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Abstract: In this paper, we examine generalized Tridovan sequences and treat in detail two
cases called Tridovan sequences and Tridovan—Lucas sequences. We present Binet’s formulas,
generating functions, Simson formulas, and the summation formulas for these sequences. In
addition, we give some identities and matrices related to these sequences.
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1 Introduction

Padovan (Cordonnier) numbers are defined by the third-order recurrence relation
Pn+3:Pn+1+Pn7 PO:L Plzla Py =1

For more information on Padovan sequence, see [4,7, 15, 19-21] and references therein. Note
that any element of the Padovan sequence is calculated based on the sum of the last two terms
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ignoring the one immediately before. Following the same idea, Vieira and Alves [16] defined
the Tridovan sequence as the sum of the three last terms ignoring the one immediately before.
The addition of this new element makes the Tridovan sequence a fourth order recurrent linear
sequence. Formally, they defined Tridovan numbers by the fourth-order recurrence relation

Tn+4 = Tn+2 + Tn+1 + Tn7 TO — O,Tl — 1,T2 - O,Tg — 1

In this paper, we investigate the generalized Tridovan sequence. First we recall some information
on the generalized Tetranacci sequence.

The generalized Tetranacci sequence (or generalized (7, s, ¢, u) sequence or generalized 4-step
Fibonacci sequence) {W,, (W, Wy, Wy, Ws;r, s,t,u) >0 (or shortly {W,,},>0) is defined as
follows:

Wy =1Wy_1+sW, o +-tWy_s+uW, 4, Woy=co, Wi =c1,Wy =co, W3 =c3, n>4 (1)

where Wy, Wy, W5, Wj are arbitrary complex (or real) numbers and 7, s, t, u are real numbers.

This sequence has been studied by many authors and is detailed in the extensive literature on
these sequences, see for example [1,5,6, 8, 14,17, 18]. The sequence {Wn}HZO can be extended
to negative subscripts by defining

t S Tﬂf 1 W
Won=—=—W_tny = —W_tnz) = =W_tn_3) + ~W_(ny
u u u u

forn =1,2,3,... when ¢ # 0. Therefore, recurrence (1) holds for all integers n.
As {W,} is a fourth order recurrence sequence (difference equation), it’s characteristic equation
is
et —rad —spt—tr—u=0 2)
whose roots are «, (3,7, 0. Note that we have the following identities

at+B+y+d =

af+ay+ad+pPy+pBo+y0 = —s,
afy + afd +ayd + fyo = t,
afyd = —u.
Generalized Tetranacci numbers can be expressed, for all integers n, using Binet’s formula
plOén pQBn
W, = +
(@ =B)(@=)(a=20)  (B—-a)(f=)(B-0)
n 57’1
i b3y 4 P4 3)

(Y =)y =B)(y=9) (6 —-a)(d=pF)d—7)

o= Ws—(B+7+8)Wa+t (By+ B0 +v0)Wy — ByoWy,
pr = Wiy—(a+v+0)We+ (ay+ ad +76)Wi — aydWy,
ps = Wi—(a+p4+0)Wse+ (af + ad + BO)W1 — afdWy,
pe = Ws—(a+B+7)We+ (af +ay+ S7)Wr1 — afyWh.

where

It is customary to choose r, s,t and u such that Eq. (2) has at least two real roots. Note that
the Binet form of a sequence satisfying (2) for non-negative integers is valid for all integers n
(see [3)]).
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o
Next, we give the ordinary generating function »_ W, x™ of the sequence W,.
n=0

Lemma 1.1. [14] Suppose that fw, () = > Wy,a" is the ordinary generating function of the
n=0

o0
generalized (1, s,t,u) sequence {W,},>o. Then, Z W,a™ is given by
=0

Z W Wo + (Wl — TW()).I‘ + (WQ — TWl — SW())I’ + (Wg — TWQ — SW1 — tWO)

1 —rx — sx? —tad — uxt

- (4)

We next find Binet’s formula of generalized (r, s, t, v) numbers {IW,,} by the use of generating

function for W,,.
Theorem 1.1. [14] (Binet’s formula of generalized (7, s, ¢, u) numbers)

e n q28"
(a=B)a—=7)(a=08) (B—a)(B—7)(B-9)

BY" . qa0"

QA e gy gy Sl e T o) T oy

W, =

&)

where
QG = Woa + Wl - TWQ)O./Q (WQ — T‘Wl — SWO)OZ (Wg — TWQ — SW1 — tWO),

( - -
@ = WoB>+ Wy —rWy)B2 + (Wo — rWy — sWy) B + (Ws — rWy — sWi — tW),
q3 = Wo’}/ + (W1 T’W())’Y2 + (W2 — TWl — SWO)”}/ + (Wg — TWQ — SW1 — th),
qs = W()(S + (Wl — ’I“VV())(S2 + (WQ — ’I“W1 — SWO)5 + (Wg — TWQ — SW1 — tWo)

