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1 Introduction

Special numbers play a significant role in mathematics, architecture, engineering, music, art,
photography, painting, multiple other areas. There have been a large number of investigations in
the literature into special numbers such as Fibonacci, Lucas, Tribonacci, Gibonacci, Jacobsthal,
and others, [11,21-23]. The Pell sequence is the most popular one and is named after the
well-known English mathematician J. Pell (see in [1,6, 12, 15, 16, 22]). Moreover, the Padovan
sequence is named after the Italian architect R. Padovan who attributed its discovery to the
architect Hans van der Laan in [25] in 1994. The sequence was determined by I. Stewart in [40] in
1996, who designated them Padovan numbers in honour of Richard Padovan. In addition, Stewart
discussed these numbers in a section of his book [41] (for more exhaustive information on this
topic, see the following: [4,20,25,26,28,29,31,34-36,45,46]).
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The Pell-Padovan sequence is determined by the following recurrence relation:
Tn+3 = 2Tn+1 + Tm Vn eN (D

with initial values T, = 17 = T5 = 1, [29,31,32]. Several studies have been conducted into
Pell-Padovan sequences, [2,7,8,38,42].

The well-known mathematician W. R. Hamilton invented quaternions in 1843, [14]. Quaternion
algebra is associative and non-commutative 4-dimensional Clifford algebra. Quaternions play an
effective and important role in pure mathematics, applied mathematics, differential geometry,
physics, and other disciplines. The set of all real quaternions is denoted by H and represented by
H = {q = ag + ia; + jas + kag : ap,a1,as,a3 € R} where 1, j, k are quaternionic units that
satisfy the following requirements:

= =k*=—1,ij=—ji=k, jk=—kj =1, ki=—ik =7, ijk = —1.

In 1849, J. Cockle obtained split quaternions (coquaternions) with i? = —1, 5% = k? = 1,
17k = 1, [5]. Generalized quaternions have also been studied in [17, 18, 24, 27, 43] and are
denoted by the notation H,3. For ¢ = ag + ia; + jas + kas € H,g, the quaternionic units %, j, k
satisfy the following requirements:

2= —a, j2 =B, k¥ = —af,

L 3 . . o . . ()
1] =—gi =k, jk=—kj =0, ki =—ik = ayj,

where ag, a1, as, as, o, § € R. Quaternions with Padovan and Pell-Padovan coefficients can be
found in several studies, [9, 10,13,42].

This paper, examines Pell-Padovan generalized quaternions and consists of 4 sections. In
Section 1 and Section 2, several significant definitions and properties relating to generalized
quaternions and Pell-Padovan numbers are given. In Section 3, Pell-Padovan generalized
quaternions and their special properties are determined. These quaternions have also been classified
in relation to quaternionic units, and we identify new and practical recurrence relations not only
for Pell-Padovan numbers but also Pell-Padovan generalized quaternions. We then present the
Binet-like formula, generating function, Simson formula, matrix representations, and several
special summation formulas of these. Section 4, presents overall conclusions.

2 Preliminaries

The Pell-Padovan sequence (A066983 in [33]) is determined by the recurrence relation given in
the equation (1). For all n > 1, it can be written that

T_,= Tfn+3 - 2Tfn+1' (3)

Therefore, 1,3 = 21,1 + T}, can be written as Vn € Z from equations (1) and (3). In Table 1,
several values of Pell-Padovan numbers are presented.
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Table 1. Pell-Padovan numbers

Also, from Table 1, Vn € Z,

T, =—"T ,12+2; if nis odd (4a)
{Tn =T, 19; if nis even (4b)

and
Toio=Th1+T,—(—1)" (5)

can be obtained. The characteristic equation of Pell-Padovan sequence is given by 2°>—2x—1 = 0.
Moreover, Vn € Z, the Binet-like formula of this sequence is as follows, [42]:

prtl ot r—
Tn:2<¥ _o 2 2 +r§+17 (6)
™ —T2 rn —T2
where
r—1+\/5 7’—1_\/5 rg = —1
1 — 2 ) 2 — 2 ) 3 —
are the roots of equation 23 — 2z — 1 = 0. Here, r; + 75 +r5 = 0, 179 + 7175 + rory = —2, and

rirors = 1 are satisfied. Also, the Simson formula for the Pell-Padovan numbers can be found
in [37]. Furthermore, the Pell-Padovan matrix is examined in [7,38], using the Kalman’s matrix
formula in [19], such that (for detailed information see [30,44]):

0 21
1 00
010

The other type of Pell-Padovan matrix can be seen in [7].

