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1 Introduction

The quaternion algebra recently has played a significant role in several areas of science [1,2]. It
is given by the Clifford algebra classifications Clo 2(R) = CI§ 4(R). In [17], Hamilton introduced
the set of quaternions which can be represented as

H:{Q|QZQO+QIZ+QQJ+Q3/<57 qSERa 820717273}

where i? = j2 = k? = ijk = —landij = k = —ji, jk =i = —kj, ki = j = —ik.

The number sequences have many applications in quaternion theory. The study of the
quaternions of sequences began with the earlier work of Horadam [19] where the Fibonacci
quaternion was investigated. There are several studies on different quaternions and their
generalizations, for example, [7,9-13,28].

In 1892, Segre introduced bicomplex numbers, which were similar to quaternions in many
algebraic properties [27]. In [4,25], the authors defined the bicomplex Fibonacci, Lucas and Pell
numbers. And then, in [14], the author gave a generalization for bicomplex Fibonacci numbers.
Later, by using the bicomplex numbers, in [3, 5], Torunbalc1 Aydin studied the bicomplex
Fibonacci quaternions. In [15, 16], the authors defined a new sequence with coefficients from
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the complex Fibonacci numbers. In [7], Catarino defined the bicomplex k-Pell quaternions and
gave some properties involving these quaternions. In [33], the authors defined the bicomplex
generalized k-Horadam quaternions.

In this paper, our aim is to continue the development of bicomplex numbers. Motivated by
the above papers, we introduce a new generalization of dual quaternions called dual bicomplex
Horadam quaternions, and we obtain Binet’s formula, generating functions, and summation
formula, as well as some other properties. The real part of dual bicomplex Fibonacci quaternions
was previously studied in [3] and dual part was defined in [6]. The results have been confirmed
once more and also have been given some properties of the dual bicomplex Fibonacci quaternions
by using [6] in this study. In [16], by using Binet formula, Halici and Ciiriik gave some
identities concerning newly defined numbers with complex Fibonacci coefficients. We will present
some of these identities with Fibonacci coefficients.

In the remaining part of this section, we give a brief summary about quaternions, bicomplex
numbers and dual numbers.

The set of bicomplex numbers, denoted by BC', forms a two-dimensional algebra over C, thus
the bicomplex numbers are an algebra over R of dimension four. A set of bicomplex numbers
forms a real vector space with addition and scalar multiplication operations. Also, the vector
space BC' is a commutative algebra with the properties of multiplication and the product of
the bicomplex numbers, and is a real associative algebra with bicomplex product. Furthermore,
there are similarities in terms of some structures and properties between complex and bicomplex
numbers, but there are some differences. Bicomplex numbers form a commutative ring with unity
which contain the complex numbers [7,22].

The set of bicomplex numbers is defined as follows:

BC ={z+2j |z, 2€C},

where j is an imaginary unit such that i = j? = —1, i = ji and C is the set of complex numbers
with ¢ = v/—1. Thus, the set of bicomplex numbers can be expressed by

BC ={q | q= a1+ asi+ a3j + a4ij & ay, as, as, ay € R}.

Multiplication of basis elements of bicomplex numbers is given in the following Table 1.

(<[ i[d[4]

il |15 |
gl -1]—i
ijig| i —i| 1

Table 1. Multiplication of imaginary units

Bicomplex numbers have three different conjugations (involutions), which are as follows:

*_

4
G =
q;; = a1 — agi — azj + aqij
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aq + GQi — a3j — CL4Zj,



for ¢ = a1 + agt + asj + a4ij. The norms of the bicomplex numbers which arise from the
definitions of involutions are defined as

N = llax gl = /lad + a3 — a3 — a3 +2j (aaas + may)],

Ny = |laxg

J

= \/|a% — a3 + a3 — a2 + 2i (ayas + azay)|,

N. = ||q><q;‘j :\/|a%+a§+a§—|—ai—|—2¢j(a1a4—a2a3)|.

;5

Note that all of these norms are isotropic. For example, we calculate the norm N for
qg=1+17.

Ny = (L +i5) (1 —ij) = 1> —ij + ji — (i) = 0.

Bicomplex numbers and quaternions are generalizations of complex numbers. But there are
some differences between them. We can list them as real quaternions are non-commutative, do not
have zero divisors and non-trivial idempotent elements, but bicomplex numbers are commutative,
have zero divisors and non-trivial idempotent elements:

ij = ji
(i+J)i—j) = @ —ij+ji—j> =0,

L+ij\*  1+ij
2 B 2

For details, we refer to [22,26, 28]
Similarly, bicomplex quaternions are defined by the basis: {1,1,7,ij}

CE={Q|Q=q +qi+qj+qij & q,q, 00 €RY,

where 12 = j%2 = —1, ij = ji.
For any bicomplex quaternions () = q; + ¢2¢ + ¢3J + qu2j and P = py + poi + p3j + paij, the
addition and multiplication of these bicomplex quaternions are given respectively by

Q+P=(qu+p1)+(q2+p2)i+(qz+p3)j+ (qs+ps)ij

and

QX P = (qip1 — @22 — q3p3s — qapa) + i (q1p2 + @2P1 — q3ps — quPs3)

+7 (13 + q3p1 — G2pa — @up2) + 15 (q1pa + @up1 + G2p3 + q3p2)
= PxQ.

The dual number invented by Clifford [8] has the form A = a+a*, where a, a* real numbers
and ¢ is the dual unit such that € # 0, €2 = 0.

