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COMPLETE PROPOSITIONAL CONNECTIVES

by Rocer F. WHEELER in Leicester, England

By a well-known theorem due to Post [1], a propositional connective in 2-valued
logic, with truth function f(py, Pas - - -» Pu), Will generate by iteration all the 227
gruth functions of n variables if and only if :

(1) /(P:Pa---,ip):—(f’

(2) f(ﬁplv_ipz"'-"ﬂpw):l:_lf(pl’pz"":pn)'

For the case n = 2, it is also well-known that there are just 2 functions (joint
denial and alternative denial) which have this property, and, for n = 3, R.A.
CuNINGHAME-GREEN [2] has found that there are 16 essentially distinet connectives
which are capable of gencrating all the ternary functions.
| The object of the present paper is to study such complete propositional connecti-
i ovesin 9.valied logic systematicaily and to describe mebhiuds ol echuincrating them
when n = 4 and n = 5.

P

0 0 0 0 -
1 000 a .
01 00 b
0 01 0 c
00 0 1 d
1100 ab
1010 ac
1 0 01 ad
0110 be
01 0 1 bd
0 0 1 1 cd
‘ 1 110 abe
11 0 1 abd
101 1 acd
i L0 1 1 1 bed
i 1 1 1 1 abd
Table 1
Suppose the 2" possible sets of truth values for p,, ps, - - -, P, are avranged in

the following order, which is illustrated in table 1 for the case m = 4. The first
tumber written down is the number consisting only of zcros, and this is followed
by all the numbers with ouly one unit digit, then all the numbers with just 2 units
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and so on, finishing with 11 ... 1. Within each group the numbers are arranged
lexically, giving the digits, for example, precedence from left to right. Table 1 also ‘
shows an equivalent alphabetic reference system for the argument-sets and for
many purposes this scheme will be found to be more tluminating than the sets
of truth values.

When the sets of truth values are ordered according to this plan, it is possible
to describe Post’s criteria in a new and graphic way. If the valuation of f is given
for each of these scts in turn, then f is the truth function for a complete connective
if and only if the resulting series of digits ¢, ¢, ..., ¢, ( = 2") has the following
features. '

) ¢=1 and ¢, =0.

(2)  The sequence 91> 92, - - -5 ¢y 1s altered when 0 and 1 are interchanged and
the order of the digits is simultaneously reversed.

[Note, in passing, that an alternative ordering scheme, which at first sight might
seem more natural, is to list the 2™ sets in ascending binary order, and, in fact, both
methods allow Post’s criteria to be restated in the above form. Tt will, however.
be found that the ordering chosen is more convenient for concentrating one’s atten-
tion on those features of the tabulation which are significant for ensuring comple-
teness and avoiding duplication.]

Tke 18 cssentially distinet connectives on 3 propositions m,. p. . whish have
uhie necessary property are tabulated systematically in table 2. The 8 different sets
of truth values for (P1> Pa> Ps) appear as headings for the columns, and 1 repre-
sentative of each of the 16 functions is recorded in each row.

Table 2 displays, first, the function in which ¢,, ..., ¢, contains no unit digit,
then all those in which this Sequence contains just one unit digit and so on. Tt will
be noticed that with the systematic arrangement used here, the bottom half of the
table can be obtained at once as a mirror-image, 5o to speak, of the top half, the ¢
sequence gy, . . ., g; being derived from its reflexion’ by interchange of 0 and 1. °
The rows of Table 2 correspond, in order, to the columns in My, CUNINGHAME-
GREEN’s table [2] numbered : ;

1325469710812111413]516. !