On the other hand, if the set of generalized quaternions H,s are examined for special cases,
real quaternions (for « = 1,3 = 1), split quaternions (for « = 1,5 = —1), semi-quaternions
(for « = 1,5 = 0), split semi-quaternions (for « = —1,5 = 0) and 1/4 quaternions (for
a = 0,8 = 0) are obtained. A generalized quaternion ¢ can be expressed through ¢ = S, + V',
where S, = ag and V ;, = ta; + jas + kas. In this equation, S, is called the scalar part and
7(] is called the vector part of g. The addition or substraction of two generalized quaternions is
givenas: g £ p =ag by +i(a; £b1)+ j(ax £ be) + k (a3 = bs). In this case, Sy, = ag £ by
=85,£5,and V 4, = V,+ V. In addition, the multiplication of g by a scalar c is as follows:
cq = cap+1icay + jcas+kcas. The multiplication of two generalized quaternions can be identified

pq =S,S, — g(vp, 7(1) + Spvq + qup + 710 X 7q,

where 9(7:,,, 7(1) and 7p X 7q represent generalized inner and vector products, respectively.

as:

The conjugate of ¢ is ¢ = ap — ia1 — jas — kas and it is clear that g = S, — V' ,. Moreover, the
norm of ¢ is N, = qq = qq = a3 + aa? + Ba3 + aBd?, [18].
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3 Pell-Padovan generalized quaternions

In this section, we determine the Pell-Padovan generalized quaternions with positive and negative
indices, and derive relations pertaining to these. Additionally, we establish several new properties
concerning these special quaternions.

Definition 3.0.1. Vn € N, the Pell-Padovan generalized quaternions are described by the following
formula:
Tn = Tn + iTn—i—l + an+2 + an+37 (7)

where T, is the n-th Pell-Padovan number and 1, j, k are quaternionic units that satisfy the
properties given in equation (2), where o, 3 € R.
In addition, ¥'n € 7 the Pell-Padovan generalized quaternions with negative indices are

defined by:

Tfn = Tfn + Z.Tfn+1 + ijn+2 + kan+3a (8)

where T"_,, is the —n-th Pell-Padovan number and i, j, k are quaternionic units that satisfy the
properties given in equation (2), o, § € R.

Thus, the equation (7) is valid Vn € Z.
We denote the set of the Pell-Padovan generalized quaternions by 7,z and present the
classification of these quaternions in Table 2:

a=1,=1 Pell-Padovan real quaternions [3,42]

a =1, = —1 || Pell-Padovan split quaternions

a=1,=0 Pell-Padovan semi-quaternions

a = —1, 8 =0 || Pell-Padovan split semi-quaternions

a=0,6=0 Pell-Padovan 1/4 quaternions

Table 2. Classification for Tag

Definition 3.0.2. Let
Ty =T+ iTp1 + jTprs + ks Uy = Up 4 iUpiy + jUpss + kUnis € Tg.
Then the following definitions can be given for fn
e Scalar part: an =17,
e Vector part: an =141+ 702 + KT 43,

o Conjugate:

T, =1, — iTn+1 - an+2 - an+37 (9)
e Addition and substraction:

Tn + Uy = (T £ Uyp) 4 i(Tgr £ Ung1) + §(Toga £ Unga) + k(Tais + Upis), (10)
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e Multiplication by a scalar:
cﬁl =cl, +icly1 + gl 0+ kT3, c € R,
e Multiplication:

Tvnﬁn = (Tn + Z'Tn+1 + an+2 + an+3)(Un + Z'UnJrl + jUn+2 + kUn+3)

=535z, —9(V7, ﬁn>+3fn7ﬁn+sﬁn 7.t VE x Vg,

(1)

where
g<7fn7 7[F]’n) - aTn+1Un+1 + BTn—i—ZUn—&-Z + aﬁTn-l—?)Un—i-Sa
and
pi aj k i(BTh12Uny3 — BL43Uns2)
7Tn X 7[771 = Tn+1 Tn+2 Tn+3 = +j(04Tn+3Un+l - aTn-l—lUn—i-S)