Note that from (3) and (5) we have
— (B4 +0)Wa + (By + B0 +~6) Wy — BydWo
= Woa® + (Wi —rWy)a? + (Wy — rWy — sWo)a + (W — rWy — sWy — tWy),
Wi — (a4~ +0)Wse + (ay + ad + y0) Wi — aydW,
= WoB® + (Wy — W) % 4+ (Wy — Wy — sWo)B + (Ws — rWy — sWy — tW),
Wi — (a+ 4+ 0)Wa + (aff + ad + B6) W — aBéW,
= Woy* + Wy — rWo)y? + Wy — rWy — sWo)y + (W — rWo — sWy — t),
Ws = (a+ B+ 1)Wa + (af + ay + 1)W1 — afyWy
= Wod® + (Wi — rWp)é® + (Wo — rWy — sWo)d + (W — rWa — sWy — tW).
Next, we consider two special cases of the generalized (r,s,t,u) sequence {W,} which
we call the (r, s, t, u)-Fibonacci and the (r, s, t,u)-Lucas sequences. The (r, s, t, u)-Fibonacci

sequence {G, },>o and the (7, s, t, u)-Lucas sequence { H, },>o are defined, respectively, by the
fourth-order recurrence relations

Gn+4 == an+3 + SGn+2 + thJrl -+ UGn, n 2 07 (6)
WithGO :O,Gl = 1,G2 :T,Gg :7’2+S; and
Hn+4 - THn+3 + 5Hn+2 + tHn+1 + UHn, n Z 07 (7)

with Hy =4, H, = r, Hy = 25 + 1%, Hy = > + 3sr + 3t.
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The sequences {G,, }»>0 and { H,, },,>0 can be extended to negative subscripts by defining

t S r 1
G—n = ——G_ n—1) — -G n—2) = -G n— -G_ n—4),
G- = ) T DG (ne3) T G
t s T 1
H., = ——H_ n— ——H_ n— ——H_ n— —H_ n—4)
o =) = S n2) = S H o) T H ()
forn =1,2,3,.... Therefore, recurrences (6) and (7) hold for all integers n.

The following theorem shows that the generalized Tetranacci sequence W, at negative indices
can be expressed by the sequence itself at positive indices.

Theorem 1.2. For n € Z, for the generalized Tetranacci sequence (or generalized (1, s,t,u)-
sequence or 4-step Fibonacci sequence) we have the following:

1
W—n = 6(—1},)7”(—6‘/{/3” + 6HnW2n - Sngn + BHQan + W()HS + 2W0H3n - BWOHnHQn)

1 1
= (=1)" " (Ws, — H,Way, + 5(Hg — Hop)W,, — 6(H3 + 2Hs,, — 3Ha, H, ) Wo).
Proof. For the proof, see Soykan [13, Theorem 1]. ]
Using Theorem 1.2, we have the following corollary, see Soykan [13, Corollary 4].

Corollary 1.1. Forn € Z, we have
@ 2(—u)""™ G, = —(3ru>+13—3stu)?G3 — (25u—t2)2G2 4 G, — (—rt2—tut2rsu)® G2, ,G,

— (=st? 4+ 28*u+ 4u® + rtu) G2, | G, + 2(3ru® + 7 — 3stu) (—2su + 1) Gpys + (—rt? —
tu+ 2rsu)Gp o + (—st? + 25%u + 4u? + rtu) G, 1) G2 + 2(2su — t2) (—rt? — tu + 2rsu)
Gy 3GnioGn+2(2su—12)(—st? +252u+4u? +1tu) G, 3G i1 G — 2(—st2 +252u+4u? +
rtu)(—rt? — tu + 2rsu) Gy 0Gri1Gp — 2Gs,ut + u?(—2su + t2)Gopy 3Gy + u?(—rt? —
tu+ 2rsu)Gaon oGy + u?(—st? + 25%u + 4u® + rtu)Gon 1 G, — 20 (2su — t2)Gay Gy +
203 (—rt? — tu + 2rsu)GanGrio + 2u%(—st? + 25%u + 4u? + rtu)Gon G — 3u?(3ru? +
t3 — 3stu)Go, G-

() H_, =2 (—u)" (H3+ 2Hs, — 3Hy,H,) .

1
6

Note that G_,, and H_,, can be given as follows by using Gy = 0 and Hy = 4 in Theorem 1.2,
G, = =(—u)"(=6Gs, +6H,Gs, — 3H>G,, + 3H2,G,,), 8)

H_, =

DD~

(—u)™" (Hj) + 2Hsy, — 3Hz, H,,) 9)

respectively.

2 Generalized Tridovan sequence

In this paper, we consider the case r = 0, s = 1,1 = 1, u = 1 and in this case we write V,, = W,,.
A generalized Tridovan sequence {V, },>0 = {V,.(Vo, V1, V2, V5) }>0 is defined by the fourth
order recurrence relation
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Vn = Vn—2 + Vn—S + Vn—4 (10)
with the initial values V() = ¢, V} = ¢1, Vo = ¢o, V3 = ¢3 not all being zero.
The sequence {V}, },>0 can be extended to negative subscripts by defining
Vo= —V_tn—1) = Vo—2) + Vo(n—y)

forn =1, 2,3, .... Therefore, recurrence (10) holds for all integers n.
As {V,,} is a fourth order recurrence sequence (difference equation), its characteristic equation
is
et =t —r—1=@" -2 - 1)(z+1)=0. (11)
The roots «, 3, and ¢ of Equation (11) are given by:

1/3 1/3
1 (2, [3 e 31
C T 37 108 54 108 )
1/3 1/3
5 Lo, 3 L. 31
= —d4wl| — - w - -
3 54 7V 108 54 V1og]

1/3 1/3
Y (R L0 IO (R 2
T T3 54 108 54 108 ]
5 o= —1,

where

—1+4+14v3
w= %\/_ = exp(27i/3).

Please note that there is the following:

at+B+y+do = 0,

af+ay+ad+py+p0+v0 = —1,
afy+ afo + ayd + pyé = 1,
afyd = —1.