A dual quaternion is an extension of dual numbers. The dual quaternion is a Clifford algebra
that can be used to represent spatial rigid body displacements in mathematics and mechanics.
Rigid motions in 3-dimensional space can be represented by dual quaternions of unit length this
fact is used a theoretical kinematics and in applications to 3-dimensional computer graphics,
robotics and computer vision [23,29,32]. The dual quaternion is represented by: Q) = ¢ + eq*,
where g and ¢* are quaternions and ¢ is the dual unit such that €2 = 0, € # 0. The dual quaternion

() can be written as
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Q= (qp+eq)+i(gn+eq)+j(e2+eqs)+k(gs+eq;),

where ¢ = qo+1q1 +jq2+kqgs and ¢* = qj +iq] +j¢5 +kq;. So the dual quaternion is constructed
by eight real parameters. In addition, the set of dual quaternions forms a noncommutative but
associative algebra over the real numbers. Further background on dual quaternions may be seen
in [17,24].

2 Dual bicomplex Fibonacci quaternions

Our aim is to introduce a new generalization of dual quaternions and to give some properties for
the dual bicomplex Fibonacci quaternion, thus we will remind the some necessary definitions and
concepts.

The n-th dual Fibonacci and the n-th dual Lucas numbers are defined respectively by

ﬁn:Fn+€Fn+17 En:Ln+€Ln+17

where F;, and L,, are the n-th Fibonacci and the n-th Lucas numbers.
In [3], the bicomplex Fibonacci quaternions are defined

Qn:Fn—i_iFn—s—l +an+2+ian+3

where i? = —1, j2 = —1,ij = ji.
The dual bicomplex Fibonacci numbers are defined in [6] as follows
an = Fn + iFn+1 +an+2 + Zan+3

Definition 1. The dual bicomplex Fibonacci quaternions are defined

@n = Qn +eQnp1 ey
where Q,, is the bicomplex Fibonacci quaternion and £* = 0,e = (0, 1).
By using dual Fibonacci numbers E,, we get
Qn = Fo+iFnir + jFoa +ijFs. 2)

From Definition 1, it is obvious that Qn+1 = Qn + Qn_l with the initial conditions @0 =c+
i(l+e)+7(1+2)+ij(2+3e)and Q; = 14+ (14 2¢) + 5 (2+ 3¢) +14j (3 + 5e).

By taking into account definition and the addition, subtraction and multiplication and product
with a scalar of two dual bicomplex Fibonacci quaternions Q. and Q,, are given by

Qn T Qm = Qn T Qum +(Qnit F Qms1)
= (FnF Fo) + i (Fopr F Fngr) +J (Faga F Frnye) + 17 (Fugs F Fiya)
+ e (Fopr F Fong1) + 8 (Fuga F Fong2) + 5 (Fugs F Fogs) + 15 (Faga F Fruga))
QnQm = QuQm + £ (QnQmi1 + Qni1Qm) = QmQn.
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The different conjugates of dual bicomplex Fibonacci quaternion Q,, are presented as in [6]:
(@n). = Fu = iFuss + s = i P,
(Qn)j = Fy+iF — jFui — ijF s,
(@), =B iFuns = i Foa i Foa

Note that by the equation (2) and the conjugates of Q,,, the desired results are found.

Theorem 2.1. Let (Qn> , (Qn> ~and <Qn> be the conjugates of dual bicomplex Fibonacci
i j

quaternion. We can give the following relatlons
Qn (Qn) = _i2n+3 + 2jﬁ2n+3 + € (2§ Fonsa — Lonta)

Qn <Qn) = _F2n+3 + QZ.FQTH—Q - 2Fn—1Fn+2 + 2ZF n+2 (]- + 5) + 521F2n+5 - F2n+4 4Fn+1,
J

Qu (Qn) = 3Fonss +3eFoa + 207 (-1)" (14 2).
ij

Proof. Using the equations F, F,,+F, 11 F1 = Fromyrand F By —Fro B = (—l)nHFm_n,
we have

Qn <C~2n>Z = Ff +F2 1T F3+2 F2 w3t 2) <F Fryo +Fn+1Fn+3>

F3+2 F +3 + 2 (FnFnJrl + Fn+1Fn+2 - Fn+2Fn+3 - Fn+3Fn+4)

n

= Frf + Ffﬂ
+ 25 [(FuFgo + Fogp1Foys) + € (Fup1Foge + FuFys + Fupo gz + Fopi Foya)]

= Fony1 — Fonys + 26 (Fongo — Fonye) + 25 (Fonys + 26 Fonia)

= —Lopis —2cLopig + 27 (Fopis +2cF5,44)

= _I~/2n+3 + 2jﬁ2n+3 + (2§ Fonya — Lopta)

O, (Qn> L L IO . <F Fo+ Fn+2Fn+3>
=F—F +F = Flg+2e (FoFo — Fu Fogo + FupoFrys — FrysFriy)
+ 2 [(FoFyi1 + FroyoFnis) +e (B Fon + FoFno+ FroFria + FrizFlis)]
= —Fynys — 2F, 1 Fpio + 26 (—Fopsg — 2F 1 Foit)
+ 20 (Fonyo + FoyoFugo + € (Fongs + Fongs + Fryo i)
= —Fouys + 20 Fonpo — 2F, 1 Fyo + 2iF2, 5 (1 4+ €) + € (2iFanys — Fopga — AF2,)

0, (@n)* = B2+ P2+ B+ B2y + 207 (FuFss = Fraa Fruso)

=+ F 4+ F o+ Flg+2e (FuFo + Fua Fryo + FroFogs + FrysFoga)
+ 205 (FoFnys — Fop1Fope + 6 (FuFugs — FryaFroyo))

= Foni1 + Fopgs + 26 (Fanso + Fang) +2i5 (—1)" 7 (1 +¢)

= 3Fyn i34 66Fo g+ 2ij (—1)" (14 ¢)

= 3Fyn i34 3eFonis +2ij (—1)"T (1 4¢). O
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Theorem 2.2. For the Lucas number L, and the dual bicomplex Fibonacci quaternion with
negative indices Q_,, we have Q_, = (—1)""" Q, + (—1)" L,Qo.