Un+1 Un+2 Un+3 +k<Tn+l Un+2 - Tn+2Un+1)-

Theorem 3.1. Let T, s T ., €T, op- The following recurrence relations are then satisfied.:

Tois = 2T + Ty, ¥n €N, (12)

Ton=Tnis—2T i1, Vn€Z" (13)
Proof. Using the equations (1), (7), and (10), we obtain:

Wi+ Ty = 2Tsr + iTpso + jTss + kTpra) + (Tpy + iTusr 4 jTnso + kTpys)
= 2L +T1h + Z‘(2Tn—&-2 + Tn+1) + j(2Tn+3 + Tn+2)
+k(2T 04 + Tays)
Tots + tTnta+ JTnts + Koo

T3
Equation (13) can be easily depicted using the same method. ]

The recurrence relation (12) is also valid Vn € Z.

Example 3.1.1. The following are several values of fn, Vn € Z:

To =1+i+j+k3, Ty =3+i7+j9+ k17,
Ty =1+i+73+k3, T5 =7+i9+ j17+ k25,
Ty =1+4i3+j3+Kk7, Ts =9+il7+ 25+ k43,
Ty =3+i3+7+k9, Ty =17+ i25+ j43 + k67,

and
T, =—1+i+j+k T =—15+1i9— j5+ k3,
To =3—i+j+k T =25—14l5+79— k5,
Ty =-—5+4+i3—j+k T, =—41+4i25— j15+ k9,
T, =9—i5+j3—k, T =67—idl+ ;25— kl5.
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Theorem 3.2. Let T,, and fn be the n-th Pell-Padovan number and the n-th Pell-Padovan
generalized quaternion, respectively. Yn € Z, then the following properties are satisfied:

Tpy= —Topio+ 2+ T np1 4§ (—Tp +2) + kT_p_y;  if nis odd, (14a)
T,=T pio+i(-T-pni1+2)+ T+ k(-T-p—1+2); if niseven. (14b)

Proof. If we assume that n is odd, using equations (7), (4a), and (4b), we obtain:

j:’n =T, + Z.Tn—‘rl + an—f—Q + an+3
= _T—n+2 +2+ Z.irl—n—i-l + ] (_T—n + 2) + kT .

Similarly, equation (14b) is obvious. []

Example 3.2.1. Let T}, and Tn be the n-th Pell-Padovan number and the n-th Pell-Padovan
generalized quaternion, respectively.

o If we take n = 19 in the property (14a), then we obtain:

=T 174+ 2+71 18+ j[(—Tflg) + 2] + kT _9

— (—5167) + 2 + i8361 + j[—(—13529) + 2] + k21891
= 5169 4 8361 + 713531 + k21891

= Tho.

o If we take n = 30 in the property (14b), then we obtain:

T os +i[(—T_29) + 2] + jT 30 + k[(—=T_31) + 2]

— 1028457 + i[— (—1664079) + 2] + 5(2692537) + k[—(—4356617) + 2]
= 1028457 4 11664081 + 52692537 + k4356619

= Ty

Theorem 3.3. If Tn € faﬁ and N'n € 7, the following property is satisfied:

Tosr = Topr + Tn — (—1)"(1 =i+ j — k). (15)
Proof. The proof can be shown using equations (5) and (7). [

Theorem 3.4. Let T, be the n-th Pell-Padovan number, Tn € faﬁ and 7?” be the conjugate of fn
Vn € Z, the following properties are obtained.:

() Tp—iTpp1 — jTpso — kTpps = (14 af)Tu+(8 + 4a8) Tpir+(a + 28 + 408)Thrs,  (16)

(i) T,T, =T2+aT2,, + BT2,,+ aBT2,,, (17)
(i) T}, + T, = 2T, (18)
Gv) T2 = 21T, — T T, (19)

where o, § € R.
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Proof. (i) From equations (2), (7), we obtain:

Ty — iTper — jTnio — kTpss = Th+ iTper + jTrs + kThss
—i(Thy1 +iT0s2 + JTnts + kT nya)
—Jj(Tago +iTi3 + jTnga + kToys)
—k(Tois + Tt + JTnys + kT nge)

= Tho+al,o+ 8114+ afT, 6.

