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1 Introduction
There are some extensions (generalizations) of real numbers into real algebras of dimension 2
which are the followings: complex numbers,
C={z=a+ib:a,bcRi*=—1},
hyperbolic (double, split-complex) numbers [28],
H={h=a+hb:abecR h* =1},

and dual numbers [10],
D={d=a+eb:abecR =0}
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In fact, each possible system can be reduced to one of the above and there exist essentially
three possible ways to generalize real numbers into real algebras of dimension 2 (see, for example,
[16] for details).

There are also other extensions (generalizations) of real numbers into real algebras of higher
dimension. The hypercomplex numbers systems, [16], are extensions of real numbers. Some
commutative examples of hypercomplex number systems are complex numbers, hyperbolic
numbers, [28], and dual numbers, [10]. Some non-commutative examples of hypercomplex
number systems are quaternions [12], octonions [2] and sedenions [30]. The algebras C (complex
numbers), Hg (quaternions), O (octonions) and S (sedenions) are real algebras obtained from
the real numbers R by a doubling procedure called the Cayley-Dickson Process. This doubling
process can be extended beyond the sedenions to form what are known as the 2"-ions (see for
example [4, 14,24]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [12] as an
extension to the complex numbers. Hyperbolic numbers with complex coefficients are introduced
by J. Cockle in 1848, [6]. H. H. Cheng and S. Thompson [5] introduced dual numbers with
complex coefficients and called complex dual numbers. Akar, Yiice and Sahin [1] introduced
dual hyperbolic numbers.

Here we use the set of hyperbolic numbers. The set of hyperbolic numbers H can be described
as

H={z=xz+hy|h¢R, h* =12,y € R}.
The hyperbolic ring H is a bidimensional Clifford algebra, see [20] for details. Hyperbolic num-
bers has been called in the mathematical literature with different names: Lorentz numbers, double
numbers, duplex numbers, split complex numbers and perplex numbers. Hyperbolic numbers are
useful for measuring distances in the Lorentz space-time plane (see Sobczyk [28]). For more
information on hyperbolic numbers, see also [15,22,25,29].

Addition, substraction and multiplication of any two hyperbolic numbers z; and z, are defined
by

Z1 :l: zZo = (1’1 + hyl) =+ (1’2 + hyg) = (.Il :|: JIQ) + h (yl :|: yg) s
2 X zg = (214 hyr) X (22 + hya) = 2122 + Y12 + b (T1y2 + 1122) -

and the division of two hyperbolic numbers are given by

21w +hyr (w4 hy) (02 — hye) 2130 + Y11 T1Y2 + Y122
- = = - 2 5+ h 2 2 -
Zzo  To+ hyo (22 + hy2) (2 — hy2) Ty — Y Ty — Y

It is easy to see that this algebra of hyperbolic numbers is commutative and contains zero divisors.
The hyperbolic conjugation of z = x + hy is defined by

Z=2l =z — hy.

Note that Z = z. Note also that for any hyperbolic numbers 21, 2,, 2 we have

21tz = Z1+ 72,
21 X 29 = Z1 X Zg,
2> = zxzZ=a2-y%

Now let us recall the definition of generalized Pell numbers.
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A generalized Pell sequence {V,,},>0 = {Vi.(Vo, Vi)}n>o is defined by the second-order
recurrence relations

Vo=2V,1 + Vn—Q; Vo = a, Vi= ba (n > 2) (L.1)

with the initial values V5, V] not all being zero. The sequence {V,, },,>¢ can be extended to negative
subscripts by defining
V—n = _2V—(n—1) + V—(n—2)

forn =1, 2,3, .... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pell numbers with positive subscript and negative subscript are given
in the following Table 1.

v | Ve
0 Vo
1 Vi 2+ W
2|l Vo+2vi | 5V -2V
3| Wo+5V | —12Vp 45V
4| 5V 12V | 29V, — 12V
5 || 12V) + 29V4 | —70V; + 29V;

Table 1. A few generalized Pell numbers

If we set Vo = 0,V = 1 then {V,,} is the well-known Pell sequence and if we set
Vo = 2, V] = 2 then {V,,} is the well-known Pell-Lucas sequence. In other words, Pell sequence
{P.}n>0 (OEIS: A000129, [27]) and Pell-Lucas sequence {Q,, }»>o (OEIS: A002203, [27]) are
defined by the second-order recurrence relations

P,=2P,_1+P,», PF=0PFP=1 (1.2)
and

Qn = 2Qn—1 + Qn—2> QO = 27 Ql = 2. (13)

The sequences { P, },>0 and {Q,, },>0 can be extended to negative subscripts by defining
P, ==2P 1)+ P_(n_9

and
Q—n = _2Q—(n—1) + Q—(n—Q)

forn =1, 2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.

