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Abstract: A divisor d of a positive integer n is called a unitary divisor if ged(d,n/d) = 1;
and d is called a bi-unitary divisor of n if the greatest common unitary divisor of d and n/d is
unity. The concept of a bi-unitary divisor is due to D. Surynarayana (1972). Let oc**(n) denote
the sum of the bi-unitary divisors of n. A positive integer n is called a bi-unitary multiperfect
number if **(n) = kn for some k£ > 3. For k = 3 we obtain the bi-unitary triperfect numbers.
Peter Hagis (1987) proved that there are no odd bi-unitary multiperfect numbers. The present
paper is Part IV(a) in a series of papers on even bi-unitary multiperfect numbers. In parts I, IT and
IIT we found all bi-unitary triperfect numbers of the form n = 2%u, where 1 < a < 6 and u is
odd. There exist exactly ten such numbers. In this part we solve partly the case a = 7. We prove
that if n is a bi-unitary triperfect number of the form n = 27.5°.17¢.v, where (v,2.5.17) = 1, then
b > 2. We then confine ourselves to the case b = 2. We prove that in this case we have ¢ = 1
and further show that n = 27.32.52.7.13.17 = 44553600 is the only bi-unitary triperfect number
of this form.
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1 Introduction

Throughout this paper, all lower case letters denote positive integers; p and g denote primes. The
letters u, v and w are reserved for odd numbers.

A divisor d of n is called a unitary divisor if ged(d,n/d) = 1. If d is a unitary divisor of n,
we write d||n. A divisor d of n is called a bi-unitary divisor if (d,n/d)** = 1, where the symbol
(a,b)*™ denotes the greatest common unitary divisor of a and b. The concept of a bi-unitary
divisor is due to D. Suryanarayana (cf. [6]). Let 0**(n) denote the sum of bi-unitary divisors
of n. The function ¢**(n) is multiplicative, that is, c**(1) = 1 and ¢**(mn) = o™ (m)c**(n)
whenever (m,n) = 1. If p is a prime power and « is odd, then every divisor of p® is a bi-unitary

divisor; if « is even, each divisor of p® is a bi-unitary divisor except for p®/2. Hence
a+1l 1
o(p*) = p—l if a is odd,
o (p*) = b= (1.3)
o(p®) —p*? if a iseven.

If «v is even, say a = 2k, then o**(p®) can be simplified to

*k (O p F -1 k+1
o) = (D7) 04 ) (1.4
From (1.3), it is not difficult to observe that ¢**(n) is odd only when n = 1 or n = 2.

The concept of a bi-unitary perfect number was introduced by C. R. Wall [7]; a positive integer
n is called a bi-unitary perfect number if o**(n) = 2n. C. R. Wall [7] proved that there are only
three bi-unitary perfect numbers, namely 6, 60 and 90. A positive integer n is called a bi-unitary
multiperfect number if **(n) = kn for some k > 3. For k = 3 we obtain the bi-unitary triperfect
numbers.

Peter Hagis [1] proved that there are no odd bi-unitary multiperfect numbers. Our present
paper is Part IV(a) in a series of papers on even bi-unitary multiperfect numbers. In Part I (see
[2]), we found all bi-unitary triperfect numbers of the form n = 2%, where 1 < a < 3 and u
is odd. We proved thatif 1 < a < 3 and n = 2% is a bi-unitary triperfect number, then a = 3
and n = 120 = 22.3.5. In Part II (see [3]), we considered the cases a = 4 and @ = 5. We
proved that if n = 2%u is a bi-unitary triperfect number, then n = 2160 = 2%.33.5, and that if
n = 2%u is a bi-unitary triperfect number, then n = 672 = 2°.3.7, n = 10080 = 2°.32.5.7,
n = 528800 = 2°.3.52.13 or n = 22932000 = 2°.32.53.7%2.13. In Part I1I (see [4]) we showed that
the bi-unitary triperfect numbers of the form n = 25y are n = 22848 = 26.3.7.17, n = 342720 =
20.32.5.7.17, n = 51979200 = 2°.3.52.7%.13.17 and n = 779688000 = 26.32.53.72.13.17. In the
present part we consider the case a = 7; we solve it partly. We prove that if n is a bi-unitary
triperfect number of the form n = 27.5°.17¢.v, where (v,2.5.17) = 1, then b > 2. We then
confine ourselves to the case b = 2. We prove that in this case ¢ has to equal 1 and further
show that n = 27.32.52.7.13.17 = 44553600 is the only bi-unitary triperfect number of the form
considered here. We will continue the study of the case a = 7 in future papers.