The first generalized Tridovan numbers with positive and negative subscripts are shown in
Table 1 below.

Now define two special cases for the sequence {V/, }. The Tridovan sequence {7}, },,>0 and the
Tridovan—Lucas sequence { H,, },,>¢ are respectively his fourth order Iterate the defining relations

T = ThotTh3+Tha, Tho=0T=11T=0"1T3=1, (12)
H, = H, o+ H, 3+ H, 4, Hy=4,H =0,Hy,=2 H3z=3. (13)

The sequences {7}, },>0 and { H,, },>0 can be extended to negative subscripts by defining

T, = _T—(n—l) - T—(n—z) + T_(”_4)’
an — _H—(n—l) — H_(n_g) + H—(n—4)7
forn =1,2,3,..., respectively. So, recurrences (12)—-(13) hold for all integer n.
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Table 1. A few generalized Tridovan numbers

n Vo V_n

0 Vo

1 Vi Vs—=Vi—W

2 Vs Vi+Va—V;

3 V3 Vo+Vi—=Vs,

4 Vo+Vi+ Vs, Vs —2V;

5 Vi+Va+ Vs Vo =2V

6 Vo+Vi+2Va+ V3 2Vo + 3V — 2V3

7 Vo +2Vi + 2V +2V; Vo —2V1 — 2V, + 213
8 2Vo + 3V1 + 4V, + 2V 2V, — 37 — 3V, + Vs
9 2Vo +4Vy + 5V, + 4V, 5Vi+ Vo — 3V
10 4V + 6V + 8V, + 5V3 5Vo + Vi — 3V,

11| 5Vo+9V; + 11V, + 815 5V — 8Vi — 4V,
12 | 8Vo+ 13V +17Vo + 11V 4V — 4V + 5V, — 44
13 | 11Vy +19Vy 4 24V, + 17Vs 8V + 9Vi — 4V, — 4V4

Note that 7}, and H,, are the sequences A013979, A0O01634 in [9], respectively. Next, we
present the first few values of the Tridovan and Tridovan-Lucas numbers with positive and
negative subscripts (Table 2).

Table 2. The first few values of the quintic special number with positive and negative subscripts.

n [0 1 2 3 4 5 6 7 8 9 10 11 12 13
T, [0 1 0 1 1 2 5 8 11 17 24 36
T,|.. 0 0 1 -1 0 0 -2 2 1 -3 0 5
H, |4 0 2 3 6 5 11 14 22 30 47 66 99 143
H.,|. -1 -12 3 -6 2 6 -5 -7 14 -1 —18 12

o
Next, we give the ordinary generating function > V2" of the sequence V.
n=0

Lemma 2.1. Suppose that fy, (x) = > V,a" is the ordinary generating function of the generalized

n=0

Tridovan sequence {V, },>o. Then, > V,x™ is given by

n=0

iwﬁ_%+m+(%—%)x2+(vg—vl—%)x3
n=0

1 —a?—23—at
Proof. Taker =0,s=1,t=1,u = 11in Lemma 1.1. ]

The previous lemma gives the following result as a specific example.
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Corollary 2.1. The generated functions of Tridovan and Tridovan—Lucas numbers are respectively

= T

no _
ZTnCE o 1—22— g3t
n=0

> 4—9 2 .3
Sh o A
n=0

1—a22 — 23—t

Using the initial conditions of (3) or (5), the generalized Tridovan number for all integers n
can be expressed using Binet’s formula

- man p2"
T G Ba—@=9)  B-a)B-NB-0)
p3Y" pad”

A=A =0 G-a)— B —)

where
pro= Vas—=(B+7+)Va+ (By+ B0 +740)Vi — vV,

= Voo +Via® + (Vo = Vo)ar+ (Vs = Vi = Vo),

pr = Va—(a+7+0)Va+ (ay+ad+70)Vi —aydVy
= B+ B+ (Va=Vo)B+ (Vs — Vi — W),

p3 = Va—(a+p+0)Va+ (af +ad+ 6V — aBiVy
= Vo + Vi + (Vo = Vo)y + (Vs = Vi = W),

pe = Vs—(a+B+7)Va+ (@B +ay+By)Vi—abrV
= Voo + Vid® + (Vo = Vo)o + (Vs — Vi = Vp).

For every integer n, the Tridovan and Tridovan—Lucas numbers (with initial conditions of (12)
and (13)) can be expressed using Binet’s formulas respectively as

_ a™t? g
T @) BB e -9
2 o2

=0 -0 G-ab-B0—1)

H, = a"+p"+79"+d".

3 On the recurrence properties
of generalized Tridovan sequence

In this section, we express V_; explicitly in terms of V;, H; and T} as was done by Horadam [2]
and by later researchers. Taking r = 0, s = 1,¢ = 1, v = 1 in Theorem 1.2, we obtain the
following Proposition.

Proposition 3.1. Forn € 7, generalized Tridovan numbers (the caser =0, s =1,t =1, u=1)
have the following identity:

1
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From the above Proposition 3.1 (or by taking G, := T, and H, := H, in (8) and (9),
respectively), we have the following corollary which gives the connection between the special
cases of generalized Tridovan sequence at the positive index and the negative index: for Tridovan
and Tridovan—-Lucas numbers: take V,, = T,, with T, = 0,7} = 1,7, = 0,75 = 1 and take
V.= H, with Hy =4, H, =0, Hy = 2, H3 = 3, respectively. Note that in this case H,, := H,.

