11 — q){M+[$, dp,es) — M*[z,ydq, yet] + M [z, dg, 675]}

+ (v — t){M_[:U, dp,es] — M~ [z,ydq,yet] + My [z, dq, et]}}.

As before let T'5 come from M P(T5,dp), T6 come from M P(T6,ydq),
T7 come from MN(T7,dp,es), T8 come from MN(T8,ydq,yet),

T13 come from MOP(T'13,dq) and T14 come from MON(T'14,dq).

Then, A5(z,y) = %2{(“ — @) (T5—T6+T13) + (v —t)(T7T—T8 + T14)}.
Thus for n > 2,
Abn(y) = %{ >, {(uk—z(y) — qe—2(y) * (T5n-r(y) = T6n-x(y) + T13n-k(y))

T (vama(y) = ema(y)) * (TTack(y) — T8ui(y) + mn_k(y))}}. (6.24)

§6.4 Summary of the counting algorithm

In the computations below, power series are computed term by term. At any given

time nth term of each of the power series (except in the case of n(z,y), for which

(n + 1)th term is computed) is computed one after the other in the order given

here, utilizing all its previous terms and all the available terms of the power series

computed before it. Steps are numbered for easy perusal.

and for n > 2, p,(y) = Z 5k—1(y){5n—k(y) - Pn—k(?/)}
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then from (6.1), compute, ¢o(y) =0 ; ¢:1(y) = 50(y)2 —y?

and for n > 1,

) =y + 3 {8 {5r0) + a0}~ 20s0)0020)

> {{Sqn ) 2@} s 3 805 0)

S e S o)+ y_{qn_k@)qk_xy) ~ bi)ona()} |
> {{ 3 3 B (8) 3 B0)A-i)

+ {35n_k<y> gkl | # Py e Py )0
Fos] T s 05 0) =26 00l + qk_g_xy)qu)}}.

Then from (6.7), compute, for n > 2, nth term of u(z,y) applying
these in E1(1 4y, —p) and 1+ po(y) = 1+y and p1(y) = q1(y) — pa(y).
2. From (3.84), compute, so(y) = 0 ; 51(y) = 6o(y*) — po(y?) = do(y?)

and for n > 2, s,(y) applying,

saly) = ) {5k—1(y2) —pk_l(yZ)}%_%(y) and

1<k<n

St (9) = 6 (5%) = pulyP) + {5k_1<y2> - pk_1<y2>}ezn+1_2k<y>.

1<k<n

From (6.2) compute, to(y) =0 ; t1(y) = 5o(y2) —y?
1) = (aa) +1000) )+ (0l0) = ) ) + o%ea) +0°
= eo(y)do(y?) + v eoly) + v°.

2=2" nis odd.
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For n > 3,
wi) = 3 {{ontn) + s} {0 = a0} et

4 Z {yQﬁn—Qk(y) * {(qk_g(yQ) _ 5k_2(y2)}

2<k<m

—enoan(y) ¥ Y {qr(yQ) - 5r(y2)} * {Qk—Z—T(yZ) - 5k—z—r(y2)}}

0<r<k—2
0, if n is even
+ bm(y?) — qm(y?) + yQ{qm—l(yZ) - 5m_1(y2)}
— rcren {001 2) = 81 ()} # {ami(y? = 6nil(y) ], Otherwise
Then from (6.10), compute, 1+ vo(y) = 1 +y and 1(y) = ti(y) - s1(y)

for n > 2, nth term of v(z,y) applying these in E2(1 + v,q — p,t —s) .

K
3. From (3.80), n(z,y) —x=azF(z,y) — a1 (g— — 1) [, 1+ p, 14 v]
ay

where F(z,y) = (K — 1)[n,1 4 p,1 4 v]. We compute the nth term F(z,y) by
doing the composition on the terms generated for K.

0K
Let K, denote aq <@— — 1) . Compute the power series
ax

R(z,y) = K.[n,1 + p, 1 + v] by composing on the terms generated for K,.
Compute, for n > 2, the (n + 1)th term

of n(x,y), applying n,41(y) = Fu(y) — Ruyi(y).

4. From (3.78),

§(e,y) +1 = (’7“"’”)2 2 (1S ) et 1+ 1= (14 6o Pl

T a} 0b,
2 0K
Let K} denote —; <bl —) . Compute the power series
ay 861

S(z,y) = Ky[n,1 + p,1 + v] by composing on the terms generated for K.

Then, 6(z,y)+ 1= <U($7y)> S(z,y) — (1 +6(z,y))F(x,y).

X
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Let E(z,y) =Y Eily)e' = ("(:”’y)> . Then,

= Y Sy (Z; ) Ep_r(y )_ (y) = > b(y)Fu-

0<k<n

:0<zk;n{ ik << . E,(y)Er—.(y )) — oy )Fn—k(y)} — F.(y).

5. From (3.79),

e+ 1= (D) 2 (02 s 1) - (4 o) o)

0K

Let K, denote 3(
acl

) . Compute the power series
T(x,y)= K.n,1+ p,1+ v] by composing on the terms generated for K..
22

Then, e(z,y)+ 1 = (M) T(x,y)— (1 4+ e(z,y))F(x,y). Then,

)= D E)Tany) = D &(y)Fuk + Tuly) — Fuly).

1<k<| 2] 0<k<n—1

6. Let B(z,y) = B[z, u,v]. Then, from (3.82), for n > 2,

= Z @fi(yk) - Z @&(ﬂk)-

ki=n ki=n—1
7. From (6.3), u(z,y)= Zuz(y)l‘l = Z @ai [log (W)] .
1>1 i>1
146 »
Let w(z,y) = log <%g;y)> , so that, from (6.14), ”Z:n s, y')
8. From (6.4),
i p(k) 1+ €(z,y) A
o) = Yt = 30 M, fiog (LEAEU) | 52 oy,
i>1 k odd k T4y m=21%¢ e>0 m
1
Let h(z,y) = log <%&;y)> . So that, from (6.17),
va(y) = Z Mh(y") — Z iuz(ym) where, m = 2'*¢ for, e > 0.
g ‘ i J 2| ‘- m 9 9 ) ) -
1-j=n, 1 0 n, m--j=n

9. Having computed the essential power series, we now compute some auxiliary



power series that are used in the remaining computation. For all n > 2,
Pqun(y) = Pa(y) — 4u(y) + un(y),

st (y) = su(y) — taly) + valy),

dpa(y) = 6.(y) — paly),
esn(y) = en(y) - Sn(y)a
dgn(y) = 6a(y) — gu(y),

ydaa(y) = 6a(y) — ¢u(y),

yetn(y) = en(y) — taly).
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Now, we pass on these into routines K1, K2, MP, MN, M0, MOP, MON, V.,

W to compute the nth term of power series T'1(z,y) through T12(z,y).
E1(T1,pqu), E2(T2,pqu,stv),
MP(Th5,dp), MP(T6,ydq),

V(T9,dp,ydq), WI(T10,ydq,yet),

MOP(T13,dq) and MON(T'14,dq).

10. From (6.20), for n > 3,

AL (y) = %{

2<k<n

+ = E PAUL,_LPqU + stv,_pstv — Up—iU — Up—k¥

2<k<n

E1(T3,u)

MN(TT7,dp,es),

E2(T4,u,v),

MN(T8,ydq, yet),

W(T11,dp,es),

Z {(pqun—k — Tl ) k-2 + (stvp_p — TQn—k)l/k—z}

+ T3n—2 + T4n—2 + Hn—2 + Vp—g —Up_2 — Up_2

{pqum(yQ) — up(y?) if 2|n for m = (
_I_

0

11. From (6.21), for n > 2,

otherwise

n—2

2

)}}

MO(T12,dq,et),
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A2, = 3 70,0 + Ldpcs — yda)

1
+7 > (dprz - dpuoy — ydax—s - ydgu_s)
2<k<n
+ T10,(y) — T11,(y) — T12,(y)
N l dpm(y?) — ydg,(y?) if 2|n for m = (”2;2)
4 0 otherwise
_ _9(1), 1
with A2(y) = 0; A21(y) = TT91(y) + §(dp0 — dqo)
B qb(l) 1 B 1 1 B
=5 (—=dpo + dgo) + 2(Glpo —dqo) = 2y - 2y =0.

12. From (6.22), for n > 2,

A3,(y) = %{ Z {{un_k—2(y) - Qn—k—z(y)}

0<k<n—2

3 (Z Tl ) ) = (o) = pruly) = T(0) + o)
+ {vn—k—2(y) —;n:k—2(y)}
: { (Z ur<y>T2k_T<y>) — vely) — storly) — Taly) + vk<y>}}

+ Un-2(y) = Gn2(y) + vn_2(y) — tn—2(y)}-

13. From (6.23), for n > 2,

Al (y) = %{ Z {{ Z 12 (y )-le—r(y)—ﬂk(y)—pqw(y)} # T5—k-2(y)
+{ T )_ygm—swmm}*Tnhhxw
{Tnkg —unk2<ﬁ*{Tm@)—TBaw}
{TnkQ )~ vacica(u)} * {T8u(y) — T144(0)}
F (T6,04(0) = T130ma(0) + T8maly) = Tl |-
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14. From (6.24), for n > 2,
45,0 = {32 {(0hms(0) — ) (F50msly) = T6usl) + T13,0400)

 (1mals) = a0 * (T Tacaly) = T80ma(0) + T1e(0) } |
15. From (6.19), for n > 2,

Bn(y) = Bn(y) + Aln(y) + AQn(y) + Agn(y) + A4n(y) + A5n(y)

= %{un—z(y) + Vn—z(y)}-

(6.25)



CHAPTER 7

Conclusions

§7.1 Numerical Results

Most of the sequences computed in this dissertation are new, according to N. J.
Sloane’s online encyclopedia of Integer sequences (http://www.research.att.com/
“njas/sequences/Seis.html). In case of unlabeled minimally 2—connected graphs,
numbers up to 12 and 16 nodes are given in [47] and [29] respectively. They agree
with our numbers except that the values for 15 and 16 nodes in [29] are a little
less than our values. Our calculations have provided numbers up to 32 nodes for
this class. In Sloane’s online encyclopedia, the numbers of unlabeled minimally
2—connected graphs is sequence number A003317.

The numbers computed for the other two classes are not found elsewhere. The
numbers of unlabeled 2—connected 3-edge—connected graphs is sequence number
A054316 and we have them computed up to 25 nodes. The numbers of unlabeled
2—connected minimally 2—edge—connected graphs is sequence number A054317 and
we have them computed up to 34 nodes.

In all the three computations for this dissertations, we were using fixed precision.
Each number was stored as a sequence of unsigned short (16 bit) integers respectively
the residues modulo primes such as 65323, 65287, etc,. So each multiplication is an
elementary operation, as in [51]. For the computations of minimally 2-connected
graphs and minimally 2-edge—connected graphs, we only had to use four primes. But

for the computation of 3-edge—connected graphs, we had to use 14 primes. After

147
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the computations we applied the Chinese remainder Theorem to calculate these
rather long numbers. All our power series are series in x with coefficients that are
polynomials in y. Here the power of x denotes the number of nodes and the power
of y denotes edges. The number of power series we used in the computations of
minimally 2-connected, 3—edge—connected and minimally 2—edge—connected graphs
were 42, 45 and 47 respectively.

As noted by Dirac [8, pp. 214], there are at most 2n — 4 edges in any minimally
2—connected graph on n nodes. These contain the 2—connected minimally 2—edge—
connected graphs, so these also have at most 2n—4 edges. In both the computations,
all our polynomials were of fixed size 2N, where N is the maximum number of nodes
that we wanted to compute for. For 3—edge—connected graphs the maximum number
of edges is (;) and we stored N? + N coefficients for each of our polynomials. The
extra terms were needed in some polynomials that were intermediate results. But
for programming convenience, we had to hold all the polynomials with N? + N
coefficients. Thus each of the three computations runs in polynomial space as a
function of n.

Programs for the computations were written in the popular object—oriented lan-
guage C++. About 4500 lines of code was common to the three graph counting algo-
rithms. Each algorithm then had about 1000 lines of code specific to the problem.
Thus the client routines and the base routines consist of some 7500 lines of C++
code. But for each graph counting problem there were bugs that were extremely
hard to locate in C++ code, as the computations were done modulo primes. So, for
all three of the counting problems, to compute the first few terms for debugging pur-
poses, it was found necessary to write independent programs in Maple, amounting
in all to some 3000 lines of Maple code.

The computational cost for any of the three classes is dominated by compositions

such as K[n,1 4+ p,1 + v]. Up to a constant factor this is exactly the same as for
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counting 3-connected graphs in [51]. There it is argued that the time complexity is
O(nr''p'(n)), where p/'(n) is the number of partitions of all numbers up to n. This
can be related to p(n) by noting that p'(n) = O(y/np(n)). The analysis assumes that
arithmetic operations are all O(1) in time. The bit complexity can be obtained by
multiplying by the number of primes needed as a function of n, which is O(r?) for 3—
edge—connected blocks. The data seems to indicate that for minimally 2—connected
or 2—edge—connected blocks the number of primes needed is closer to O(n), but it
has not even been proved that the number is O(n?).

A complete analysis of the bit complexity would need to take into consideration
the availability of prime numbers, which will force the use of primes too long for
a single word. If m is the number of bits used to store a prime number, then
multiplications will take O(m?) time using the most straightforward algorithm. This
can be replaced by O(mlogmloglogm) using Schénhage and Strassen’s algorithm
[52], but assume O(m?) is used.

The log, of the product of the prime numbers expressible with m bits is approxi-
mately 2, so m = O(log n) will suffice for applying the Chinese remainder Theorem
to calculate the unlabeled numbers for graphs on up to n nodes. For the latter are
bounded above by 27°/2. Hence an additional factor of O(log® n) will cover the bit
complexity of the arithmetic operations required by any of our counting algorithms.

The program for counting minimally 2—connected graphs was run in background
under lowest priority for seventeen days on a Sun Solaris Workstation (330 MHz)
named MoonStone that belongs to a student laboratory of Computer Science Depart-
ment at UGA. Since it was running when the classes were not in session, this com-
putation was able to use an average of 99% of the CPU time.

The program for counting 3—edge—connected graphs was run in background under
lowest priority for eight days on a personal computer (550 MHz) named Aditya,

running Red Hat Linux, that belongs to Lawrence Berkeley National Laboratory,
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Berkeley, CA and was assigned to author’s wife, Mrs. Vijaya I.. Natarajan. Since
there was no other use for the PC at that time, this computation was also able to
use an average of 99% of the CPU time.

The program for counting minimally 2-edge—connected graphs was run in back-
ground under lowest priority for seven weeks on a Sun Solaris Workstation (248 MHz)
named Kepler that belongs to Mathematics Department at UGA and was assigned
to Dr. William Graham. The average CPU time available for this computation was

approximately 50%.

§7.2 Related results and problems

In this dissertation we have counted 2—connected 3-edge—connected graphs and
2—connected minimally 2-edge—connected graphs rather than all 3—edge-connected
graphs or all minimally 2-edge—connected graphs. Counting the latter classes would
not be very different from the ones we have counted. In fact, one could apply (3.22)
to solve these problems.

We hope that the Tutte decomposition approach developed in this dissertation
can be extended to obtain unique characterizations and counting algorithms for
many additional classes of 2-connected graphs. We contend that it is only a matter
of applying our methods to suitable classes of 2-connected graphs. We are sure that
this might also inspire many improvements to the counting methods used in this
dissertation and also inspire many new methods of general counting.

We are confident that the decomposition characterizations developed here can be
applied to efficiently enumerate and catalogue the graphs of classes such as minimally
2—connected. However, we leave this fertile ground untouched.