The column headed ¥ is the key to successful enumeration. It records the num- !
ber of times each function will oceur when every permutation of P1s Py, Py s counted |
separately, and all possible truth functions satisfying Posr’s eriteria are recorded. :
The total number of these is, of course, 8 X 7 = 56, since ¢, and ¢, are fixed, g5, g5, 9y
can be chosen in 2% ways, and the other 3 places then filled in (28 - 1) ways, (the
‘missing’ one being the onc which, by its symmetry, would violate Post’s second
condition). For example, as shown in table 3, the function in line 3 will appear
6 times, and so on. The reason for preferring, as headings for the columns, the
alphabetic symbols @, b, ¢, d mentioned earlier will now be clear. Experience has
shown that it is much easier to decide what amber N 60 assign by using thesc
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& @ b c i ab ac bc
'- (2 0 1 o o | 11 0 | 1|
Pa 0 0 1 0 1 o 1 | 1 | } N
]233 0 "0 0 1 o 1 1 | 1 |
; 1 0 0 0 0 0 0 o | 1 )
1 1 0 0 0 0 0 o | 3 )
1 0 0 0 1 0 0 o | 3 !
1 1 1 0 0 0 0 0 \ 3
1 1 0 0 1 0 0 0 6 5
1 1 0 0 0o o0 1 o | 3 :
= 1 0 0 o0 1 1 0 | o | 3
[ 1 1 1 o0 o 1 0o | o 6 '
LS | (5) —2°
|
I 1 0 0 1 1 0 1 0 6
= 1 1 1 1 | 0 o0 1 0 3
1 0o 1 1 1 1 o0 0 3 )
1 0o 1 1 0 1 1 0 6 4
1 0o 0 1 1 1 1 0 3
1 1 1 1 0 1 1 0 3 5
1 0 1 1 1 1 1 0 3 g
1 1 1 1 1 1 1 0 1 B
a1 9 93 95 96 9z qs
- T I as_oas |
| N | |
Table 2

letters, rather than the sets of truth values. It has also been found extremely
helpful to think geometrically in many situations, by regarding a, b, ¢, d as the
certices of a tetrahedron whose edges and faces are the double and triple letter
symbols. This sort of geometric language will be used frecly in the sequel, whenever
it seems appropriate.

P a b ¢ \ ab  ac be
| 1 0 0 1 0 0
, 1 0 0 \ 0 1 0
o 1 0 l 1 0 0
0 1 0 0o 0 1
0o o0 1 0 1 0
0 0 1 0 1
92 93 .94 | T s %J

Table 3

e
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The problem of listing all the functions for a given number of variables, therefore,
is only a question of doing this trivial cnumeration systematically, in order to
ensure that the list is exhaustive and excludes duplicates. For this purpose, the last
column at the right of table 2 provides a crucial check. It records the total number
of functions in which the group ¢., ..., ¢; contains 0, 1,...,6 unit digits. The
number of functions containing 3 units must, of course, be adjusted to remove the
23 “forbidden’ members. In the general case, if the functions for which g,, . . ., 9r_q
contain u unit digits are complete, their total, allowing for all permutations, will
r—2 ) . ou

u

Hence, by the exercise of a little patience, the above method will generate all
the permissible truth functions in a purely routine way. Unless, however, one is
particularly anxious to possess a complete list for reference, it is more interesting
to enumerate them some method more economical than merely compiling a table
and counting the number of entries. Two methods for doing this will be discussed,
and a description of each method will be given by applying it to the enumeration
of the functions of 4 arguments. The first method is an immediate outcome of the
above process of systematic tabulation, but the second method, which in turn
developed from the first, is rather more efficient. In both cases, we start by ignoring

Post’s second condition and show that there are Q08 acoontis 1y distinet functions

be (T ; 2 ), except when w = % (r — 2), in which case it will be (

with 4 arguiicnts which satisly the firsi condivion, and then show that just io or
these are symmetric and so fail to satisfy the second criterion, so that the number
of complete propositional connectives on 4 variables is 980.

The same total, 980, has been obtained independently by Mr. CUNINGHAME-
GRERN, using a Ferranti ‘Pegasus’ digital computer.