Proof. By using the identity F_, = (—1)""" F,, [21], we obtain

Qun="F o+ F ii+F pif+ Fisij
=F ,+ F’_(n_1)i + F_(n_z)j + F_(n_g)lj
= (1) E 4 (—1)" Fyyi + (1) Fgj + (—=1)" % F_sij
+e((=1)" Foa + (=1 Faai 4+ (=1)" 7 By 4 (=1)" 7 F,_4i)
= (=)™ (Fo + Fopri + Fuyaj + Fassig) + (—1)" Fuoyi — (=1)"" F, i
+ (=)' By — (1) Fagoj + (= 1) Fagij — (=1)"" Foyaij
+te ((_1)n+1 (Fns1 + Fryot + Fyzj + Fopaif)) + (1) Fooq — (—1)" Fopy
+ (=) Fygi — (1) Epyi 4 (—1)" P Fy g — (—1)" Foygg
(1) B — (—1)" Fayaid)
= (=1)"" (Fy + Fusri + Fuyaj + Fuysig) + (=1)" (Faot + Frg1) i+ (Fayz — Fra)
+ (Foss + Fugs) ij) + e (1) (Fogr + Fryoi + Fuysj + Friai))
+e((=1)" (Famt + Fogr) + (1) (Faga — Faa) i
+ (=1)" (Faes + Fors) j + (= 1)" (Faga — Fiuma) i)
= (=) Qn+ (=1)" Ly (i 4+ j + 2ij) + e (—=1)" L, (1 + i + 25 + 3ij)
= ()" Qn+ (=1)" LnQo [

Theorem 2.3. Let Q,, be the dual bicomplex Fibonacci quaternion. Then, we have the following
relations

~ \2 ~
<Qn> = Fonss (1= 20+ 2) + 2ij) + eFonga (1 — 20 — 2 + 2ij) — 4F i Fois (1 +€) j
— 2Fn_1Fn+1 (1 + €) Zj - 2ij€F2n,

- 2 ~ 2 ~ ~ ~
(Qn) n (Qn+1) = — 2Qon12 + Fonra (3 +44j) + 2Foy5 (—i + 1))

+ 25F2n+5 (—Z —j + 42]) — 4€F2n+42.,

- 2 - 2 - ~ - ~
(@uir) = (@ur)” = 2Qnmar + (2onia + Fin) (1= 20 = 2)) + 2ijFony
+ €2Fpp 14 (1 — 20 — j + 2ij) + eFopyr (1 — 2i) — 2i Loy — 2j Lo

Proof. From the definition of Q,, and equation (2), we have

~ 2 - - - - -~ ~ ~
(Qn) = (B2 = B2y = B2+ F2yy) 4 20 (B = FuaFrss)

425 (Fnﬁm _ Fn+1ﬁn+3) 4 2ij (FnFn+3 n Fn+lﬁn+2>
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= F} = Fy = Filo+ F+ 28 (FuFu — Fupi Fays — FopaFogs + FogsFoga)
+ 2i (FyFoq — FogoFoys e (B Fogo + Fopi B — FrvoFopa — FoisFois))
+2j (FuFppe — i B+ (FuFoys + F Foo — Fon Frgs — FryoFroys))
+ 2ij (FoFoqs + Fopi Frgo + € (FnFoqa + Fo Fos + Fri Foys + FroFago))

= Foniz + Foppa — 2 <F2n+3 + €F2n+4> +27 <F2n+3 —2F, 1 Fhys (14 5))
+ 23] (Fonss = Fac1Frsn ) = 22 Fonss + 2058 (Fansa — Fon) = 20 Fy 1 oy

= Fonys (1= 20+ 25 + 205) + eFopa (1 — 20 — 25 + 205) — 4jF1 Fags (14 ¢)
— Q’ian_an+1 (]_ + 8) — QijEFQn,

N2 . 2

@) + (0

= (ﬁf - 2F3+2 + Fr%+4> + 2 <FnFn+1 + P Frge — FgoFrys — Fn+3Fn+4>
+2j (FuFos = FrsaFa)
+ 21 (FnFn-‘r?) + By Frpa + B B + Fn+2Fn+3>

= Fonts — Fonga + € (Fongr — Fanss) + 2 (F2n+2 — Fonyo + & (Fanys — F2n+7)>

—2j (ﬁ2n+4 + €F2n+5) + 4ij <F2n+4 + €F2n+5>

= —2Qans2 + Fonss 34 415) + 2Fo 45 (—i +ij) + e Fopys (1 — 20 — 25 + 4ij)
+ 2€F2n+4 (1 — 22) s