Before launching this dissertation project, we were trying to find a winning

strategy for an achievement graph game called Do disconnect-it. The computa-



151
tions we did for that produced the number of minimally 2-edge—connected graphs
up to 10. Starting for n = 3, they are 1, 1, 3, 4, 11, 23, 63, 159. These numbers are
sequence number A001072 in Sloane’s online encyclopedia.

Computing the asymptotic estimates for minimally 2—connected graphs and for
minimally 2—connected blocks is still unsolved. In the case of 3—edge—connected
blocks, almost all graphs are 3—edge—connected blocks so the asymptotics are the
same as for all graphs. The latter are well known [19, pp. 196].

Finally, in [42], inspired by this dissertation work, we have counted the labeled

versions of the three classes of graphs counted in this dissertation.



APPENDIX A

Numbers of unlabeled minimally 2—connected graphs

Table A.1: Numbers of unlabeled minimally 2—connected graphs by the
number n of nodes.

Number

1
1
2
3
6

12

28

68

184 | 11

526 | 12

1602 | 13

5075 | 14
16711 | 15
56428 | 16
195003 | 17
635649 | 18
2447882 | 19
8850157 | 20
32359428 | 21
119492766 | 22

D © 0~ Oy Ut w| B

445236635 | 23
1672636369 | 24
6331624545 | 25

24138404479 | 26
92640942148 | 27
357805122286 | 28
1390318899884 | 29
5433781135206 | 30
21356209420251 | 31
84393903909663 | 32
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Table A.2: Numbers of unlabeled minimally 2—connected graphs by

number of edges m and nodes n.

Number | m | n Number | m | n
11313 62 | 14 | 12
114 | 4 156 | 15 | 12
115 |5 178 | 16 | 12
116 |5 88 | 17| 12
116 |6 28 | 18 | 12
11716 4119 |12
118 |6 112012
11717 1113113
218 |7 1014 | 13
21917 98 | 15 | 13
1110 7 360 | 16 | 13
118 |8 544 | 17 | 13
31918 398 | 18 | 13
5110 | 8 149 | 19 | 13
21111 8 36 |20 | 13
1112 8 512113
11919 1122113
41101 9 1114 14

107111 9 12115 | 14
9112 | 9 155 | 16 | 14
3113 9 749 | 17 | 14
11141 9 1576 | 18 | 14
1110110 1510 | 19 | 14
5111 |10 793 | 20 | 14

21 |12 | 10 227 121 | 14

23 |13 |10 46 | 22 | 14

14 1 14 | 10 5123114
3115110 1124 14
1116 |10 111515
1111 |11 14 |16 | 15
711211 229 | 17| 15

3513 |11 1514 | 18 | 15

66 | 14 | 11 4132 | 19 | 15

50 | 15 | 11 5362 | 20 | 15

20 | 16 | 11 3629 | 21 | 15
4117 |11 1429 | 22 | 15
118 |11 337 123 |15
111212 57124 |15
113 |12 612515
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Table A.2: Numbers of unlabeled minimally 2—connected graphs by

number of edges m and nodes n (continued).

Number | m | n Number | m | n
112615 97 [ 30 | 18
1116 |16 713118

16 | 17 | 16 1132118
340 | 18 | 16 1119119
2852 119 | 16 24120 |19
10242 | 20 | 16 910 | 21 | 19
17121 | 21 | 16 15459 | 22 | 19
15236 | 22 | 16 109593 | 23 | 19
7669 | 23 | 16 367132 | 24 | 19
2406 | 24 | 16 650492 | 25 | 19
469 | 25 | 16 664974 | 26 | 19
69 | 26 | 16 416474 | 27 | 19
627116 168058 | 28 | 19
112816 45129 | 29 | 19
111717 8419 | 30 | 19

19 | 18 | 17 1096 | 31 | 19
477 119 | 17 112 1 32 | 19
5216 | 20 | 17 8133119
23709 | 21 | 17 1134119
50965 | 22 | 17 1120120
57664 | 23 | 17 27121120
37556 | 24 | 17 1227 122 | 20
14852 | 25 | 17 25363 | 23 | 20
3811 | 26 | 17 220775 | 24 | 20
643 | 27 | 17 904505 | 25 | 20
82 | 28 | 17 1967359 | 26 | 20
7129 |17 2469275 | 27 | 20
113017 1908372 | 28 | 20
111818 950021 | 29 | 20

21 |19 | 18 317113 | 30 | 20
671 | 20 | 18 72706 | 31 | 20
9106 | 21 | 18 11894 | 32 | 20
52274 | 22 | 18 1381 | 33 | 20
140853 | 23 | 18 129 | 34 | 20
201379 | 24 | 18 8135120
164973 | 25 | 18 1136120
83009 | 26 | 18 112121
26636 | 27 | 18 30122 |21
5777 | 28 | 18 1612 | 23 | 21
844 129 | 18 40657 | 24 | 21

154



135

Table A.2: Numbers of unlabeled minimally 2—connected graphs by
number of edges m and nodes n (continued).

Number | m | n Number | m | n
427634 | 25 | 21 84836617 | 30 | 23
2124732 | 26 | 21 114787516 | 31 | 23
5599535 | 27 | 21 101008571 | 32 | 23
8543435 | 28 | 21 59997824 | 33 | 23
8036612 | 29 | 21 24784870 | 34 | 23
4892330 | 30 | 21 7287165 | 35 | 23
1997605 | 31 | 21 1556379 | 36 | 23
564382 | 32 | 21 244738 | 37 | 23
112634 | 33 | 21 28920 | 38 | 23
16346 | 34 | 21 2562 | 39 | 23
1726 | 35 | 21 186 | 40 | 23

147 | 36 | 21 10 | 41 | 23
913721 1142123
113821 1124 |24
1122122 40 | 25 | 24
3312322 3445 | 26 | 24

2111 | 24 | 22 145322 | 27 | 24
63436 | 25 | 22 2573372 | 28 | 24
801566 | 26 | 22 21499576 | 29 | 24
4774144 | 27 | 22 95514635 | 30 | 24
15109331 | 28 | 22 246487547 | 31 | 24
27707680 | 29 | 22 394640425 | 32 | 24
31418133 | 30 | 22 411730307 | 33 | 24
23102095 | 31 | 22 290776506 | 34 | 24
11440078 | 32 | 22 143180369 | 35 | 24
3924677 | 33 | 22 50360575 | 36 | 24
956812 | 34 | 22 12893303 | 37 | 24
168416 | 35 | 22 2443751 | 38 | 24
21968 | 36 | 22 346488 | 39 | 24
2109 | 37 | 22 37430 | 40 | 24

166 | 38 | 22 3058 | 41 | 24
913922 208 | 42 | 24

1140 22 10 | 43 | 24
1123123 1144 | 24

37124 |23 1125125

2701 | 25 | 23 44126 | 25
97045 | 26 | 23 4321 | 27 | 25
1455995 | 27 | 23 213935 | 28 | 25
10315987 | 28 | 23 4432169 | 29 | 25
38829510 | 29 | 23 43374839 | 30 | 25
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Table A.2: Numbers of unlabeled minimally 2—connected graphs by
number of edges m and nodes n (continued).

Number | m | n Number | m | n
225717631 | 31 | 25 52 | 28 | 27
682986281 | 32 | 25 6641 | 29 | 27
1283676861 | 33 | 25 441182 | 30 | 27
1575284541 | 34 | 25 12286017 | 31 | 27
1311400842 | 35 | 25 161747360 | 32 | 27
763310455 | 36 | 25 1133095396 | 33 | 27
318189093 | 37 | 25 4620457048 | 34 | 27
96889509 | 38 | 25 11726168438 | 35 | 27
21891385 | 39 | 25 19486003077 | 36 | 27
3721062 | 40 | 25 22048970645 | 37 | 27
480011 | 41 | 25 17520755376 | 38 | 27
47690 | 42 | 25 10021498631 | 39 | 27

3633 | 43 | 25 4209846518 | 40 | 27

230 | 44 | 25 1320358866 | 41 | 27

11 | 45 | 25 313438958 | 42 | 27

1146 |25 56931054 | 43 | 27

1126 |26 7986988 | 44 | 27

48 | 27 | 26 870210 | 45 | 27

5393 | 28 | 26 74429 | 46 | 27
309460 | 29 | 26 4969 | 47 | 27
7459783 | 30 | 26 279 | 48 | 27
84916135 | 31 | 26 12 149 | 27
514295822 | 32 | 26 150 |27
1812062253 | 33 | 26 112828
3970372644 | 34 | 26 5 | 29 | 28
5688538296 | 35 | 26 8148 | 30 | 28
5540336832 | 36 | 26 619720 | 31 | 28
3781377066 | 37 | 26 19840963 | 32 | 28
1853404235 | 38 | 26 300355260 | 33 | 28
665377394 | 39 | 26 2420481934 | 34 | 28
177857189 | 40 | 26 11358027356 | 35 | 28
35859231 | 41 | 26 33194905139 | 36 | 28
5516407 | 42 | 26 63591257772 | 37 | 28
651818 | 43 | 26 83075102573 | 38 | 28
59949 | 44 | 26 76353338507 | 39 | 28

4257 | 45 | 26 50621176228 | 40 | 28

254 | 46 | 26 24706336467 | 41 | 28

11 | 47 | 26 9026893726 | 42 | 28

1148 |26 2503293604 | 43 | 28

1127 |27 532998940 | 44 | 28
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Table A.2: Numbers of unlabeled minimally 2—connected graphs by
number of edges m and nodes n (continued).

Number |m | n Number |m | n
87920340 | 45 | 28 10157819623 | 36 | 30
11324550 | 46 | 28 62173942440 | 37 | 30

1143532 | 47 | 28 237252464495 | 38 | 30
91417 | 48 | 28 594402630873 | 39 | 30
5735 | 49 | 28 || 1017896442763 | 40 | 30
305 | 50 | 28 || 1229995568862 | 41 | 30

12 | 51 | 28 || 1075943494282 | 42 | 30
115228 695680835321 | 43 | 30
1129129 338247018327 | 44 | 30

61 | 30 | 29 125450344387 | 45 | 30

9877 | 31 | 29 35918899718 | 46 | 30

859635 | 32 | 29 8018457398 | 47 | 30
31454609 | 33 | 29 1407152170 | 48 | 30
544819639 | 34 | 29 195336227 | 49 | 30
5024688877 | 35 | 29 21564457 | 50 | 30
26993241006 | 36 | 29 1897014 | 51 | 30
90364786361 | 37 | 29 133950 | 52 | 30
198470302612 | 38 | 29 7522 | 53 | 30
297632317761 | 39 | 29 361 | 54 | 30
314516981658 | 40 | 29 13 | 55 | 30
240197467221 | 41 | 29 1156130
135331795619 | 42 | 29 113131
57214093727 | 43 | 29 70 | 32 | 31
18407924859 | 44 | 29 14280 | 33 | 31
4560063913 | 45 | 29 1595366 | 34 | 31
878238872 | 46 | 29 75210204 | 35 | 31
132494221 | 47 | 29 1681549335 | 36 | 31
15758948 | 48 | 29 20033956931 | 37 | 31

1482313 | 49 | 29 139099683838 | 38 | 31
111149 | 50 | 29 602319896981 | 39 | 31
6599 | 51 | 29 || 1713400277682 | 40 | 31

332 152 1 29 || 3334508119330 | 41 | 31

13 |53 | 29 || 4584606087011 | 42 | 31
115429 | 4569765183940 | 43 | 31

1130 |30 3372586916193 | 44 | 31

65 | 31 | 30 || 1875284905013 | 45 | 31

11933 | 32 | 30 797095484258 | 46 | 31
1177541 | 33 | 30 262166360979 | 47 | 31
49028125 | 34 | 30 67407384135 | 48 | 31
966907337 | 35 | 30 13663910694 | 49 | 31
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Table A.2: Numbers of unlabeled minimally 2—connected graphs by
number of edges m and nodes n (continued).

Number | m | n Number | m | n
2198872568 | 50 | 31 || 10495296792320 | 42 | 32
282377934 | 51 | 31 || 16343482297317 | 43 | 32
29063831 | 52 | 31 || 18474667030034 | 44 | 32
2400631 | 53 | 31 || 15486219617759 | 45 | 32
160089 | 54 | 31 9797128516826 | 46 | 32
8552 | 55 | 31 4747009877278 | 47 | 32

390 | 56 | 31 1783532167911 | 48 | 32

14 | 57 | 31 525061808968 | 49 | 32

11]58] 31 122186329482 | 50 | 32

1132132 22639189551 | 51 | 32

75 133 | 32 3359618424 | 52 | 32

17024 | 34 | 32 401007345 | 53 | 32

2138160 | 35 | 32 38635627 | 54 | 32
113684089 | 36 | 32 3005991 | 55 | 32
2869422677 | 37 | 32 189908 | 56 | 32
38612897637 | 38 | 32 9647 | 57 | 32
302873088330 | 39 | 32 421 | 58 | 32
1482020482312 | 40 | 32 14 159 | 32

4766386084534 | 41 | 32 1160 |32




APPENDIX B

Numbers of unlabeled 3—edge—connected blocks

Table B.1: Numbers of unlabeled 3—edge—connected blocks by number
of nodes n.

Number

1

3

19

149

2578

84127

5201474

577043450

113371887160

39618007594177

24916462201698733

28563626901315427552

60366734333061918085970

237406975833857522512566844
1750330441805919888169149998870
24333391253852871050342717789839845
640811881791468124412863736794079226908
32084542287292947547944886850696505721433875
3063386300429730850488173013366487457836083134305
559167842804102595767704835583730549059387248495497588
195549903344652082788231213269977915834450437312095461140244
131272508535413162857992403425071268772960060318310234038396921320

[N B NG BTN e

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n.