Pell sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [3,7,9,11,13,17,21,23]. For higher
order Pell sequences, see [18,19,32-34].

We can list some important properties of generalized Pell numbers that are needed.
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e Binet formula of generalized Pell sequence can be calculated using its characteristic
equation which is given as t> — 2t — 1 = (. The roots of characteristic equation are
a =142, B =1-+/2and the roots satisfy the followingar + 3 = 2, aff = —1,
a—fF = 2v/2. Using these roots and the recurrence relation, Binet formula can be given as

A n_ BA"
v, = A0 = BT (1.4)
a—p
where A=V, — Vyf and B =V; — Vo
e Binet formula of Pell and Pell-Lucas sequences are P, = a - g and Q, = a" + (",
a —
respectively.
e The generating function for generalized Pell numbers is:
Wo+ (Wy —2Wh) t
t) = : 1.5
g(t) o 2 (1.5)
e The Cassini identity for generalized Pell numbers is:
Vit Vaor — V2 = (VW4 — V2 = V), (1.6)
e The generalized Pell sequence has the following properties:
A" = oV, +V,_1, (1.7)
Bg" = BV, + V1. (1.8)

In this paper, we define the hyperbolic generalized Pell numbers in the next section and give some
properties of them.

2 Hyperbolic generalized Pell numbers

and their generating functions and Binet’s formulas

In this section, we define hyperbolic generalized Pell numbers and present generating functions
and Binet formulas for them.

In [36], the author defined hyperbolic Fibonacci numbers and Dikmen [8] defined hyperbolic
Jacobsthal numbers. Soykan [35], defined hyperbolic generalized Fibonacci numbers.

We now define hyperbolic generalized Pell numbers over H. The n-th hyperbolic generalized
Pell number is

V,, = Vi + hV,i 2.1)

with initial conditions ‘N/o = Vo + hVy, ‘N/l = Vi + h(Vy + 2V1) where h? = 1. As special
cases, the n-th hyperbolic Pell numbers and the n-th hyperbolic Pell-Lucas numbers are given as
ﬁn =P, + hP,; and @n = Q. + hQ, .1, respectively. It can be easily shown that

V, =2V + Voo (2.2)
The sequence {f/n}nzo can be extended to negative subscripts by defining

Vo= —2‘7—(71—1) + ‘N/—(n—z)

forn =1,2,3, ..., respectively. Therefore, recurrence (2.2) holds for all integers n.
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Note that V,h = V41 + Viih.

The first few hyperbolic generalized Pell numbers with positive subscript and negative

subscript are given in the following Table 2.

n v, V.,
0 Vo + hVy
1 Vi +h(Vo +2V1) Vi—2Vo +hVg
2 Vo +2Vi + h(2V) + 5V1) 5Vo — 2Vi + h(=2Vp + V1)
3 2Vo + 5V1 + h(5V, + 121)) 5Vi — 12V + h(5Vy — 2V4)
4 || 5V + 12V) + h(12Vh 4+ 29Vy) | 29V, — 12V) + h(—12V4 + 5V))
5 || 12V + 29V + h(29Vy + 70V7) | 29V — 70Vh + h(29V, — 12V7)
Table 2. A few hyperbolic generalized Pell numbers
Note that

Vo = Vo + hVA4,

Vi =Vi+hVe=Vi+h(V,+2W).

