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Abstract: The remarkable property of the number 3435, namely 3435 = 33 + 4* + 33 + 55,
was formalized to the notion of Miinchhausen numbers. Properties of these numbers are studied
and it is showed that although there are only finitely many Miinchhausen numbers in a given
base b, there are infinitely many Miinchhausen numbers of the length 2 in all bases. A certain
reversion in the definition gives the notion of so-called anti-Miinchhausen numbers, search for
them is computationally more effective.
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1 Introduction

The name of real-life Hieronymus Carl Friedrich von Miinchhausen (1720-1797) was anglicized
to “Baron Munchausen” and his literary embellished figure is known also under his nicknames,
e.g. “Baron Prasil” in Czech (Baron of Lies). We use the original spelling of the family name
Miinchhausen. There are many stories about this German noblesman, new are still emerging,
some of them are even mathematical. One can find the Miinchhausen trilemma in logic, the
Miinchhausen sequence in a coin-weighing puzzle (inspirated by a Russian math Olympiad), etc.
In number theory, certain numbers are named Miinchhausen numbers. Daan van Berkel wrote
in his paper [1]: The reason for picking the name Munchausen number stems from the visual
of raising oneself, a feat demonstrated by the famous Baron von Munchausen. Andrew Baxter
remarked that the Baron is a narcissistic man indeed, so I think the name is aptly chosen.

The paper is focused on Miinchhausen numbers and some of their properties. We will work
with different number bases. First, we give a remark about our denotation. For example, for the
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base b = 12 one can use digits 0123456789¢€ and the number 131 is expressed as ¢E. (Another
way is to use letters of the alphabet, which only postpones the need to invent new characters.)
We will use decimal numbers, however representing one digit in the base b, so 10 11 . The

al ag

computing of formula used below is quite easy: 10 + 11 = 10 + 11 = 295311670611
(which is different from 131 and that is why 131 is not the Miinchhausen number in the base 12.

2 Search for Miinchhausen numbers

Leta;, i =0, ..., L be numbers representing digits of a natural number n inabase b € N — {1},
1.e.,

L
Y apt=n;  a;e€f{01,...b—1}
=0
If
L
Za?" =n,
=0

we call n the Miinchhausen number in the base b.

It is clear that 1 = 1! is the Miinchhausen number for every base b; we call it the trivial
Miinchhausen number. Hereafter, we focus on nontrivial Miinchhausen numbers. We note that
all a; must be nonzero as 0° is undefined.

Proposition 2.1. Let n € N and a; be as above. If L > b, then

L
Z al® <n
i=0

holds.

Proof. First, we notice n > b* and (L+1)(b—1)>"" = 32X (b—1)>"1 > S°F a®. This means
that it suffices to prove
vl > (L+1)(b—1)""" forall L > b.

For L = b, we have
W>b—-1))"2> 0 -1)b-1"2=0+1)0b-1)""
Let us suppose that the equation is satisfied for N — 1, i.e.,
W= > N(b—1)"

It follows that
VW =" >N - 1) > (N +1D)(b— 1),

which completes the proof. ]

Now, although the result is already shown in [1], we come to the following claim in a short
and elementary way.

15



Proposition 2.2. For every base b, there are finitely many Miinchhausen numbers in the base b.

Proof. The previous proposition says that there are no Miinchhausen numbers for L. > b. ]

’ Base ‘ Nontrivial Miinchhausen numbers

3 [5,8
4 129,55

6 | 3164,3416

7 | 3665

9 | 28,96446, 923362
10 | 3435

11 | 34381388, 34381640

12 | 20017650854

13 | 93367,30033648031, 8936504649405, 8936504649431

14 | 31, 93344, 17852200903304, 606046687989917

15 | 614951642128020, 11112028004603313, 11139050825997348,
11139050825997525, 11424083732569206

16 | 886917905118315119, 898029626615471726

Table 1. All nontrivial Miinchhausen numbers in base b from 2 to 16.

Remark 2.1. We say here again that we prefer to consider 0° to be undefined. Nevertheless, some
people consider 0° = 1 with good reasons, then other numbers come out, see e. g. results of
Elizarov in [2]. In our Table 1 such numbers are written by the tiny font. Sometimes it is adopted
as even 0° = 0 (sic!), so then the number 438579088 is the second nontrivial Miinchhausen

number in the base 10.