Corollary 3.1. For n € Z, we have the following recurrence relations:

(a) Tridovan sequence:

1

(b) Tridovan—Lucas sequence:

H_, = - (H} + 2H;, — 3Hs,H,) .

| =

4 Simson formulas and some identities

The following theorem generalizes this result to the generalized (7, s, ¢, u) sequence {W,, },>0.

Theorem 4.1 (Simson Formula of Generalized Tridovan Numbers). For all integers n, we have

Vn+3 Vn+2 Vn+1 Vn ‘/:3 ‘/2 Vi VE)
Vn+2 Vn+1 Vn Vn—l _ (_1)71 ‘/2 ‘/1 VE) V—l ‘ (14)
Vn+l Vn anl Vn72 Vi VE) V,1 V72
Vn anl Vn72 an?) ‘/0 V,1 V72 V73
Proof. Taker =0,s=1,t =1, u = 1 in Soykan [10, Theorem 2.3]. ]

The previous theorem gives the following result as a concrete example.

Corollary 4.1. For all integers n, Simson formula of Tridovan and, Tridovan—Lucas are given as,

respectively,

Tovs Tave Thyr T
Tove Thyr Tn Tha
Thiw Tn Thoq Tho
T, Tho.1 Th_o T,_3

Hn3 Hppo Hypr  Hy,
Hyro Hoppw Hy Hyo
Hn+1 Hn anl an2
H, H,, H,, H,_3

= (=1)"* x 2",

= 279 x (—=1)" x 2",

We can give a few basic relations between {7}, } and {H,,}.
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Lemma 4.1. The following equalities are true:

279T, = —AH,.5—44H, 4+ T8H, 5+ 25H, ., (15)
279T,, = —A4H, 4+ TAH, 5+ 21H, o — 4H, .1,

279T,, = TAH, .5 — 23H, s — 48H, .1 — 44H,,

2797, = —23H, s+ 26H,.1 + 30H, + TAH, i,

2797, = 26H,.,+7H,+b51H, 1 —23H, -,
and

= 3Thys+ 2104 — 4103 — 61540,
= 20044 — Thys — 32 + 31041,
Ty — Toss + 5Tps1 + 2T,

= —Tho+4T, 1+ 1, — T, 1,

= 4T, — 2T, 1 — T, 5.

I

Proof. Note that all IDs apply to all integer n. We prove (15). To show (15), writing
T, =ax I_In+5+b>< Hn+4+c>< Hn+3+d>< Hn+2
and solving the system of equations

Ty = ax Hs+bx Hy+cx Hs3+d x Hy
T, = axHg+bx Hy+cx Hy+d x Hs
Ty = ax H;+bx Hg+cx Hy+dx Hy
T3 = ax Hg+bx H; +c¢cx Hg+d x Hs

weﬁndthata:—%,b:—ﬂ c=28 =2

579 53 5-5- Other equalities can be proved similarly. [

5 Sum formulas

5.1 Sums of terms with positive subscripts

The following proposition give some formulas for generalized Tridovan numbers with positive
indices.

Proposition 5.1. Ifr =0, s =1, t = 1, u = 1 then for n > 0 we have the following formula:
- 1
D Vi=5Vasa+ Vars = Vo = Vs = Va + Vo).
k=0

Proof. Taker =0,s=1,t =1, u = 11in Theorem 2.1 in [11]. L]

Note that using
Vn+4 = Vn+2 + Vn+1 + Vn

we have the formula
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1
D Vi=5(Vass+ Vaz + Vo = Vs = Vo + V0)
k=0
and so

> =-V, +ka— (Vots + Vagz = Vo = V3 = Vo + V). (16)
From the last proposition, we have the following corollary giving the sum of Tridovan numbers
(take Vn = Tn with Tg = O,Tl = 1,T2 = O,Tg = 1)

Corollary 5.1. For n > 0 we have the following formula:

ZTk Toia + Toyz — Ty — 1),

Taking V,, = H,, with Hy = 4, H; = 0, H, = 2, H3 = 3 in the last proposition, we have the
following system of molecular formulas for Tridovan—Lucas numbers.

Corollary 5.2. For n > 0 we have the following formula:

ZHk = —(Hpya + Hpys — Hpp — 1),

5.2 Sums of squares of terms with positive subscripts

The following proposition give some formulas for generalized Tridovan numbers with positive
indices.

Theorem 5.1. If r =0, s =1,t =1, u = 1 then for n > 0 we have the following formulas:

(a) ZZ:O Vk:2 = ((n + 3)‘/ fat (n+ 2)V712+3 12V;? nyo T (n— 5)VnQ+1 —2(n+4)V,54Voq3+10
Vn+4Vn+2 — 2(n + 5)Vn+4Vn+1 + 2Vn+2Vn+3 + 2(n + 9)Vn+3Vn+1 — 4Vn+2Vn+1 — 2‘/32 —
VE 4+ 12V72 4+ 6V + 6V3Va — 10V3V) — 2V5V) + 8V3Vy — 1614V, + 4V414).

) > Vi Vi = %(—(71—1—4)Vn%r4 (n+3)V2 3+3V2,—(n+5)V.2 +2(n+5) Vs Viss —
Vn+4vn+2 + 2(n + 6)Vn+4vn+1 - 2Vn+2Vn+3 (2n + 11)Vn+3vn+1 5Vn+2vn+l + 3‘/32 +
2Vy — 3V + 4VE — 8VaVy + V3Vh + 2V Wy — 10V5V, + 9Va Vg + 511 Vp).

