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Abstract: In this paper, we obtain asymptotic formula on the sum »_ w (L;J) , where w (n)

n<z
denote the number of distinct prime divisors of n and |¢] denotes the integer part of .
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1 Introduction

Let, as usual, for an integer n > 1, w(n): = > 1 denote the the number of distinct prime
pln
divisors of n. Many authors investigated the properties of this function. In 1917, G. H. Hardy and

S. Ramanujan [4] proved the classical result,

Zw(n)=xloglogw+Bm+O( ’ ), (1)
log x

n<zx

such that B = v + > (log(1 —1/p) 4+ 1/p) and ~ is Euler’s constant. The result (1) was
p
generalized in 1970 [6] and in 1976 [3] by the following formula
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Zw —nloglong—Bn—l—Z

n
" 2
2w Gog 7 +O(<1ogn>m“>’ @

for all integer m > 1, with
= A{t} -

In [5], we find another interesting result

Zw (d(n)) =cx+ 0O (.CEl/2 log’ z), 3)

n<x

such that d(n) is the number of divisors of n and ¢ > 0 it’s a constant. It is easy to show that the
following relationship is correct for all real z > 1

O]

n<lx n<lx

where |t| denotes the integer part of any ¢ € R ( see [2, example 4.18] ).

The possible question is what are the similarities between the mean values of the functions
w (d(n)) and w (| £])? Since, the sum is on a less dense set than the first, it is obvious that the
result will be at least with an error term lower, than what is given in the formula (3) .

2 Main result

In this section, we establish a result concerning the mean value of the function w (|£]) . More
precisely, we prove the following theorem:

Theorem 1. For all x > 1 large enough, we have

Zw Q%J) =Cx+0 (xl/zlog:c).

n<x

Such that C' = 0.5918 - - - .
The proof of this result is based on the following lemmas:

Lemma 1. Let x > 1 be real number. For any arithmetic function f we have
x x x
S -rm (13- [7))

Proof. If we pose L%J = k, then we have the following equivalents:

L%J:k<:>x/n—1<k§x/n<:>x/(k+1)<n§$/k?-
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Using that, we get

Yol = X osw

n<x n<x
z/n—1<k<z/n

= > k)

k<z
z/(k+1)<n<z/k

= > fk- > [k

k<z k<z
n<z/k n<z/(k+1)
=2 2 fW=> > J
k<z n<z/k k<z n<z/(k+1)
S SIED SR LIS o
k<z n<z/k k<z n<z/(k+1)
i T
s |e) :

Lemma 2. Letn € Z>q and 0 > 0 real. For all real x > 1, we have

“+o00

5t n TL' —dx 1 "
< J— _ .
/ e (log t) dt 5 e <10g$ + 5x)

T

Proof. We put I, f e% (logt)" dt and we use integration by parts, so

6*5 (log )"~ 1 e*‘sx n
I, = 1 " —1, .
n 5/ ot 5 (log)" 4 =

And by recurrence, we get

_dx n n—k
I < e L (log :c)k
) k (o)

k=0
! 1\"
< %e“sx <1og:t + 5_x> . [
Lemma 3. Let x be sufficiently large, there is a constant C' > 0 such that
log1
ZM20+O(w)7 @
“~n(n+1) x
such that C' = 0.5918 . . ..
Proof. Let x > 2, we have
w (n) w (n) w (n)
= = . 5
;n(n—l—l) ;n(n—l—l) T;cn(n—l—l) )

Now the well-known trivial bound of w (n), applied to the first sum on the right-hand side of (5),

implies that
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Z w(n) < 1 Z logn .
n21n(n+1) log2n21n(n+1)
We deduce that the series ) w(n)
find

C:Z%zo.wl&m

In the last sum in (5), we put g (t) = , and by partial summation, we have

t(t+1)
zn(‘jf—fl) — —g<x>nzgw<n>—/x 10 (gﬁw(m) dt

-1 too 2t —1
= m;w(n)—l—/x m(Z w(n))dt.

r<n<t

log 1 B 1 +20 Jog]
< loglogz B L0 / loglogt .\
x x xlogx - 12

So, by Lemma 2 (n = 1, 6 = 1), and using a variable change, we find

+oo
log log tdt < log log n 1
- t? x xlogx

_ 0 (logloga:> ‘
x
Finally, using the last estimate in (7), we get

n>x

And from (1) we obtain,

w(n)
Zn(n—l—l)

n>x

and collecting (8), (6) and (5), we get the following desired result.

Lemma 4. For all x > 1, we have

2 {”il} - {ni2}‘ :%5(3/2)331/%0(&/5),

n>0
where {t} denotes the fractional part of any t € R.

Proof. The proof of this result is found in the paper [1].

Proof of the theorem. For all x > 1, by Lemma 1, we have

So(l2]) = S ([2]-]5])

-tz 9)
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is convergent, and with a numerical calculation, we

(6)

(7

®)



on the other hand, by trivial bound of w (n) and Lemma 4, we have

(-]
{nil}_{niQH

N log x 2 1/2 2/5
= Jogo <7TC(3/2)x +0 (2 ))

2 2
= leﬂ logz + O (552/5 log x) .
mlog 2

oo ({5} {75))| = oo

n<x n<x

log x
<
— log?2 Z

n>0

Therefore,

Y w(n) <{%} = {ni 1}) — 0 (z'2logz) .

n<x

Finally, by Lemma 3, we obtain

Sa([2)) - crotbmnn 0o s

= C’x—l—O(acl/Qlogx). O
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