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MATHEMATICS

A TABLE OF THE COEFFICIENTS OF THE POWERS OF 75(z) 1

BY

MORRIS NEWMAN

(Communicated by Prof. B, vax prr PoL at the meeting of November 26, 1955)

The Dedekind modular form 7(7), defined by

(1) @) =2 [T (1—a", « = exp 2xit, imz>0
n=1

plays a fundamental role in the theory of the elliptic modular functions
and in those parts of the analytic theory of numbers concerned with
modular transformations of series. The coefficients of the powers of #(r)
possess numerous arithmetical properties of great interest and include,
for example, the partition function u(xn the number of unrestricted
p-e, I

pactitions of ) and Ramanujan’s function T(n). generated by aV2ty—i ()
and 22'(z), respectively. We define

o

(2) IT (1 —anyr = i Pn)

7%= n=qQ

—

and make the convention that (7)) is zero if 2 is not a non-negative
integer.

(1), pa(n) ere well-known funetions: Indeed Eurer and Jacont have
shown respectively that

[e9) o

H (1—am) = Z (— 1)yr glont+mi2
(3) ‘o L
H (1 — ") = z (_‘ 1y (2n+ 1) it a2
\n=1 n=0

Uog(n)=1(n-+1) has also heen Investigated thoroughly. RAMANUJAN
conjectured and MoRDELL proved that t(n) is multiplicative. As a matter
of fact MorperL showed that if P is a prime then
(4) w(np) = w(n) ©(p) — p* (n/p)

as well as similar identities for all positive even r dividing 24 [1].
In some recent papers [2, 3, 4, 5] the author made a study of these

coefficients, and succeeded in showing that identities similar to (4) exist

for all positive integral » and all primes p>3. For example, if r is an
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even integer not exceeding 24 such that §=r(p—1)/24 is an integer, then

o) pip+8) = ) )~ 1 2o (257).

If r=2,4,6,8,10, 14,26, p satisfies 7(p-+1) = 0 (mod 24), and 4
—r(p?—1)/24, then
(6) p(np+A) = (= p)" 7 pln[p)-

Vax DER Por has shown the especially simple formula [6]

(7 pa(2n+1) = —8pg(n2)
and it is also true that
(8) pe(3n+2) = 9pe(n/3) :
(9) Pro(np+23(p2— 1) = P* Prl(n/P) (p = T(mod 12))
(10) P+ (pP—=1)) = —p° puln/p)  (p=5(mod 12))
and that for any prime p>3,
(11) Polnp+ 5 (p°— 1)) = (= 1)V pyl(n/p).
Some examples for » odd are
- . x| n-—1\ _ 4,
(12) P(1257+5)+ 6 py(5m) -+ 120;)5( : ), 0;

more generally, if A,=1, ;= —6, sy + 64, 11252, 1 =0(x>1); and if
A,=5/24-(25*—1), then '

(13) ps(5¥ 0+ A,) — 2o ps(570) -+ 125,175 (?}‘;"E) = 0.
\
Also
~ - n—1
(14) ps(343n+157) 16 ps(Tn+ 3)+ T3, (——7—~> =0
—9
(15) py(1331 70+ 388) — 12 (11 n+ 3)+113p&(7iﬁ) ~0
(16) Po(125 7+ 57) — 66 p,(57 +2)+ 55, (’.‘:5_1> ~0
(17) Ppo(1257 4 109) -+ 210 py(5 7 4-4) + 57 Py ("—g—l) ~0
(18) (1257 +36) + 2694 pyy(5 7+ 1) + 5 pyy (’L‘s—z) — 0.