160

Number | m,n
1 6,4

1 8,5

1 9,5

1| 105

2 9,6

41 10,6

51 11,6

41 12,6

2| 13,6

1| 14,6

1| 15,6

41 11,7
171 12,7
30 | 13,7
34 | 14,7
29 | 15,7
17| 16,7
91 17,7

51 18,7

2| 19,7

1| 20,7

1| 21,7

41 12,8
32| 1338
132 | 14,8
307 | 15,8
464 | 16,8
505 | 17,8
438 | 18,8
310 | 19,8
188 | 20,8
103 | 21,8
52 | 22,8
23 | 2338
11 ] 24,8
51 258

2| 26,8

1| 278

1| 2838




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

161

Number | m,n
22| 14,9

269 | 15,9
1344 | 16,9
3949 | 17,9
7938 | 18,9
11897 | 19,9
14131 | 20,9
13827 | 21,9
11465 | 22,9
8235 | 23,9
5226 | 24,9
2966 | 25,9
1537 | 26,9
737 27,9
333 | 28,9
144 | 29,9

62 | 30,9

25| 31,9

111 32,9

51 339

21 349

1] 359

1] 36,9
14 | 15,10
306 | 16,10
3302 | 17,10
18326 | 18,10
64633 | 19,10
163495 | 20,10
318925 | 21,10
503147 | 22,10
663882 | 23,10
750334 | 24,10
739320 | 25,10
643802 | 26,10
500700 | 27,10
350608 | 28,10
222644 | 29,10
129030 | 30,10
68623 | 31,10




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

162

Number | m,n
33736 | 32,10
15464 | 33,10

6657 | 34,10
2735 | 35,10
1091 | 36,10
424 1 37,10

164 | 38,10

66 | 39,10

26 | 40,10

11| 41,10

51 42,10

2| 43,10

1| 44,10

1| 45,10

159 | 17,11
4489 | 18,11
48818 | 19,11
299028 | 20,11
1234058 | 21,11
3788667 | 22,11
9202115 | 23,11

18425652 | 24,11

31314682 | 25,11

46149871 | 26,11

59938786 | 27,11

69460512 | 28,11

72516698 | 29,11

68718646 | 30,11

59457124 | 31,11

47188372 | 32,11

34478942 | 33,11

23260219 | 34,11

14522369 | 35,11

8408495 | 36,11
4523777 | 37,11
2266257 | 38,11
1060080 | 39,11
464664 | 40,11
191795 | 41,11
75099 | 42,11




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

163

Number | m,n
28156 | 43,11

10216 | 44,11

3652 | 45,11

1301 | 46,11

466 | 47,11

172 | 48,11

67 | 49,11

26 | 50,11

11 ] 51,11

51 52,11

2| 53,11

1| 54,11

1| 55,11

57 | 18,12

3600 | 19,12

79990 | 20,12
856620 | 21,12
5682799 | 22,12
26736078 | 23,12
96597828 | 24,12
282157954 | 25,12
690385379 | 26,12
1451919830 | 27,12
2675662077 | 28,12
4385359470 | 29,12
6467108849 | 30,12
8660535465 | 31,12
10609740093 | 32,12
11960701231 | 33,12
12467075127 | 34,12
12061064775 | 35,12
10862830624 | 36,12
9130263691 | 37,12
7175024938 | 38,12
5279454413 | 39,12
3641236401 | 40,12
2355839991 | 41,12
1430631045 | 42,12
815792804 | 43,12
436981807 | 44,12




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

164

Number | m,n
219967703 | 45,12
104117726 | 46,12

46384251 | 47,12

19478407 | 48,12

7728519 | 49,12
2907759 | 50,12
1042758 | 51,12
358989 | 52,12
119787 | 53,12
39209 | 54,12
12751 | 55,12
4187 | 56,12
1404 | 57,12
485 | 58,12

175 | 59,12

68 | 60,12

26 | 61,12

11 ] 62,12

51 63,12

2| 64,12

1| 65,12

1| 66,12

1483 | 20,13
80652 | 21,13
1584694 | 22,13

17053755 | 23,13
121880202 | 24,13
643120107 | 25,13

2674261919 | 26,13
9153309987 | 27,13
26596489536 | 28,13
67122726016 | 29,13
149725747512 | 30,13
299248802681 | 31,13
541741902002 | 32,13
896142388631 | 33,13
1364206434811 | 34,13
1922376481380 | 35,13
2519660300835 | 36,13
3084017372636 | 37,13




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

165

Number | m,n
3536623701638 | 38,13
3810075504836 | 39,13
3864696015298 | 40,13
3697591088759 | 41,13
3341758405204 | 42,13
2856156073413 | 43,13
2310588596232 | 44,13
1770436320119 | 45,13
1285439037164 | 46,13

884622166514 | 47,13
577108170145 | 48,13
356906697757 | 49,13
209225006560 | 50,13
116243299258 | 51,13
61197938253 | 52,13
30524037079 | 53,13
14422160333 | 54,13
6455096425 | 55,13
2737493426 | 56,13
1100574143 | 57,13
419904672 | 58,13
152299258 | 59,13
52653237 | 60,13
17419588 | 61,13
5545595 | 62,13
1711589 | 63,13
517018 | 64,13
154624 | 65,13

46403 | 66,13

14136 | 67,13

4434 | 68,13

1446 | 69,13

492 | 70,13

176 | 71,13

68 | 72,13

26 | 73,13

11 74,13

51 75,13

2] 76,13

1] 77,13




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

166

Number | m,n
1] 78,13
341 | 21,14
49885 | 22,14
1937072 | 23,14
34739369 | 24,14
379124019 | 25,14
2903529142 | 26,14
16965265803 | 27,14
79814504124 | 28,14
313797963056 | 29,14
1059277053085 | 30,14
3133438751472 | 31,14
8252041741014 | 32,14
19592143399443 | 33,14
42362118598427 | 34,14
84108161229888 | 35,14
154392323134554 | 36,14
263514852982140 | 37,14
420184445842969 | 38,14
628443424587665 | 39,14
884603171010062 | 40,14
1175235664317119 | 41,14
1477210295605181 | 42,14
1760290635737501 | 43,14
1992026376773437 | 44,14
2143865501808684 | 45,14
2196896778493476 | 46,14
2145642134558098 | 47,14
1998873297525771 | 48,14
1777324453721065 | 49,14
1509075844494511 | 50,14
1223970418163301 | 51,14
948523355501837 | 52,14
702422710569755 | 53,14
497093083860893 | 54,14
336158568543539 | 55,14
217202069001957 | 56,14
134064673658068 | 57,14
79029272594608 | 58,14
44479206703795 | 59,14




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

167

Number | m,n
23893410506483 | 60,14
12246112437802 | 61,14

5986345417173 | 62,14
2790101477262 | 63,14
1239490431612 | 64,14
524730990798 | 65,14
211671673174 | 66,14
81370868134 | 67,14
29821328781 | 68,14
10427575732 | 69,14
3483575905 | 70,14
1114203919 | 71,14
342248478 | 72,14
101400526 | 73,14
29147822 | 74,14
8191288 | 75,14
2271757 | 76,14
628601 | 77,14

175640 | 78,14

50155 | 79,14

14774 | 80,14

4541 | 81,14

1464 | 82,14

495 | 83,14

177 | 84,14

68 | 85,14

26 | 86,14

11| 87,14

51 88,14

2| 89,14

1| 90,14

1| 91,14

16976 | 23,15

1549230 | 24,15
48924608 | 25,15
831742419 | 26,15
9285087005 | 27,15
75917811181 | 28,15
486369095534 | 29,15
2554396907343 | 30,15




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

168

Number | m,n
11357092251432 | 31,15
43778937016885 | 32,15

149016622472673 | 33,15
454395076424079 | 34,15
1255695889625261 | 35,15
3174547857484640 | 36,15
7399567022250986 | 37,15
16005803896344948 | 38,15
32304816868143370 | 39,15
61120167394297336 | 40,15
108827865184323172 | 41,15
182977419092510085 | 42,15
291348493169416815 | 43,15
440419527626157683 | 44,15
633417223044538349 | 45,15
868330706398958253 | 46,15
1136432883867690049 | 47,15
1421871812880927030 | 48,15
1702727785659757023 | 49,15
1953591960401413750 | 50,15
2149296664640731428 | 51,15
2269051771620753190 | 52,15
2300051829469322328 | 53,15
2239696010620576521 | 54,15
2095897032535661901 | 55,15
1885443782468554385 | 56,15
1630869112758883377 | 57,15
1356608122065395085 | 58,15
1085322786956761254 | 59,15
835114294268116508 | 60,15
618022982536375203 | 61,15
439847417368532492 | 62,15
301012545262330546 | 63,15
198052167018485254 | 64,15
125255462794760113 | 65,15
76125313063238525 | 66,15
44448295908864292 | 67,15
24925247739821443 | 68,15
13419460591304722 | 69,15
6934015590627559 | 70,15




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

169

Number | m,n
3437354278984202 | 71,15
1634123213232008 | 72,15

744727693516854 | 73,15
325236259307747 | 74,15
136062476565831 | 75,15
54511402849225 | 76,15
20909946627057 | 77,15
7678824958741 | 78,15
2699903455429 | 79,15
909189857098 | 80,15
293427305342 | 81,15
90859264535 | 82,15
27039872281 | 83,15
7753364082 | 84,15
2149511697 | 85,15
578888289 | 86,15
152373438 | 87,15
39499850 | 88,15
10176557 | 89,15
2632386 | 90,15

690989 | 91,15

185983 | 92,15

51813 | 93,15

15036 | 94,15

4583 | 95,15

1471 | 96,15

496 | 97,15

177 | 98,15

68 | 99,15

26 | 100,15

11 | 101,15

51 102,15

21 103,15

1| 104,15

1| 105,15

2828 | 24,16

785564 | 25,16
47742218 | 26,16
1310239034 | 27,16
21624840345 | 28,16




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

170

Number | m,n
248258232232 | 29.16
2159705797392 | 30,16
15049208799722 | 31,16
87288590627953 | 32,16
433404721521187 | 33,16
1881612810192398 | 34,16
7261736940247177 | 35,16
25242954834061840 | 36,16
79885252728676127 | 37,16
232186733790389820 | 38,16
624357388495921769 | 39,16
1562898274193667864 | 40,16
3661009746768471508 | 41,16
8060915897368977479 | 42,16
16747469402354245720 | 43,16
32940938482944013622 | 44,16
61516856122347560926 | 45,16
109347994561026950302 | 46,16
185410550474968187258 | 47,16
300465070520245407204 | 48,16
466138585880238884329 | 49,16
693319080565510436984 | 50,16
989931085944898084831 | 51,16
1358369134960019291890 | 52,16
1793071985699083175099 | 53,16
2278853499868900467035 | 54,16
2790596968007940091828 | 55,16
3294730175789077860268 | 56,16
3752543977641624299137 | 57,16
4124973576519276428874 | 58,16
4378049711956547989865 | 59,16
4487975274244116058928 | 60,16
4444783389464481929065 | 61,16
4253804759700305987374 | 62,16
3934649401644258739498 | 63,16
3517959643638702790338 | 64,16
3040663644911162805954 | 65,16
2540726792385293617105 | 66,16
2052405079672889348226 | 67,16
1602774217654097703928 | 68,16




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

171

Number | m,n
1209930539668632186099 | 69,16
882853902709977590978 | 70,16
622596283715769133785 | 71,16
424278002517748421130 | 72,16
279348539717269853543 | 73,16
177667827106268177090 | 74,16
109129379058620164528 | 75,16
64720058804962930372 | 76,16
37049681000895634991 | 77,16
20466947054737212306 | 78,16
10907130849675958491 | 79,16
5605501880145849191 | 80,16
2777252189839554804 | 81,16
1326041287755565278 | 82,16
609928613076670687 | 83,16
270157943818830322 | 84,16
115188644452303711 | 85,16
47260098697696063 | 86,16
18651793939202057 | 87,16
7078643854491827 | 88,16
2582665755417853 | 89,16
905720157132715 | 90,16
305277501328157 | 91,16
98901969013308 | 92,16
30807093039918 | 93,16
9231707217534 | 94,16
2663868661576 | 95,16
741261969825 | 96,16
199325781356 | 97,16
51944565858 | 98,16
13169750704 | 99,16

3264728256 | 100,16
796276223 | 101,16
192524702 | 102,16

46540921 | 103,16
11353423 | 104,16
2821104 | 105,16
720294 | 106,16
190442 | 107,16
52496 | 108,16
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number | m,n
15144 | 109,16
4601 | 110,16
1474 | 111,16
497 | 112,16
177 | 113,16
68 | 114,16
26 | 115,16
11 | 116,16
51 117,16
2| 118,16
1|119,16
1| 120,16
227642 | 26,17
31677060 | 27,17
1488985320 | 28,17
37271409318 | 29,17
607259104468 | 30,17
7193835659919 | 31,17
66380164248122 | 32,17
499747352507621 | 33,17
3172977632844284 | 34,17
17413612006031254 | 35,17
84188163107834958 | 36,17
363961427394595318 | 37,17
1424101858756803592 | 38,17
5093310318792697235 | 39,17
16787912611317168584 | 40,17
51348053586973224950 | 41,17
146595236310213948275 | 42,17
392602927894036831128 | 43,17
990585522004913295217 | 44,17
2363477873970216606691 | 45,17
5349814741332519831712 | 46,17
11520805305288304072695 | 47,17
23662583366358710664001 | 48,17
46454268316828467466933 | 49,17
87339455094355869886432 | 50,17
157527729045134495983344 | 51,17
272973768162607909567993 | 52,17
455075735239514270668157 | 53,17




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).
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Number | m,n
730737576741076012432750 | 54,17
1131390481190440569180421 | 55,17
1690611844113111819924812 | 56,17
2440151809515795868201198 | 57,17
3404487046425105824688561 | 58,17
4594434880928483071571981 | 59,17
6000794763678617628526755 | 60,17
7589315981538421558299873 | 61,17
9298388876149439282783201 | 62,17
11040623575822331724556289 | 63,17
12708894205584712633244015 | 64,17
14186570005900404685778969 | 65,17
15360709066100447563599334 | 66,17
16136195322508923303374631 | 67,17
16448385695762550303595082 | 68,17
16271948943431392347847862 | 69,17
15624230587375149719492334 | 70,17
14562528452372134819106569 | 71,17
13175856088485127512541449 | 72,17
11572811990915446753018026 | 73,17
9867813926128209997023239 | 74,17
8168070449431395196986550 | 75,17
6563264334370101667696076 | 76,17
5119163678919213477664407 | 77,17
3875478778555232842605693 | 78,17
2847472166435027409482521 | 79,17
2030271904751292362199598 | 80,17
1404606886785985852340372 | 81,17
942755668983395063154392 | 82,17
613787337548259185897118 | 83,17
387556111682246533581687 | 84,17
237282407633030284716067 | 85,17
140838094071833019183440 | 86,17
81021593066509908541929 | 87,17
45165096202724959096230 | 88,17
24390195445068222070451 | 89,17
12756153918713473496684 | 90,17
6459393925571595280885 | 91,17
3165924013391741432213 | 92,17
1501444022839332700713 | 93,17
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

688772211504861683291 | 94,17
305520488244754499045 | 95,17
131006030661955888704 | 96,17
54279696917608551911 | 97,17
21723930826471532615 | 98,17
8395434971499986169 | 99,17
3131886216890559234 | 100,17
1127432279400850236 | 101,17
391539480210411695 | 102,17
131148292896286953 | 103,17
42362846690341489 | 104,17
13195349684541114 | 105,17
3963768188271187 | 106,17
1148593787386434 | 107,17
321234371472252 | 108,17
86784355715478 | 109,17
22676298047750 | 110,17
5741050447394 | 111,17
1411765781454 | 112,17
338296035201 | 113,17
79325090712 | 114,17
18296522341 | 115,17
4177278638 | 116,17
950868541 | 117,17
217511848 | 118,17

50411379 | 119,17

11932162 | 120,17

2905508 | 121,17

732471 | 122,17

192218 | 123,17

52763 | 124,17

15186 | 125,17

4608 | 126,17

1475 | 127,17

497 | 128,17

177 | 129,17

68 | 130,17

26 | 131,17

11| 132,17

5| 133,17
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number | m,n
2| 134,17
1| 135,17
1| 136,17
30468 | 27,18
13669120 | 28,18
1210873170 | 29,18
47841442385 | 30,18
1127136025603 | 31,18
18334461233106 | 32,18
224568380060117 | 33,18
2191608814091101 | 34,18
17725742263943658 | 35,18
122284536418181669 | 36,18
735443035711132345 | 37,18
3922337060370798650 | 38,18
18805243620686282812 | 39,18
81953951455741433947 | 40,18
327642293604137086638 | 41,18
1210882104600056022170 | 42,18
4163844669982617165315 | 43,18
13396270537957616687256 | 44,18
40517212836127754672174 | 45,18
115678754661997417540200 | 46,18
312886633249911475581824 | 47,18
804278289961599382635059 | 48,18
1970213558350503108493538 | 49,18
4610719451141330153744465 | 50,18
10330281467295952802662247 | 51,18
22201300308761345855695181 | 52,18
45846998661188325375436478 | 53,18
91111507129516927491600536 | 54,18
174485266287360213941376907 | 55,18
322402894290482533099765766 | 56,18
575400551295931702430330593 | 57,18
992888509191990097566999110 | 58,18
1657958622309123602996425789 | 59,18
2681235723758783962040260247 | 60,18
42023721085320348664 70171218 | 61,18
6387497990691971856216229667 | 62,18
9420933094454651929284464808 | 63,18
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