For hyperbolic Pell numbers (taking V,, = P,,, Fp = 0, P, = 1) we get

Py=h,

P, =1+2h,

and for hyperbolic Pell-Lucas numbers (taking V,, = Q,,, Qo = 2, )1 = 2) we get

A few hyperbolic Pell numbers and hyperbolic Pell-Lucas numbers with positive subscript

Qo = 2+ 2h,

Q= 2 + 6h.

and negative subscript are given in the following Table 3 and Table 4.

n| P P,
0 h

1| 1+2h 1

2| 2450 | —2+h
3| 5+12h | 5—2h
4 || 12+ 29 | =12+ 5h
5 || 29+ 70h | 29— 12h

Table 3. Hyperbolic Pell numbers

n Qn Q_n

0 2+ 2h

1 2+ 6h -2+ 2h
2 6 + 14h 6 — 2h

3 14 + 34h —14 + 6h
4 34 + 82h 34 — 14h
5 || 82 4+ 198h | —82 + 34h

Table 4. Hyperbolic Pell-Lucas numbers
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Now, we will state Binet’s formula for the hyperbolic generalized Pell numbers and in the rest
of the paper, we fix the following notations:

a=1+ah, B=1+p8h.

Note that we have the following identities:

a=1+ah,
B =1+ ph,
aB = 2h,

a2 =2a+ 2+ 2ah,

B* =28 +2+28h,

6225 = 2a + 2h,
aB? =28+ 2h,
a2[2 = 4.

Theorem 1 (Binet’s Formula). For any integer n, the n-th hyperbolic generalized Pell number
is: _
~  Aaa™ — Bpp"
7, = Aao” = BOYT

T 23
— (2.3)
Proof. Using Binet’s formula
V. — Aa™ — Bp™
a—f

of the generalized Pell numbers, we obtain

Aa™ — Bp™ Aot — BAM A(1 4+ ah)a™ — B(1 + Bh)p"
a—pf a—pf a—p
This proves (2.3). [

Vi, = Vi + hVjpq =

As special cases, for any integer n, the Binet’s Formula of n-th hyperbolic Pell number is

P, = aa® — B (2.4)
a—p
and the Binet’s Formula of n-th hyperbolic Pell-Lucas number is
Qn = aa™ + A" (2.5)
Next, we present generating function.
Theorem 2. The generating function for the hyperbolic generalized Pell numbers is:
 ~ ‘N/o + (‘71 — 2‘70)x
Vaya" = . 2.6
; ¢ 1—2x — 2?2 2.6
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Proof. Let
— 3T
n=0
be the generating function of the hyperbolic generalized Pell numbers. Then, using the definition

of the hyperbolic generalized Pell numbers, and substracting 2zg(x) and zg(x) from g(z), we
obtain (note the shift in the index n in the third line)

(1 -2z —2%)g(z) = i V" — 2z i Vo' — a? i V"
n=0 n=0 n=0
= i": an” -2 i": ‘7,@”“ — i vnx”“
n=0 n=0 n=0
= i Voz — 2 i V2" — i V,_oz"
n=0 n=1 n=2

= (‘N/o + 17195) — 2\70x + Z(IN/n - 2\7n_1 — XN/n_g)x”
n=2

= (%—i—‘z:ﬁ)—Q%x:%—F(‘Z—Z%)x.

Note that we used the recurrence relation ‘7” = 2‘7n,1 + XN/n,g. Rearranging above equation,

we get _ _ _
o+ (Vi —=2W)x
9(x) = 1 —2x — a2

As special cases, the generating functions for the hyperbolic Pell and hyperbolic Pell-Lucas

h+zx
p _
Z v T 1—2r— a2

O

numbers are, respectively,

and

Z@ _ (242h) + (=24 2h)a

1 -2z — 22

3 Obtaining Binet formula from generating function

We next find Binet formula of hyperbolic generalized Pell number {17”} by the use of generating
function for V/,.

Theorem 3 (Binet formula of hyperbolic generalized Pell numbers).

