Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275

Vol. 27, 2021, No. 1, 198-207

DOI: 10.7546/nntdm.2021.27.1.198-207

Catalan transform of the k-Pell, k-Pell-Lucas
and modified k-Pell sequence

Merve Tastan® and Engin Ozkan?

! Graduate School of Natural and Applied Sciences
Erzincan Binali Yildirim University
24100 Erzincan, Turkey

e-mail: mervetastan24@gmail.com

2 Department of Mathematics, Faculty of Arts and Sciences
Erzincan Binali Yildirim University
24100 Erzincan, Turkey

e-mail: eozkanmath@gmail.com

Received: 15 May 2020 Revised: 11 December 2020 Accepted: 27 January 2021

Abstract: In this study, we present the Catalan transforms of the k-Pell sequence, the
k-Pell-Lucas sequence and the Modified k-Pell sequence and examine the properties of the
sequences. Then we apply the Hankel transform to the Catalan transforms of the k-Pell sequence,
the Catalan transform of the k-Pell-Lucas sequence and the Catalan transform of the Modified
k-Pell sequence. Also, we obtain the generating functions of the Catalan transform of the k-Pell
sequence, k-Pell-Lucas sequence and Modified k-Pell sequence. Furthermore, we acquire an
interesting characteristic related to the determinant of the Hankel transform of the sequences.
Keywords: k-Pell numbers, k-Pell-Lucas, Catalan numbers, Catalan transform, Hankel
transform.
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1 Introduction

The known Pell numbers have some applications in many branches of mathematics such as group
theory, calculus, applied mathematics, linear algebra, etc. [2, 3, 4, 6, 8, 16].

There is an extensive work in the literature concerning Fibonacci-type sequences and their
applications in modern science (see e.g. [10, 11, 12] and the references therein).
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There exist generalizations of the Pell numbers. This paper is an extension of the work of
Falcon [7], where the author gave an application of the Catalan transform to the k-Fibonacci
sequences. Ozkan et al. defined a new family of Catalan k-Lucas numbers and gave some
properties about the family of these numbers [14]. There are some works on polynomials of the
families of k-Fibonacci numbers and k-Lucas numbers [13]. Rajkovic et al. gave some properties
of the Hankel transformation of a sequence [15].

One of the latest works in this area is [17] where it is presented the Catalan transforms of the
k-Jacobsthal sequence and examined the properties of the sequence. They also applied the Hankel
transform to the Catalan transform of the k-Jacobsthal sequence.

In this work, we consider the Catalan transform to the k-Pell, k-Pell-Lucas and Modified
k-Pell numbers and present an application of the Hankel transform to the Catalan transform of
these sequences.

The paper is prepared as follows. In the following section, we recall some fundamental
definitions of k-Pell numbers, k-Pell-Lucas numbers and Modified k-Pell numbers. In Section 3,
the Catalan transforms of k-Pell sequence and k-Pell-Lucas sequence are given. Also, we obtain
the generating functions of the Catalan transform of the k-Pell sequence, k-Pell-Lucas sequence
and the Modified k-Pell sequence. Finally, we give the Hankel transforms of the new sequence
obtained from k-Pell, k-Pell-Lucas and Modified k-Pell sequences.

2 Materials and methods

2.1 k-Pell, k-Pell-Lucas numbers and Modified k-Pell numbers

For any positive real number k, the k-Pell sequence, {R, .}, is defined by the recurrence
relation
Pk,n+1 = 2|:)kn + kPk,n—l'” 21'

where P, =0 and R, =1, [2].

The k-Pell-Lucas sequence, {Qy » }nen. is defined as

Qk,n+1 = 2Qk,n + ka,n—l’ n 211
where Q. , =2 and Q ., =2, [3].
The Modified k-Pell sequence, {qy »}nen, is defined as

Unia = qu,n + qu,n—l’ nx1,
where q,,=1and q,, =1, [2].