Through equation (1), we obtain the following:

Ty — iTpp1 — §Tnye — kTnys = T+ aTnio + B2 042 + Thir)
+aB(AT s + ATy + T)

= (L4 BT+ (8 +40B) T
+(a+ 28+ 4aB) T4

(i1) From equations (2), (7), (9), and (11), we easily obtain:
Tnfn = (Tn + ?:Tn+1 + an+2 + an+3) (Tn - Z'Tn+1 - an+2 - an+3)
= T2+aT?,+ BT, + afT2,.

(ii1) Using equations (7) and (10), we obtain:

T+ To= (Ty+iThis + jThso + kTys) + (T — Ty — jTses — kTys)
= 2T,.

(iv) Utilizing the property calculated in part (iii), we obtain:
T2 = T, T = To(2T, — Tp) = 2T T — TuT.

Ultimately, as shown in Table 3, we derive special cases with respect to the classification of
Pell-Padovan generalized quaternions regarding properties (16) and (17).

For T — Tl — s — KTons T.T,
a=1,8=1 2T, + 5T i1 + TThio T2+T2 , +T2,+T2,
a=1,=-1 =0T n1 — 5142 o+ Te —Tos—Tois
a=1,8=0 Tn + Thio T+ 17
a=-1,8=0 Ty —Thio Tz_Tngl
a=0,8=0 T, T3
Table 3. Special cases
This completes the proof. O]
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Theorem 3.5. Let Tn, len € fag. Vn € Z, the following properties are satisfied:

(1) fnﬁ_n - ?nﬁn = Qi(Tn—&—lUn - TnUn—i—l) + 2](Tn+2Un - TnUn+2)
+ Qk(Tn—i-SUn - TnUn+3)’

(i) T,U, + TuU, = 2[T, Uy, + aTpp 1 Unir + BTs2Un iz + 0BT 5Un 3
+ Bi(Th43Uns2 — Thi2Unys)
+ aj(Tr1Unss — Tny3Unsa)
+ k(Tht2Uns1 — Th1Ungo)),

(i) T0n — T Uy = 20(TuUnsr + TraUy) + 2§ (TuUp o + TrgaUy)
+ 2k(T,Up s + Thi3Us),

(v) T,Un + T, Uy = 2[T,Up — aTpi1Upiy — BTns2Unso — afTs5Unss
+ Bi(Tn+2Un+3 - Tn+3Un+2)
+ aj(Tny3Uns1 — Ty 1Unys)
+ k(Thi1Upsa — Tra2Unir))-

Proof. (i) Using the equations (2), (7), (9), and (11), we obtain the following:

T Un — ToUn = (T + iTpsr + jTrs + kTui3) (Up — iUnit — jUnss — kUpys)
—(Ty = iTpi1 — jTnso — kTpis)(Up + iUni1 + jUnsa + kUn )
= 2i(Tp1Un — ToUnir) + 25(TpioUn — TaUpso)
42k (Thy3Up — ToUpys).

(i1) In the same manner as the proof of part (i), we obtain:

T U +ToUp = (T +iTpis + jTnss + kTois) Uy — iUngy — jUnro — kUpys)
(T = iTh1 — jTnye — KT0y3)(Un + iUnga + jUnia + kU y3)
= 2[T,U, + aT,41Upy1 + BLnsoUnso + afT, 43U 43
+5i(Tn+3Un+2 - Tn+2Un+3>
+aj (T 1Unss — Toy3Unia)
+k(Th2Unt1 — Trp1Unga)]-

(ii1) Utilizing the same method as the proof of part (i), we obtain:

T.U, — T U, = (T, +iTh1+ jToio + kTi3)(Uy + tUpi1 + jUnso + kU,L3)
_(Tn - iTn-ﬁ-l - an+2 - an-H’))(Un - iUn—H - jUn+2 - kUn+3)
= 2i(TUpsq + 11 Up) + 25 (T U + T 02U
+2k(T,Upr 5 + Thi3Uy).