. 2 N 2
(@) = (@ur)
= <F3+1_F3+2_F3+3+F3+4> - (Ff_l _FE_F3+1+F3+2>
+2i (Fn+1Fn+2 — FopaFpia — Byt By + ﬁn+1Fn+2)
+2j (FnJranJr?) — Fn+2Fn+4 — anﬁ’nﬂ + FnFnJrZ)
+ 22,] (Fn+lﬁn+4 + Fn+2ﬁn+3 - Fn—lﬁn+2 - Fnﬁn+1)
= Fonys — Fony1 + 26 (Fonte — Fonto)
+ 20 (= Fonys + Fony1 + 26 (—Fonye + Fony2))
+ 2§ (= Fopys — 26F5,04) + 205 (Fonsa + Font1 + 26 (Fonas + Fonio))

= 2Q0n11 + 2Fon 0 + Fop + 2i (—2F2n+2 — Fop — Fopyo — 2F2n+1>
+2j <—2ﬁ2n+2 — oy — Fopy1 — F’anl) + 24y (F2n+1)
+ & ((Fante — Fang2) (1 — 2i) + eFhppa (=25 + 4ij))

— 2001 + (2an+2 + Fm) (1= 2 — 2§) + 2ij Fopy
+ e2Fyn4 (1 — 20 — j 4 2i5) 4 € Fapsq (1 — 20) — 2iLopys — 2§ Lop.
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Theorem 2.4. Let ), be the dual bicomplex Fibonacci quaternion. Then, we have the following
identities n

ZQS = Qn+2 - Q27

s=1

Z Qstl = QZn - QO?
s=1
Z QQS = QQn—H - Ql-
s=1
Proof. From the summation formula Z::k Fy=F,.o— Fiq [13], we get
ZQS = Zﬁs"f_izﬁs-l—l +jzﬁs+2+ijzﬁs+3
s=1 s=1 s=1 s=1 s=1
= Y Fti) Fa+j) Fuatij) Fus
s=1 s=1 s=1 s=1
+e (Z Fooi+i Z Foia+j Z Foiz+1j Z Fs+4>
s=1 s=1 s=1 s=1

= (Frhpo—Fo) +i(Fogs — F3) +j (Foga — Fy) +1j (Fogs — F3)
+e [(Fats — F3) + i (Fova — Fiu) + J (Fss — F5) + i (Fate — Fo)]
= (Fure+iFus + iFa +ijFys) + € (Fogs + iF0pa + j s + 8 Fate)
— (P +iFs+ jFy +ijFs) — e (F3 4+ iFy + jF5 + 1) Fp)
= (Fat2 +eFnts) +i(Foys + eFnpa) + J (Faga + €Fy5) + 1) (Fats + €Fnte)
—[(Fy+eF3)+i(F3+¢eFy) + j(Fy+eF5) +ij (F5 + eFg)]
= QTH-Q - QQ'
By using summation formulas Zgzl Fy 1 =F5, — Fyand 27;21 Fy = Fy, 0 — Fi, we get
Z Qos—1 = Z Fogq +i Z Fos +j Z Fogp1 +1j Z Fogi
s=1 =1 =1 =1 po
= Fop — Fo + i (Fapy1 — F1) + J (Fongo — F2) +ij (Fonss — F3)
+ e [(Font1 — F1) + i (Fango — F2) + J (Fanis — F3) + 45 (Fonga — Fi)
= (Fon + €Foni1) + 1 (Font1 + €Fonta) + 5 (Fanya + €Fon43) + 45 (Fanis + €F244)
—[(Fo+eF) +i(Fy+eFy) + 5 (Fa+eFs) +ij (F5 4 cFy)]
= QQTL - @0'
Similarly, wc:,L obtain thatn . .
Z Qas = Z Fy, +iz Foors +jZF25+2 +1j ZF23+3
s=1 s=1 s—1 —1 1
:F2n+l _F1+i(F2n+2 _FQ)_'_j(FZnJr'S_F3)+ij(F2n+4_F4)
+ e [(Fontz — F2) + i (Fongs — F3) + J (Fonsa — Fa) +4j (Fongs — F5)]
= (Font+1 + €Fonta) + 1 (Fansa + €Fonss) + J (Fanss + €Fon4a) + 45 (Fonpa + €F245)
—[(F14+eFy) +i(Fy 4+ eF3) + j (F3+eFy) +ij (Fy + €F5)]
- Q2n+1 - Ql' D
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Theorem 2.5. Let Qn and Qm be the dual bicomplex Fibonacci quaternions. For n, m > 0, the
Honsberger identity is given as follow;

Qn@m+@n+1@m+l = 2©n+m+1 +2Fn+m+4_Fn+m+1_ziFn+m+6_2an+m+5+2ian+m+4+
€ (4F imas — 61 F, pmie — 25 Fnsmer + 605 Fgmys) -