The Binet formula, respectively, for k-Pell sequence, k-Pell-Lucas sequence and Modified
k-Pell sequence is given by:
- " +r,)
P -1 _2 =r'+r), p=—%,
k,n rl _ r2 Qk,n 1 2 qk, 2
where r,=1++1+k and r,=1-+1+k, respectively, [2]. Note that, since k>0, r,+r,=2,
rr,=—k and r,—r, =2yJ1+k .
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2.2. Catalan numbers

The Catalan numbers are defined by
2
n+1{ n

_ (2n)!

" (n+1)Int

in [1]. The latter can be written as

Also, one can obtain the recurrence relation for C(n) from

o _2(20+1)

C n+2

n

in [5]. The first few Catalan numbers are 1, 1, 2, 5, 14, 42, 132, 429, 1430, ... [18].

3 Main results

3.1 Catalan transform of the k-Pell sequence

Now, following Falcon in [7], we introduce the Catalan transform of the k-Pell sequence {P;, ,,}
as

i (2n—i
R, =Y P
o 2n—i£n—ij i

i=0

for n>1 with CR _, =0. We can give some of them as follow:

o (Py= Ziﬁ i:;)Pk,i =1,

o (P, = Z%ﬁ ;:DPR,L’ =3,

o CPyy= 1é )P =10+ k,

e CPy,=35+7k,

e CPys =126+ 37k + k2,

o (P =462+ 176k + 11k?,

e CPy,=1716 + 794k + 80k? + k°.

We give the coefficient of k7 in Table 1 for 0 < n < n. The following equation can be written as
a product of two matrices

C. Py 17 1 [P 1
C. Pk,Z 1 1 Pk,Z
C.Py3 2 21 Py
C.Pes|= 55 31 Py 4
C.Pys 1414 9 4 1 Pys
C.Pes 4'2 4'2 2'8 1.4 5 1 Pes




The entries of the matrix C verify the recurrence relation C; ; = Y, ] 1Ci_qp. FOr i >1,
note that the first and second columns are the Catalan numbers.
The matrix C,,,—; is the Catalan triangle. For 1 < i < n, the entries of the matrix C,,,,_;
verify
Cn-DIG+1)
Crn-i = m—D'(n+ D!

CP, 1
CP, 3

CP; 1 10

CP, 7 35

CPs 1 37 126

CP, 11 176 462

cp, 1 80 794 1716

Table 1. Catalan triangle of the k-Pell sequence

We obtain the first few Catalan transform of the k-Pell sequence as follows:
e (P, =1{0,1,3,11,42,164,649, ...}, indexed in OEIS as A143464.
e (CP,={0,1,3,12,49,204,858, ...},
e (P;={0,1,3,13,56,246,1089, ...},
e (P, =1{0,1,3,14,63,290,1342,..},
e (P;={0,1,3,15,70,336,1617, ... }.

3.2 Catalan transform of the k-Pell-Lucas sequence

Similarly, we introduce the Catalan transform of the k-Pell-Lucas sequence {Qy, .} as

CQun = Z 2n — (Zn _l ) Qi

forn > 1 with CQ, o = 0. We can give some of them as follows:
o CQp1= 2%2 (12D = 2,

o (Qu,=X32 “)Qui = 6+ 2k,

14121

o CQus= zi;l *")Qki = 20 + 10k,
o CQuq =70+ 44k + 2k?,
e (CQys = 252+ 186k + 18k?,
o CQure =924+ 772k + 114k? + 2k3,
e (CQu;=3432+ 3172k + 624k?* + 26k>.
We give the coefficient of k7 in Table 2 for0 < n < n.
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The following equation can be written as the product of two matrices CQ = C.Q, where
CQ = (CQx)" and Q = (Qr,)"