(iv) Using the same method as the proof of part (i), we obtain:

TUn+ToUn = (T +iT0i1 + jToss + kTis) (U + iUnsr + jUnsz + KUy )
(T — il — jTnye — KT0y3)(Un — iUnga — jUnya — kUnys)
AT U — aTo1Unsi — BTps2Unso — BT nssUnrs
+5i(Tn+2Un+3 - Tn+3Un+2)

+aj(Thi3Uni1 — Toy1Unys)

+k(Th1Uny2 — Thi2Unit)).

Hence, we have also completed the proofs.
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In addition, we can classify the properties in part (ii) and (iv) of the Theorem 3.5 as follows:
Special Cases:

For part (ii), we have the following special cases:

(

2[1,Uy + T 1Ung1 + Tog2Ungo + Ti3Unys a=1,p=1,
+i(Thi3Unso — ThioUnys)

+5(Thi1Unts — Tny3Upir)

+k(Tn—&-QUn-i-l - Tn+1Un+2)];

Q[TnUn =+ Tn+1Un+1 - Tn+2Un+2 - Tn+3Un+3 o = 17 ﬂ = _17
_i<Tn+3Un+2 - Tn+2Un+3)

+j (Tn+1Un+3 - Tn+3Un+1)

+k(Tn+2Un+l - Tn+1Un+2)];

Q[TnUn + Tn+1Un+1 a = 1, 5 = O,
+5(Thi1Unts — Tny3Upir)
+k(Thi2Uns1 — T Ungo);

2[jﬁn[]n - Tn+1Un+1 a = _17ﬁ = 07
_j (Tn+1 Un+3 - Tn+3Un+1)
+k(Ths2Uns1 — T Unso);

2[T;l(]n + k(TnJrZUnJrl - Tn+1Un+2)]; o = 07 5 = 0

\

For part (iv), a similar characterization can be given. The other parts are independent of the values
of o and f3.

Inspired by the study [4], we now give the several recurrence relations related to Pell-Padovan
numbers and Pell-Padovan generalized quaternions in the following two theorems, respectively:

Theorem 3.6. If T, is the n-th Pell-Padovan number, then
Tn = paTn—a + OaTn—Za + Tn—Sa

is obtained with (p,, 0,) such that p,,0, € Z; 1 < a < 10; a € N; n € Z (see Table 4).

Proof. We now use mathematical induction on n for a = 1. For n = 0,1, 2, 3, the equation is
true from Table 1. We assume that the equation is valid for n € Z: T}, = 2T, 5 + T},_3. We now
have to show that the equation is true for n 4+ 1 € Z. Using the equation (1), we obtain:

20 1+ T = (TnJrl - Tn72) + T2 = TnJrl-
For 2 < a < 10, the other equalities can easily be demonstrated. [
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a | (pa0a) | T = paTna+0aTn20+ Tnsa
11(0,2) T, = 2T, 5+ T, 3
2 | (4,—4) T, ATy o — 4Ty + Tps
3 | (3,5) T, 375+ 5T + Tho
4] (8,-8) T, 8T, 4 — 8T s + Th_12
5 | (10,12) T, 1075, -5 + 12T, 10 + Tp-15
6 | (19,—19) | T, 19T, 6 — 19T, 10 + Th_15
7 | (28,30) T, 28T, 7 + 30T 14 + Th_o1
8 | (48,—48) | T, = 48T, s — 48T, 15+ Ty
9 | (75,77) T, = 75T, g+ TTTp 15+ Tp oz
10 | (124, —124) | T, 1247, 10 — 124T;,_90 + Th_30

Table 4. Some recurrence relations for Pell-Padovan numbers

Theorem 3.7. If Tn € fw, then

Tn - pafn—a + O-afn—Qa + fn—fﬂa

is obtained with (p,, 0,) such that p,,0, € Z; 1 < a <10; a € N; n € Z.