~ B leén B dgﬁn
R Py P G-D

where

dy = Voo + (Vi — 2Vp), dy = Vo3 + (Vi — 2Vp).
Proof. Let h(x) =1 — 2x — x?. Then for some « and 3 we write h(z) = (1 — ax)(1 — Bx), i.e
1—2r—2*=(1—-oax)(1— B (3.2)
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Hence ~ and % are the roots of h(z). This gives o and 3 as the roots of

o
1 2 1
(212 Lo
i X i

This implies 22 — 22 — 1 = 0. Now, by (2.6) and (3.2), it follows that

e Vot (V-2
2Vt = a1 pa)

Then we write ~ _ ~

Vo+(Vi—2W)x A Ay

(—an)(1—p2)  (—az)  (1=p2) 3-3)
So Vo + (Vi — 2V)z = A (1 — Bz) + As(1 — o).

If we consider = = 1, we get V + (Vi — 2Vp) 2 = A;(1 — 5L). This gives

Tt -2
1 (a—5) (o= B)
Similarly, we obtain V, + (V; — 2‘70)% = Ay(1— a%) = Vo8 + (Vi —2Vp) = As(8 — ) and so
A :_%5+<‘71—2%) _
: (a=5) (a—5)

Thus (3.3) can be written as

Z V" = Ay(1 - ax)™ + Ay(1 — Bo) ™t

n=0
This gives
S V= 4 Y a1 A Y fa = (Al 4 Ay
n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
V, = Aja™ 4+ Ay 8" and then we get (3.1). O

Note that from (2.3) and (3.1) we have
Vi=WeB)a = Voa+ (i —2Vp),
Vi —=Voa)B = VoB+ (Vi —2Vj).

Next, using Theorem 3, we present the Binet formulas of hyperbolic Pell and hyperbolic
Pell-Lucas numbers.

Corollary 4. Binet formulas of hyperbolic Pell and hyperbolic Pell-Lucas numbers are

ﬁn:(ﬂm;%gﬂl7 @n:aan_i_gﬁn’

respectively.
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4 Some identities

We now present a few special identities for the hyperbolic generalized Pell sequence {\7n} The
following theorem presents the Catalan’s identity for the hyperbolic generalized Pell numbers.

Theorem 5 (Catalan’s identity). For all integers n and m, the following identity holds:

VismViem — V2 = h.

~ = (=)™t (A4 B)Vam—1 + (AB + Ba) Vo, — 2(—1)™AB)
4

Proof. Using the Binet Formula B

n o — 6
and
Aa" = aV, 4+ V,_1, Bp" = pVy + Vo,
we get
. . . ~ nt+m __ 2 an+m ~ n—m __ ~n—m_ ~ . n __ 2 an\2
TronTom 72 = (AT = BEGM)(AGa — B™) - (AGa” — BFp")
(a—p)
_1\n—m+1 m __ Qm 2
- AR g,
(U (At BV o+ (A5 + BV, — 21 AB)

]

As special cases of the above theorem, we give Catalan’s identity of hyperbolic Pell and
hyperbolic Pell-Lucas numbers. Firstly, we present Catalan’s identity of hyperbolic Pell numbers.

Corollary 6 (Catalan’s identity for the hyperbolic Pell numbers). For all integers n and m,
the following identity holds:

BBy — P2 — (—=1)"™ " (Pypy1 4 Poy — (=1))
n+md n—m n — 9

Proof. Taking V,, = P, in Theorem 5 we get the required result. ]

h.

Secondly, we give Catalan’s identity of hyperbolic Pell-Lucas numbers.

Corollary 7 (Catalan’s identity for the hyperbolic Pell-Lucas numbers). For all integers n
and m, the following identity holds: Q ymQn—m — Q> = 2(=1)""™ (Qa,, — 2(=1)™) h.

Proof. Taking V,, = @),, in Theorem 5, we get the required result. [

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic
generalized Pell sequence.

Corollary 8 (Cassini’s identity). For all integers n, the following identity holds:

(—1)" ((A+ B)Vi + (AB + Ba)Va +2AB)

h.
4

‘7n+1‘7n71 - ‘7712 =
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As special cases of Cassini’s identity, we give Cassini’s identity of hyperbolic Pell and hyper-
bolic Pell-Lucas numbers. Firstly, we present Cassini’s identity of hyperbolic Pell numbers.

Corollary 9 (Cassini’s identity of hyperbolic Pell numbers). For all integers n, the following
identity holds: P, P,  — P> =2(—1)"h.

Secondly, we give Cassini’s identity of hyperbolic Pell-Lucas numbers.