€. Q1] 1 [Qk,1]
C. Qk,z 1 1 Qk,z
C.Qk3 2 21 Qk,3
C.Qra|= 55 31 Qka |
C.Qks 1414 9 4 1 Qs
C.Qus 4'2 4'2 2'8 1-4 5 1 Qe

cO, 2
co, 2 6

CQOs 10 20

co, 2 44 70

COs 18 186 252

CO, 2 114 772 924
co, 26 624 3172 3432

Table 2. Catalan triangle of the k-Pell-Lucas sequence

We obtain the first few Catalan transform of the k-Pell-Lucas sequence as follows:
e (0, =1{0,2834116,456,1812,..},
e (CQ,=1{0,2,10,48,166,696,2940, ...},
e (Q;=1{0,212,62,220,972,4320, ...},
e (Q,=1{0,2,14,76,278,1284,5964, ...},
e (Qs=1{0,2,16,90,340,1632,7884, ... }.

3.3 Catalan transform of the Modified k-Pell sequence

Now, following Falcon in [7], we introduce the Catalan transform of the Modified k-Pell sequence

{Qk,n} as
n
c _ Z i (2n - i)
1=

forn = 1 with Cqy,, = 0. We can give some of them as follows:

o (qy1= 2%2;_1 i:E)Qk,i =1,
o (qy:= 2%4;_1. ;:E)Qk,i =3+k,
6—i

o Cqus=21==(5Dawi = 10 + 5k,
o Cqya =35+ 22k + k?,
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Cqus = 126 + 93k + 9k?,
Cque = 462 + 386k + 57k? + k3,
Cqr; = 1716 + 1586k + 312k? + 13k3.

We give the coefficientof k7in Table 3,0 < n<n.
The following equation can be written as the product of two matrixes

We obtain the first few Catalan transform of the Modified k-Pell sequence as follow:

There is the following relation between the Catalan of Modified k-Pell sequence Cqy ,, and the

-] 11 11917
C. 9k, 11 .2
C.qx3 2 21 qr,3
C.qra|=|5 5 3 1 Q4 |-
C.qxs 1414 9 4 1 dk,5
C.are| |42 422814 5 1 |ke

Cqq 1

Cq, 1 3

Cqs 5 10

Cq, 1 22 35

Cqs 9 93 126

Cqe 21 57 386 462

Cq, 13 312 1586 1716

Table 3. Catalan triangle of the Modified k-Pell sequence

Cq, = {0,1,4,17,58,228,906, ...},
Cq, = {0,1,5,24,83,348,1470, ... },
Cqs = {0,1,6,31,110,486,2160, ... },
Cq, = {0,1,7,38,139, 642, 2982, ...},
Cqs = {0,1,8,45,170,816,3942, ... }.

Catalan of k-Pell-Lucas sequences Qy ,:

We obtain the first few Catalan transform of the Modified k-Pell sequence as follow:

2C0qkn = CQxn, (k,m EN).

Cq, = {0,1,4,17,58, 228,906, ...},
Cq, ={0,1,5,24,83,348,1470, ... },
Cqs = {0,1,6,31,110,486,2160, ... },
Cq, ={0,1,7,38,139, 642,2982, ...
Cqs = {0,1,8,45,170,816,3942, ...

3
}
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3.4 Generating functions of Catalan transforms for these sequences

We know that the generating function of the k-Pell numbers, k-Pell-Lucas numbers, Modified
k-Pell numbers and Catalan numbers, respectively, are

F) = g
909 =15
h(x) = 1—;x_—xkx2'
and
C(x):#

in [2]. Let c(x) and A(x), respectively, be the generating function of the sequence of the Catalan
numbers {Cn} and any sequence {an}. It was proved in [1] that A(c(x)) is the generating function
of the Catalan transform of this last sequence. Consequently, from the composition of functions,
we obtain that the generating function of the Catalan transform of the k-Pell sequence,
k-Pell-Lucas sequence, Modified k-Pell sequence are, respectively,

x(—l+ﬂ)

" 2x(2x-1)+ - 4x (2x+ k) +k(2x-1)’

2x(2x—1+ \/1—4x)

" 2x(2x-1) + - 4x (2% + k) + k(2x~1)

