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This gives
don—-1 = (Z - 1)2,

dop = (Z —_ 1)2 = don_1 ,

and it is easily seen that all a, lie on the boundary of the parabola.
The theorem is now completely proved.
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The following table lists the coefficients A, form=177---,20
and s=m, - - -, 20 in Markoff's formula for the mth derivative in
terms of advancing differences, namely

a—1

WM (x) = 3 (= 1)mredy Af(x) + (= DA 1M (E).
In this formula w is the tabular interval and
Am'ﬂ = ( - 1)m+smB§5_)m/s<s _m)'

and B, is the (&—m)th Bernoulli number of the sth order.

Presented to the Society, April 4, 1942 under the title Coeflicients of differences in
the expansion of derivatives in lerms of advancing differences; received by the editors
March 7, 1942. '

! The results reported here were obtained in the course of the work done by the
Mathematical Tables Project, Work Projects Administration, New York City. -
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If a function has been tabulated to sufficiently great accuracy and
for some suitable interval of the argument along the real axis, the
accompanying table .may be used to generate the values of the
derivatives which in turn may be employed to generate the values of
the function in the complex plane within a region where the function
Is analytic.

The coefficients were computed from the recurrence formula

SAm,s = (5 - I)Am,s—l + mA m—1,8—1

and checked by independent calculations. using the identity
e+ Da+2) - (v4s5s—1) = S1D0 At/
=1

From the identity
(x+x2/242%/34 - .. I =A™+ Ay ™

it was discovered that a prime p is nat effectively piesent in the de-
nominator of an A s for which s<m+p—1. The cancellation of
prime factors in accordance with this rule was a further check on
the accuracy of the work.

The Markoff formula is used at the beginning and end of a table
where advancing differences are the only types available. For a full
discussion see 1.. M. Milne-Thomson, The Calculus of Finite Differ-
ences, chap. 7, pp. 157-159. According to Milne-Thomson the relative
simplicity of the remainder term is another advantage over central

“difference formulae.

Comparison of the Markoff coefficients with central difference co-
efficients shows the latter to be much smaller and obviously more con-
venient for obtaining the derivatives of a polynomial sufficiently far
away from the ends of a table. However for many important func-
tions in applied mathematics such as Bessel, error, and gamma func-
£ the Murkoff formula Tora polynomial approximation of
some fixed degree might yield a smaller total erfor due to the particu-
lar form of its remainder term.

The first few coefficients of the various formulae may be found in
H. T. Davis, Table of the Higher Mathematical Functions, vol. 1, pp.
73-77; Whittaker and Robinson, Calculus of Observations, pp. 62-635,
and in an article by W. S, Bickley Numerical differentiation near the
limils of a difference table, Philosophical Magazine, (7), vol. 33 (1942),
pp- 12-14. (This article lists coefficicnts of the first 12 derivatives up
to those of the 12th difference.)
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COEFFICIENTS Amys IN MARKOFF'S EXPANSION

11 ‘ 12 13 14

9 | 10 |
: 1 | 1 1 1 1
o 11| 12 13 14

17600 | 1260 | 166320 | 13860 | 2522520
1303 | 16103 | 190553 | 128977 | 9061 ~
672 \3?&%7 100800 | 69300 | 4950
G0 | 4523 | 7645 | 341747 | 412009 | 9301169
20 | 945 | 1512 | 64800 | 75600 1663200
1060 | 285 | 31063 139381 | 1148963 | 355277
T4z | 32 fﬁiﬁf\*iﬁii§ 90720 | 25920
I—'3013 | 781 |242537| 48035 |1666393
| 28 | 12096 | 2016 | 60480
o5 | 4781 | 13321 | 314617 | 790153

‘ 480 | 8640 | 17280

— e f—————

240 )
55 | 10831 | 897 | 944311
3 360 20 15120
00 | 1747 | 5551
12 = B ==
4 40 80
) s 175 65 491
12 2 8
. 11 | 209 1001
i 2 | 12 24
. s 41
2
B 3
1 —_—
2
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COEFFICIENTS A,,,, IN MARKOFF's EXPaNSION
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C WD)~ T (< aymed, arf(x)
5
’ 15 ' 16 I 17 18 19 20 /m
| 1| 1 1 1 1 1 T
; 15 ' 16 7 f 18 15 20 '
— s~ UTIT33] 1195757 | 143327 42142223 751279 275295799 )
I 2702700 | 2882880 | 360360 110270160 | 2042040 715075200 | ©
= 30946717, 39646461 | 58433327 | 344499373 | 783809203 169704792667 ;
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432 518400 64800 ; 2138400 52800 | 23351328000 | ©
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! 24 | 2016 252 ) 241920 26880 10644480
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COEFFICIENTS Apye IN MARKOFF'S EXPANSION
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ON MAJORANTS OF ST
ANALYTIC FUY

FRANTISLR

This paper represcnts a different
problems connected with majorants
same method has been uscd previous!
tion of the Phragmén-Lindvli:( the
approach is to prove first Lemma 4.
sults are easily deducible. Corollary !
N. Levinson.? His theorem has mau
these results.

Levma 1. If () 0<f(x) sl and (ii

IREIN

is a continuous function of £1n (a.

)

We first suppose that f(x) is non-
We get

1f(.

-
zi?

f:ﬂy)dy > |

Hence

fol log (f:f(y)dy)dx >

@ | >

If f(x) is replaced by f(a+(b—u‘
o
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