3 Miinchhausen numbers of given lengths

Now, let us focus on Miinchhausen numbers of given lengths. A Miinchhausen number (in the
base b) n = S~ a® will be called the Miinchhausen number of the length L + 1. Tt is evident
that the only Miinchhausen number of the length 1 is the trivial 1.

There are infinitely many Miinchhausen numbers of the length 2 which follows from the

following assertion.

Proposition 3.1. A number of the form
ajapg = mn,

inabaseb(m,n € {0,1,...,b—1})is a Miinchhausen number of length 2 if and only m|(n™—n)

n __
m
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Proof. Let mn be a Miinchhausen number in a base b. Then
m"™ +n" =bm + n,

which implies
h—

n" —n+mm
- )
n

Asb = nnﬂ;
The opposite implication is trivial. ]

+m™ ! € N, we must have m|(n" — n).

In particular, we obtain:
Corollary 3.1.
(i) Every number of the form 1+n", n > 2, is the Miinchhausen number in the base 1+n" —n.
4+n"—n

(ii) Every number of the form 4+n", n > 2, is the Miinchhausen number in the base

Proof. This follows from the previous proposition for the cases m = 1 and m = 2. (It is clear
that 4 4 n™ — n is even for every natural n.) [

The following claim can be used to recognize when m divides n" — n.

Proposition 3.2. Let p be an odd prime number and let p|n or p|(n —1) or (p —1)|(n —1). Then

n"—n=0 (mod p).

Proof. If p|n, then n™ —n = n (n"~! — 1) is easily a multiple of p.

If p|(n—1), thenn™ —n = n (n"~* — 1) is also a multiple of p, because n"~' — 1 is a multiple
of n — 1.

Let (p — 1)|(n — 1). As n?"! = 1 (mod p) (Fermat’s Little Theorem), there is also
n" ! = 1(mod p) which one can read as n" ! — 1 = 0 (mod p). It follows that n" — n
= 0 (mod p). O

The just proven proposition can be used for the following lemma (p = 3) as well as for the
proposition immediately following the Lemma. Nevertheless, let the elementary proofs be also
presented here.

Lemma 3.1. n™ — n is divisible by 3 if and only if n # 6m — 4, m € Z.

Proof. We examine all cases 6m — h, h = 0,1,...,5. It is clear that n is divisible by 3 for
n =6m and n = 6m — 3.
Let n = 6m — 1. Then

(6m — 1)t — (6m — 1) = ((6m)*" "' —---bin. exp.--- — 1) — 6m + 1

and, of course, —1 4+ 1 = 0 and the rest is divisible by 3.
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Let n = 6m — 5. Then, form =m + 1
(6m + 1) — (6m + 1) = ((6m)*™ ™ + - -bin. exp.---+ 1) — 6m — 1

and, analogously, after the subtraction 1 — 1 = 0 is the rest divisible by 3.
Let n = 6m — 2. We have

(6m —2)%"7% — (6m — 2) = ((6m)®™* + - - - bin. exp. - - + 2°"72) — 6m + 2.

Then, however, it is sufficient to show that 23 4-1 is divisible by 3 what we prove by induction:
for m = 1, 9 is divisible by 3; now we derive the validity for m + 1 under the assumption that the
divisibility is satisfied for m by 26™~3 4 1 = 3k. Indeed,

26mH3 4 1 =26(20m=3 1 1) — 26 41 =25.3k —63.
Let n = 6m — 4. We have
(6m —4)°"~* — (6m — 4) = ((6m)"™~* + - - -bin. exp. - + 4°" ™) — 6m + 4.

Then, however, it is sufficient to show that 2'?"~10 41 is non-divisible by 3 what we prove again
by induction: for m = 1, 5 is not divisible by 3; now we derive the validity for m + 1 under the
assumption that the non-divisibility is satisfied for m by 212m=10 + 1 = 3k +¢, ¢ € {—1,1}.
Indeed,

212mH2 4 1 = 21221210 4 1) — 212 1 1 = 212(3k + €) — 4095 = 3(2"%k — 1365) + 2'%¢.
This completes the proof. ]

Proposition 3.3. Every number of the form 27 +n", n > 1, n # 6m — 4 (m € N) is the

.. . 27 n—
Miinchhausen number in the base u.