Proof. By using the equation F), F,,, + Fl,i1Fi1 = Fhime1, we have
QnQum + Qu1Qmi1
= (Fn + B+ jFpi + ianH) (Fm + 0Bt + §E e + ijFM+3>
+ (Fn+1 + B+ Fuis + ian+4) <Fm+1 +iFre + jEmis + iij+4)
= [(Fn + il + jFage +ijFoys) + e (B +iFnpe + jFoys + i Foga)]
[(Fon + iF 1 + jFmi2 +ijFnys) + € (B + iFmge + jFnis + i)
+ [(For +iF 2 + jFugs + 15 Fa) + € (Fuge + iF0gs + jFoga + i Fus)]
[(Fong1 +iFmye + 1 Enys + i F i) + € (B + i3 + jFnia + 15 Fnys))
= (Fp +iFnp1 + jFua + i Fs) (B + B + §EFnye + 85 Fngs)
+ (Bt + il + jFos +ij Fara) (B + iFmqe + jFnys + i3 Fnga)
4 e((Fy 4 iFs1 + jFors + i5Fuss) (Fonst + iFpso + jFoss +ij Fonia)
+ (Fpoy1 +iFnao+ jFnis +ijFua) (B +iFm1 + jFmie + 15 Fnis)
+ (Fng1 + il o + jFos +ij Faga) (Foge + iF s + jFnpa + i Fnys)
+ (Fote +iFys + jFura + i Fois) (For + iF g + G Fys + 05 Fya))
= Foimt1 — Frymas — Fromas + Faamar
+ 20 (Fomt2 — Foimrs) + 25 (Furmas — Furmas) + 405 Fmaa
+ 2e(Fngma2 — Fovmea — Fugmys + Fopmes)
+ 20 (Foym+s — Former) + 25 (Fugmea — Faymas) + 405 Foimes)
— OB it + 2iFmss + 2j Fovmss + 205 Foemia 4 2Fn s
— Foymyr — 2tFymye — 27 Fnymys + 205 Frugmya
+ & (2Fnpmy2 + 20 F0pmys + 25 Fpmya + 20 Fmys)
+ & (4Fntmrs — 61Fpmie — 20 Fopmtr + 615 pmys)
= 2Qn4m1 + 2Fnimra — Fovmar — 2046 — 25 Fpimss

+ 27;an+771+4 +e (4Fn+m+5 - 67;Fn+m+6 - 2jF’n-i-m-ﬁ—7 + 67;an+771+5) : L

Theorem 2.6. For n, m > 0 the d’Ocagne’s identity for the dual bicomplex Fibonacci quater-
nions Q,, and Q. is given by

Qm@n—l—l - Qm—l—l@n =3 (_1>n Fon (2.] + Zj) (1 + 6) :
Proof. By using the d’Ocagne’s identity for Fibonacci number [31]
Fan—H - Fm+1Fn = (_1)n Fm—na FnFy — Fm+7"Fn—r = (_1)7177" Fm—i—r—nFra

we have
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Qm@ni1 — Qui1@n
= (Qm +eQm+1) (Qni1 + €Qns2) — (Qmyr + €Qmi2) (Qn + €Qnt1)
= QmQni1 — Qumi1Qn + € (QmQniz2 — Qmi2Qn)
= (Fom +iFns1 + G2 + i Fpnys) (Fupr + iF0 + §Fogs + i3 Foga)
— (Fog1 + iFy2 + j stz + i Fnya) (B + i + B + i Fays)
+e((Fm + b1 + §Fmr2 + i Fpnys) (Fupe + iFys + §Foga + i Fogs)
— (B2 +iF s + jFpia + i Fogs) (B + tFp + jFug2 + 95 Fogs))
= (FnFoir — Fpg1Fn) — (B Fge — Fon2Frga)
— (P2 Fois — FoaFuse) + (FngsFava — FrpaFlys)
+i((FnFoio2 — FoniFov1) + (Fs1 Fas1 — FraoFy)
— (Fna2Fota — FogsFois) — (FnasFois — FryaFoio))
+ I (Fntnts — Fns1Foro) + (FoaFnsn — Fystn)
— (Fnt1Fnva — FopoFrgs) — (FnsFoge — FrpaFlga))
+ 1 (FmFora — Fns1Foys) + (Fnrs b — Finpal)
+ (Fns1Fnss — FinoFogo) + (FngoFoge — FrgsFria))
+e((Fnlnre — Fgoly) — (Frng1 Foys — FrugsFag)
— (Fg2Foya — FogaFoye) + (FrgsFoys — FrgsFoys)
+i(FnFongs — FnaFogr) + (B Foge — FrogsFh)
— (B Furs — FpaFogs) — (FgsFova — FngsFaya))
+ J(FnFoya — Fpgaln) — (B Fugs — FrnysFag))
+iJ(FnFoys — FngsFo) + (Fns1Fuga — FingaFria)))
= (_1)n (Fm—n - (_1) Frnpn — (_1)2 Fon + (_1)3 Frn
+i((=1) Fnn1 + Fongr — (1) Font = (1) Fruonga)
+5((=1)? Foep—g + Frongo — (—1)° Fo_p_s + Fny2)
+ ij((_l)g Fron-3+ Fm7n+3 + (_1>2 Frnn1 + (_1> menH)
+e(Fpp = (=1) Fprepy — (=1 Fopp + (—1)* Ep
+ i<<_1) Frno1+ menJrl - (_1)3 Fon-1— <_1>2 menJrl)
i B3Fmn —3(=1) Fyn) +i5(5Fmn + 2 (1) Fon)))
= 3(=1)" Fon (2) +if) (1 +£). 0
In [16], Halici and Cliiriik gave the Binet formula of the dual Fibonacci bicomplex numbers

with complex coefficient. We now give this formula for bicomplex quaternion versions of
Fibonacci sequences.