For a general account on various perfect-type numbers, we refer to [5].



2 Preliminaries

We assume that the reader has Part I (see [2]) available. We, however, recall Lemmas 2.1 to 2.4
from Part I, because they are so important also here.

Lemma 2.1. () If « is odd, then
*k (O sk (o a+1
o (p*) _ (")
pa paJrl

for any prime p.
(Il) For any o > 20 — 1 and any prime p,

O_**(pa) - 1 1 1_ 1 p24+1_1 '
e “\p—1)\P ) T T\ Tyt TP )

(1) If p is any prime and « is a positive integer, then
o) _ _p
pe p—1
Remark 2.1. (I) and (III) of Lemma 2.1 are mentioned in C. R. Wall [7]; (II) of Lemma 2.1 has
been used by him [7] without explicitly stating it.

Lemma 2.2. Let a > 1 be an integer not divisible by an odd prime p and let o be a positive
integer. Let r denote the least positive integer such that " = 1 (mod p®); then r is usually
denoted by ordp. a. We have the following properties.

(1) If r is even, then s = r/2 is the least positive integer such that a® = —1 (mod p®). Also,

a' = —1 (mod p*) for a positive integer t if and only if t = su, where u is odd.
(ii) If r is odd, then p* t a* + 1 for any positive integer t.

Remark 2.2. Leta, p, r and s = /2 be as in Lemma 2.2 (o« = 1). Then p|a’ — 1 if and only if
r|t. If ¢ is odd and r is even, then r { t. Hence p 1 a' — 1. Also, p|a’+ 1 if and only if ¢ = su, where
w is odd. In particular if ¢ is even and s is odd, then p { a* + 1. In order to check the divisibility
of a' — 1 (when ¢ is odd) by an odd prime p, we can confine to those p for which ord, a is odd.
Similarly, for examining the divisibility of a’ + 1 by p when  is even we need to consider primes
p with s = ord, a/2 even.

Lemma 2.3. Let k be odd and k > 3. Let p # 5.

(@) Ifp € [3,2520] — {11, 19,31, 71,181,829,1741}, ord,b is odd and p|5* — 1, then we can find
kE _

> . L and p > 2521.

a prime p' (depending on p) such that p'|

(b) If g € [3,2520] — {13,313,601}, s zéordqf) is even and q|5*** + 1, then we can find a prime

k+1
> 2“ and ¢ > 2521.

Lemma 2.4. Let k be odd and k > 3. Let p # 7.
(@) If p € [3,2520] — {3,19,37,1063}, 7 = ord,7 is odd and p|7* — 1, then we can find a prime

k _
! - L and p > 2521.

(b) If g € [3,1193] — {5,13, 181,193,409}, s = %ordﬂ is even and q|7*** + 1, then we can find

TR 41
2

¢ (depending on q) such that |

P (depending on p) such that p/|

a prime q' (depending on q) such that q'| and ¢’ > 1193.



Lemma 2.5. Let k be odd and k > 3. Let p # 13.
(@ If p € [3,293] — {3,61}, 7“ = ord 13 is odd and p|13* — 1, then we can find a prime p'

(depending on p) such that p \ and p’ > 293.

(b) If g € [3,293] — {5,17}, s = ord 13 is even and q|13*™ + 1, then we can find a prime ¢

+1

(depending on q) such that q |7 and ¢’ > 293.

Proof. (a) Let p|13* — 1. If r = ord,13, that is, 7 is the least positive integer such that
13" =1 (mod p), then r|k. Since k is odd, r must be odd. Also, 13" — 1|13% — 1. Let

Sz =A{(p,r) :p#13,p €[3,293] and r = ord,13 is odd}.
From Appendix A, we have

Sl3 = {(37 1)7 (237 11)7 (437 21)7 (537 13)7 (617 3)7 (797 39)7 (1037 17)7
(107,53), (127, 63), (131, 65), (139, 69), (179, 89), (181, 45),
(191,95), (199,99), (211, 35), (251, 125), (263, 131), (283, 141)}.