13489886621902436054143079272 | 64,18
18761818842804088091606960258 | 65,18
25355585505391458082187970016 | 66,18
33309253926666483067307660482 | 67,18
42549218121748870395402244758 | 68,18
52866483091592813680210586727 | 69,18
63906257374359861785102591066 | 70,18
75175942832933235709606113208 | 71,18
86074170620939467494478934213 | 72,18
95939995118343125583731500379 | 73,18
104117372069909621664905854796 | 74,18
110026495688305671444868662166 | 75,18
113231351864430414048875448132 | 76,18
113492624568320431097113022296 | 77,18
110797086318020892340282503336 | 78,18
105358484046076532182823150799 | 79,18
97589887421317988432799289854 | 80,18
88052406397822882308952111589 | 81,18
77389026672404697345043656927 | 82,18
66254268680265882493763684913 | 83,18
55250148562912914284763558192 | 84,18
44876743451502554397573261735 | 85,18
35502202821053575856856304134 | 86,18
27353183095502020135134661059 | 87,18
20523263852988587859449692306 | 88,18
14994545122095972306503500768 | 89,18
10666595192485858195378599129 | 90,18
7387140872496153139995772768 | 91,18
4980035950800667624438882991 | 92,18
3267658563829964261997809263 | 93,18
2086539468185025289793188349 | 94,18
1296387916131780615968412584 | 95,18
783591104941337199953367559 | 96,18
460694328656968769343989319 | 97,18
263404203965772767074226812 | 98,18
146430488278036974350518691 | 99,18
79130996656083417729476743 | 100,18
41559491847017540749644583 | 101,18
21207976438916891535720066 | 102,18
10512969173511023672927825 | 103,18
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

5060987912734632192601392
2365432202419169276153297
1073069052269954823005142
472344474151200545557701
201684172286637021938775
83508504530000433653345
33519431650416824653335
13038535475687289081357
4913441120002496164033
1793193532103427440271
633601477154712285017
216681799910068618558
71701123296693282621
22952092380411139798
7106061760865574416
2127620103942714203
616037162567006123
172509015864489864
46733207470892001
12253485307598559
3112054194732070
766437438104117
183329411358621
42681361461580
9698621506676
2158737329341
472752589612
102405803387

22077089148

4769059905

1039651192

230341682

52211400

12180204

2939611

737248

192917

52872

15204

4611

104,18
105,18
106,18
107,18
108,18
109,18
110,18
111,18
112,18
113,18
114,18
115,18
116,18
117,18
118,18
119,18
120,18
121,18
122,18
123,18
124,18
125,18
126,18
127,18
128,18
129,18
130,18
131,18
132,18
133,18
134,18
135,18
136,18
137,18
138,18
139,18
140,18
141,18
142,18
143,18
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

1476 | 144,18

497 | 145,18

177 | 146,18

68 | 147,18

26 | 148,18

11 | 149,18

5 | 150,18

2 [ 151,18

1] 152,18

1] 153,18

3454125 | 29,19

637215281 | 30,19

45590910469 | 31,19

1598343801247 | 32,19
36212257732357 | 33,19
592677952730020 | 34,19
7513500111890517 | 35,19
77345398976291906 | 36,19
668782568126919011 | 37,19
4981567667409602982 | 38,19
32594392881939476954 | 39,19
190245827223724423150 | 40,19
1002986230869423264536 | 41,19
4825347013273988055411 | 42,19
21365824470264567468491 | 43,19
87698061661020735602575 | 44,19
335735325413550040151576 | 45,19
1205098440845544656619366 | 46,19
4074179505314196090522011 | 47,19
13024716949848724826234888 | 48,19
39510403798632156646690280 | 49,19
114075825009436326773348618 | 50,19
314329334105441571926985251 | 51,19
828559428992455146086057950 | 52,19
2093796117136615141264305292 | 53,19
5082095494141433910140840354 | 54,19
11868298768421888842907396077 | 55,19
26707622843270844640235053219 | 56,19
57993643395043079467562997285 | 57,19
121664057770532602998570778457 | 58,19
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

246869230244529273971258656319 | 59,19
484991107534416036012344632219 | 60,19
923337401901733267830956274605 | 61,19
1704932639667275542070862054938 | 62,19
3055630610703621485279156427106 | 63,19
5319094202325011975531663884026 | 64,19
8998843341362280175564587941294 | 65,19
14804441925919760642553493236002 | 66,19
23696017477302462683014105207187 | 67,19
36917968347807475750785263518045 | 68,19
56009513362040586219508777754468 | 69,19
82777592818805056258495572873027 | 70,19
119217659660958607299468465996729 | 71,19
167371199197833639657869014863218 | 72,19
229116106766986974568361506432338 | 73,19
305897298520221214969450553864460 | 74,19
398419022066792959768264869297336 | 75,19
506334984728532052003062880039391 | 76,19
627984385178826341667053090334199 | 77,19
760227611343299756597191417205104 | 78,19
898431669859563808256080256145735 | 79,19
1036640771979798363031229983112348 | 80,19
1167942670422027514488360883089610 | 81,19
1285009714899251378459325769463161 | 82,19
1380760832354002018633786770196519 | 83,19
1449063584873 797751321238756835701 | 84,19
1485380549440595232477610149796231 | 85,19
1487265836635581144819646288958465 | 86,19
1454636559596513162539677040792291 | 87,19
1389777530865367621674394043942923 | 88,19
1297079088015628788508672447198451 | 89,19
1182549484922775729818730329620406 | 90,19
1053176532044904634258449318348170 | 91,19
916231920447540049670876099817342 | 92,19
778613105810343903903397241307583 | 93,19
646302805874291168145951665199085 | 94,19
523999450488627127995173682016844 | 95,19
414939700576512581764434467221125 | 96,19
320903139009705460729439935104097 | 97,19
242364936026324429078590866626304 | 98,19
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

178747958260163796348861061942994
128722098088868693715202781341825
90503984747699286996751750411253
62121697309535800977199780932087
41623152776341164799923784297655
27220384298562258790592948048696
17372776314627298565174256106029
10819431335415975030099759687800
6574168228850041730329154082433
3896867561748753914594575930438
2253006774933706592187640580187
1270314172353116084063635144287
698373097043152722397848291217
374294599021133895328895416767
1955272605026893303 75807447087
99536576884730201406690843218
49368455177219678650445328464
23851378746262026290573592457
11222149140340924297201214754
5140844622256533277296075696
2292355455981962856249189723
994735355829206704548658657
419948834447718036251126408
172436744666936387664382835
68847121487848097227983663
26720168099932402377324520
10077723373825822777940474
3692548744222607289243455
1314015831075018776754445
454000278979922831471452
152252951717333220339927
49545799159046304052004
15640990884664100544422
4788878091280899817016
1421761719822775849680
409238373256706059234
114194303294988894881
30890984720159107504
8101950566836871327
2060795852081343281

99,19
100,19
101,19
102,19
103,19
104,19
105,19
106,19
107,19
108,19
109,19
110,19
111,19
112,19
113,19
114,19
115,19
116,19
117,19
118,19
119,19
120,19
121,19
122,19
123,19
124,19
125,19
126,19
127,19
128,19
129,19
130,19
131,19
132,19
133,19
134,19
135,19
136,19
137,19
138,19
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

508591904958081802
121871515964695983
28384299488607543
6434443979614378
1422396921546447
307378985990161
651363156494 78
13587381672925
2802900889488
574836378916
117896318057
24331970472
5084971965
1082481155
236007961
52951697

12277229

2952621

739070

193186

52914

15211

4612

1476

497

177

68

26

11

)

2

1

1

396150

258690891
31809846020
1731259169371
55808813896800
1234207512751078
20434751888269012

139,19
140,19
141,19
142,19
143,19
144,19
145,19
146,19
147,19
148,19
149,19
150,19
151,19
152,19
153,19
154,19
155,19
156,19
157,19
158,19
159,19
160,19
161,19
162,19
163,19
164,19
165,19
166,19
167,19
168,19
169,19
170,19
171,19

30,20

31,20

32,20

33,20

34,20

35,20

36,20




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

182

Number | m,n
268232579371457436 | 37,20
2905416434573810815 | 38,20
26743758128731955780 | 39,20
213926509011604335618 | 40,20
1513342073620541267364 | 41,20
9601260364097970424575 | 42,20
55259256081899936858450 | 43,20
291260933176347223213832 | 44,20
1417139760293936298591000 | 45,20
6408044470472211178413565 | 46,20
27085008840334811206349991 | 47,20
107544540906088772672398346 | 48,20
402889709343816232619103087 | 49,20
1429450817699996391829006137 | 50,20
4819323452430380015209336865 | 51,20
15485212290870431106593339764 | 52,20
47544378721184075944130708229 | 53,20
139812222431357216128749542522 | 54,20
394603562801045641310372193044 | 55,20
1070926065424256104338402692550 | 56,20
2799443682078517319172484438281 | 57,20
7059226783028209516078191139404 | 58,20
17195377954561714226284503689288 | 59,20
40511225128517823027867901545186 | 60,20
92414041795222613879924801305133 | 61,20
204335924985130111857873988217226 | 62,20
438329721812728755673794611749355 | 63,20
913010702591147912294617029878397 | 64,20
1848019456123922539316408286885644 | 65,20
3637480448730754315038446018490435 | 66,20
6966899217917365740722362248398779 | 67,20
12992130851183850340654156253814727 | 68,20
23602536505457488171772864868955303 | 69,20
41791692199881757406798723019110663 | 70,20
72155863322152057736962925344039127 | 71,20
121530282052246298178576480640264993 | 72,20
199753417459214001150298299616891058 | 73,20
320518025963200213513936628498105130 | 74,20
502224772019000251689096945567395025 | 75,20
768702626124484006057897898039543554 | 76,20
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

1149607156390402498780580013359226686 | 77,20
1680264735961927623446224940013012770 | 78,20
2400712744409112523673515690906046251 | 79,20
3353709561249765187711213551430428058 | 80,20
4581567584255270265018163738606918942 | 81,20
6121804347239344922893588355244301195 | 82,20
8001805485432883844389490530367406802 | 83,20
10232927529906289831298770237215177922 | 84,20
12804701025652333909459902687552352924 | 85,20
15679976000239099251360841529093301705 | 86,20
18791929760011435012948448413267506130 | 87,20
22043787565908648250994554269148712873 | 88,20
25311868088726258860230250812504377872 | 89,20
28452168347362399285245065068551776690 | 90,20
31310194756288593528809893817065551404 | 91,20
33733208324783475833563436651586001843 | 92,20
35583582601612886004192601170541730258 | 93,20
36751671104170777503044448200424541832 | 94,20
37166521099579974236450282723012595242 | 95,20
36802983583927880168924242680019079330 | 96,20
35684232005418302984678140133234596945 | 97,20
33879339556952843224043201609482702420 | 98,20
31496264225911942950440610243669905938 | 99,20
28671226390299678103144675287553371306 | 100,20
25555923777093817565806262703178753291 | 101,20
22304239042786243271637110060517455369 | 102,20
19060034161775051125884126227300000560 | 103,20
15947324924829194565340826836353335254 | 104,20
13063662741273350398528000901252396840 | 105,20
10477017526627556292815694010747098830 | 106,20
8225953262079192006728015439321785334 | 107,20
6322495830850149222036506250500195995 | 108,20
4756857396295935172544808071298160922 | 109,20
3503112815597832335071121862608986848 | 110,20
2524999437832985809528379494383076595 | 111,20
1781188880737764951969914668592094937 | 112,20
1229606429299773399720018139297379560 | 113,20
830602467001618460366728258425111473 | 114,20
548974593658498445149648798862580125 | 115,20
354978203701602491982231400951810511 | 116,20
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

224541930056283571818888073210246602 | 117,20
138928976764617027068463222256580310 | 118,20
84069503545908087806711552322468185 | 119,20
49748765787351868946856554532498073 | 120,20
28785214493335304590108224034229810 | 121,20
16283294373790287328311460872843969 | 122,20
9004096473986090967912577652698410 | 123,20
4866307159146317323129139033867070 | 124,20
2570122539147463713338054309160937 | 125,20
1326274436853807627974932906331080 | 126,20
668598473556260870148077992593571 | 127,20
329210517673293588544437395102008 | 128,20
158299300366202866530399156251497 | 129,20
74318775832062197174455080899135 | 130,20
34060125762762958818056733415028 | 131,20
15234652498049483201389970919937 | 132,20
6649124552467094405504389658143 | 133,20
2831037016943169886900313679425 | 134,20
1175644238694897817009152214220 | 135,20
476049759736780185019863320426 | 136,20
187917986476809636206106816182 | 137,20
72296011925221868321867754432 | 138,20
27100536552675623815421033973 | 139,20
989564344821208 7885657720900 | 140,20
3518809469215246674471137445 | 141,20
1218188518954373491963941778 | 142,20
410469644257777841397889905 | 143,20
134578728883610362687948956 | 144,20
42922326202321018477964134 | 145,20
1331335085053 7483688040795 | 146,20
4014948521124898160046136 | 147,20
1176956063192583969693850 | 148,20
335304025749188321037861 | 149,20
92820047987119934843961 | 150,20
24964141568631475698713 | 151,20
6522866460655978035463 | 152,20
1655841933087491554371 | 153,20
408428773643995666809 | 154,20
97915078529053938182 | 155,20
22825160245224236477 | 156,20
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

5177268405698579126
1143725640006467101
246397974391751011
51854408408921164
10683644651354675
2160902468773771
430526581202360
84832494165305
16608816150719
3247646989637
637725170121
126457606707
25458149343
5228952926
1100528496
238253063
93233294

12313532

2957523

739775

193295

52932

15214

4613

1476

497

177

63

26

11

)

2

1

1

58017904
15784066241
1421142524673
67208502451502
2041497264716565
44541184989504720

157,20
158,20
159,20
160,20
161,20
162,20
163,20
164,20
165,20
166,20
167,20
168,20
169,20
170,20
171,20
172,20
173,20
174,20
175,20
176,20
177,20
178,20
179,20
180,20
181,20
182,20
183,20
184,20
185,20
186,20
187,20
188,20
189,20
190,20

32,21

33,21

34,21

35,21

36,21

37,21




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

186

Number | m,n

748868298916564053 | 38,21
10177969728564296721 | 39,21
115736473950291584606 | 40,21
1129863783952311570743 | 41,21
9660176164101512621934 | 42,21
73487327345833958913117 | 43,21
503808457689190496152050 | 44,21
3145708792693930155813438 | 45,21
18046394141939881405570438 | 46,21
95831279182935946227138047 | 47,21
474047916066211660070568522 | 48,21
2196370812842863233129405159 | 49,21
9576658468052413878542228752 | 50,21
39458756657227034051920925734 | 51,21
154195606777624541785391515088 | 52,21
573315592597904940066517493226 | 53,21
2033975488452822762927571174132 | 54,21
6902880666550040315650026377746 | 55,21
22461253682989421806388617587498 | 56,21
70216951238371335955548584415770 | 57,21
211276671307779504641024391385231 | 58,21
612890160999689818906263648674582 | 59,21
1716670878487250713412130530395205 | 60,21
4648963500650577574814072325862275 | 61,21
12187867884135969638840662612435080 | 62,21
30966478594632977072246277583618732 | 63,21
76330055213605022252506320302495091 | 64,21
182703886567079400499092167699565674 | 65,21
425033013413664273964071240300840758 | 66,21
961752282230045877721764065147486137 | 67,21
2118284343342427733091771034830554397 | 68,21
45443831681060798992898883 75765962035 | 69,21
9501697604917019874530915920664193111 | 70,21
19373486062554713979673110951338179020 | 71,21
38540740244459918024787371202893356775 | 72,21
74842065512903535132960304229954965543 | 73,21
141930738667115103697060986085564990464 | 74,21
262959496453586818460892732202712381656 | 75,21
476152469593271731738154611573995906089 | 76,21
842943690094514031235894644928940229038 | 77,21
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