(© Ek 0 V2V = ((n + S)V at (n+ 7)V iy 6Vn2—0—2 +(n+ 9)Vn2+1 —(2n+9)VasaViys —
8VitaVngo — (2n +11)Voia Vi + 2Viis Vo + (2n+ 1) Vs s Vi + 5V Vo — TVE —
6V5 — 6V — 8V + TVaVa + 8V3Vh — 214 V) + 9V5V, + VoV — 5V Vj).

@ Yo ViesVi = s(—=(n+6)V2 ,— (n+5)V2 3 —6V2 , — (n+T)V2, +2(n+7)VoraVogs +
8VisaVira + 20+ 1)VuiaVigr — 2Viia Vs — 2(n+ 3) Vi sVier — 5ViiaViyr +5V2 +
4AVE 4+ 6VE + 6VE — 12V3V, — 83V + 2V5 V) — 513V, + 4LV, + 5V 14).

Proof. Wetakex = 1,7 =0,s = 1,t = 1, u = 1 in Theorem 3.1 in [12]. Note that setting
r=1r=0,s=1,t =1, u = 1in Theorem 3.1 (a), (b), (c) and (d) in [12] makes the right
hand side of the sum formulas to be an indeterminate form. However, applying the L’ Hospital
rule gives an evaluation of the molecular formula.
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(a) We use in Theorem 3.1 (a) in [12]. If wesetr = 0,s = 1,¢ = 1, u = 1 in Theorem 3.1 (a)
in [12], then we have

Zn:xk‘/ﬂ — gl(‘r>
— P (e +222 a3 — 1) (—a2 423 — 1) (z + 234 1)

where

gi(z) = =" (—ab — S +at+ ¥+t — 1) V2, — a3 (—ab — 2P +at 4+ 2P+
2+ — V2 + a2 (2 4+ 2" + 225 — 22t — 222 — 2 + 1)V2, — 2" (=2 + 20 —
3+t + 2+ 202+ — DV, + 23(—a® — a2 + 2t + 2P+ 2+ — D)VE + 2P
(—2b =2+t + 3+ 22+ - D)V — (a8 + 27+ 225 — 224 — 222 — 2 + 1) VE+ (=2 +
28— 3205 + 2t + 23 + 2202 + 1 — D)VE — 22t (=2t + 22 + 2)Vo Vs — 22t (—2® — 2t + 2% +
o)ViVa+ 22t (=2t + 23 + 2% — )V Vo — 22 (— 25 + 23 + 22 Vo Vs + 224 (2% + o — 1) VoV +
20 (=2 + 2% + 2 — D)VoVy + 22" (—at + 22 + 1)V 3 Vi + 2270 (=25 — 2t + 23 +
) Voo Vipa+ 20" (=25 + 23+ 22V, 1 Vs — 2275 (—at + 23+ 22 = 1)V, o Vi3 — 2272
(23 4+ 2 — 1) Voy3Voy — 22" (=2 + 22 + 2 — 1)V, 1 Voo,

For x = 1, the right-hand side of the above summation formula is indeterminate. Here we
can apply the L‘Hospital rule. Then we get (a) using

e L)

e+ ) (—a a2 - ) (@ et +1))|

(b) We use in Theorem 3.1 (b) in [12]. If wesetr = 0,s = 1,¢ = 1, u = 1 in Theorem 3.1 (b)
in [12], then we have

o g2(x)
Vi1 Vi =
D [ ST R | | [Py

where

goz) = " (=a® + 27 +2?) VI + 2" (2P + 2+ 1) V3 — 2" P (2t —2® +2” —
V2 42" (—a® + a3+ ) V2 —a" P (—ab — 2P+ 20 + 2P 4+ 202 — 1)V, 3 Vg — 2™
(=225 + 2t + 2% + 2% — V)Vpio Vs — 2"4H(—2% — 2% + 22 + 23 + 222 — 1)V, 1 Vis —
22 (27 =35+t — 2P 4+ 202+ — 1)V, o Vs + 2" P (=2t + 23+ 22+ 1)V, Vs — 2™t
(29 + 2% — 227 — 42 + 2 + 23 + 22° + v — V)V, Vo — 23(—25 + 2% + 22)VE —
=+ + D)VE+ a2tz — 2P + 22 — DVE — 2t (—2® + 23 + 2?) V@ + 2% (=28 — 2° +
20 + 2% + 227 — D)Vl + 23 (—22° + 2 + 23 + 22 — DV Vs + 2(a” — 325 + 2 — 23 +
202+ —D)ViVo+23(—a® —2® + 22 + 23 + 222 — DV Vs — 2t (—at + 23+ 22 + 1)V Vo +
(29 + 2 — 227 —42® + 2 + 23 + 222 + o — D)V 1.