Let p|13¥ — 1 and p € [3,293] — {3,61}. Then (p,r) € Si13—{(3,1), (61, 3)}, where r = ord,13.
Also, 13" — 1]13"“ — 1. To prove (a), it is enough to show that 13 -
p’ > 293. From Appendix C, we know the factors of 13" — 1. By examining the factors of 13" — 1

is divisible by a prime

for » ¢ {1,3}, which correspond to the primes 3 and 61, we infer that we can find a prime

,|13u1 |13’u
P11

For example, if p = 43, then r = 21. Also,

! satisfying p/ > 293. This proves (a).

1321 — 1 = {{2,2},{3,2},{43,1},{61,1}, {337, 1}, {547, 1}, {2714377, 1}, {5229043, 1} }.

We can take p’ = 337.

(b) Let ¢|13*™ + 1 and ¢ € [3,293] — {5,17}. Let r = ord,13. If r is odd, then ¢ { 13*"! + 1
(see Remark 2.2 (e = 13)). We may assume that r is even. Let s = /2. Then s is the least
positive integer such that ¢[13° + 1. Again from Remark 2.2 (a = 13), ¢ 1 13! 4 1 if s is odd.
Since q|13*! + 1, we have that s is even. Also, k + 1 = su, where u is odd. This implies that
13° + 11351 + 1. Let

1
Tis ={(¢g,s) : ¢ # 13,9 € [3,293] and s = iordqli% even}.
From Appendix A, we have

Tis = {(5,2), (17, 2), (37,18), (41, 20), (73, 36), (89, 44),
(97,48), (109, 54), (113, 28), (137, 68), (149, 74), (193, 32),
(197,98), (229, 38), (233, 58), (241, 120), (257, 64), (281, 140), (293, 146)}.

Let ¢|13** + 1 and ¢ € [3,293] — {5,17}. Then (q,s) € Ti3 — {(5,2),(17,2)}, where
s = %ordql?). To prove (b), it is enough to show that

! is divisible by a prime ¢’ > 293

5



forall s € T{; = {s : (¢,s) € T3 — {(5,2),(17,2)}. This follows by examining the factors of
13* + 1 given in Appendix D.
For example, if ¢ = 37, then s = 18. Also,

138 41 = {{2,1}, {5, 1}, {17, 1}, {37, 1}, {28393, 1}, {428041, 1}, {1471069, 1} }
We can take ¢’ = 28393. ]
Lemma 2.6. Let k be odd and k > 3. Let p # 17.
(@) If p € [3,519] — {307}, r = ord,17 is odd and p|17" — 1, then we can find a prime p'
7% —1 ,
T and p’ > 519.
(b) If ¢ € [3,519] — {5,29}, s zéordq” is even and q|17*"! + 1, then we can find a prime ¢

. 17 1 ,
(depending on q) such that q |T and q¢' > 519.

(depending on p) such that p/'|

Proof. (a) Let p|17% — 1. If r = ord,17, that is, 7 is the least positive integer such that
17" =1 (mod p), then k. Since k is odd, 7 must be odd. Also, 17" — 1|17% — 1. Let

Sir={(p,r) :p#17,p € [3,519] and r = ord,17 is odd}.
From Appendix B, we have

Sir = {(19,9), (43, 21), (47,23), (59, 29), (67, 33), (83, 41), (103, 51),
(127,63), (149, 37), (151, 75), (157, 39), (179, 89), (191, 95), (223, 37),
(229, 19), (239, 119), (263, 131), (271, 135), (293, 73), (307, 3), (331, 165),
(359, 179), (383, 191), (389, 97), (409, 51), (433, 27), (443, 221),
(463,231), (467, 233), (491, 49), (509, 127)}.

Let p|17% — 1 and p € [3,519] — {307}. Then (p,r) € Si7 — {(307,3)}, where r = ord,17.
Also, 17" — 1]17’“ — 1. To prove (a), it is enough to show that 7 -
p’ > 519. From Appendix E, we know the factors of 17" — 1. By examining the factors of

is divisible by a prime

17" — 1 for r ¢ {3}, which corresponds to the prime 307, we infer that we can find a prime

T _ k _
1716 . |171761 satisfying p’ > 519. This proves (a).

For example, if p = 19, then r = 9. Also,

7|

177 — 1 = {{2,4},{19,1},{307, 1}, {1270657, 1} }.

We can take p’ = 1270657.