CR. (%) =R (x*c(x)) = f (c(x))

CQ, (x) =g (x*¢(x)) =g (c(x))

and
x(2x—1+\/1—4x)
- 2x(2x—1)+v1-4x(2x+k)+ k(2x—1)'

Ca, (x) =g, (x*c(x))=h(c(x))

3.5 Hankel transform

Let R= {ro,rl,r2 .. } be a sequence of real numbers. The Hankel transform (see [5, 9]) of R is the

sequence of determinants H, =det[r, _, |, [8]. That s

The Hankel determinant of order n of R is the upper-left nxn subdeterminant of H.. We obtain
that the Hankel transform of the Catalan transform of the k-Pell numbers:
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HCR, =det[1]=1,

1 3
HCP, = —1+k,
3 10+k
1 3 10+k
HCR,=| 3 10+k 35+7k |=1+3k+Kk?,

10+k 35+7k 126+37k +k?

1 3 10+k 35+7k
nep | 3 10+k 35+ 7k 126 +37k +k*
t10+k 35+7Kk 126+37k +k* 462+ 386k +57k* +k°

35+7k 126+37k+k* 462+386k +57k*+k® 1716+ 794k +80k* +k*

=1+6k +5k? +k>.

The Hankel transform of the Catalan transform of the k-Pell-Lucas numbers:

HCQ, =det[2]=2,

2 6+ 2k ,

HCQ, = =4+ 4k —4k?,

6+2k 20+14k

2 6+ 2k 20 +14k

HCQ, =| 6+ 2k 20+14k 70+ 44k +2k? | =8+552k —1072k* —808k*> +32k*,

20+14k 70+44k +2k? 252 +186k +18k>

2 6+ 2k 20 +14k 70 + 44k + 2k?
HCO, = 6+ 2k 20+14k 70+ 44Kk + 2k 252 +186k +18k?
! 20+14k 70 + 44k + 2k*? 252 +186k +18k> 924 + 772k +114k? + 2k*

70+44k +2k® 252 +186k +18k> 924 +772k +114k? +2k® 3432 +3172k +624k? + 26k®

=16+10464k — 216688k * —397296k*® — 249408k * — 25088k "> + 22192k ® + 368k ' +144k°.

The Hankel transform of the Catalan transform of the Hankel Modified k-Pell sequence:

HCq, =det[1] =1,

1 3+k

=1-k-k?,
3+k 10+5k

HCq, =

1 3+k 10 +5k
HCaq, = 3+k 10+5k 35+ 22k +k? |=1-3k —4k? —k*
10+5k 35+22k +k? 126+93k +9k?
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1 3+k 10+ 5k 35+ 22k +k?
3+k 10+ 5k 35+ 22k +k? 126+ 93k +9k?
10+5k 35+22k +k*  126+93k +9k? 462 +176k +11k>
35+22k +k* 126+93k +9k® 462+176k +11k* 1716+1586k +312k* +13k®

HCq, =

=1-3k —4k? —k?*.

4 Conclusion

In the present paper, we define the Catalan k-Pell sequence, the Catalan k-Pell-Lucas sequence
and the Catalan Modified k-Pell sequence and give some identities between the k-Pell, and the
Catalan numbers, the k-Pell-Lucas and the Catalan numbers and Modified k-Pell-Lucas and the
Catalan numbers. Also, we present some properties of the Catalan k-Pell sequence, the Catalan
k-Pell-Lucas sequence and the Catalan Modified k-Pell sequence. This enables us to give in a
straightforward way several formulas for the sums of such sequences. Also, we obtain the
generating functions of the Catalan transform of the k-Pell sequence, k-Pell-Lucas sequence and
the Modified k-Pell sequence. We put in for the Hankel transform to the Catalan transform of the
k-Pell sequence, the Catalan k-Pell-Lucas sequence, the Catalan Modified k-Pell sequence and
get some unknown properties. These identities can be used to develop new identities of
polynomials.
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