Ca | (pa0d) | T = paTu—at0aTn20+ Tnsa
11 (0,2) T, = 2T, o+Tyh s
2 | (4,—4) T, = 4T, o— 4T, 4+ Ty
3 |(3,5) T, = 3T 3+5T0 ¢+ T, o
4 | (8,—8) T, = 8T, 4—8T, g+ Ty 1
5 | (10,12) T, = 10T, 5+ 12T, 10+ Tp_1s
6 | (19,—19) | T, = 19T, ¢— 19T 1o+ Ty_1s
7 | (28,30) T, = 28T, 7+30T, 14+ T o
8 | (48,—48) | T, = 48T, 5— 48Ty 16+ Tpo4
9 | (75,77) T, = 75Tn_g+ TTTp 15+ T oy
10 | (124,—124) | T, = 124T, 19— 124T, 50 + Tpr_s0

Table 5. Some recurrence relations for Pell-Padovan generalized quaternions

Proof. For a = 1, using the equations given in Table 4, (7), (10), and (12), we obtain:

o+ Thg =2(Tp g+ iTh 1+ T+ kTpi1) 4+ Tos + il + jTp 1 + KT},
= 2Ty o+ T+ i(2T 1 4 Tyo) + 5 (2T, + Ty
+k(2T 1 + 1))
=T + iTos1 + jTnsz + KT
—T,.

For 2 < a < 10, the other equalities can easily be shown using the same method.
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Theorem 3.8 (Generating functions). If Tn € Tag, then the generating functions for T, n With
positive and negative indices are obtained as follows, respectively:
j:() + fle + (fg — 2fo)$2

1 — 222 — a3 ’

H(x (20)

 To+ (20 + Toy)w + (21 + Top)a?

. 1422 — 23

21)

Proof. We assume the function

H(x) :Zﬁl:v" =To+Tix+Tox®+ -+ Tpa" +--
n=0
is generating function of the Pell-Padovan generalized quaternions. Additionally, by multiplying
both sides of the equality with the term 222, we obtain:
202 H (x) = 2Tox? + 2T12° + 2Toa* + -+ 4 2T g2+ + - -

3

Furthermore, with the term z°, we obtain:

PP H(z) = Toz® + Toat + Tox® + -+ Tpa"™ 4 -
By performing necessary calculations, we obtain the following:

(1—222—a®H(z) = To+ Tz + (T — 2T0)a% + (T3 — 2Ty — Tp)a®
4.+ (Tn+3 _2Tn+1 _Tn)$n+3+...
Eventually, utilizing (12), we obtain (20), and the equality (21) can also be arrived at easily. [J

Theorem 3.9 (Binet-like formula). Let T, € fag. Vn € 7Z, the Binet-like formula for T, is given
~ ar?™ — byt ar? — bry
T, =2 <——1 — 2 ) 2| 2] 4ot (22)
L — 172
where a = 1+ iry + jri + kr, b= 1+ iro + jr3 + kr3, ¢ = 1 +irs + jr3 + kr3 and ry,r9, 73

are the roots of the equation x> — 2x — 1 = (.

Proof. Using the equations (6) and (7), we obtain:

T,= T,+ iTn+1 + an+2 + an+3

2 2
= Pt (1 4y 4 grd A krd) — ——— 0T (L iy + g2+ k)
r — T2 rH — T2
2
— r (14 iry + gr? + krd) — (=r2) (1 +iry + jr2 + krd)
r — T r — T2
it (14 iy + jr2 4 krd)
2 2 2 2
= ar?™t — —— bt ar? + ——br +cryth
r—7re r —7re rn—r2 ry—7mTe
Ultimately, we obtain the Binet-like formula for fn L]
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Theorem 3.10. If Vn € R, then the Simson formula for Pell-Padovan generalized quaternions

are given by:

_ Zn+2 Tri—&—l ~Tn
Sn - Tn—i— 1 Tn Tn— 1
Tn Tnfl Tn72

Additionally, it is calculated as follows:
Sn = [(1+2a —48 4 208) +i(—a+ 48 —4af) + j (4 — B+ 208) + k (4 — af)] S,,
where S,, is the Simson formula for Pell-Padovan numbers’.
Proof. Using equation (12) and properties of determinant, the proof is clear. [
We now give the matrix representations of T,and T_,.