Method 1 ¢

~ We concentrate on the number of unit digits (from O to 14) contained in the
sequence g, . . ., ¢;5. Suppose the single letter columns a, b, ¢, d contain u,; units
(0 < uy = 4), the double letter columns ab, . . ., cd contain u, units (0 < u, < 6)
and the triple letter columns contain u, units. Such a function will be given the
reference symbol [u,, 1y, 3] and the total number of such functions is clearly

4 3} 4
: . = Tuy, uy, u,], say.
(ul) \(“2> (1!3) [II7 2 3] .V

Thus a group of functions of tvl)c c.g.)[2,2,1],[1,2,2],[2,2,3], 13,2, 2], [2, 4, 1]
[1,4,2], [2,4, 3], (3,4, 2] will all C()I]t’iln tlm same number of members. But fur-
thermore, and this is the important point, the number of essentially distinet
functions in each group wiil be the same. Henee, to reduce the amount of compu-
tation, any one member of the group can be taken as representative, and the solu-
tions which arise can be counted with the appropriate multiplicity, shown in co-
lumn A7 in table 5. As a check, note that the sum of the numbers in this column A/ is

(£ 1) (6 - 1) (4 4 1) = 175.

Obviously, the most convenient choice is 0 << u, = 3, 0 < u,, uy < 2, with, =ay.
#y == 2y, and this is the choice adopted below.

B s et T T N - e e —— T T — e ———
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For simplicity, Greek letters have been used as arbitrary reference symbols for
various partition types and the significance of these will now be explained. Any
given selection of single and triple letters corresponds to a partition of @, b, ¢, d
into one of the 5 possible types shown in the left part of table 4.

& {4} abed 1 ‘
B {3.1} abel|d 4 | 3 3
¥ {22} ablcd 6 _
p (2.1%) able|d 12 7 12
e (1%} alblc|d 24

Table 4

Thus, the selection of a, b, ¢, abd, bed corresponds to a partition ac|b|d of
type 6 in which @ and ¢ are interchangeable but b and d are distinguishable from
a and ¢ and from each other. The selection of a, d, abd, acd corresponds to a par-
tition ad|bc of type y which has 2 distinguishable pairs, and so on. The number
of ways of obtaining a partition of each given type will be called its frequency and
this is shown at the right of table 4, (e.g. for 4, it is 4!/[2! 1! I!]).

As soon as the double letter symbols are introduced, however, extra patterns
arise. Two new distiibutions becoine m’guii"jmnt, and these extend the above list.
(1) The selection of 2 adjacent ‘edges’, such as ub and bd partitions the vertices
into type & (in this case, ad|b|c). But the selection of a pair of opposite edges
such as ab and cd leaves all the vertices on exactly the same footing, while dividing
them into 2 ¢ndistinguishable pairs. The frequency of this type of distribution
is 3 and we shall call it &. [Note, for future veference, that it is equivalent to a link-
ing of the vertices by a closed guadrilateral, such as ad, db, bc, ca since this auto-
matically omits a pair of opposite edges, and vice versa.] '
(2) The selection of 3 edges such as ab, ac, be gives a partition of type f, and so
does a group like ad, bd, cd. But the sclection of 3 edges forming an open chain,
such as ab, b¢, ed introduces a new feature. It sorts the vertices into a y pattern
lad|be), but from every such partition of the vertices can be derived 2 different
chains of edges, namely ab, be, ¢d and ac, ¢b, bd, which bath divide the vertices
- mto the same 2 distinguishable pairs (ad|be). This type of distribution will be refer-
red to as y; its frequency is 12.

It will readily be found that these 7 cases are the only ones which ean oceur,
no matter what sclection of single, double anl triple letter symbols is made.

[When two groups of double letter symbols arc chosen independently, there is
iust one further case which can avise. This is not required for enumerating the
functions of 4 arguments, but a =imilar feature will arise later with five-variable
functions, and this is the best place to introduce the idca. It occurs only when
2 distributions of fype a are applied separately; c.g. if one pair of opposite edges
f the tetrahedron is to be coloured red and another pair is to be notched. When
the pairs chosen for these operations do not coincide, we obtain a quadrilateral
with its sides alternately coloured red and notched. The vertices of the tetrahedron

DI LN T Ty T, S I R O,
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are still indistinguishable, but the distribution now has frequency 6 and will be
called &.] :

For cach specimen type [uy, us, u;] we now work out all the possible arrange.
ments, classifying each according to its distribution type. Thus, for [1,1,1] we
have the. 6 essentially distinct possibilities shown below; (this total is given in

column D of table 5).

a ab abcle a bec abcl|é
a ab acd| a bc abd|e
a ab bedl| s a bc bed|§

The number of occurrences of 4§ and 2¢ is equal to
4-12 4224 < 96,
[1,1,1]. It is this possibility of continual checking

Now comes an invaluable check.

which is the correct value for T

which gives one confidence that

no cases have been overlooked or duplicated.