1459437307136576783799568812886711505677 | 78,21
2471923663088383914682709561987250338536 | 79,21
4096999850167133913208984970125970885020 | 80,21
6646417118923556772191258075439276805315 | 81,21
10556040761510958718740570270313434274134 | 82,21
16417220317447650448123530502702621649663 | 83,21
25007447190808723297971346342227520501650 | 84,21
37315530507640874995330449003788635823773 | 85,21
54554871220293391981417258780065890725238 | 86,21
78157099592443736246064047026897271567218 | 87,21
109737799116108272272982917037799632642647 | 88,21
151026742976330849231856802610446907076563 | 89,21
203757426247979829735352523711029501889816 | 90,21
269514907017261020164312709250555302400253 | 91,21
349546971595688839225752934879838687830066 | 92,21
444550893300081584960587818995384850989857 | 93,21
554455594133377161157416195973688507198375 | 94,21
678225504642537040491712258068314093198687 | 95,21
813716328248233541649000066335272420768008 | 96,21
95761284242476755105843648302353046228 7187 | 97,21
1105473856371183422334110844470951344791511 | 98,21
1251899316538222608690434871018177923147814 | 99,21
1390820116021495893630881914386006307338566 | 100,21
1515894232267830996893749847362307817058529 | 101,21
16209759881197587039922391796382633471 70987 | 102,21
1700611456685240071422021544065329772174891 | 103,21
1750505041564781544273697603610952046170477 | 104,21
1767901972972319929920796526706090636808630 | 105,21
1751839488883581908753211612625240905082230 | 106,21
1703234926827722194729820273511891012907868 | 107,21
1624799530176862172846480400994371002724712 | 108,21
1520789166508361046123275545223560700485528 | 109,21
1396623701466826940070635213848228976231184 | 110,21
1258422174563790309494499650341751459605501 | 111,21
1112508896564249382467764600501110639611677 | 112,21
964945261028754113288688516305355239266544 | 113,21
821134073660138800811203521646596430168805 | 114,21
685529472004470033615031522306699472094215 | 115,21
561468760882492514707276088386705497199826 | 116,21
451125663036095564989788899427087450245640 | 117,21




188

Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

3555701561196777557295854371569664 73752992
274910024235247779486017550699188622092850
208484285138812285953696220794441943671772
1550785775102506410697189581619686988 79706
113136454440245427271384244092298230911051
80946931224044292333569440752414576900874
56796074521457395211257656473405648905902
39077575913912231357523739559116083366260
26363175703656169647350499188337967778256
17437983460361152847364664645133657230188
11308082711641982142177334903847176651760
7188523859910655077982382662038706230558
4479302587884848464028742657653438102757
2735652703203560646130551683645735911500
1637379399938189028294959817807440988203
96035398221 7188359412583696736012889566
551900480413958732228461923707994124353
310734310010687505790444238314729876558
171382328485096633176566274350079726959
92584521908386920062129825127320602168
48983641259493111258479445755389696198
25377363924338042308672232396910799498
12872553901613023313457079571451839635
6392094911464266467571605375493227696
3106826218654762988921219790052307062
14778090368134309613251069387699284 73
687823450464129718869639326299782629
313198676401325722555828187314507072
139499079313051243423887708909077801
60764878947501543916013040903799403
25881076741468352892319186435921738
10776459613523346454957104615589123
43857784 71838770749773373962854985
1744230856711452561811861380893809
677727220465347109368202688006907
2572194321873977223535134 77889686
95334913442502776761805277553511
34498358046782251466073436527946
12185395419967405368556839271263
4200199966227428316187514405048

118,21
119,21
120,21
121,21
122,21
123,21
124,21
125,21
126,21
127,21
128,21
129,21
130,21
131,21
132,21
133,21
134,21
135,21
136,21
137,21
138,21
139,21
140,21
141,21
142,21
143,21
144,21
145,21
146,21
147,21
148,21
149,21
150,21
151,21
152,21
153,21
154,21
155,21
156,21
157,21
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

1412479228112105458563993058523
463305295907767761934709928529
148189077776132113718213230157

46208258626159718240369937991
14043304707092534821281407296
4158718636016445794041395486
1199743516368252962439654060
337101016171244360330669873
92233165547281183448409076
24569361399372831586518134
6371185700122594781833379
1608151031034850927647979
39509440567608 7676633744
94485278158154079328429
21997955027063323742190
4987428524155481576699
1101636978510361014274
237217205834682351871
49840893370642343302
10229983214534518774
2054418717776179686
404472802852673182
78261845571386159
14927233150189303
2816622710798436
527939073705635
98748032364212
18521618443886

3501007982998

670143401754

130480742687

25945377023

5287050488

1107432710

239083371

53336122

12326876

2959362

740045

193337

158,21
159,21
160,21
161,21
162,21
163,21
164,21
165,21
166,21
167,21
168,21
169,21
170,21
171,21
172,21
173,21
174,21
175,21
176,21
177,21
178,21
179,21
180,21
181,21
182,21
183,21
184,21
185,21
186,21
187,21
188,21
189,21
190,21
191,21
192,21
193,21
194,21
195,21
196,21
197,21
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

52939 | 198,21

15215 | 199,21

4613 | 200,21

1476 | 201,21

497 | 202,21

177 | 203,21

68 | 204,21

26 | 205,21

11 | 206,21

5 | 207,21

2 | 208,21

1| 209,21

1 210,21

5909292 | 33,22

5274624215 | 34,22

868755846653 | 35,22

62976533375735 | 36,22

2688560119147580 | 37,22
78302251497532197 | 38,22
1698563127563828317 | 39,22
29076611078616773333 | 40,22
409061697726784456782 | 41,22
4872955794215162303939 | 42,22
50286704118487817782046 | 43,22
457653193275710790207593 | 44,22
3726262757561068334338312 | 45,22
27463559470441553082416324 | 46,22
185017656209561541165464095 | 47,22
1148671849995191165891509512 | 48,22
6617985642385662730952382579 | 49,22
35595478464589671144696489636 | 50,22
179657736143209445527254510211 | 51,22
854739767414822203482462895038 | 52,22
3848340348541415548581646349933 | 53,22
16454216565998416875964326085878 | 54,22
67017191950391542275770008426243 | 55,22
260732410662265993178015816767999 | 56,22
971341317275465401649790640501668 | 57,22
3472767381571225149272684320003149 | 58,22
11939062051711725250408777663954514 | 59,22
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

39539912512169155540318756172554511 | 60,22
126351119301021455588075405110727032 | 61,22
390159737139992138751391441862130989 | 62,22

1165763119151825167676650652586035966 | 63,22
3374550851985377787723864776161130230 | 64,22
9474296081657277671327798606509593447 | 65,22
25825556509272025736110676985203856436 | 66,22
68412224819396224957269083156547645671 | 67,22
176268725001363525650678654241742659770 | 68,22
442099950136323201811449917566688658704 | 69,22
1080160193215874359872451489209393952901 | 70,22
2572600976248577705153753407211241174194 | 71,22
5976470038506333099996207489016771882127 | 72,22
13550522145526768959823355364540917724352 | 73,22
30001183193658329596916337758685425019220 | 74,22
64894319792426347196921963065586644238648 | 75,22
137201867733222546271047557002530708627232 | 76,22
283650127310908918054574698583815663223121 | 77,22
573649744981563953657999224373321629348705 | 78,22
1135299492236090306021015564179469199442334 | 79,22
2199487611619340884413149344056604384126363 | 80,22
4172700277423434804943880725297335433035985 | 81,22
7753984640861531323379404089476835042657374 | 82,22
14117678389965797570161818706646611596171246 | 83,22
25190829256706743864100655165153116660474700 | 84,22
44062081777424983102014206470013139422010818 | 85,22
75565980035172955561784436402650437608106989 | 86,22
127091099664666817558359693879350643937065170 | 87,22
209659257419463641885659606698895166163539047 | 88,22
339312502669367348067157836634629924445703820 | 89,22
538820439199048016220810543787797779032542602 | 90,22
839678644140378455287338746813560143896219899 | 91,22
1284306852060323382139506562791924653568809782 | 92,22
1928273230272699858231597148344048631865934165 | 93,22
2842272919255552189715701283070034288490305684 | 94,22
4113485233102488452887786613367477647814885390 | 95,22
5845841147181995261364457047964000174298169202 | 96,22
8158673504756022587044719242719438728791494105 | 97,22
11183222996415226092245114926524105859878270078 | 98,22
15056559170190654689717659141598265684917244501 | 99,22
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

19912666929241354781888619561926284752556129589 | 100,22
25870751441253827476477244553179398978044980699 | 101,22
33021214905549721390293809623964472208634637093 | 102,22
41410220360392908493418020879479736493522655498 | 103,22
51024220077896158688411874663875154450768157793 | 104,22
61776210015670134302511571985079830046598369244 | 105,22
73495690734070372121276398305919602556125781503 | 106,22
85924290900099390654528950956281588954593417716 | 107,22
98718690013405893913027292574948708920444938160 | 108,22
111461853079723300500190461207881703572987435925 | 109,22
123682705867215502034041083212289560593279311217 | 110,22
134883334123915427153845007066872261026992796196 | 111,22
144571727296503809105388576632128160401582854353 | 112,22
152297173771931757581431189863195032219767877545 | 113,22
157684811548885631357025181308134410332895562978 | 114,22
160465669367852540176780790686306617799855149369 | 115,22
160498858296609834077470584425789220160379322586 | 116,22
1577833 71873110902884973259881426199084748134141 | 117,22
152458122261094249380709589246798684087866254514 | 118,22
144790212859240928257129922968416227995261754457 | 119,22
135152820172142563079840203780557411753956032412 | 120,22
123995225437603944436710042074247181544610859759 | 121,22
111808332404321389463035774519185082295531369955 | 122,22
99089330573366507452699360561277248047936302507 | 123,22
86308993139238839452169731506471745995145040348 | 124,22
73884495903657677912629406982238095327289106726 | 125,22
62159731595665986168415331802657007421355014719 | 126,22
51394034199778706524728674221849433951048988645 | 127,22
41759186440150549362948336990520699846512415422 | 128,22
33343703349708673777484839812369554549632202790 | 129,22
26162764124863240068650083303467152338669558254 | 130,22
20171846864626387198737932381687343661806395308 | 131,22
15282096759956093474320023611525310145662755385 | 132,22
11375675868881479328781614689545634620961456893 | 133,22
8319723856614603367973482524676471322773698588 | 134,22
5978017996570269801763504952597613007082447827 | 135,22
4219878875315855594317471338444984928562270179 | 136,22
2926265620236089181540604540019019559418820910 | 137,22
1993304664 724653900201372460616579469833141989 | 138,22
1333686086068997301643138333945231324501355805 | 139,22
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

876447665398356318014172950932618470422120866
565668254351571412343700265271499531622265140
358534254138631161803565846115910253214782783
223151928548115107853255820794756930480259989
136376140045517815630818130338739371687168496
81829329437784872164627722078616603839912285
48203210848582819495419844192788352456731581
2787412572469113947083148999565883 7126609530
15821408898645630873530432924519579304527715
8813863121963792935133062208463332124473677
4818608238191650963293420497991693767508339
2585034116944276806812409374580485143534695
1360672671970105471175012875828629285691566
702643947202360315460615385907976867139079
35592695337830366668987990847 7579471566564
176839016452207824498538710686918539165530
86165357708891556332460462361735040914499
41168818781991668683376522890954749949615
19285320476819015968625755155956408661 761
8856203013044179389781770193714120048496
3986280389459769944446392153781830133104
1758420741417204557687099584135714701215
7600554021516021997664661563453 73491917
321859032751046267676225713001582987658
133509537857293960121233084428608194478
54238886399758377815853001501092769262
215766706037457980901915172374516 78868
8403383081691225070996253298207947867
3203600611618896486205739664 777317827
119523420403043650597732544 7415682949
436326547441903858554614261224891278
155820792780296625721491901786736510
54425597147688027390153277441587822
18588815376289929116463 715158859566
6206912554957372729188178017295617
2025712611400960526528216653276627
646040460122717923364800819858404
201289699434579932377497312437131
61258021324678078612797924906320
18204702078253857802828174569148

140,22
141,22
142,22
143,22
144,22
145,22
146,22
147,22
148,22
149,22
150,22
151,22
152,22
153,22
154,22
155,22
156,22
157,22
158,22
159,22
160,22
161,22
162,22
163,22
164,22
165,22
166,22
167,22
168,22
169,22
170,22
171,22
172,22
173,22
174,22
175,22
176,22
177,22
178,22
179,22
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

5281822178445924191242028714044
1495773089184134272789905388646
413365804412929260710910797736
111455106624032773016297972095
29314208461826321948082504398
7519590876074345688442276218
1880983662857196227051864246
458778548433480787130004094
109099081767447768262096131
25295161355414540781384175
5718517006717131482493979
1260757529648469275669830
271147936955371863629318
56911033510978680239093
11664618715780725516391
2336654242930683318845
457985830796493151109
87956458643518885368
16581744039044664943
3075494059140576243
562732256992832574
101902233466560329
18329830635095390
3288516318340236
591023331901959
106884565967396

19535841032487

3623530476513

684550272166

132140242322

26134330801

5308573469

1109921553

239380403

53373313

12331825

2960069

740154

193355

52942

180,22
181,22
182,22
183,22
184,22
185,22
186,22
187,22
188,22
189,22
190,22
191,22
192,22
193,22
194,22
195,22
196,22
197,22
198,22
199,22
200,22
201,22
202,22
203,22
204,22
205,22
206,22
207,22
208,22
209,22
210,22
211,22
212,22
213,22
214,22
215,22
216,22
217,22
218,22
219,22




195

Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

15216 | 220,22

4613 | 221,22

1476 | 222,22

497 | 223,22

177 | 224,22

68 | 225,22

26 | 226,22

11 | 227,22

5 | 228,22

2 | 229,22

1| 230,22

1| 231,22

1064020440 | 35,23

383118363555 | 36,23

45417776539662 | 37,23

2813397116148746 | 38,23
111339372400773896 | 39,23
3148741704342410344 | 40,23
68301462153114293217 | 41,23
1192671408904027971096 | 42,23
17360133045057598874086 | 43,23
216223214548580980863771 | 44,23
2351719946873373117706206 | 45,23
22699122620530349098241788 | 46,23
196994353487491879383402861 | 47,23
1553831786661278935411527097 | 48,23
11240269703086785037903737045 | 49,23
75142675646583397442390970960 | 50,23
167269738278151382633945845718 | 51,23
2718092215172509400613401474548 | 52,23
14862820746651523831926945477022 | 53,23
76725335381326473237535469004336 | 54,23
375331310361562296361666712664451 | 55,23
1745739713015000346665906045026130 | 56,23
7743248850074877071798332555621368 | 57,23
32839690656066248256267367232406927 | 58,23
133487791594479826365841984045417110 | 59,23
521173358079859427049434631661805618 | 60,23
1958224811144821480525508296105397398 | 61,23
7093246697914629034310259267802461109 | 62,23
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number | m,n