(b) Let q[17%*1 + 1 and ¢q € [3,519] — {5,29}. Let r = ord,17. If r is odd, then ¢ { 17¥*! + 1
(see Remark 2.2 (a = 17)). We may assume that 7 is even. Let s = r/2. Then s is the least
positive integer such that ¢|17° + 1. Again from Remark 2.2 (a = 17), ¢ { 17%"! + 1 if s is odd.
Since ¢|17%*1 + 1, we have that s is even. Also, k + 1 = su, where u is odd. This implies that
175 + 1|17%! + 1. Let

1
Tz ={(q,s) 1 q# 17, € [3,519] and s = éordq17 even}.
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From Appendix B, we have

Tir = {(5,2), (29, 2), (37, 18), (41, 20), (61, 30), (73, 12), (89, 22), (97, 48), (109, 18),
(113,56), (137, 34), (173,86), (181, 18), (193, 96), (197, 98), (233, 116), (241, 40),
(257, 16), (269, 134), (277, 138), (281, 70), (313, 156), (317, 158), (337, 56),
(353,44), (397, 66), (401, 200), (449, 224)}.

Let ¢|17**1 + 1 and ¢ € [3,519] — {5,29}. Then (q,s) € Ti7 — {(5,2),(29,2)}, where
s = % ord,17. To prove (b), it is enough to show that is divisible by a prime ¢’ > 519
forall s € T}, = {s : (¢,s) € Ti7 — {(5,2),(29,2)}. This follows by examining the factors of
17° 4+ 1 given in Appendix F.

For example if ¢ = 37, then s = 18. Also,

178 + 1 ={{2,1}, {5,1},{29,1}, {37, 1}, {109, 1}, {181, 1},
{2089, 1}, {83233, 1}, {382069, 1} }.

We can take ¢’ = 2089. H

3 Partial results on bi-unitary triperfect numbers
of the form n = 2"u

Let n be a bi-unitary triperfect number divisible unitarily by 27 so that 0**(n) = 3n and n = 2".u,
where u is odd. Since o**(27) = 2% — 1 = 255 = 3.5.17, using n = 27w in **(n) = 3n, we get
the following equations:
n=27.5"17°v, (3.1a)
and
2757 17y = 0™ (5°).0™ (17%).0% (v), (3.1b)

where (v,2.5.17) = 1. Considering the parity of the function values of o** and applying
multiplicativity of ¢** we conclude that v has not more than five odd prime factors. Also note
that b, ¢ > 1.

In this paper we show that b > 2 in (3.1a) and consider completely the case b = 2. We will
examine the case b > 3 in future papers.

Theorem 3.1. (a) If n is as in (3.1a) and n is a bi-unitary triperfect number, then b > 2.
(b) If b =2, then ¢ = 1 and n = 44553600 = 27.32.52.7.13.17.

Proof. (a) We assume that b = 1 and obtain a contradiction. Since c**(5) = 6, taking b = 1 in
(3.1b), after simplification we get

20177 Ly = 3.0 (17°).0™ (v). (3.2)

From (3.2), 3|v. Let v = 3%.w, where (w,2.3.5.17) = 1.



From (3.1a) we have

n=27.5.17¢3%w, (3.2a)
and from (3.2),
26 177134 w = 0™ (17%).0™*(3%).0** (w), (3.2b)
w has not more than four odd prime factors and (w,2.3.5.17) = 1. (3.2¢)
If d = 1, from (3.2a), we have, by (1.3),
o™ (n 255 6 4
3 = n( ) > 9853 = 3.1875 > 3,

a contradiction.

Taking d = 2 in (3.2b), since 0**(3?) = 10, we see that 5|w. But this is false. Hence d # 2.
o**(3%) _ 112

i 2 5 Hence from (3.2a),
o*(n) 255 6 112 _

n 15 e 007

Thus we may assume that d > 3. By Lemma 2.1,

3 =

a contradiction.
Hence b = 1 is not admissible. Hence b > 2.
The proof of (a) is complete.

(b) Since o**(5%) = 26 = 2.13, taking b = 2 in (3.1b), we find that 13|v. Let v = 13%.w, where
(w,2.5.13.17) = 1. It now follows from (3.1a) and (3.1b) that

n = 27.5%.17°13%w, (3.3a)
and
20651771137 aw = o™ (17°).0™* (13%).0™* (w), (3.30)
where
w has not more than four odd prime factors and (w,2.5.13.17) = 1. (3.3¢)

The rest of the proof of (b) of Theorem 3.1 depends on the following lemmas:

Lemma 3.1. Assume that n given in (3.3a) is a bi-unitary triperfect number.
(i) If c = 1, then 32||n.
(ii) If c = d = 1, then n = 44553600 = 27.3%2.5%.7.13.17.