_ 1 J‘ 4 6| 12 24 | 3 | 12
D uluzus, T | M | o | 6| » | s ¢ a |7 | o |up
8 | 0o0o 1 s | 1| 1| 8 |
16 100 4 64 1 1 16 |
S 1101 16| 128 1 1 ! 206
8 1200 6 | 4 1 | N
I & Taga 23 iiz | 2 | 2| 16 |
2 202/ 36 72 | 2 o 3 6 |
s lo10| 6| 48 B 1 f 11| 3
16 | 110 24 | 394 2 | 2 | 32
8 1111 9 | 768 4 2 6 | 48
8 1210 36 | 283 2 1 3| 24
8 | 211 | 144 | 1150 4 4 8 | 64
2 212|216 | s512 4| 8 12 | 2 |
8 1020]| 15| 190 J 1 1 2 | 16
16 [ 120 60| 960 x 3 1 ‘ 4 | 64
8 [ 121 | 240 | 192 l 6 7 | 13 | 104
8 [ 220 90| 720 |1 2 2 1] 6| 48
8 | 221 (360 | 2880 | 6 12 18 | 144
2 | 222 540 | 1080 , 2 4 19 2 | 27 | 54
B NN N I I e e T
41030/ 20| g0 | 2| | 1 o3 | a2
8 1130 8 | 40 2 | 2 2 ( 6 | 48 |
4 [ 131|320 ] 1280 2 6 | 10 | 18 | 72
| 4 123012 | 480 [ 4] 2 2| 8| 32 |
[ 4 | 231|480 | 1920 ] | 8| 16 24 | 96
BN EEEE R | | | 8] 2 4| 36 | 36
1175 ' s e a6 | e 4 | 8 | o5 996 |
| Check 211 == 16354 | S |224 436 |4704 |10752 | 24 ig:m

Table 5
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Table 5 has been obtained systematically in o0 S w 1y. The number in the last
column is the product of the numbers in the col N M and D, and the total of
these products MD is the required number of "% lions satisfying Posr’s first
condition, namely 996. Larind

Various other cross-checks are possible, and a tié_:'
Work out the total number of occurrences of cadh
the foot of the column. Thus, for type y, it is

8-14+2-2+8-1+8-2+2-4+8-142-2=256.

The sum of these column totals, of course, is again 996. But if each column total
is multiplied by the frequency of its distribution, and the results added, the total
must now be 2 or 16384, and this is also the sum of the products M7

Tt remains to enumerate those functions, which, by their symmetry, fail to satisty
the second criterion. These 16 functions are typified by the ones in table 6, which

heck can be done as follows.
“ribution type and put it ab

_shows just half of them, the other half being obtained by the reflexion process

noted earlier when discussing ternary functions. (With these symmetric functions,
of course, the right half is also a mirror image of the left, with 0 and 1 interchanged.)

a b ¢ d ab ac ad be bd cd abe abd acd bed
I 000U [ 0
00 0 0 0 0 v ]
100 0 111 | o
1 0 0 0 1 10 1
1 0 0 0 1 0 0 1
1 0 0 0 0 0 0 1
1 1 0 0 1 1 1 0
11 00 0o 0 0 1
o Table 6

If the function is to be symmetric, the aggregate of the vertices, edges and faces
omitted from the selection must be the dual of thet figure formed by those chosen,
and it will also be seen that the 3 edges which ocT must either all pass through
The same vertex or all lie in the same face, i.c. they lnust belong to one of the two it
tvpes and must not be of type y. Table 71is a concise summary table for these func-
tions, analogous to table 5 above, and with similar opportunitics for checking.

R e

W‘ 12
M [1ty, g, Ug) T | MT g 8 D MD
i e—-eeei | ———— | — 3 -:!_ —— ]
2 [0, 3,4] or [4,3, 0] 8 16 ;| 2 4
2 (1,3, 3] or 3,3, 1] 32 61 L 2 4 8
1 2, 3, 2] 48 48 - " 4 4
5 | 8+ | s 6|
Check 27 — 128 | 398 96

Table 7
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Method 2

This method developed from the above procedure and will be easier to understand
now that this first process has been explained.