Corollary 10 (Cassini’s identity of hyperbolic Pell-Lucas numbers). For all integers n, the
following identity holds: Q,1Q,_1 — Q> = 16(—1)""h.

The d’Ocagne’s, Gelin—Cesaro’s and Melham’s identities can also be obtained by using the
Binet Formula of the hyperbolic generalized Pell sequence:

‘7n _ Aaa™ — BEB”
a—f

The next theorem presents d’Ocagne’s, Gelin—Cesaro’s and Melham’s identities of the

hyperbolic generalized Pell sequence {‘7”}
Theorem 11. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)

‘7m+1‘7n - Vm"}n—l-l =2 (anm—l - van—l) h.

(b) (Gelin—Cesaro’s identity)
Vs Vi1 Vi 1 Vg =V = ABED (96 (—1)™ AB+(6V+18V3) Vay+(6Vo+6V4) Va1 +
((12V0 + 24\/1)V2n + (3A + 3B+ (6V0 + 6V1))V2n,1)h).

(¢c) (Melham’s identity)

ViitVins2Viys — V20 = 2(=1)" AB((91V}, + 38V,,_1) + (38V;, 4+ 15V,,_1)h).

Proof. (a) Using (1.7) and (1.8) we obtain

AB&E(_am+lﬁn - anﬁm—i—l + amﬁn—l—l + an+16m)

Vm+1‘7n - vmvn+l -

(o= pB)?
_ ((aVn + Vn—l)(ﬁvm + Vm—l) - (an + Vm—l)(ﬁvn + Vn—l)) 2h
(a—p)
= 2 (anm,1 - vanfl) h
(b) The proof is straightforward but lengthy, so we omit it.
(c) Using (1.7), (1.8) and Binet formula of ‘7” and the identities
a’B3 = (20 + 2h), ap? = (28 + 2h),
we obtain the required result. [
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As special cases of the above theorem, we give the d’Ocagne’s, Gelin—Cesaro’s and
Melham’s identities of hyperbolic Pell and hyperbolic Pell-Lucas numbers. Firstly, we present
the d’Ocagne’s, Gelin—Cesaro’s and Melham’s identities of hyperbolic Pell numbers.

Corollary 12. Let n and m be any integers. Then, for the hyperbolic Pell numbers, the following
identities are true:
(a) (d’Ocagne’s identity)

Pm—&—lﬁn_ﬁmﬁn—l-l:2(Pnpm—1_PmPn—1)h-

(b) (Gelin—Cesaro’s identity)
PoioPoi1 Po 1 Pyy — P = (=1 (13 (=1)" 4 (3Py + 9P,) Pan + (3P + 3P,) Pon_1 +
(6P + 12P)) Py, + (34 (3Py + 3P1)) Pop—1)h).

(¢c) (Melham’s identity)

Pui1PoioPoig — PPy =2(=1)" ((91P, + 38P,_1) + (38P, + 15P,_1)h).

n

Secondly, we present the d’Ocagne’s, Gelin—Cesaro’s and Melham’s identities of hyperbolic
Pell-Lucas numbers.

Corollary 13. Let n and m be any integers. Then, for the hyperbolic Pell-Lucas numbers, the

following identities are true:
(a) (d’Ocagne’s identity)

@mﬂ@n - @m@nJrl =2(QnQm-1— QmQn-1)h.
(b) (Gelin—Cesaro’s identity)

Qn+2@n+l@n71@/n72_éi =8(—1)"(104 (—1)”“—|-(3Q0+9Q1)Q2n+(3@0_’_3@1)@2”71+
((6Q0 + 12Q1)Q2, + (3Q0 + 3Q1)Q2n—1)h).

(c) (Melham’s identity)
Q\n+1@n+2@n+6 - @?H—S = 16 (_1)ﬂ+1 ((ngn + 38Qn—1) + (38Qn + 15Qn—1>h)

5 Linear sums

In this section, we give the summation formulas of the hyperbolic generalized Pell numbers with
positive and negative subscripts. Now, we present the formula which give the summation formulas
of the generalized Pell numbers.