Proof. (i) Since 0**(17) = 18 = 2.3?, taking ¢ = 1 in (3.3b), we obtain
2°.5.13% L = 326" (13%).0™ (w). (3.3d)

Hence 3?|w so that w = 3°.w’, where ¢ > 2 and (w’,2.3.5.13.17) = 1. From (3.3a) and (3.3d),
we have

n=275217.1323°w', (e>2) (3.4a)
and
2°.5.137 1372w = 0™ (13%).0™(3°).0™* (w), (3.4b)
where
w’ has not more than three odd prime factors and (w’,2.3.5.13.17) = 1. (3.4¢)



When e > 3, by Lemma 2.1,

U**(fe) > %2 Using this from (3.4a), we obtain
U**(n) 255 26 18 112

S= T S 1mn TRl

= 3.033 > 3,

a contradiction.
Hence e > 3 is not possible. Since e > 2, we must have e = 2. Thus 32||n. This proves (i).

Note 3.1. Taking e = 2, in (3.4a) and (3.4b), we obtain

n = 275217133/, (3.5a)
and
24137 L' = 0 (13%).0™* (w'), (3.5b)
where
w’ has not more than three odd prime factors and (w”,2.3.5.13.17) = 1. (3.5¢)

(i) From (i), ¢ = 1 implies e = 2. Taking d = 1 in (3.5b), since 0**(13) = 14 = 2.7, we find that
7|w' so that w’ = 7/.w”. Using these results in (3.5b) and (3.4a) (d = 1), we obtain

n=27.5%.17.13.32.7 w", (3.6a)
and
B0 " = o (7)o (W), (3.6b)
where
" has not more than two odd prime factors and (w"”,2.3.5.7.13.17) = 1. (3.6¢)

Let f = 1. From (3.6b), we have w” = 1. Hence form (3.5a), n = 7.52.17.13.3%.7 =
44553600.
If f = 2, then since o**(7%) = 50 = 2.5%, from (3.6b) (f = 2), it follows that 5|w”. But w”

is prime to 5.

a**(7f) 2752 )
—— 2> -2 Hence from in
=72 5507 Hence fro (3.6a), we obta

o™ (n) _ 255 26 18 14 10 2752
=== = 4
n IR 17139 2dpr 0008746350 > 3,

We may assume that f > 3. From Lemma 2.1,

\/

a contradiction. This proves (i1) and the proof of Lemma 3.1 is complete. [l

Note 3.2. If c = 1 and d = 2, since 0**(13%) = 170, it follows from (3.5b) (d = 2) that 17 divides
its left-hand side. But this is not possible. Hence we may assume that d > 3 (the case c = d = 1
is settled in (ii) of Lemma 3.1).

Lemma 3.2. Let n be as given in (3.5a) with d > 3. If n is a bi-unitary triperfect number
then 71n.



Proof. By our assumption, (3.50) and (3.5¢) are valid. Suppose that 7|n. We arrive at a
contradiction as follows.
From (3.5a), 7|w’. Let w’ = 7/.w"; using this in (3.5a) and (3.50), we get

n=2"5217.13232.7 w" (d > 3), (3.7a)
and
24 139717 w” = 0 (13%).0**(77).0™* (w"), (3.7b)
where
" has not more than three odd prime factors and (w"”,2.3.5.7.13.17) = 1. (3.7¢)

o**(13%) __ 30772
>
134 28561°

. **(7f) 2752
Since d > 3, by Lemma 2.1, T > St From (3.7a),

for f > 3, we have

; also, for [ > 3,

o 255 26 1 2 10 2752
a™(n) , 255 26 18 30772 10 275 — 3.0110115835 > 3,

3= T 2 138251728561 9 2401

a contradiction.
Hence f =1or f = 2.
Let f = 1. From (3.7a) (f = 1), we have
o**(n) S 255 255 26 18 30772 10 8

20 18 92 198 5 00136598 > 3,
n = 128°25° 1728561 0 7 -

3 =

a contradiction.