A selection of any number of double letter symbols from.0 to 6 produces a distri-
bution of one of the 7 types «,...,&,&,y. Similarly, a selection of any number
of the single letter symbols from 0 to 4 produces yet another such division (actually,

“only 3 types are possible here but that is not important at present) and, finally,

a selection of any number of triple letter symbols produces a third distribution, and
all these 3 choices can be made independently.

We define the product of 2 distributions as the aggregate of all the possible distri-
butions which can result when the 4 letters are divided according to both distribu-
tions simultaneously but independently. (This concept is the crux of the present
method.)

For example, to evaluate yd (= dy), the letters must be divided independently
both as y and as 8. Take for § a typical partition such as ab|c|d (in which a and b
are indistinguishable). The y partition involves making an additional selection of
2 letters, which then become distinguished from the other pair but not from each
other.

l a,b | | d l
N . . ]
e e o sustition b oof tuned 0L
ii WG 3Ciclo ol TTSGaing vuAurvH;uu J_u-u»-uu L \./.n LVES
a,c or b,c | €
a,d or b,d €

The frequencies of the y and & partitions are 6 and 12 respectively, and so that of
the product yd must be 6 - 12 = 72. But the sum of the frequencies of 20 and 2¢
is 212 + 2-24 = 72, and this provides a valuable check on the accuracy of our
classification. Obviously, this check will always work and, in fact, we can regard
the symbolic formula

y0 =20 + 2¢
not only as a rule of combination but also as an equation from which a true result
can be obtained by substituting for each Greek letter the frequency of its distribu-
tion type: y =6, § = 12, ¢ = 24,
The labour of bu_\ldmﬁ up the multiplication table (table 8) can be hg,htened in
many cases (at least it was for the writer!) by thinking geometrically; e.g. for the
y6 problem above, we can take y and 0 as, say,

'17

N

' 1
]
| s .
? : P : and d‘
4 N
1 A
[ N
L N :
and fit these tetrahedral patterns together in all possible ways.
The complete multiplication table Tor &, ...,y is given in table 8, though actu

o E )
ally only the first 3 columns are needed for our present purposc. The first row and

B e .., - EEI———— . B ki
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first column are also the headings, as multiplication by « leaves every partition

]
!

unaltered.
1 4 6 12 24 3 12
a B y é € o Y
4
B B+ 6 26 28 + ¢ 4c dé 2¢
6
¥ 26 2y + ¢ 26 + 2¢ 6¢ Yty 26 + 2y
12
é 26 + ¢ 20 + 2¢ 26 + 5¢ 12¢ 6 +e¢ 6¢e
24
£ 4e 6¢ 12¢ 24¢ 3e 12¢
3 —
o é y+y 0+ ¢ 3¢ a+ & 3y
12
¥ 2e 2e + 2y 6e 12¢ 3y de + 4y
+ Not needed for the present problem -

The checks already described go a long way, but do not completely eliminate
the possibility of error, as it is still possible to have obtained § where one should
have had 7, or to have got an ¢ instead of 24, and the checks so far applied would
not have revealed these faults. When we realize, however, that this multiplication
of distributions must by its nabture be associative, we have discovered a final and

very convincing method of checking, by working out from the table products like

Byd in 3 different ways, and products like %y in 2 ways.

We now apply this information to our problem. We tabulate all the possible
partition types which can occur when we make a selection of u, single letter sym-
bols (0 << u, < 4), or, dually, of u, triple letter symbols, and also the possible
distributions which can arisc when we take u, double letter symbols (0'< u, < 6).

The sum of the frequencies must, of course, be equal to (: ) or (f ) respectively.
' 1 2

Vertices or faces

Edges

w |04 |13 ] 2 | |« 24 3
I BN A R R T
Wl e | e o |1 s | 1 20
Ji_ ) .Z:,ti“ i 4 ) J‘ E__ {a"_.?;) - 2y :-‘270.L25+’7 |
Table 9

13 Ztschr, . math, Logik
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The aggregate of all the possibilities is shown underneath each part of table 9.
(The check sums here are 2¢ and 26 respectively.)