Theorem 2.7. Let (), be the dual bicomplex Fibonacci quaternion. For n > 1, Binet’s formula
is given as follows:
B afa — 6*571
Qn=—"—""—""—",
a—p
where o = & (1 +ea), B =B (1+¢eB)and & = 1 +ia+ ja*+ijod, B =1+if+jB%+ij5°
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Proof. In [3], Torunbalc1 Aydin gave the Binet’s formula for bicomplex Fibonacci quaternion by

Ao’ — 2an
Q. = 4= b 3)
a—p
So by using the equations (1) and (3), we obtain
Qn = Qn + 5Qn+1
Ao’ — Bﬂn aantl — Bﬂn_H
= +e
a—p a—p
_ 0" (1+ca) - BF" (L +2B)
= "
afa™ — B*Bn
R O
a—f

Theorem 2.8. Let Qn be the dual bicomplex Fibonacci quaternion. For n > 1, the Cassini’s
identity for Q,, is given as Q,_1Qni1 — Q% =3 (=1)" (2 +1ij) (1 +¢).
Proof. By using the d’Ocagne’s identity for Fibonacci numbers which is £, Fy, 11 — F 1 F), =
(—1)" F,,,_,, and the equation (1), we obtain
Qn1Qnir — Q)
= (@1 +2Qn) (Quat + £Qnr2) — (Qn +Quin)’
= Qn-1Qn+1 — Q2 + £ (Qn-1Qnt2 — QuQuni1)
=Fy 1 Fo — FuFso — Fopi Fpys + Fro By — F2+ F2 + F2, — F2.,
i (Fy1Fpio+ FyFoiy — Fyp1Foia — FovoFoys — 2F,Foit + 2Fi0F0 1 5)
4§ (FoiFpis + FyirFopt — FyFpis — FrpoFpyo — 2F,Fovo + 2Fp i1 Fois)
+ij (Fn1Foja+ FniFogo + FnFois + Fopi B — 26,5 — 2F, 1 Fyp0)
+e[(Fu-1Fnve — Fulygr) — (Fulos — FupiFoso) — (FugiFaga — FryoFogs)
+ (P2 Fots — FovsFora) +i((Fao1 Fags — FoFogo) + (FaFge — Fap1 Fga)
— (Fas1Fngs — FavoFota) — (FuoFura — FuiaFoys)) + 5 (Foo1Foa — FiuFys)
— (FuFoss — FoprFoga) + (Fui Foge — FogoFos) — (FaoFgs — FrysFie))
+ i (Fo1Fns — FoFppa) + (FpFova — FupiFoss) + (FasiFogs — FryaFhgo)
+ (FotoFoye — FrysFota))]
= (—1)"F - ()" F = ()" F + ()" F,
(1) F = (1) FL) 4 (1)
+ ()" F = (=1)"P F = (=1)"" B+ (—1)"PE,
()" Fy — (—)"PPF, — (~1)"P F,+ (-D)"M L,
Hi((-D)"F P+ ()" = ()" F Ly (1) L)
(=) Py — (=)™ Py + (1) P
() (<) F 4 (1) R)
= (—=1)" (65 + 3ij) + £ ((=1)" (65 + 3ij))
=3(=D)"(2j+ij)(1+¢). 0
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Theorem 2.9. Let Q,, be the dual bicomplex Fibonacci quaternion. For n > 1, the Catalan’s
identity for Q),, is given as:
Q= QuerQur = 3(=1)" F2 (2 +1ij) (L +¢) .
Proof. By using the Catalan’s identity for Fibonacci numbers: F? — F,, . .F,_, = (—1)""" F?
and equation (2), we have
Q= Qn—rQnir
= (ﬁf - ananJrr) - (FT%+1 - anr+1ﬁn+r+1) - (FT?J”Q - ﬁnfr+2ﬁn+r+2)
+ (st — Py pisFoiris) +i(2F Fopy — 2F, 10 F s
- anrpn+r+1 - Fn+anfr+1 + anr+2Fn+r+3 + anr+3Fn+r+2)
+ §(2F, Foyo — 201 Fis — Frusp Foryo — g P
+ Fopi1Fpyris + FprysFoyrin) 415 (2F, Fops 4 2,11 F o
— FyerFoprs — FrgrFovs — Frsv1 Frin — Frspyo Fyg)
= ()" (F - () F = () E A+ (1))
+ i (=2Fon43+ Fopia — Fop + Fonyo) + 25 (=1)"" (FL.F—2 + F,.F,42)
+ij (1) (F Fr—a + FyFrgo) 4+ €[(2F5n42 + 2F50 15 — 2Fop44
— 2Fon40 — 2Fony5 + 2F0,44) + 1 (=2F0n49 — 2F5, 45 + 2F5, 10 4+ 2F545)
+ (1" (B Fas + (1) BF s+ (1) B + (1) FF
—(-)'EFys— (1) FFy — (1) FFoyy — (-1)° F,F,y)
+ij(FFra+ (1) FFoq+ (1) FF s+ (—1) FoFp
+2(=1)F + (1) BFa + (<1) FFy))]
=2j(=1)""" (F-Fra+ F.Fy2) +ij (1) (F.F.—2 + F,F,12)
+2ej (=1)""F, (Frys — Frs+ Froqy — Frpq)
+eij ()" F, (Fryq + Froy — 2F,_5 — 2F, 5 + 2F})
= 3(—1)"" F2(2j +ij) +2¢j (~1)"7" F, (Frya + Fro)
+eij (—=1)"" F (Frgo + F,_2)
= 3 (—1)"" F2 (2] + i) + 32 (—1)"" F2 (2) + ij)
=3(=1)""F*(25+ij) (1+¢). O

Theorem 2.10. Forn > 1, we have

n—1 _ - -
Z Qk - Qn-‘rl - Ql-
k=0

Proof.
n—1 _ n—1 O{*Oék . B*Bk ot n—1 B* n—1
LOTL s T ek
A S A 1-8" a"(1-B—a"+a"p)—p" (1 —a—F"+ap")
o—f1-a a-p1-5 —(a=9)
:_<Oéiﬁ) ((a*—B*)—(a*a"—ﬁ*ﬂn)—a*5+,8*a—a*a"_1+ﬁ*ﬁn_l)
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= Qo+ Qn+Qni+ ﬁ (Ba* — af")