Proposition 14. For the generalized Pell numbers, for n > 0 we have the following formulas:
@ 2o Vi = %(Vn+2 Vo = Vi + V).
(b) Yoo Var = 5(Vonsr — Vi +2V3).

(©) ZZ:O Vopt1 = %(VQnH — Vo +217).
Proof. For the proof, see Soykan [31] . u
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Next, we present the formulas which give the summation of the first n hyperbolic generalized
Pell numbers.

Theorem 15. For n > 0, hyperbolic generalized Pell numbers have the following formulas:.
@ S o Vi = 1Viio = Vi — Vi + V).

® > Vor = %(‘72%1 -V + 2\70).

(©) ZZ:O ‘72k+1 = %(‘72%2 - ‘76)

Proof. (a) Note that using Proposition 14 (a) we get

1
D Vi = (Va2 =V = Vi + Vo),
k=0
= 1
D Vier = 5(Vars = Vasa = Vi = Vo).
k=0

Then it follows that

S -
k=0

1
(Vn+2 - Vn—l—l - VYl + %) + hé(vn—f—ii - Vn+2 - ‘/1 - ‘/0)

(Vigz +3Vass) = (Vigr + AVig2) + (=Vi 4 Vo) + h(=Vi = Vh))

(Vayz = Vo + (Vi + Vo) + h(=Va + V1))

Viia — Vir — (Vi + h1A)) + (Vo + hWA))

—~

(‘7n+2 - ‘7n+1 - (‘/1 + h‘/2>> + (‘/0 + h‘/l))

(Vn+2 - ‘7”+1 - ‘71 + %)

O =N =N =N =D = N =

This proves (a).
(b) Note that using Proposition 14 (b) and (c) we get

& 1
D Vo = 5(Vawis = Vi +2V0),
k=0
= 1
D Vo = 5(Vanez = Vo).
k=0

Then it follows that

° L~ 1 1
D Vo = 5(Vanis = Vit 2V5) + o (Vansa = Vo)
k=0

1

= 5 ((Vans1 + hVonga) + ((=V1 +2V0) + h(=1h)))
1

= 5((‘/2n+1 + hVanio) + ((=V1 4+ 2Vp) + h(=V5 + 2V4))
1

= 5((‘/2%1 + hVonia) — (Vi + hVa) + 2(Vo + hVY))

1 ~ - -
= §(V2n+1 —Vi+2Vp).
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(c) Note that using Proposition 14 (b) and (c) we get

- 1
> Va2 = 5(Vanys — VA).
k=0
Then it follows that

"L 1 1
D Vo = 5(Vanrz = Vo) + ho(Vanss — VA)
k=0

— o (Vaua Vo) = (Vo £ 1)
= (o~ (Vo h1A)
)
This completes the proof. ]

As a first special case of the above theorem, we have the following summation formulas for
hyperbolic Pell numbers:

Corollary 16. Forn > 0, hyperbolic Pell numbers have the following properties:

@ YiooPe = 3(Posz — Poyt — P+ By) = §(Posa — B — (14 1)),
(b) ZZ:O ﬁ% = %(ﬁ2n+1 - 131 + 2ﬁo) = %(ﬁ2n+1 —1).
(C) ZZ:O ﬁ2k+1 = %(ﬁ2n+2 - ﬁo) = %(ﬁ2n+2 — h)

As a second special case of the above theorem, we have the following summation formulas
for hyperbolic Pell-Lucas numbers:

Corollary 17. Forn > 0, hyperbolic Pell-Lucas numbers have the following properties.
(a) ZZ:O @k = %(@n+2 - @nﬂ - él + @0) = %(@n—i—Q - Cj2vn+1 —4h).

) > ko @% = %(@2n+1 - @1 + 2@0) = %(@2%1 + 2 —2h).

© 0o Qonr = 5(Qanya — Qo) = 2(Qonya — (24 20)).

Now, we present the formula which give the summation formulas of the generalized Pell
numbers with negative subscripts.

Proposition 18. For n > 1 we have the following formulas:
@ Y Vo =2(=3Vo 1 =V, s+ Vi = V).

(0 >py Viow = 5(—Vigpot + Vi — 2V0).

(©) ZZ:1 Vooky1 = %(_V—Qn + V).