The grand total of possible arrangements, therefore, is the result of combining
the 3 independent selections for vertices, edges and faces in all possible ways. Hence,
it is obtained by expanding the following product, and this is done by using the
multiplication table (table 8).

(20 + 28 + 7)? (20 -+ 26 + 2y + 26 + 25 + )
= (26 + 26 + ) (4o + 126 + 12y + 360 + 16¢ + 43 + 67)
= 8a + 568 + 56y 1 3926 + 448¢ + 87 4 287

The sum of the coefficients in this expansion is the required total number of
functions, namely 996, and, if yet one more check is needed, the value of the ex.
pression when the frequencies are substituted must be 214, as we observed in method 1.

The symmetric functions can also be enumerated by a similar process. As already
noted, the 3 edges must have one of the two f patterns, and once the partition of
the vertices has been chosen, that of the faces is automatically determined. Hence
the symmetric functions are obtained from the expansion of

262« + 28 +y) = 88 + 84,

and so there are 16 of them.

Connectives of 5 propositions

The same methods can be applied to the enumeration of the corresponding func-
tions with 5 arguments. Only the second mcthod will be used in this case, as it
seems the more efficient. ‘

There are now 5 single-letter symbols a,b,c,d, e, 10 two-letter symbols
ab, ..., de, 10 three-letter and 5 four-letter symbols. Geometrically, the figure
which presents itself is a pentatope in 4 dimensions with its vertices, edges, faces
and cells, (though since we shall be mainly concerned with the vertices and edges.

- our attention can be restricted, if desired, to its plane projection, a pentagon with

all 10 vertex-connectors inserted).

There are 7 possible partitions of the 5 vertices which can be produced by selec-
tions of one- and four-letter symbols, and these are allotted the reference symbol~
«,...,1, as shown in table 10.

@ {65} | abede {
p (4.1} abedle 5 S
v | 32 abelde 10 r 12 o
s | 3y | abe|dle 20 | Jl B | 15 2 | 20 |
€ 221) 1 abled|e 30 | [z 60 EEEee
¢ @21 | ableldle | 60 | ==

Ly {15 ‘{ albleld|e 120‘}

Table 10

B
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11 o[qel, -
3% 4 Ugg ag + Ly ap + Ly ko9 kog 3g + 31 kot 3g + Uy 34 bg m% _
sgt+byg | gHgt+bt2 g ugy | ko + 3¢ |e4bgtigte b4 2¢ ER R g+3 | 4
B =7 ot |
3% + Uy ag 37 + 05 | Lal kg 3z + Lz bg 23 3 v
- e |
r%| lgt lig1 ko3I log log kog kot g le ‘
051 |
kog kg + 3¢ kg legg |- brz +2) g1 + 29 by + 39 bg + 2% b+ 3¢ 2 _
09 |
) |
s } R R —
sg+ Uyt |+ lg+35+3| 35+le Log | lhgr+ 93 | kg + 39433 | U3+ 29 b4 9z+38 | 16+3 b%__
ot b4 3¢ g kog | Lo+ 2u bg+39 |b+27+07 ete | ates| @ 7
: 0% |
I I R | _ B B
[ R — — _ |
3% + by s+ 242 Iz bot | kg4 35 | UtigHoz | rete | pEbebd | ade \m_;
. — _ | 1] A*
M.J.r.mm g+2 2 kg b+ 3¢ ¢+ 3+05 | 3¢ | ¢o+d ua
: _ " C |
2 g » b 2 a ¢ ﬁ “ g g 1
09 ] gl | 021 29 0§ 0% | or| 9]t

13+
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When two- and three-letter symbols are added, there are 3 extra distribution
types:

« (frequency 1 -4!) occurs when the vertices are joined by a continuous, closed,
chain of 5 edges. '

E (frequency 15) arises when there is one odd vertex and the other 4 are joined by
a pair of opposite edges, (or, by what is completely equivalent, a continuous, closed.
chain of 4 edges).