B(1l+ia+jo?+ija’) (1+ea)—a(l+if+ 5% +i58°) (1 +B)
a—p

= _QO + Qn + anl +
— — Qo+ Qu+ Q1 — (1+j+ij) —e (i +j + 2ij)
= _QO + Qn + Qn—l - Q—l

= Qn—H - Ql-

Theorem 2.11. Forn > 1, we have

(71)T(Qr(n—1)+s7Q~~9—T)7Qn,r+s+és
1 —a—pr 11

n—1 _ l:fS >T
Z Qk'r—l—s - - - - -
k=0 (71)TQr(n—1)+sf(71)SQr—s*Qnr-}—s‘i’Qs

I —ar—pr 1 otherwise

Proof. For s > r,

n—1 n—1 n—1 n—1
Y Quras = o COTTBETT _ atan S gk B ST gl
k=0 k=0 k=0 k=0
atat o —1 BB B —1
a—pF a —1 _oz—ﬁ b6 —1
(Oéﬁ)r ((a*anT+S—T _ ﬁ*ﬁn'l‘-‘rs—’r‘) _ (a*O{S—T _ 5*55—7‘))
a—pB((af) —ar—p +1)
_ (a*anr+s _ ﬁ*ﬁnr—‘rs) + (a*&s o ﬁ*ﬁs)
a—pB((af) —ar—p+1)

(=) (Qrtn-1)1s = Q) = Qurys + Qs

(-1) —ar—pr+1 '

The second case is similarly proven. ]

3 Dual bicomplex Horadam quaternions

In this section, we define a new generalization of the dual bicomplex Fibonacci quaternions. We
present generating function, Binet formula, and some identities of these quaternions.
Horadam defined the Horadam numbers as

Wy, = PWp—1 + QWp_2;1 > 2, Wy =a, wy =b

where a, b, p, q are integers [18, 19].
The n-th bicomplex Horadam numbers are defined by

BH, = w, + iwn-‘rl + jwn+2 + ijwn—l—?)

where w,, is the n-th Horadam number [14].

The bicomplex Horadam quaternions are defined by using the bicomplex Horadam numbers
as follows: H,, = w, + W41 + jWpyo + ijWpys, i = —1, j2 = —1, 45 = ji. There is the
following recursive relation among bicomplex Horadam quaternions

Hn+2 = pHn+1 + an (4)
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with the initial values
Ho=a+bi+ (pb+qa)j+ (p°b+ pga + gb) ij
and
Hy =b+ (pb+ qa)i+ (p2b + pqa + qb) J+ (p3b + p*qa + 2pgb + q2a) i].

The bicomplex Horadam quaternion is the generalization of the well-known quaternions like
Fibonacci and Lucas quaternions. When taken as (a, b; p, ¢) = (0, 1; 1, 1) and (a, b; p, q) =
(2, 1; 1, 1) in the relation (4), the bicomplex Fibonacci and Lucas quaternions are obtained,
respectively.

The n-th dual bicomplex Horadam quaternions are defined as

ﬁn = Hn + EHn—i—l (5)

where H,, is the n-th bicomplex Horadam quaternion. The dual bicomplex Horadam quaternion
H,, consists of four dual elements and can be represented as

H, = (wn + 8'wn-I—l) + (wn+1 + 5wn+2) L+ (wn-l—? + 8wn+3)j + (wn+3 + 5wn+4) Z.]

By using dual Horadam numbers w,,, we can get

Hn = ﬁ}/n + iwn+1 + jﬂjnJrQ + Z]wn+3

There is the following recursive relation among the dual bicomplex Horadam quaternions

Hyis = pHy, 1 + qH, (6)

For two dual bicomplex Horadam quaternions I;Tn and ﬁm, addition, subtraction and multi-
plication with scalar are given by the following:

j—v]n + ]’:Im = (wn + wm) + i (wn—i-l + wm+1) +j (wn+2 + wm+2) + Z] (wn+3 + wm+3)
+e€ ((wnJrl :F wm+1> + l (wn+2 :F wm+2) +] (wn+3 :F wm+3) + Z] (wn+4 :F wm+4)) )

/\]:-vln = A (wn + Z.an-s—l + jwn-l—Q + ijwn-l—?)) + Ae (wn-l—l + iwn+2 + jwn+3 + ijwn+4)

The different conjugates for the dual bicomplex Horadam quaternions are presented by the
following:

~ *
<Hn> = Wp — 1Wp41 + JWn42 — 1JWn+43,
~ * - — ~ ~
<Hn) = Wy F Wy — JWnyo — 1JWny3,
J

~ *
(Hn) =Wy — Wpg1 — JWpyo + 1] W3

Let H, » be a dual bicomplex Horadam quaternion, we give the following two corollary without
proof.
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Corollary 3.1. H,+ (H, - =2(Wp, + jWni2),
.H ‘I— Hn ‘:2(wn+iwn+l)7
J
H, +

= {17% + {DZ+1 - 7572&2 - @3&3 + Zj (wnwn—&-? + wn+1{5n+3) )

=Wy, — Wiy + Wiy — Wiy 4 20 (WpWny1 + Wni2Wnys)
H,® <Hn> = T Wy + Ty + W+ 205 (Bl — Duaainss)

In the following theorem, we give the Binet formula for dual bicomplex Horadam quaternion.