Proof. This is given in Soykan [31]. ]

148



Next, we present the formulas which give the summation of the first n hyperbolic generalized
Pell numbers with negative subscripts

Theorem 19. For n > 1, hyperbolic generalized Pell numbers have the following formulas:
@ Y0 Vo= 2(=3V 0y = Voo + Vi — Th).

(0) Sy Voor = 5(—Voguos + Vi = 21).

© > p Vogkt1 = %(—‘7—271 + 7).

Proof. We prove (a). Note that using Proposition 14 (a) we get

. 1
E V—k = 5(_3‘/—71—1 - V—n—Q + VYI - ‘/O)a
k=1

- 1
D Ve = S(=3Von = Voo + Vi + Vo).
k=1

Then it follows that

i Vo = %(—3‘/_”_1 — Voo +Vi=Vp) + j%(—z&v_n — Vo +Vi+ Vo)
k=1
= SBVocr + Vo) — (Veo  3Vms) + (Vi = Vo) 5 (Vi 4+ V6)
= BV = Voo (Vi = i) + (V= YA)
= %(—?ﬁ_n_l —Vena + (Vi 4 V) + Vo) = (Vo + V1))
_ %(-3{7“ Vo + = Th)
This proves (a). Formulas (b) and (c) can be proved similarly. O]

As a first special case of above theorem, we have the following summation formulas for
hyperbolic Pell numbers:

Corollary 20. Forn > 1, hyperbolic Pell numbers have the following properties:
(b) ZZ:1 ﬁf% = %(_ﬁ—%q + 151 - 2]30) = %(—]3,2”,1 +1).

©) > ho ]5721%1 = %(—ﬁ,% + 150) = %(—P—zn +h).

As a second special case of above theorem, we have the following summation formulas for
hyperbolic Pell-Lucas numbers:

Corollary 21. Forn > 1, hyperbolic Pell-Lucas numbers have the following properties.

@ Y0 Q=230 01— QnatQr— Qo) = L(=3Q n 1 — Qo s+4h).
0) 30 Q ok = 2(=Q o1+ Q1 — 2Q0) = 2(—=Q_sn_1 + (—2+21)).
© >he C5—2k+1 = %(‘@—271 + CN?o) = %(—@—m + (2 + 2h)).

149



6 Matrices related to hyperbolic generalized Pell numbers

We define the square matrix /N of order 2 as:

v ( 2 1 )
10
such that det N = —1. Induction proof may be used to establish

N [ P P 6.1)
Pn Pnfl

and (the matrix formulation of V},)

)G e
V. 1 0 o

Now, we define the matrices /Ny as

N (V)
Vo i

This matrice Ny is called hyperbolic generalized Pell matrix. As special cases, hyperbolic Pell
matrix and hyperbolic Pell-Lucas matrix are, respectively,

_ ﬁd ﬁ2 o @3 @2
NP_(E p) NQ‘(@ @)

Theorem 22. For n > 0, the following is valid:

Ny 20 Ve Voo ) (6.3)
10 Vare Vi

Proof. We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we

respectively.

assume it is true for n = k, that is

NVNk _ ‘Zk+3 ‘:/k+2
|

If we use (2.1), then we have I~/k+2 = 2‘7k+1 + V. Then, by induction hypothesis, we obtain
NyNF = (Ny NF)N = Virs Vigo 2 1\ Vs +Vio Vigs
Vivz Vi 10 2Vito + Vi1 Vigo
_ ‘Zc+4 ‘Zk+3
Vits  Vigo
Thus, (6.3) holds for all non-negative integers n. [
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Remark 23. The above theorem is true for n < —1. It can also be proved by induction.
Corollary 24. For all integers n, the following holds: 17n+2 = ‘72Pn+1 + 171Pn.
Proof. The proof can be seen by the coefficient of the matrix /Ny and (6.1). ]

Taking V,, = P, and V,, = @),,, respectively, in the above corollary, we obtain the following
results.

Corollary 25. For all integers n, the followings are true.
@) Pops = PyPoy + PP,
() Quiz = QoPri1 + Q1D

Remark 26. As a further study, the results of this paper can be extended to the work in [26].
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