24809758635002608492183453124901135370 | 63,23
83912375079977534347443445680545480705 | 64,23
274809423775819939079679662815386316303 | 65,23
872502121561487749101270565113036120552 | 66,23
2688523699235571798417611746730459600393 | 67,23
8048548711903793763185358136940322327829 | 68,23
23430735448868003513616546912689710583664 | 69,23
66388845888857168599539143318805715763327 | 70,23
183228205699652238820037603666689346508167 | 71,23
492944836290086225434803533118360573692055 | 72,23
1293629351351250485624718791776512288910466 | 73,23
3313613242874357860962992309233680397862309 | 74,23
8289513832711266136618664211044289463700634 | 75,23
20264138850971449447187226958907599135305358 | 76,23
48430490528836049085740024249215855164558745 | 77,23
113215415052346340941953588822034334097986718 | 78,23
258987267163454921013250610012397838484615906 | 79,23
579982017117798705660130321473769864519003431 | 80,23
1271976148212925100394313439323910364337727613 | 81,23
2732912077494616860102281538120836222673362185 | 82,23
5754376049413063386583356219151656296442515128 | 83,23
11877657866170995493772495687952183767830534637 | 84,23
24040785078826411961488772721986893376660734936 | 85,23
47727514547438407912098807997558976534141616469 | 86,23
92961001272405649803752517911464295815151037921 | 87,23
177683440546623836852050058558455694266391852348 | 88,23
333352032407339017078127604606443084816864522840 | 89,23
613986637011858024153630902366518891930129945236 | 90,23
1110448299943941478752152813481755814597408556833 | 91,23
1972422739447872635739223938486576748165419652270 | 92,23
3441418837052044841350586200267183924052078782604 | 93,23
5899020750860310316176547399101965217999916541446 | 94,23
9935547731449690022562016417157535854331604755586 | 95,23
16444995746770533702863862711010908800576995630730 | 96,23
26752386236055089079245076703374340220789056337520 | 97,23
42779062799123836139295351898165508142865210731844 | 98,23
67249614470754316203370667535812067998835746859033 | 99,23
103940496254931428366047078753319075757070541425574 | 100,23
157964655132660977810423218341835075149878884831778 | 101,23
236078327356557686819003349898916298310938637652716 | 102,23
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

346985761085537680955286339438431321874875506214647 | 103,23
501605544103125843902627835837407034327446164740959 | 104,23
713249714475120525964527648689832499679180346155845 | 105,23
997655822410852970484691167431115628044361121084522 | 106,23
1372805129760931901681775111334518962392261758364837 | 107,23
185846009259350340542966442612518285504 7222083346196 | 108,23
2475364037391189228745657506385931695784753327490290 | 109,23
3244067737759655760057167158016658029563517160664488 | 110,23
4183382323312493363217896514495670850139049214892362 | 111,23
5308504514188132340601237254692235489452781273200533 | 112,23
6628915021816495671406212166146718115041365207443453 | 113,23
8146207966321209471334354067236448420011116773608796 | 114,23
9852060030012316531585172703117786179342674066374548 | 115,23
11726583266303179574831142999908917025139580863182286 | 116,23
13737315727211987236408970958455552122612269211104870 | 117,23
15839082104511053964053970900167225027618497037122830 | 118,23
17974898974414184990068893774449119517781688182560065 | 119,23
20078007821926012194809132564893593045534653715013542 | 120,23
22075001543809710190440678417312684259065399436651398 | 121,23
23889879869760731732286562175811657245624938211937280 | 122,23
25448743395309847451372868073784919953880283836700161 | 123,23
26684733478851290878804095533985531238693818484014819 | 124,23
27542763280359097851462054520708938699658776660173322 | 125,23
27983576079708932189784712200149059024945348918714301 | 126,23
27986715729721175820172038326620235318045990141673538 | 127,23
27552096970705388966664934800023241425877031325210019 | 128,23
26700008093302081880587008015375876288481865742306851 | 129,23
25469546002659618948361635877776622903209577484749068 | 130,23
23915651260025041012695569142624604725434279453617745 | 131,23
22105055319785638561975637940632993235431542502819916 | 132,23
20111554890566848471052202243646732416748830044856999 | 133,23
18011076906400168421794248789324008782346093739023730 | 134,23
15876988341938417803388426982414123594032012374841433 | 135,23
13776043102560769360362428603523663649334151307040532 | 136,23
11765255853300353038972509387833416497904248910255100 | 137,23
9889867076905213537549868306061065557500675896210642 | 138,23
8182433636485249559370270655450037437946419500212222 | 139,23
6662961915434481077840470634886858514129410545369291 | 140,23
5339909448935431658333007446791694358854296986028091 | 141,23
4211823547323289494568117103657958322704925909988293 | 142,23
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

3269363538028811977627527628583237579086269957234762
2497463480979045853891754700042132297744206582925360
1877427293092255619296428153811256805427057861144747
1388798888361430101563349090132838443034816713241523
10109067084012522376505529077348586327158 73443639369
724036620633793898920275966780194042023796963791407
510233510613855606997883556061861478818328608111331
353766465823859551024006296516442873080195861941933
241314162347489406982539064309936728135323360552066
161936820238898779122287379746610863870231745104916
106901102183499671798992071576464008235944867759131
69417440186618487200550100654506110687209226719666
44338378634357234703034827666056281030132617028914
27854134944488073960487032754372873749813931145541
17209605596605475303317259504531948358906304281346
10456710857826903235001690462205334729866018933477
6247878964139095245558553034223182216391021446112
3670731562177964100302838685238811280353710508216
2120425945040707783002687913308922821213971131025
12042336472133268242816396949211586098 71094383813
672327671112366611548898746944197299790592782044
3689758121929076034227780726185295336633 74864332
199032615802997929919444091079817138406746683288
105516755663069706429222566149424323764037655046
54972996161469429798257072380744220393377847785
28142761919790190360456992492414820866169132618
14155669304168890767286419288495254957209921504
6995133685944201166439104261595642462063 756569
3395607859020104133787110426082152119100754376
1619001797287277354001325666310870646148118383
758116897442945380569293663311395731804789601
348604627828445294503003434200876019343019462
1573930713986265097134933695872479567 71196063
69765252337190829600664105033121493473160060
30355516770823559070059617145762683932214523
12963520429454829941419169641931227272595895
5432943941267374725053554803090302169687336
223415131937416820731443569633 7112586418033
901345356300688780136583812243565817457992
356701826306428288341667143926882688133031

143,23
144,23
145,23
146,23
147,23
148,23
149,23
150,23
151,23
152,23
153,23
154,23
155,23
156,23
157,23
158,23
159,23
160,23
161,23
162,23
163,23
164,23
165,23
166,23
167,23
168,23
169,23
170,23
171,23
172,23
173,23
174,23
175,23
176,23
177,23
178,23
179,23
180,23
181,23
182,23
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | m,n

138448118714744545171959088710299292685618 | 183,23
5269464625659863728441060363258094 7032829 | 184,23
19663989937003954243345398149163207298205 | 185,23

7193304042319145314570806320778504895991 | 186,23
2579055110756374566553225545436542147963 | 187,23
906128884305328061468439982524119111068 | 188,23
311914900169924295495756000736947103812 | 189,23
105176009844479086578777114531519214264 | 190,23
34733404767290936786033384776347491202 | 191,23
11231608256359770366348152789052364348 | 192,23
3555597353240841530925292187935434544 | 193,23
1101716426641464548598645462493542441 | 194,23
334058865149940741284793398397810535 | 195,23
99101546803211900776852610066881621 | 196,23
28757416872017982312704447312302944 | 197,23
8160917733966969853933056412673764 | 198,23
2264415129036254988500122352405411 | 199,23
614201103307049616024407112877526 | 200,23
162822541276609257903435722508478 | 201,23
42177738175799978832408893810458 | 202,23
10674249016372511154173081081334 | 203,23
2638785049724262150308161374169 | 204,23
637118001172668782595446655976 | 205,23
150221968021620079495575410577 | 206,23
34586668557095642065855405373 | 207,23
7775520383279398058006754413 | 208,23
1706885285976446941717472018 | 209,23
365909244649982130611585765 | 210,23
76615347483399873014203465 | 211,23
15673256454452901440933159 | 212,23
3133945007675287713366883 | 213,23
612876640318602605639179 | 214,23
117315174235965049108265 | 215,23
22003479576368976274257 | 216,23
4049183958190459118159 | 217,23
732338763865185014995 | 218,23
130442714791463081122 | 219,23
22938566759500607972 | 220,23
3994053534715768844 | 221,23

690885245614759655 | 222,23
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

119163215536491528
20574737024921888
3570601421661404
625308911680681
110923277562820
19998343352439
3675258986536
690238318720
132760735659
26202267608
5316143530
1110793092
239485595

53386783

12333670

2960339

740196

193362

52943

15216

4613

1476

497

177

68

26

11

)

2

1

1

98101019
115159388113
24713302866893
2323238727900672
127977425246247028
4785492965141146848
132664172450608663737
2890012911055483092129
51544360933956836954021

223,23
224,23
225,23
226,23
227,23
228,23
229,23
230,23
231,23
232,23
233,23
234,23
235,23
236,23
237,23
238,23
239,23
240,23
241,23
242,23
243,23
244,23
245,23
246,23
247,23
248,23
249,23
250,23
251,23
252,23
253,23

36,24

37,24

38,24

39,24

40,24

41,24

42,94

43,24

44,24




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

201

Number | m,n

T75797715981866996709567 | 45,24
10084565109780593174061523 | 46,24
115295280073396930071550040 | 47,24
1176426948293826494605222632 | 48,24
10842227747770513408830314642 | 49,24
91158124831763636809829350111 | 50,24
705075613281662627110591633618 | 51,24
5052875064130417409838228422446 | 52,24
33757305119275579599572064953867 | 53,24
211364524377409326863057824151641 | 54,24
1246084041535156273258309654332934 | 55,24
6945202636989953506539428991772745 | 56,24
36729125668894249640505904024420070 | 57,24
184890856649675980419646235239644363 | 58,24
888466722987101818813614644928538270 | 59,24
4086023282770709922586926978093464613 | 60,24
18025860167557744250476134167515723361 | 61,24
76441819706547457117912770075174610383 | 62,24
312194407114669255578271589470037023038 | 63,24
1230049451034052487391418537373228178669 | 64,24
4682754262470292452274152549838350185653 | 65,24
17249664644466467208443117113259675673723 | 66,24
61564044608356799286175960054074558754266 | 67,24
213137878657244084567457352320873499455049 | 68,24
716570402388574695864207423028599451524172 | 69,24
2341864029581422903149588745418141729317945 | 70,24
7446886525049876038850443778410737874386883 | 71,24
23060715442387956506359296741096944352234034 | 72,24
69598913787596303903953256811966342696811287 | 73,24
204873096389233192575555925940249165044002952 | 74,24
588597027765684720259228000690041797395701902 | 75,24
1651499694991136283531274894784176713888726708 | 76,24
4528177348508274611142335676248936852953317133 | 77,24
12139260546313307045599349756619758149541554982 | 78,24
31835225262322599779550964582586337633759231463 | 79,24
81710614208385822629946294996291468089279516802 | 80,24
205351545541424225370430677353126909479709411002 | 81,24
505530937823158973815846052195777291776316660829 | 82,24
1219543395542666532960397105751908335189629080297 | 83,24
2884065371935523904710357873428709386728633233775 | 84,24
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

6688361032409394859643660475762887052450759990975 | 85,24
15215286784371844104559699756112625317367836445034 | 86,24
33963837521319797174979640127849586839306286210538 | 87,24
74413512028243450435105352589311218082310861626214 | 88,24

160066340490992187117291678714157126661584347873079 | 89,24
338118645766056565192697009280175533746659267519458 | 90,24
701552718871539689410106902986701990826351286910231 | 91,24
1430107540464713562856568145103147335804153436564597 | 92,24
2864730015095685101710610286005325125820952117730438 | 93,24
5640134147571337516353657139820729996212185501401038 | 94,24
10916038428125398517271083520496392110257565065214845 | 95,24
20772323470479136281582201521129149327237086947133720 | 96,24
38870458395766278361290000211336396386774127628682638 | 97,24
71537688928797907761693967649670358892243356169233002 | 98,24
129506952605831121214517718355683769353401397759250377 | 99,24
230649698991989394648711070412647239185369121237941357 | 100,24
404175199912604893461845311936733170496771381994517214 | 101,24
696940280147167835931520649991228354703164944889986557 | 102,24
1182714183844512967771995286642355115492443898208668977 | 103,24
1975462484793506252746902728440634581647466325786732393 | 104,24
3247927177813295589113211611436851918251364566990128298 | 105,24
5256946868792034808278026181515644694986167166916029540 | 106,24
8377021918717348313364246400426796764166591387719596690 | 107,24
13143505714207768926452034788746805100396943348466861858 | 108,24
20306400255364784225240992876764599956654175884438313169 | 109,24
30894950529118097409099569046784344888562943912089420197 | 110,24
46291975568401177813097528937237172545178450869856842559 | 111,24
68315085343506528626758896093315422166446241927589827067 | 112,24
9929961461333379976016007195759028520683346 7896739301900 | 113,24
142175354908920545737199681707910040362714261870372958712 | 114,24
200526204566687804417906242531966497487803452435588349765 | 115,24
278619045691486577107698523555071581540701359530041883434 | 116,24
381385995434875130486599355752095276140218260553665026250 | 117,24
514343271691701136441779362602305615338268478798265926703 | 118,24
683430902682809589710595427352912176967863999391257415291 | 119,24
894760973441248705715117424275233713244302011322138397964 | 120,24
1154268423005584445829850857801444455980006875259336134763 | 121,24
1467267633662801569491588055143643643597121366625895350894 | 122,24
1837929781334985498744650371243078669937595921294095090955 | 123,24
2268709206839568417252764371386848343148311999302440872990 | 124,24
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

2759760456998798591540828529623618451810632847191347892846
3308399246491418050864253992276985706195639058101344350738
3908668312196664721236095504478233840558283073552201158443
4551070977895829690974435202792977447778559724489672457674
5222529688013922537525484192556974083465876895721912235330
5906613095639665149425331023450771985501694529659812450700
6584053896756334406100511998817125258465004939094721576769
7233552121747104849936056968355942702131462651026827840637
7832827831492229153705031958936583245853435355661669969136
8359856810189798147668630940197953440068643599344524247367
8794196995266420438312198010183194741154141215009219313252
9118295919888045354859414165818358072165530554600221090821
9318663392794562949878857231059684342779922332386306636957
9386800617573799007820701847685392409171491808997621949484
9319796803324279421323480091999517685788527387386628072276
9120535038965977890583647994312696066632522039137272049252
8797487180028612524931531092804142597257792245779139042274
8364118017703796767167973277564514271620813260115580701521
7837956965250531105341429905084930625447852631054847579949
7239426197308626873662986476294796261041615451310014605977
6590534003872842959070759494775779331485208984406723621917
5913549076477842833818377231188584024194779698564797074095
5229765379403473548097161795129435414186011651790308712982
4558449791688379955311829370499965606711702212250401306014
3916038865396575766883763025507817432461545338685525006001
3315620714467489802379303375529837174223422505349062922787
2766707317973527756485264540367717697729114806101475302150
2275275077839412045916037904691524318828836190794332599429
1844030112660203235835824611286478126861980768989811595647
14728411228376164721154334558119608703524438661 75730804298
1159277118050030975152674753727787813541165564784063949592
899189145094443192066541985875985263920213623868 771838361
687282862217138334259033616928375573839451218053700482757
517640384061647295122778572351048239857926019337009819824
384163179693405501956539695539879630487112343719048499699
280921063703083184291329223808717615279602467633819948819
20240401753394841512911369597667643359980314 7814440227490
1436827813400752627690306877815079423253359040586324 74888
100490461663233783025087955730932260620398750337109849620
69240857295416836570125691926201718830175441456584208252

125,24
126,24
127,24
128,24
129,24
130,24
131,24
132,24
133,24
134,24
135,24
136,24
137,24
138,24
139,24
140,24
141,24
142,24
143,24
144,24
145,24
146,24
147,24
148,24
149,24
150,24
151,24
152,24
153,24
154,24
155,24
156,24
157,24
158,24
159,24
160,24
161,24
162,24
163,24
164,24
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