€ (frequency 60) occurs when the vertices are partitioned into type ¢, but the 2 pairs
can be linked in 2 ways; it is essentially our previous type ~ with the addition of
a fifth, distinguishable, vertex.

Examples of each of these types will be given presently; (see table 13). The
type B—(frequency 30) is merely the type & for 4 vertices, (see above), with the addi-
tion of a fifth, distinguishable vertex: it arises only in one product, 2, (never in
individual factors). So its multiplication table is not needed, (unless a check is

desired for 2, using the associative law).

Vertices or cells

T=2a 4By |

Edges or faces

uy { 0,5 / 14 | 23
Le i By
(3)'1[5’10(

/Auz 010 19 T 28 3,7 J 4.6 ' 5 ,
— - e r

« ‘ v etB [y tbdbetE | fhy 2t 4pe| 2etottats
Wl s | 12 | 210 252 |

Y =20+ 28+ 6y + 20+ 6+ 65 +a -+ 45 + 57

Table 12

\

This time, the multiplication table (table 11) must be constructed for all 10 distri-
butions, oc,'. LM, B, £, becausc now that edge and face symbols are both needed.
any pairing of Greek letters may arise. The same checks as before can be applied.

The distribution types produced by seleeting u, vertices (or cells) and uy edges
{or faces) are given in table 12. The check sums for 2 and y are 25 and 210 respecti-
vely. The way in which the results for 1y == 4 and u, = 5 were obtained is illustrated
by the series of sketches in table 13; the other cases will present no difficulty.

On this occasion, we shall consider the syminctoic funclions first, because any
one selection of (say) vertices and edges uniquely fixes one symmetric function

o —

e —
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Hence the number of symmetric functions is obtained by expanding 2y and the
total number of functions (after some very heavy arithmetic!) by expanding (xy)2.

2y = 2(a + B +7)2a + 28 + 6y + 26 + 66 + 6L +a +4f + 5¢)
— dx 1 128 - 28y + 360 -+ 84e -+ 188¢ + 1209 + 2& + 168 4 54

[

(zy)? = 16a -+ 2408 -+ 1008y + 74406 -+ 31248¢ -+ 659184 + 85847687

4 247 + 768 + 483607 + 256f.

So there is a total of 9333312 functions, of which 544 are symmetric, leaving
9332768 admissible.

()

YN VAN ANV AN
VAR AW W AR AW

Table 13

Conclusion

This is as far as the writer has taken the problem at present. The functions of
5 variables required a much more complicated enumeration of cases and much
more tedious algebra than those of 4, but they were not significantly more difficult.
The duality
vertex «— face, edge < edge,
was replaced by .
vertex «— cell, edge < face.

With 6 or 7 arguments, however, where a third dual relation will appear, it seems
that the labour involved, even with the techniques above, will be considerable.
It had been hoped that a general pattern for # arguments might have emerged by
this time. but this hope does not seem to have been realized. [Neverthcless, the
expressions for the total number of functions have one property which is perhaps
worthy of a passing mention. With 4 vaviables, the cocfficients of B,v,0,eand ¥
are all divisible by 7, and with 5 variahles, the coefficients of d,¢,0,% and € are
Al divisible by 31.] With this type of problem, however, it is quite likely that any
formula (if there is a simple one) would take different forms according to whether n
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is even_.or odd, reflecting the presence or absence of a s
metric picture, and,

ROGER F. WHEELER

hazzard any useful predictions.

The final table, table 14

if this is so, our information so far would be ra

» gives a summary of the results obtained.

elf-dual element in the geo-
ther scanty to

In conclusion, T wish to ex
has kindly read the MS of ¢

mulated by a lecture he gave in which Post’s theorem was discussed.
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(Eingegangen am 4. Juli 1961)
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Number of Number of connectives | Number of these which Number of complete |
ropositions satisfying fail to satisfy propositional ‘
prop Post’s first condition Post’s second condition connectives |
1 1 1 0 I

2 3 1 2

3 20 4 16

4 996 16 980
276 |
5 9333312 544 9332768 i

1957 Table 14 1%

press my thanks to Professor R. L. GoopsTEIN, who
his paper, as my interest in this problem was first stj-
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