To facilitate the study of these coefficients, the author tabulated the
function p,(n) for positive values of r on SEAC, the high speed electronic
digital computer of the National Bureau of Standards at Washington,
D.C. These are the table which are given here. A single precision program
was employed. The word length of SEAC is 44 binary digits, so overflow
occurred rather quickly for large values of r and n. Nevertheless, the author
succeeded in calculating p,(n) for 1 <r< 13, 1<n<800; r=14,1<n < 750;
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r=15,1<n<500; r=16, I<n<400; as well as for larger values of »
and correspondingly fewer values of n. The range of the table could
easily have been extended by means of a double precision program, but
this did not seem especially desirable, the table being extensive enough
for most purposes. The computations were performed on two separate
occasions using different recursion formulas, as a check. The first,

(19) 71]?,(7’&): Z (r/c+k~n) ﬂkpr(n"" k)’
k=1
where
5 '(‘—1)3 k:(382j—_s)/2
k= 3 0 otherwise

possesses the obvious advantage of sparseness, there being at most
0(}/n) terms in the summation. The second,

(20) np,(n) = —r i o(k) p(n—1), o(k) = > d,

k-1 dik
is somewhat simpler, but is not sparse, there being » terms in the summa.-
tion. The total time consumed by SEAC in performing both sets of
computations did not exceed 4 hours,

These coefficients had previously been calculated by FErRGUsox and
MILLER on a desk caleulator for 1<r<24, 1<n<300; as well as for some
additional values of 7 and n. Unfortunately, FeErcrsox and MiLLer did
not publish their table, However, the author received from Professor
LEHMER a portion of their table which he was able to check against his
own results. The tables agreed in every detail.

National Bureaw of Standards
Washington, D.C.
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273 - 250543524 | - 316337450 160416400 673 4} 373 - 186178188 £1577685 | -4734878720
274 ] 163176990 £27619040 674 0 374 0 327076785 2605081600
275 - 10467898 349571781 | - 294201984 672 1626922364 375 284935742 1451402420 | -1257889152
276 108434235 | - 55564715 | - 823173120 676 s} 174 204071791 593956730 1442488320
277 87827740 | 126285705 | - 943416864 | | 677 0 377 o< a8 0| -1523442200
278 70622811 | - 680225040 | 2462986240 678 a 378 0| - 206148580 1724743680
279 0| - 338757545 | - 298412300 679 [ 379 0 325472265 | 4813385280
280 451328236 | - 165892920 1415622338 680 -1438183747 380 53970377 565299250 | ©889530192
281 167301134 | 396593730 | 244422672 | |81 | -1335492508 381 1121129660 | 1044151264
2821 - 63883897 | - 319549980 | 420406272 | [es2 | - 101148411 382 - 107840145 | 279634800
283 0| 282051335 | - 632601280 | | 683 48585614 aga| - 21850722790 | 2363738560
284 0| 231020850 | - 257103080 | |e84 0 153 106544830 | 436031570
265 0| 456343390 | - 154889696 | | 685 2173203236 3gs] - - 291215930 | 2811120000
286 1375948 | 273860055 | - 28352680 | |e86 0 16| - 487244160 | 4361011200
287 0 182498960 [-124€619520 687 -2685725042 387 - 402329560 (-1663872128
286 | - 132089881 221548985 | 1307082530 688 -1660737701 1z8 = 17294655 | -6253977600
v 289 130812500 | 198492660 |- 863898280 | |e89 292375000 239 451263290 |- 117378560
290 0| - 160646850 685756738 690 -1815105215 390 - -1204783025 | -2460089728
291 - 126725676 | - 612153535 266614400 691 2376121748 301 - 211768830 418579840
252 - 121134549 13485615 | 2545389404 692 - 764508017 332 - - 180332325 50029408
293 - 5854926 | - 107241605 | 1428535680 693 0 393 -1252896470 | -2111546000
2%4 0 490852485 | 1974903040 694 0 394 - 310741860 | 2120127360
29% - 37043926 | - 511757400 | -1782265536 695 0 395 - 793822680 1973926656
296 61049261 | - 289670020 | -2350080000 696 318631236 396 325382695 368811640 | -1869004800
257 = 73296Bé | - 253063405 989441024 697 0 397 47105052 | -1006526505 | - 231532208
298 - 50733515 | - 179995935 | - 593582080 698 0 368 - 258777519 815327730 | 2659870720
299 0| - 324215280 |- 10978240 699 [ 399 0 |- 85602440 [-711002&580
300 150522267 560321940 |- 534528000 700 -3412835998 400 0 1472674740 $287718