47000197232155023117986980689772140216131859068402542477
31428086364760008254136577897311828396752216679611972177
2070130652475668908427885551207660774197078 7665128834276
13431324797679782245695597713913924022893742832928293471
8583414716599776051785095407313783996059116375476518717
5402558829346723565775800749497172629672116088034332256
3348992813468738629986307244498146992674811203824133818
2044468758072698415310678778585850277534172561585065792
1229061558314094328674635137703032872068390546164397090
727558810169029763554546623652702049155040675920933084
424069813393684561415678480439188419101430699260898218
243362642764953796343054668263526567325394192190024175
137495756635938514242156456750034279968034641024268138
76474039806854319091324659561507516812173754814155743
41869485733715915010799946465758297495425989364702383
22563607169583460352401947683552428440746749988184852
11967794531489925557630740460826373119538230514727152
6247132171458582937919399624202269620510422622380326
3209027234425339540609707397206753800865293427497901
1622020218800040617445461925704041872623406686625719
806662956128090880784691719246407705235666107003461
394677697050170059544377576943006352856854661270341
189962587525846037804048724313972022130430281933059
89934788839647781197386300831597641092019100339196
41877365172058633759461383591971025202409740010837
19176947179376352642609600709440512335328417463590
8635415362839613933702652074017400841259807972300
3823352812413325547695150928441525761635006947949
1664237176883800849000168301077955960588581209507
712109224458741449948269924776636451120358876280
299493843212050448017687873309797126605270148993
123790378145141735327091605911351627715736576632
50279368862085001050136100024020622364799447867
20065098994702128991082059652969491658752950694
7866550531563446300590461940085418179353986147
3029425025792042125692805636668386825514195827
1145799198243410729478820892200527135308626841
425566177420715066628603668629326708690109481
155192977789927800929655060330479916159794343
55559419465103835518829570222577942624427364

165,24
166,24
167,24
168,24
169,24
170,24
171,24
172,24
173,24
174,24
175,24
176,24
177,24
178,24
179,24
180,24
181,24
182,24
183,24
184,24
185,24
186,24
187,24
188,24
189,24
190,24
191,24
192,24
193,24
194,24
195,24
196,24
197,24
198,24
199,24
200,24
201,24
202,24
203,24
204,24
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

19523447068135870868669849017823509744531401 | 205,24
6732853284688002390412390036551627152992993 | 206,24
2278318968239753993054823653931437721028275 | 207,24

756361989261461967130802251587008535700590 | 208,24
246303143154338639388120176488837027512642 | 209,24
78660891147100353632779850296312791420077 | 210,24
24633056808596670254612104149379277307493 | 211,24
7562555895222010376987865818772991502249 | 212,24
2275771059014460868487327579028715189140 | 213,24
671144073856096535307979464502883139660 | 214,24
193930713836063187118074419013160982206 | 215,24
54895489867957167744772322815695903801 | 216,24
15219522827913772602009033454 764211892 | 217,24
4131946366666697205697349744846466301 | 218,24
1098279697992676343060492638044329458 | 219,24
285753982404418990899704564845572770 | 220,24
72763055252732101693410000429707930 | 221,24
18129669885090204054475726526144580 | 222,24
4419307484210592872160326406723767 | 223,24
1053742156758293901091195311817093 | 224,24
245735549170140908682497539984539 | 225,24
56040528041208500321341731579619 | 226,24
12496725739270137571987731535359 | 227,24
2724737054132557726106387800292 | 228,24
580873003622203440457758687119 | 229,24
121083264258407257088285001021 | 230,24
24682069422716633423013479634 | 231,24
4921063207805072346630899210 | 232,24
959947357698707890548371740 | 233,24
183288042800521560201576242 | 234,24
34274741765977593983738489 | 235,24
6282095120694044109888002 | 236,24
1129690386528070192490891 | 237,24
199566521761167742321805 | 238,24
34687237738077038427343 | 239,24
5943384599956674290954 | 240,24
1006163823164036663531 | 241,24
168744141414119916245 | 242,24
28120839189529703722 | 243,24

4672197130397685432 | 244,24
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

776716104531272512
129674134254464207
21821126714748075
3713914014298840
641322779161851
112668088475924
20184618368209
3694876952543
692294900837
132977762147
26225625391
5318743428
1111096424
239523128

53391749

12334378

2960448

740214

193365

52944

15216

4613

1476

497

177

68

26

11

)

2

1

1

21113212825
9810024194846
1494395581465328
118402773746489318
5964829721149072775
213754747386418955628
5850595594755484535639
128414486485746230261074

245,24
246,24
247,24
248,24
249,24
250,24
251,24
252,24
253,24
254,24
255,24
256,24
257,24
258,24
259,24
260,24
261,24
262,24
263,24
264,24
265,24
266,24
267,24
268,24
269,24
270,24
271,24
272,24
273,24
274,24
275,24
276,24

38,25

39,25

40,25

41,25

42,25

43,25

44,25

45,25




Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

207

Number | m,n

2341352489383012029369800 | 46,25
36415485719946465414704453 | 47,25
493202249660068950126744545 | 48,25
5913036408359127807538695956 | 49,25
63596137230809343724523642565 | 50,25
620390562369934504861059028673 | 51,25
5540082477940937948619554607341 | 52,25
45643143426685000903280227798652 | 53,25
349258466764111047893658675870104 | 54,25
2496541774432357028394668791305701 | 55,25
16754640497142612863736668986797325 | 56,25
106035258581942677897839319890567799 | 57,25
635291638456392318153971548794046660 | 58,25
3615775280642106331293299611079277556 | 59,25
19609666402725992056596946210208649929 | 60,25
101618958139791523359595114948164067758 | 61,25
504416781937327083000024435590548945802 | 62,25
2403721073690073732331232023336640253949 | 63,25
11018845267119095079492232929718860196487 | 64,25
48679112462342789740019393718213670265949 | 65,25
207601121005616764079191219305684418970240 | 66,25
855972997614593163060022591446321636026479 | 67,25
3416964704349022715378748366850339130229491 | 68,25
13222926624223729090593734133604605156060248 | 69,25
49663010910473072198631207970211163226745949 | 70,25
181229205194334802208328921817983690067133171 | 71,25
643202793743800476299885211235563171431892093 | 72,25
2222256852846101684427271099508869831140454990 | 73,25
7480650137150517071493932258195770588135910797 | 74,25
24554338517304200435800323066439613636801925951 | 75,25
78646842805899541398599868243306187214498781414 | 76,25
245978029701974382369849763719315943887120933458 | 77,25
751710318653112417309340782636970070710833227020 | 78,25
2245960830113120875736687983912904815367534204738 | 79,25
6564358306548156468788446077405402631356009506770 | 80,25
18777848340644238351856124924561695077239636990618 | 81,25
52598474492916541049598663788413449169484721640749 | 82,25
144334787412096823148990694755864385022661096342804 | 83,25
388171538762156675607638273259481366745330662619374 | 84,25
1023537699658983667252759960622332985262455029118536 | 85,25
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

2647118805806136511532365059815922115705288220954624
6717141032031174692961935422527740015184145304624826
16729375075136846124540742815652801875494144975167982
40906599648324534933877333867445771494035192424303343
98231700297986067419131701285574391716429316873916996
231725236017450471319219598048439607306281807106287262
537118654670547859337717735490251104481153271713490535
1223623313656804461690910047606195029800819552019939125
2740344651362146881325058057719698608333989694957559151
6034430056873716722025303493329029681462286584979907306
13068609021106673896227964562408688781950046331120669468
27839919680203617009912705548905189528209720688344400280
58348666717832278424631698731461891624875377956881141327
120335216513262076338015011474870834395636510842738268252
244243959482093537023655656805763037652963467361486637455
487967406450945774931001003672847363981077889015110223956
959746900310922359262451189925446536793409904692249759853
1858579736249824021716356973931207768054361865306301297224
3544220539228606186686260516548513609032913847895733508484
6656237968041095075585304225837083397589606660443341713613
12312782161478356516604360637480484109481786818210611446778
22436279984346345090020931287142552365645249717212609155348
4027711498452996091460782080575062723968007864556503 7833348
71239670663063923364477439374504788165137552408833482292522
124160218571951025869569280231743874299658868315218571023055
213245032885126426194266669445932317942310605336659698910936
360950923525097132195538509002371073951602536525610703869441
602178406618750242159380836249217231636807812128900530764231
990246275670728692634104600071380866840991211623186851586764
1605217263832784280528096092507563596763000562747216355214323
2565233710300299091746587084278254520681406700439769247355938
4041578310540690614105027424301997087195357857438228893041518
6278168832220188979223310328554721187030534884617826744361499
9616090328492307831482400536483537282830141945393407518354719
145235218743622589043115661663581719398889685908379056644 78457
21630984596222167364828878066182455827576233692371318162127488
31771187928454870319527112760914046059277325821867830260768129
46021862580818447685961635590871855603554750768250179234553092
65748851437257995307626337796176596210660262662921775182467132
92645434727189047158013908070948734536051585023690798002783679

86,25
87,25
88,25
89,25
90,25
91,25
92,25
93,25
94,25
95,25
96,25
97,25
98,25
99,25

100,25

101,25

102,25

103,25

104,25

105,25

106,25

107,25

108,25

109,25

110,25

111,25

112,25

113,25

114,25

115,25

116,25

117,25

118,25

119,25

120,25

121,25

122,25

123,25

124,25

125,25




209

Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

128762496656745440863326448157787276191146117202527290980712535
176522858636432248556483270677359064655838468397440839701273171
238712126331696420345344738696480764839864325796008755150479739
318437982961287139607555370775492492265114853239795603324615977
419050283407251130523769923810197068968073426501015784116007291
544015811168879470484051479251872646009698288047196893301969761
696744325307460356099085281836682404208078821848935689021396793
880366588756941481489961124273302307555480706018898273485119176
1097470293612892346317193129866386113991692267662442170345310704
1349805830127993088853512678559808659693525592875708661974616078
1637980111207866965554325148978299693211969154297027375460224719
1961162401565617784477536422182716636414059475902596992236588309
2316830432192350726954068310680810220717874751416607251998208170
2700587122236614364018702646918389000740388661906362760065249989
3106077229056292903569100422366221482129597153389663715724389393
3525028727265524611415563406337963826494310922655460414644451845
3947435608293583453622964431372728553649349851194141784012743826
4361887512102507307699700502941903603142513086758911499964515301
4756038078170061640008296842840934050247435513658428745049575895
5117189503035404235071350686806136238792526711999502782830705131
5432957183924645420246586130512680802988544767164793957281790203
5691967264383819916115769478269420109198576739887577942827916736
5884532964236096939436630690009605457432308545991098035105984320
6003253942254560370525490427987618078057625423841273134602631961
6043487154557137066048157903145609986635680265378472157059153036
6003647541880784079971136358094658356276276317817382432909197738
5885311458657399842229449265656918390395626948526485047673810433
5693113453880840106009808681981637112150178528058063339238284249
5434445800108479403939020845048100210889128116692813957012158986
5118987861075139050368356714339614585061789770194885095653964283
4758106962925850534785131562907541800759568795869118653447313306
4364182297814598416323723794750766582298219123075717685733410600
394990759705634918899808532059559830760265759961891 7502811870254
3527626672558789396994525619111908065516865017288654617411022375
3108748989878084099502291915287009166792066422625960164511347330
2703281374269179143862736907930645955111969063128309462953125416
2319498348326203599832091865382641553030971839473175268463066683
19637592077752469378138301403317060501998845635069564 72583728860
1640466426867535146542695908554793358573624862493840842254138458
1352148714613119986505764126921336140272080442491919819941773846

126,25
127,25
128,25
129,25
130,25
131,25
132,25
133,25
134,25
135,25
136,25
137,25
138,25
139,25
140,25
141,25
142,25
143,25
144,25
145,25
146,25
147,25
148,25
149,25
150,25
151,25
152,25
153,25
154,25
155,25
156,25
157,25
158,25
159,25
160,25
161,25
162,25
163,25
164,25
165,25
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

1099643942237650114864316835593287229266708621018192953254024629
882352648302939066398991579487268279743382869987124826325220836
698531829334679864764822165309013309072107995609096152305496523
545600764415672444334696407447069414422051680279701366286472159
420434949590090197804537542444402702842874281920192768289356 732
319629948613929108942014408282396076340302524685645283942444029
239723223455229219863150895014578661280377690091460897774169565
177368030506798498216115445985805432310080812552429958438244160
129458684888427267394296049580030192283624754212000635512060833

93210553220866373810085780625281608557493725730097813601826776
66200896284624827255075617892877679772009898449525704341374313
46378188678518072686601608791065475773461275100541530103528781
32047965127740314460246593075562788081306955455506929881996989
21842830436907395287840537749594815238204844430369052375661997
14683295508199581386772476003211073648108557255043281715981989
9734823706360916323461741762659719476307493866557823886971384
6365106629296575516801822862161095177368698685725139715990653
4104296968100667752304468314463570585977148240420496134355633
2609811664446089373047085650857212807666574580136026696609893
1636432057895117696148719456526241469737102784894519584407364
1011778964496388899396971889538944185890310691903983438590604
616810712672028726200844462264863705377334609595496491700291
370745418712873188514904721134372653165234525778472741902037
219702807869559334127562731470302202596447891606779150116315
128353855784847251296193769337475738878958660773139400265427
73921802508534869367654864399829587270681768090080828939217
41966480292657662672682449506331446253151899716894691482166
23484114437240591296819741151986023655419020021095255669907
12952748971523741300798242229928824499342536593019024574605
7041083474073202324796227477013942700725016165364073248236
3772069226538327930848952856006082354080698565578522729653
1991381275482727205538005163566722743937095904982091014204
1035940726183253946326538679641450718983952857358864708930
530996124677702259628887246931076688444377307865809026296
268159434620111321620326723552196472008246066294294616721
133416178899560086912857229471502006736116268910038994795
65389054221351154018764166431245635426241149184051795692
31568157750274265194624954129096891139229519630754005894
15010893212322104890090841896185867486046152965129390385
7029774933287482666437745161673625139201861518917233524

166,25
167,25
168,25
169,25
170,25
171,25
172,25
173,25
174,25
175,25
176,25
177,25
178,25
179,25
180,25
181,25
182,25
183,25
184,25
185,25
186,25
187,25
188,25
189,25
190,25
191,25
192,25
193,25
194,25
195,25
196,25
197,25
198,25
199,25
200,25
201,25
202,25
203,25
204,25
205,25
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

3242032213098830618697179926378257247260794076689688774
1472301024850082540390936881556659561335317654646228419
658325317982103571768219443906046396063803252788954749
289807289935733734097577826412317104511805363880360433
125591966655134532273880752095428607447102140716514022
53574243829389576166983187034955004831268230331573146
22493057462077691309873836201697724448054255462121288
9293826813158066953958758629873305145013339093846354
3778752248440909168864682525425208155850568287960094
1511690376432797721143101856827958009965314536392806
594962186461624437275615378774323735609856413428036
230344640008602482359928326948575033681248761197842
87715803273334079277780903976464790272833398744544
32850040347679675797011528506901111541800806509285
12097571400473997025039932165267937272920375888200
4380353174988794065774563599281829955581996488248
15592352078747760153590602962948163181134 77243799
545565765499800137904672855341634102850318233247
187609756424865624637334646039228768178197580456
63397898200435624329819323939526030985588865712
21049518261390186651148874952266250873095812261
6865820981609579060309183615480812875530524866
2199679381002168474003241384727322380817968352
692109652231789942916354233068779644866837741
213830437846224384843107619652257076927107257
64859295565226664117000810305428838253568061
19311257619052379961527520744506825210338215
5643008398523479078776662380767063522566978
1618070971009464128747471258251906447577952
455192360149507452265323320514590616511284
125610439762338578205056958171316828956206
33994761247409044345700770615308327947102
9021430301641134161603491307794114718567
2347131835848902017606712494894080516717
598577101646938775149258268494591059344
149604933311294859653749548282065920297
36638616677431890590524017575609750703
8790750237081731356499616318114786370
2066027585179241278400550025586930303
475558051055997892026883693023041503

206,25
207,25
208,25
209,25
210,25
211,25
212,25
213,25
214,25
215,25
216,25
217,25
218,25
219,25
220,25
221,25
222,25
223,25
224,25
225,25
226,25
227,25
228,25
229,25
230,25
231,25
232,25
233,25
234,25
235,25
236,25
237,25
238,25
239,25
240,25
241,25
242,25
243,25
244,25
245,25
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number
of edges m and nodes n (continued).