Theorem 3.11. Let Tn, T S Taﬁ. Vn € Z*, the following properties are obtained:

n ~ ~

2 1 TQ Tn+2
(1) 1 00 T - Tor1 |
1 0 Ty T,
o1 0\ [T T,
(ll) O O 1 T,l — T,n,1 ’
1 O —2 T—2 T—n—2
001\
Gi) (7o 7 B )[ 102 | =(T0 Tun Tow ),
010
210\
(iv) < TfQ T4 fo ) 0 01 = ( j:‘fan Tfnfl Tfn >,
1 00
021\ (T T\ T Toio T T
vy | 100 T Ty Ty | = Tann Tn Thwa |,
010 To T1 T, T, Th_1 T,_o
01 0\ [T TT T Tonio Toppr T
(vip [ 0 0 1 T Ty Ty |=| Ty T T
1 0 =2 To T, T, T, T_ .1 T_,_9
Tn+2 Tn+1 Tn
1Simson formula for Pell-Padovan numbers is given by (seein [37]): S\, = | Tna1  Tn  Th-a
Tn Tn—l Tn—2
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Proof. (i) We now use the mathematical induction on n. For n = 1, it is true using the equation
(12):

02 1 T 2Ty + T Ty Tiio
1 0 0 T1 - T2 - T2 - T1+1
010 Ty T T T

If we now assume that it is true forn = k € Z™, then:

k

0 2 1 fQ Tk+2
1 0 0 Ty = Tht1
01 0 To T,

We then have to demonstrate that it is true for, n = k + 1 € Z" using the power property of
matrices and (12):

02 1\" /T 02 1 021\ /T
100 |l =100 100 T
010 Ty 010 010 T,
021 T
=1 100 T
010 Tr
jj(k+1)+2
= T(lc+1)+1
Tik+1)
Consequently, it is true for all n > 1 and the other parts can be similarly proved. ]

We can obtain the following summation formulas for our special quaternions by utilizing
the [39].

Theorem 3.12. Let T, € Tag. Vn, m € N, the following are obtained:
R B
i 3 To =5 (Tnse+ T + Tu+ Ty = 1 = ),
n=0

i) > Tzn = TQm—i—l + m(ZN} - Tl - fo) + fo - Tl:
n=0

m 1 /- . . . — - - - .
(i) Y Topp = B <T2m+3 + Tomyo — Tomir +2m(=To + Ty + Ty) = To + 11 — To)-
n=0

Proof. (i) We now use mathematical induction. For m = 0, 1, 2, the equality is obvious. We then
assume equality supplied for m € N. This is as follows:

moo 1,~ ~ ~ ~ ~ ~
ZTn:§<Tm+2+Tm+1+Tm+TO_T1_T2>-
n=0

We now need to demonstrate that the equality is provided for m + 1. Using (12), we obtained the
following:

183



m+1 mo ~
Tn - Z Tn + Tm+1
n=0 n=0
1/~ ~ ~ ~ o~ o~ ~
- = (Tm+2 4 Ty + T+ To — Th — Tg) 4 Tos
1/~ ~ ~ ~ o~ -
=3 (Tm+3 + Toge + Tonpr +To — 11 — Tz)
1/~ ~ ~ -~~~
=5 (T(m+1)+2 + Tims1y+1 + Tonpr +To = T1 — Tz) .
The other parts are now obvious. ]

Theorem 3.13. Let T, € fag. Vn,m € Z*, the following are obtained:

m 1 ~ ~ ~ ~ ~ ~
i) 3 Ton =5 (=8Tms = 3Tps = T+ B+ T = Tp)
n=1

() > iQn = _T72m+1 + izm + m(@ - j:l - Tvo) + Tv1 - TVO,
n=1

mo 1, ~ ~ o o~ o~ ~ o~ o~
i) Y- Toani = 5 (Toamis = 3T 0w = Tama +2m(-L+ T+ 1) + T~ Ty + Ty ).
n=1

Proof. Using mathematical induction, we can complete the proofs. [

4 Conclusions

In this paper, we have derived Pell-Padovan generalized quaternions and established several
new properties relating to these. We have determined the relationship between Pell-Padovan
generalized quaternions and Pell-Padovan generalized quaternions with negative indices. In
Table 4 and Table 5, we have identified several new useful recurrence relations with respect
to Pell-Padovan numbers and Pell-Padovan generalized quaternions, respectively. In addition to
these, the Binet-like formula, generating function, and Simson formula were obtained and the
matrix representations and summation properties of these quaternions were examined.
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