Theorem 3.1. The Binet formula for the dual bicomplex Horadam quaternion is

b Aa*a™ — BB*p"
a—p

where A=b—af3, B=b—aa, a* =& (1 +ea), *=B(1+eB)and & = 1+ia+ja’ +ija?,
B=1+if+jB*+ij5°

Proof. Considering [20, 30], the roots of the characteristic equation t?> — pt — ¢ = 0 related to

Horadam numbers are o and S,

_PEVP Ay PPt
2 v ‘

2

In [14], Halic1 gave the Binet formula for the bicomplex Horadam numbers by

BH, — 44" = BBF" (7)
a—p3

By using the equations (5) and (7), we have

- A4 n_BA n A4 n+1_BA n+1
Hn:Hn+5Hn+1: — 56 +e o Bﬁ

a—p a—pf
_ Ad(l+ea)a™— BR(1+eB)p"  Aara™ — BB*B" .
a a—p a a—p '
Theorem 3.2. The generating function for the dual bicomplex Horadam quaternions is
Hy + Hyt — pHyt
GFy (1) = o + 4yt — plip . 8)

1 —pt — qt?

Proof. Let GFf be the generating function for the dual bicomplex Horadam quaternions. That
is
GFg, (t) = Ho+ Hyt + Hot? + - 4 Hot" + - -- ©)
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Multiplying both sides of (9) by —pt and —qt? , we have
—ptGFy (t) = —p <f[0t + Hit? + Hyt® + -+ H "' 4 - )
—qt*GFg (t) = —q (ﬁ0t2 + Hyt? 4+ Hot' + - + H "2 4 .. ) .
Using the relation (6) and making the necessary operations, we have the following desired
result. o
GFp, (t) = "2k O
In the following Remark, we note some special cases of generating functions given in (8).

Remark 1. The special cases of generating functions in Theorem 3.2 are listed as follows.
tteti(l+e(1+))+5 (1+t+e(2+1))+ij (2+t+e(3+2t))

dual bicomplex Fibonacci quaternions: —

2—t+e(1+2t)+i(1+2t+e(3+t))+j (3+t+e(4+3t))+ij (4+3t+e(7+4t))
1—t—t2
We give some important identities for the dual bicomplex Horadam quaternions by using the

dual bicomplex Lucas quaternions:

Binet formula.

Theorem 3.3. For m > n, the d’Ocagne’s identity for the dual bicomplex Horadam quaternions
is

HmHn—H - Hm+1Hn = (_Q)n ABQ*B*Fm—n-
Proof. By using the Binet formula for the dual bicomplex Horadam quaternions, we obtain the
d’Ocagne’s identity as follows:

~ o~ ~ ~ A*m_B*mA*n+1_B*n+1
Hyfls — Hyp i, = A= BIF e S

(a—p)*
B (AOt*Oéerl - Bﬁ*ﬁerl) (AOé*Oén - Bﬁ*ﬁn)
(a—p)*
_ (?B&;ﬁ);) (_amﬁn-i-l . Bman-H + am—|—1ﬁn + angm—&-l)
o —
1

— m (ABa*B* (aB)" (e = B) (™" = ™))

= (_Q)n ABO‘*S*Fm—n- ]

Theorem 3.4. Let f[n be the dual bicomplex Horadam quaternion. For n > r, the Catalan’s
identity for H, is given as:

H?— H, .H,., = ABa*S3* (—q)" " F2.

Proof. By using the Binet formula for the dual bicomplex Horadam quaternions, we obtain

HZ - Hn—rH'rH—T
1

= m ((A@*an —_ Bﬁ*ﬁn)Z _ (AOC*O/L*T o Bﬁ*ﬁnfr) (Aa*an+r . BB*B”JFT))
B (o )
= ABOé*B* (_q)n—r Fr2' .
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Theorem 3.5. Let ﬁn be the dual bicomplex Horadam quaternion. For n > 1, the Cassini’s
identity for H, are given as;

H? — .Eln—lﬁn—i—l = ABa"3* (_Q)n_l :

n

Proof. Taking r = 1 as a special case of Catalan’s identity, the proof of this theorem can be
easily done. [

When we take as (a, b; p, q) = (0, 1; 1, 1), we have obtained some identities given for the dual
bicomplex Fibonacci quaternions in the previous section.

In the following theorem, we write the formula which gives the summation of the first n dual
bicomplex Horadam quaternion.

Theorem 3.6. For n > 1, the summation formula for the dual bicomplex Horadam quaternions
is as follows:

~ = =~ p(Aa” - Bp)
H H,+qH, 1— H — Hy+
Z e p+q—1>( L g

whereA:b—aﬁ,B:b—aoz.

Proof. We can write the following equation by using the Binet formula and the definition of dual
bicomplex Horadam quaternions.

n-1 ”—1Aa*ak_B*k Aa*”l *n—l
S A=y A = S e S
k=0 k=0 k:O
Aa* 1 —a" Bp* 1—-p"
a—ﬁl—a_a—ﬁl—ﬁ
_Aar(1-p—-a"+a"8) - BB (1—a—p"+apf")
a (@=pB)(1—-p—q)

1
= e H A g 4o~ BB~ (da'a” - BE")

— Aa*B + Bp* Oé_Q(AOz* n—1 Bﬁ*ﬁn_1)>
Y g . Adp—a) =B (- f)
N (1—p—Q)(HO Hy — qHn =5 )
—; IT ~ _~ _~ p(Aa*—Bﬁ*>

4 Conclusion

In this work, we define dual bicomplex Horadam quaternions. We give many identities that take
an important place in the literature for dual bicomplex Horadam quaternions. We also obtain
some well-known important identities for dual bicomplex Fibonacci quaternions.
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