Number | mn

107193372969061132562139496246913828 | 246,25
23657919227099810562629186652654508 | 247,25
5111945337518392623693066269981296 | 248,25
1081349037976686133524516007322222 | 249,25
223923602938778086766473621783323 | 250,25
45393258367322892594012005452708 | 251,25
9008803389314811584563437008226 | 252,25
1750583667777527666421920331679 | 253,25
333142423834155067479205988689 | 254,25
62107346546783498689077571902 | 255,25
11347736479647461148146244987 | 256,25
2033196720003397868441456838 | 257,25
357503130374730632470549426 | 258,25
61748513293444296748439470 | 259,25
10489133258288657721016776 | 260,25
1754925413318710858992862 | 261,25
289705168671547903768202 | 262,25
47287714866514072240909 | 263,25
7650653082132399107820 | 264,25
1230304531375581522398 | 265,25
197251631985182199762 | 266,25
31633233520207856135 | 267,25
5091513030273032786 | 268,25
825245274148195416 | 269,25
135124371883115050 | 270,25
22416076129291810 | 271,25

3777194536295049 | 272,25

647904733883207 | 273,25

113340974676475 | 274,25

20252697246546 | 275,25

3701754158676 | 276,25

692996060764 | 277,25

133050795411 | 278,25

26233496486 | 279,25

5319631820 | 280,25

1111202523 | 281,25

239536645 | 282,25

53393596 | 283,25

12334648 | 284,25

2960490 | 285,25
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Table B.2: Numbers of unlabeled 3—edge—connected blocks by number

of edges m and nodes n (continued).

Number

m.,n

740221
193366
52944
15216
4613
1476
497
177

63

26

1

_ =N Ot =

286,25
287,25
288,25
289,25
290,25
291,25
292,95
293,25
294,25
295,25
296,25
297,25
298,25
299,25
300,25




APPENDIX C

Numbers of unlabeled minimally 2—edge—connected blocks

Table C.1: Numbers of unlabeled minimally 2—edge—connected blocks
by number of nodes n.

Number | n Number | n
113 323778 | 19

1] 4 1019538 | 20
215 3265502 | 21
316 10624881 | 22
517 35065697 | 23

10 | 8 117289911 | 24
1919 397290416 | 25

42 | 10 1362060455 | 26

92 | 11 4724272231 | 27

225 | 12 16572501190 | 28
564 | 13 58782486855 | 29
1501 | 14 210782826628 | 30
4127 | 15 763991002957 | 31
11809 | 16 || 2798725378190 | 32
34713 | 17 || 10361304926710 | 33
104904 | 18 || 38763328208537 | 34

214



Table C.2: Numbers of unlabeled minimally 2—edge—connected blocks
by number of edges m and nodes n.

Number | m | n Number | m | n
11313 52 | 14 | 12
114 | 4 74115 | 12
115 |5 58 | 16 | 12
116 |5 19 | 17 | 12
116 |6 11 |18 | 12
11716 111912
1186 112012
11717 111313
218 |7 10 | 14 | 13
119 |7 82115 |13
1110 7 185 116 | 13
118 |8 155 | 17 | 13
31918 92 | 18 | 13
4110 8 25119 | 13
1111 8 12 120 | 13
1112 8 112113
11919 112213
41101 9 1114 ] 14
71111 9 12115 | 14
5112 1] 9 135 | 16 | 14
111319 400 | 17 | 14
1114 9 483 | 18 | 14
1]10] 10 282 |19 | 14
5111 |10 141 | 20 | 14

17 112 ] 10 30|21 |14
10 | 13 ] 10 15122 | 14
7114110 112314
111510 112414
111610 111515
111111 14 1 16 | 15
711211 200 | 17 | 15
27113 | 11 871 | 18 | 15
32114 | 11 1282 | 19 | 15
15115 | 11 1026 | 20 | 15
8116 | 11 473121 | 15
11711 204 | 22 | 15
11811 37123115
1112112 17124 | 15
13|12 112515
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Table C.2: Numbers of unlabeled minimally 2—edge—connected blocks
by number of edges m and nodes n (continued).

Number | m | n Number | m | n
1126115 26 | 30 | 18
111616 113118

16 | 17 | 16 113218
305 | 18 | 16 111919
1721 119 | 16 24120 | 19
3460 | 20 | 16 838 [ 21 | 19
3226 | 21 | 16 10729 | 22 | 19
1982 |1 22 | 16 46076 | 23 | 19
741 | 23 | 16 84963 | 24 | 19
292 | 24 | 16 85649 | 25 | 19
43 | 25 | 16 56812 | 26 | 19

20 | 26 | 16 25859 | 27 | 19
112716 9764 | 28 | 19
1128116 2250 | 29 | 19
11717 716 | 30 | 19

19 | 18 | 17 67 | 31 |19
430 | 19 | 17 28 132 119
3327 | 20 | 17 113319
8540 | 21 | 17 113419
10224 | 22 | 17 1120720
7053 | 23 | 17 27121 |20
3534 | 24 | 17 1143 | 22 | 20
1111 | 25 | 17 18211 | 23 | 20
399 | 26 | 17 99843 | 24 | 20
51| 27 | 17 227280 | 25 | 20

22 |1 28 | 17 278074 | 26 | 20
112917 213471 | 27 | 20
113017 116683 | 28 | 20
1]18] 18 45272 | 29 | 20
21119 | 18 15411 | 30 | 20
615 | 20 | 18 3078 | 31 | 20
6061 | 21 | 18 935 | 32 | 20
20464 | 22 | 18 75 33|20
29975 | 23 | 18 32134 |20
25551 | 24 | 18 113520
13977 | 25 | 18 113620
6007 | 26 | 18 112121
1605 | 27 | 18 3012221
541 | 28 | 18 1508 | 23 | 21
58 129 | 18 30138 | 24 | 21




Table C.2: Numbers of unlabeled minimally 2—edge—connected blocks

by number of edges m and nodes n (continued).

Number | m | n Number | m | n
206139 | 25 | 21 8867397 | 30 | 23
582736 | 26 | 21 7427196 | 31 | 23
853958 | 27 | 21 4493430 | 32 | 23
777255 | 28 | 21 2026590 | 33 | 23
483284 | 29 | 21 737379 | 34 | 23
225413 | 30 | 21 193389 | 35 | 23

75974 | 31 | 21 52084 | 36 | 23
23619 | 32 | 21 7033 | 37 | 23
4125 | 33 | 21 1916 | 38 | 23
1200 | 34 | 21 105 | 39 | 23
85135 |21 42 | 40 | 23
35136 |21 114123
113721 114223
1138121 112424
1122122 40 | 25 | 24

33 12322 3280 | 26 | 24

1991 | 24 | 22 115768 | 27 | 24
48292 | 25 | 22 1460514 | 28 | 24
410492 | 26 | 22 7506724 | 29 | 24
1423632 | 27 | 22 18996203 | 30 | 24
2513722 | 28 | 22 28000588 | 31 | 24
2681078 | 29 | 22 27193361 | 32 | 24
1946661 | 30 | 22 18762947 | 33 | 24
1017875 | 31 | 22 9743540 | 34 | 24
415559 | 32 | 22 3855465 | 35 | 24
123012 | 33 | 22 1268334 | 36 | 24
35441 | 34 | 22 296315 | 37 | 24
5428 | 35 | 22 75292 | 38 | 24
1529 | 36 | 22 8989 | 39 | 24

94 | 37 | 22 2386 | 40 | 24

39 | 38 | 22 115 | 41 | 24
113922 47 | 42 | 24

1140 22 1143 |24
112323 1144 |24
37124 |23 112525

2556 | 25 | 23 44 | 26 | 25
75706 | 26 | 23 4126 | 27 | 25
786619 | 27 | 23 173699 | 28 | 25
3337394 | 28 | 23 2628281 | 29 | 25
7056821 | 29 | 23 16271677 | 30 | 25
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Table C.2: Numbers of unlabeled minimally 2—edge—connected blocks
by number of edges m and nodes n (continued).

Number | m | n Number | m | n
49031082 | 31 | 25 52 | 28 | 27
84789128 | 32 | 25 6385 | 29 | 27
95116224 | 33 | 25 369703 | 30 | 27
75257313 | 34 | 25 7859367 | 31 | 27
44164951 | 35 | 25 68962644 | 32 | 27
20100014 | 36 | 25 291208658 | 33 | 27
7063776 | 37 | 25 687806218 | 34 | 27
2124368 | 38 | 25 1027632491 | 35 | 27
444164 | 39 | 25 1060938331 | 36 | 27
107103 | 40 | 25 802478031 | 37 | 27
11347 | 41 | 25 463482596 | 38 | 27
2939 | 42 | 25 208898873 | 39 | 27

127 | 43 | 25 76231077 | 40 | 27

50 | 44 | 25 21640349 | 41 | 27
114525 5584056 | 42 | 27

1146 |25 943031 | 43 | 27
1126126 208286 | 44 | 27

48 | 27 | 26 17518 | 45 | 27

5173 | 28 | 26 4352 | 46 | 27
255454 | 29 | 26 151 | 47 | 27
4604152 | 30 | 26 59 | 48 | 27
34042636 | 31 | 26 1149 |27
121742422 | 32 | 26 1150 |27
246264136 | 33 | 26 1128 |28
319166617 | 34 | 26 56 | 29 | 28
288440985 | 35 | 26 7862 | 30 | 28
192610260 | 36 | 26 526232 | 31 | 28
98279669 | 37 | 26 13112304 | 32 | 28
39814064 | 38 | 26 135527040 | 33 | 28
12535121 | 39 | 26 672752697 | 34 | 28
3478620 | 40 | 26 1849786337 | 35 | 28
652804 | 41 | 26 3182025266 | 36 | 28
150337 | 42 | 26 3745461828 | 37 | 28
14169 | 43 | 26 3209795849 | 38 | 28
3592 | 44 | 26 2086475551 | 39 | 28

138 | 45 | 26 1060972569 | 40 | 28

55 | 46 | 26 427315478 | 41 | 28
114726 141811706 | 42 | 28

1148 26 36468802 | 43 | 28

1127 |27 8808255 | 44 | 28
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Table C.2: Numbers of unlabeled minimally 2—edge—connected blocks
by number of edges m and nodes n (continued).

Number | m | n Number | m | n
1341065 | 45 | 28 3259231737 | 36 | 30
285354 | 46 | 28 12038222764 | 37 | 30
21464 | 47 | 28 27288213257 | 38 | 30
5245 | 48 | 28 41589548929 | 39 | 30

163 | 49 | 28 45519150344 | 40 | 30

64 | 50 | 28 37441597392 | 41 | 30
1151128 23897370720 | 42 | 30
1152128 12084083788 | 43 | 30
1129129 4941705523 | 44 | 30

61 | 30 | 29 1627825475 | 45 | 30

9549 | 31 | 29 456834456 | 46 | 30

738779 | 32 | 29 97342482 | 47 | 30
21405863 | 33 | 29 20938090 | 48 | 30
259020238 | 34 | 29 2602748 | 49 | 30
1503773658 | 35 | 29 519001 | 50 | 30
4800121628 | 36 | 29 31460 | 51 | 30
9487647064 | 37 | 29 7451 | 52 | 30
12718351946 | 38 | 29 190 | 33 | 30
12324090828 | 39 | 29 74 1 54 | 30
9021495567 | 40 | 29 11535130
5136228314 | 41 | 29 115630
2330194542 | 42 | 29 1131131
845957571 | 43 | 29 70 | 32| 31
257317778 | 44 | 29 13867 | 33 | 31
60156608 | 45 | 29 1399369 | 34 | 31
13677144 | 46 | 29 53850679 | 35 | 31
1880417 | 47 | 29 876656622 | 36 | 31
386703 | 48 | 29 6861665417 | 37 | 31

26083 | 49 | 29 29230554420 | 38 | 31
6266 | 50 | 29 75821051619 | 39 | 31

177 | 51 {29 || 131181951627 | 40 | 31

68 | 52 | 29 | 161912714965 | 41 | 31
1153129 149493232059 | 42 | 31
1154129 106698936335 | 43 | 31
1130130 60285875698 | 44 | 31

65 | 31 | 30 27362812141 | 45 | 31

11569 | 32 | 30 10169152742 | 46 | 31
1022873 | 33 | 30 3054884541 | 47 | 31
34267036 | 34 | 30 795515578 | 48 | 31
482299201 | 35 | 30 154798443 | 49 | 31




220

Table C.2: Numbers of unlabeled minimally 2—edge—connected blocks
by number of edges m and nodes n (continued).

Number | m | n Number | m | n
31639595 | 50 | 31 19622 | 35 | 33
3560328 | 51 | 31 2531428 | 36 | 33
690073 | 52 | 31 126544712 | 37 | 33

37679 | 53 | 31 2711327170 | 38 | 33

8804 | 54 | 31 28074322539 | 39 | 33

205 | 55 | 31 || 157435902697 | 40 | 33

78 | 56 | 31 || 531024462441 | 41 | 33

1|57 31| 1177817286145 | 42 | 33

1158 |31 | 1840732839687 | 43 | 33

113232 2131674907233 | 44 | 33

75 | 33 | 32 || 1895773868668 | 45 | 33

16569 | 34 | 32 || 1328161736848 | 46 | 33
1891930 | 35 | 32 || 746242676699 | 47 | 33
83209464 | 36 | 32 || 341160777002 | 48 | 33
1557952711 | 37 | 32 || 127616746824 | 49 | 33
14058076759 | 38 | 32 39920531924 | 50 | 33
63830400681 | 39 | 32 10083341281 | 51 | 33

203841152050 | 40 | 32 2293905689 | 52 | 33
399664315651 | 41 | 32 373726643 | 53 | 33
555509059170 | 42 | 32 69763816 | 54 | 33
574808616155 | 43 | 32 6452323 | 55 | 33
458332054828 | 44 | 32 1189768 | 56 | 33
288480752940 | 45 | 32 53045 | 57 | 33
145960293104 | 46 | 32 12099 | 38 | 33
59950784513 | 47 | 32 235 1 59 | 33
20383675691 | 48 | 32 89 | 60 | 33
5606317506 | 49 | 32 1161133
1361494882 | 50 | 32 1162133
242287891 | 51 | 32 113434
47243147 | 52 | 32 85|35 | 34
4817160 | 53 | 32 23177 | 36 | 34
909817 | 54 | 32 3352602 | 37 | 34

44841 | 55 | 32 189646445 | 38 | 34

10349 | 56 | 32 4626926459 | 39 | 34
219 | 57 | 32 54735161382 | 40 | 34
84 | 58 | 32 || 350322018442 | 41 | 34
1159 |32 1342432117331 | 42 | 34
1160 |32 | 3362070534561 | 43 | 34
1133 |33 | 5898941759003 | 44 | 34

80 | 34 | 33 || 7634108950201 | 45 | 34
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Table C.2: Numbers of unlabeled minimally 2—edge—connected blocks
by number of edges m and nodes n (continued).

Number | m | n Number | m | n
7562102817538 | 46 | 34 101961234 | 56 | 34
5886902819531 | 47 | 34 8561514 | 57 | 34
3671172793294 | 48 | 34 1544243 | 58 | 34
1858711800564 | 49 | 34 62403 | 59 | 34
773336296457 | 50 | 34 14090 | 60 | 34
264797303973 | 51 | 34 250 | 61 | 34
76577513861 | 52 | 34 95 | 62 | 34
17805492689 | 53 | 34 116334
3810002352 | 54 | 34 116434

568734758 | 55 | 34 01|65 ]34
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