For z = 1, the right-hand side of the above summation formula is indeterminate. Here we
can apply the L‘Hospital rule. Then we get (b) using

" £(gs(a)
kZ:OVkHVk B -1 (x+222+ 25— 1) (—22+ 2% = 1) (x + 25+ 1))

z=1
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(¢c) We use in Theorem 3.1 (¢) in [12]. If we setr = 0, s = 1, = 1, u = 1 in Theorem 3.1 (c)
in [12], then we have

Wi Vi = gs()
kZ:Ox T D@22+ - D) (=2 + 28— 1) (2 £ 1)

where

g3(x) = —a" M (@3 + 2 — 1) V2, —a" " (2% + o — 1) V2 s +a" (=2 —2?a+1) V72—
"+ -1V + 2"V Vi (-2 + 2t +2? o) — 2" T2 (=28 — 220 + 2t + 2P +
224+ 12— D)WVooVia + 2" (=2 + 2t + 23 + 2) V1 Vi + 23 (2% — 220 + 2% — v +
DWWVpioViyz—a™ (=2 =2+ 28 — a5+t + 223 + 2 + o — 1)V, Vi s — 2" (2° — 2t +
42 —=2) Vo Voo + 233+ - 1)V2+2?(23 + 2 - )VE -2t (—2® — 2 + 2+ 1)V2 +
(B +r—1)Vg -2} (-2 +at+ 2P+ o) VoVa+a(—a2® —22° + 2t + ¥+ 2+ — 1)V V3 —
2225 =22+ 2?2 —x+ OV Vo —23(—2® + 2t + 2 + ) Vo Vs + (—2® — 2T + 2% — 25 +
208 + ¥+ x— D)VVa+ 2 (2’ — 2t + 2% + 2 — 2)Vp V1.

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now,
we can use L’Hospital rule. Then we get (c) using

- _ L(gs(x))
ZVkHVk T d 2 3 2 3 3
—~ Sz -D)(@+222 423 -1) (=22 + 23 - 1) (v + 23+ 1)) .
(d) We use in Theorem 3.1 (d) in [12]. If wesetr =0, s = 1,¢ = 1, u = 1 in Theorem 3.1 (d)
in [12], then we have

"\ B 9a(z)
gm Vk+3vk_ (;p—1)(1}—|—2x2+x3—1)(—$2+$3—1)($+5L’3+1)

where

ga(z) = 2"t (2P —x+ D) V2, + 2" (2 —a+ D) V2 + 2" (2" 4+ 2 — 2t + 2® —
20 —x + D)V2, + 2" —a + D)V2 — 2" (=" + 2% + a2t + 23+ 222 — 1 —
DWVipiaViga + 22 (=27 — 225 + 2t + 23 + 22) Vo Vs — 2128 — 22° + 2 + 222 +
T — D)WV Vosa + ™2 (=2 + 27 + 28 + 2% — 322 + 1)V, 9Viys + 23 (=27 + 2t —
23 4+ 322 Vg1 Vi + 2™ P2(2% 4+ 225 — 32 + 203 — 222 — o + 1)V, Voo — 23(23 — 2 +
WWE—2*(—ao+ )V —z(x"+2° -2t + 23— 222 — o+ D)VE — 24 (23 — 2+ 1)VE +
(-2 + 2+t + 3+ 22— - D)VoVs—a(—a" — 228 + ot + 2P+ 22 Vi Vs + (28 — 225 +
o422+ —D)VoVs —w(—2¥+ 2"+ 25+ 2% — 322 + 1)V Vo — 2?(—2" + 2t — 23 + 32V}
Vo — x(a® + 22° — 32* + 22° — 222 — . + 1)V W4,

For x = 1, the right-hand side of the above summation formula is indeterminate. Here we
can apply the L‘Hospital rule. Then we get (d) using

Y _ 2 (gi())
;VHSV%: Ca(@ =D (20?4 2%~ 1) (—a? 28— 1) (v + 2 + 1))

=1
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From the last theorem, we have the following corollary which gives sum formulas of Tridovan
numbers (take V,, = T,, with T, = 0,7y, = 1,T5, = 0,T5 = 1).

Corollary 5.3. Forn > 0, Tridovan numbers have the following properties:

@ Y T7 = g((n+3)T0y + (n+2)T7 5 — 12T o + (n = 5)T7 ;= 2(n+4) T4 Tz + 10
Tn+4Tn+2 — 2(n + 5>Tn+4Tn—|—1 + 2Tn+2Tn+3 + 2(n + 9)Tn+3Tn+1 - 4Tn+2Tn+1>-

M) > o TeTi = 5(—(n+4) T2 4 — (n+3)T2 3+3T2 — (n+5) T2 +2(n+5) T a T3 —
Tn+4Tn+2 + 2(7’1, + 6)Tn+4Tn+1 - 2Tn+2Tn+3 - (27’L + 11)Tn+3Tn+1 - 5Tn+2Tn+1 + 1)

©) > o Thr2Ti = ((n +8) T2+ (n+ 1) s+ 617 4+ (n+9)Tn — (2n+9) T4 Thys —
ST, iTos — (2 4+ 1) TorsTons + 2TsesTors 4 (204 DToisToes + 5Toss Tors — 5).

d) > TiisTy = %(—(n—l—6)Tf+4 —(n+5)T7, =612, — (n+1)T7  +2(n+T7)TaT s+
8Tn+2Tn+4 + (277, + 7)Tn+4Tn+1 - 2Tn+2Tn+3 - 2(” + 3)Tn+3Tn+1 - 5Tn+2Tn+1 + 3)

Taking 1, = H, with Hy = 4, H; = 0, H, = 2, H3 = 3 in the last theorem, we have the
following system of molecular formulas for Tridovan—Lucas numbers.

Corollary 5.4. For n > 0, Tridovan—Lucas numbers have the following properties:

@) 340 Hi = 5(n+3)Hyyy+(n+2)Hp 5 —12H o+ (n=5) Hyy —2(n+4) Hy s Hyy 410
Hn+4Hn+2 2(n+ 5)Hn+4Hn+1 + 2Hn+2Hn+3 + 2(n—|—9)Hn+3Hn+1 - 4Hn+2Hn+1 + 78)

) 3o HipiHy = 5(=(n + HI g — (n + 3)Hy + 3Hi — (n+ 5)Hi, + 2(n +
5)Hn+4Hn+3 - Hn+4Hn+2 + 2(” + 6)Hn+4Hn+1 2Hn+2Hn+3 (2n + 11)Hn+3Hn+l -
5HyioHp1 +3).