2 "—n . . . . c e e .
TN 20 4 an integer if and only if n™ — n is divisible by 3 and it was

Proof. The number
proved that it is satisfied if and only if n # 6m — 4. We note that b > 2 already from n > 1, in

fact b > 9. So, in the base b = w, n > 1, n # 6m — 4, the expression of 27 + n" is

a;ag = 3n. L]

Remark 3.1. If we summarize, for every base b, there are finitely many Miinchhausen numbers
in b, nevertheless, in all bases, there are infinitely many Miinchhausen numbers of length 2. On
the other hand, it seems that there are only finitely many Miinchhausen numbers of length L + 1,
where L > 2. But this interesting conjecture remains unproven. We recommend to look at the
following table for eventual considerations in this direction.
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’ Base ‘ Nontrivial Miinchhausen numbers | Length L + 1

20 | 50064 4
25 | 3153 3
91 | 49782 3
215 | 46661 3

Table 2. Some other nontrivial Miinchhausen numbers in various bases.

4 Anti-Miinchhausen numbers

Letn,band a;,7 = 0,..., L be as above. If

we call n the anti-Miinchhausen number in the base b.
Evidently, 1 = 1*"'and b — 1 = (b — 1)" are anti-Miinchhausen numbers for every base b;
we call them the trivial anti-Miinchhausen numbers. (Let us add also 0 = 0°, if we want.)
Hereafter, we focus on nontrivial anti-Miinchhausen numbers. We note that a; can also be
zero as 0° is well-defined.

’ Base ‘ Nontrivial anti-Miinchhausen numbers

5 | 17,18

7 | 65,128,177

8 | 256,257,263

9 | 178,1123,1993

11 | 15524

13 | 345559
14 | 883925
15 | 562452

16 | 10565939

Table 3. All nontrivial anti-Miinchhausen numbers in base b from 2 to 16.

We find that the upper bound in search for anti-Miinchhausen numbers can be taken lower
than for Miinchhausen numbers. For this, we start with the following lemma.

o(eb) Wo (eb) , where Wq(z) is the

principal value of the Lambert W-function and | x| and [ x| are usual floor and ceiling functions,

b b
Lemma 4.1. Ler pu(b) = max{{wb Jb {WO(eb)J”V b -‘b [ Wy |

respectively. Then (i(b) is the maximal value of the set {jb_j;j =1,...,b— 1}.
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Proof. We compute the maximum of the function z°~%. By differentiating, we have to solve

b—
2 < - logaz> =0;
x
b

W() (eb) ’
which is somewhere between two consecutive integers. Then

e {Wob(eb)J _{W&QMJ’ [Wob(eb)

b—x

the solution is

w b~ o |

determines the maximal value of the function 2°~* among integral x’s. ]

Now, we denote by v(b) the smallest integer satisfying
(v(b) + 1) p(b) < .

Some of the values of p(b) and v(b) are presented in the Table 4. The values of v/(b)
are plotted in the Figure 1. The following proposition summarizes that a computer search for
anti-Miinchhausen numbers is more effective as to not so high upper bound.

b |2]3[4afs5]6|7 |89 |10 |12[13[14] 15 | 16 | 1000 |
,u(b) 1 22 32 33 34 28 210 212 214 57 58 59 29 . 39 210 . 310 21672 . 41836
vio)[2]2]2 3 334|455 ]6]6|7] 7 8 619

Table 4. Numbers 1(b) and v(b) for b from 2 to 16 and for b = 1000.

Figure 1. First 16 values (left) and first 100 values (right) of v/(b).

Proposition 4.1. Let n € N and let a;, 1 = 0, ..., L be its digits in a base b and let L > v(b).

Then
L
n > Z al~
=0
holds.
Proof. The proposition follows directly from the definition of v/(b). [
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Remark 4.1. It is also possible to consider an alternative way that, in a certain sense, unifies the
approach to upper bounds of Miinchhausen numbers and anti-Miinchhausen numbers.

As we can adopt p; = max {j*7;j =1,...,b— 1} as the definition of y; in the case of
anti-Miinchhausen numbers, we can also introduce p; in the case of Miinchhausen numbers:
p; = max{j’;j =1,...,b— 1}. Then with conventions already adopted we can compute that
v(b) = b, which gives another proof of Proposition 2.1.
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