(©) oo HivoHy = g((n+8)Hy - (n+T) Hp 5 +6Hp o+ (n+9) HY L — (20+9) Hypy s Hi 3 —
8Hn+4Hn+2 (2n+11)Hn+4Hn+1—|—2Hn+3Hn+2+(2n+1)Hn+3Hn+1+5Hn+1Hn+2—57).

@) >0 HyssHy = §(=(n + 6)Hz,y — (n + 5)Hi 5 — 6Hy .y — (n+ T)HRy + 2(n +
7)Hn+4Hn+3 + 8Hn+2Hn+4 + (2n + 7)Hn+4Hn+1 - 2Hn+2Hn+3 - 2(n + S)Hn+3Hn+1 —
5HyyoHy i + 57).

The following proposition give some formulas for generalized Tridovan numbers with positive
indices.

Proposition 5.2. Ifr =0, s =1,t =1, u = 1 then for n > 0 we have the following formulas:
@ Y o(—1)FV2 = (1) (V2 — Vi2s —4V2, + 5V2 + 2V Vigs + 4V Voo —

2VniaVos1 — WVpisVigo — 6V,i3Vi) + V2 — V2 — AVE + 5V + 215V, + 4V3V) —
4VoVi = 2VsVy — 6VL ).

(b) ZZ:0<_1)ka+1Vk - %((_1)71 (Vn2+4 - Vn2+3 + 2Vn2+2 - Vnz+1 + 2Vn+4Vn+3 - 2Vn+4Vn+2 -
2VniaVii1 = AVo 3V + 6Vio Vi1 ) + V= V2 + 2VE2 — ViE 4 2V3 Vo — 2V — 2151, —
4V Vi + 614 V).

© Yio(=D)"ViraVi = 53 (= 1)" (Vs = Viis = Viliy — 2Visa Vi) + 3V = 3V — 3V —
6V1Vo).
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(d) > (=) ViysVi = %((_1)71 (V2 = Va4V = V2 + 2V Vs + 4V u Voo +4
Vn+4Vn+1 - 4Vn+3Vn+2 - 6Vn+3vn+1 - 6Vn+2vn+1) + ‘/})2 - ‘/22 - 4‘/12 - VE)2 + 2%‘/2 +
AVsVi — 4VaV1 4 4VsVy — 6V 1y — 6V1Vg).

Proof. Takex = —1,r=0,s=1,t =1, u = 1 in Theorem 3.1 in [12]. O

From the last proposition, we have the following corollary which gives sum formulas of
Tridovan numbers (take V,, = T,, with Ty = 0,77 = 1,15 = 0,15 = 1).

Corollary 5.5. For n > 0, Tridovan numbers have the following properties:

@) Yp o (DMTE = (=1 (Toy — Ty — AT7 5 + 5T + 2T aToys + 4T a T —
2T a T — AT 8T — 6154310 41) + 1),

(b) ZZ:O(_l)kaJrlTk = %(( 1) (T73+4 T2+3 + 2T T3+1 + 2Tn+4Tn+3 - 2Tn+4Tn+2 -
2T a T — AT 48T g2 + 615075 11) + 1),

(© ZZ:O(_l)ka+2Tk = %(3(_1) (T3+4 T3+3 T73+1 2Tn+2Tn+1)+3>-

@) > (1) TesTh = s ((—1)" (T2 — T s — AT s — T2+ 2T 4T3 + 4T 4 Tqo + 4
ToiaTpr — AT 3T — 6T 43T 1 — 6T 0T 41) + 1),

Taking V,, = H,, with Hy = 4, H; = 0, Hy, = 2, H3 = 3 in the last proposition, we have the
following corollary which presents sum formulas of Tridovan—-Lucas numbers.

Corollary 5.6. For n > 0, Tridovan—Lucas numbers have the following properties:

(a) ZZ:O(_l)kng = %((_1)n (H73+4 - H7’2L+3 4[—[24—2 + 5H2+1 + 2Hn+4Hn+3 + 4[{71-i-4[{n-i-2 -
2Hn+4Hn+1 - 4Hn+3Hn+2 - 6Hn+3Hn+1) + 25)

(b) ZZ=0<_1)ka+1Hk = %((_1)11 (H72z+4 H2+3+2H2+2 H721+1+2Hn+4Hn+3_2Hn+4Hn+2_
2H, aHy — 4Hy3H o + 6Hy 0 Hyyh) — 23).

() ZZZO(_D’CHHZHk = %(3 (-1)" (H3L+4 H§+3 H72z+1 —2H,oH, 1) — 33).
d) > o(—1)"HppsHy = ¢((-1)" (Hp y,—H} s—4H} ,—H? \+2H, 4 Hy, 3+4H, s Hy ot
4Hp 4 Hyy —4H,  sHy g — 6H, 3 Hy — 6Hp o Hyyy) + 1),

5.3 A sum formula
We have the following proposition.

Proposition 5.3. For all integers m and j with H2, — Hy,, — 2H,, +2(1 — H_,,,))(—=1)™ +2 # 0,

we have

> :
i — Hop — 2Hy 4+ 2(1 — H_p)(—1)™ + 2)

l

2
where A = — mn+2m+j —+ (Hm — 1>an+m+j + ( 1)m (1 — H,m) an+] + (—l)men,mﬂ —
(_1)mv—m+j + Vamyj — (Hm - 1)Vm+j (H +3 (H2m an) - 1)VJ
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Proof. Taker =0,s=1,t=1,u =1and H, = H, in Soykan [14, Theorem 15]. O]
A special case of the above proposition is the following corollary.

Corollary 5.7.  The following IDs apply:
I. m=1,7=0.

Va2 + Vo +2V + Vi = Va = Vo + 1j).

1
2
®) i Tk = 5(Tora + Topr + 2T, + Ty — 1),
Y Hppo + Hygr +2H, + H, oy — 1),

@ Y Vo =3V — Vo =2V, = Voo + Vi + Vo + ).
(b) ZZ:O T—k = %(_T—n—i-l - T—n - 2T—n—1 - T—n—2 + 1)
(C) ZZ:O H*k = %(_H*nJrl - an - 2H7n71 - H7n72 + 9)

3 m=3,j=1

(a) ZZ:O Vék—l—l = %(‘/?)n—&—'? - 2‘/371—&—4 + Vz’m—Q - Vz’m—i—l - VE’, - ‘/2 + 2Vvl + Vb)
) >p_o D1 = 5(Tsnsr — 2T5n4a + T — Thngr + 1).
(©) Y o Haprr = 5(Hspir — 2Hzp 4 + Hpoo — Hapiq — 1).

4. m=-3,7=—-1

(a) Zzzo Vogk—1 = %(_V—3n+2 +2Vigp1 + Vigpoy — Vogur + Vi — Vo + V).
M) > o Tosi1 = 35(—T-3n42+ 2T 301+ Tgp-g — T_3p-7 + 1).
(© > pgHosk1= %(_H—3n+2 +2H 3,1+ H 3,4 — H_ 3, 7+5).

6 Matrices related to generalized Tridovan numbers

This section presents specific matrix relationships for generalized Tridovan numbers. We define
the square matrix A of order 4 as:

A= AOlll =

o o = o
O = O
_ o O
o o o

such that det A = —1. We also define

Thi1 Th+Th1+T, o T, + 71,1 T,
T, Tha+T,o+T, 3 Tha+Th o Th 1

Ty Tho+Ths+Thn ThotTh s Tho

T Ths+ T a+Th 5 Ths+Thua Ths

B, =
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and

Virr Vo + Voo + Vo Vi + Vit Vi
Vi Vi +Viao+Vis Vi +Veo Vi

Vet Voo + Vs 4+ Vg Vio4+Vesg Vi

Voo Vs +Vouu+Vis Vis+ Vg Vs

Cn =

Theorem 6.1. For all integers m,n > 0, we have

(a) B, = A".

(b) C1A™ = A™C.

© Coim =0C,B,, = B,,C,.

Proof. Taker =0,s =1,t=1,u=1,G, =T, in [14, Theorem 19].

Note that using the identity
2797, = 74H, .3 — 23H,, 15 —48H,, .1 — 44H,
and Theorem 6.1, we see that

11 a2 13 Aaiq
n__ 1 Qo1 Q22 Q23 Q24
279 31 Aagz 33 A34

Q41 Q42 Q43 A44

where
apn = T4Hy 4 — 23H, 13 — 48H,, 10 — 44H,, 4

91 = 74Hn+3 - 23Hn+2 - 48Hn+1 - 44Hn
as) — 74Hn+2 - 23Hn+1 - 48Hn - 44Hn,1
a1 = 74Hn+1 - 23Hn - 48Hn_1 - 44Hn—2

a1 = T4H, 5 + 51H, 4o + 3H, 1 — 115H,, — 92H,,_1 — 44H,,_
Q9o = T4H 1o + 51H, 41 + 3H, — 115H,_, — 92H,_» — 44H,_,
asy = T4H, 1 + 51H, + 3H,_1 — 115H,_» — 92H,,_3 — 44H,_,
u = TAH, + 51H,_| + 3H,_5 — 115H,_5 — 92H,,_4 — 44H,,_

a13 = T4H, 5+ 51H,so — T1H, 1 — 92H, — 44H,_;
(o3 = TAH, o+ 51H, .1 — TLH, — 92H,_, — 44H,_,
as3 = TAH, 1 + 51H, — T1H,,_; — 92H,_5 — 44H,_5
g3 = TAH, + 51H,_1 — T1H,,_o — 92H,_5 — 44H,_,

14 = TAH, 5 — 23H, > — 48H, 1 — 44H,
(o4 = TAH, o — 23H, 1 — 48H, — 44H,_,
a4 = TAH, .\ — 23H, — 48H,_, — 44H,_»
au = TAH, — 23H, 1 — 48H, o — 44H,,_5
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Some properties of matrix A” can be given as
A" — An—2 + An—3 4 An—4

and

and
det(A™) = (—-1)"

for all integers m and n.
Theorem 6.2. For all m,n, we have
Vidm = VaTmir + Vi (Ton + Tonet 4+ To—2) + Vieo(Ton + Tonet) + Vs T
Proof. Taker =0,s=1,t=1,u=1,G, =T, in [14, Theorem 20]. O]
Corollary 6.1. For all integers m,n, we have

Tner = TnTerl + Tnfl(Tm + Tmfl + Tm72) + Tan(Tm + Tmfl) + Tn73Tm7
Hn+m = HnTm+1 + Hn—l(Tm + Tm—l + Tm—?) + Hn—?(Tm + Tm—l) + Hn—STm-
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