Let f = 2. Since 0**(7%) = 50, taking f = 2 in (3.7b), we find that 5|w”, which is false. Thus
7in.

The proof of Lemma 3.2 is complete. []

Lemma 3.3. Let n be as given in (3.5a), and let n be a bi-unitary triperfect number.
(a) Then d can neither be odd nor 4|d.
(b) Let d = 2k where k is odd and k > 3. We have

13F — 1
o™ (137) = ( T ) (13 ).

Here,

k
()13

Lis divisible by a prime p'|w" and p’ > 61,

. 13k 14—1 e .
(ii) — s divisible by a prime ¢'|w' and ¢ > 61.

Proof. We assume that n is a bi-unitary triperfect number. Thus (3.50) and (3.5¢) are valid.
(a) If d is odd or 4|d, then 7|c**(13%). It follows from (3.5b) that 7|w’|n. By Lemma 3.2, 7 { n.
This proves (a).

(b) Let d = 2k, where k is odd. Since d > 3, we have k > 3.
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(1) Let
Si,={p|13* =1 : pe[3,61] — {3,61} and ord,13 is odd}.

Let us replace the interval [3,293] by [3,61] in Lemma 2.5(a). Then it follows quickly that
(i) is true when S is non-empty.

We may assume that S, is empty. Since p { 13% — 1 if ord,13 is even, it follows that
13% — 1 is not divisible by any prime p € [3,61] except for possibly p = 3, 61; but from
(3.5b), 13?; Lo (13%) is not divisible by 3. We may note that 913" — 1 <= k = 3u <=
61|13% — 1. Since 13* — 1 is not divisible by 3, it is not divisible by 61 either. It now follows

13k —
that 3

k_
L is not divisible by any prime in [3,61]. Since 19"~ 145 odd and > 1, we can

ko
find an odd prime p’| 131721 Clearly, p’ > 61 and from (3.5b), p’|w’. This proves (i).

(ii) Let
1
Tis = {al13"" +1: ¢ € [3,61] = {5,17} and s = Jord, 13 is even}.

Replacing the interval [3,293] in Lemma 2.5 (b) by [3, 61], we infer that (ii) holds if 77 is
non-empty.

Suppose that 77, is empty. Since ¢ { 13**! + 1 if s = %ordpl?) is odd, it follows that

k41
B 1 s not divisible by any prime ¢ € [3, 61] except for possibly ¢ = 5 or ¢ = 17.

It may be noted that 5[13*™! + 1 <= k + 1 = 2u <= 17|13 + 1. From (3.50), 5

ket
is not a factor of its left-hand side and so 5 t 13" + 1]0**(13). Hence 17 { LA

k+1 k+1
Thus 22— 1 odd, > 1 and not divisible by any prime in [3, 61]. Let ¢| % Then

¢’ > 61 and ¢'|w’ by (3.5b). This proves (ii).

The proof of Lemma 3.3 is complete. []
Lemma 3.4. Let n be as given in (3.5a) with d > 3. Then n cannot a bi-unitary triperfect number.

Proof. On the contrary, assume that n is a bi-unitary triperfect number.

By Lemma 3.2, 7 { n. Hence from (3.5a) each prime factor of w’ can be assumed to be > 11.
By Lemma 3.3, w’ is divisible by two distinct odd prime factors p’ > 61 and ¢’ > 61. We may
assume without loss of generality that p’ > 67 and ¢’ > 71. By (3.5¢), w’ cannot have not more
than three odd prime factors. If y denotes a possible third prime factor of w’ we may assume that
y > 11 and w' = p'/.¢"9.y". From (3.5a), we have n = 27.52.17.13%.32.p'7 .¢/9.3y". Hence
o*(n) 255 26 18 13 10 67 71 11

_______ = 2.990822173 < 3,

3= T SIRB T2 967010

a contradiction. This proves Lemma 3.4. U

Remark 3.1. Thus we have proved that when b = 2, the case (i) ¢ = 1,d = 1 yields the
bi-unitary perfect number n = 44553600. The cases (ii) c = 1,d = 2 and (iii) c = 1,d > 3 lead
to a contradiction. So when b = 2 we may assume that ¢ > 2.
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Remark 3.2. Let b = 2 and ¢ > 2. If n = 27.52.17¢.13% w, where (w,2.5.13.17) = 1, 3¢||n and
n is a bi-unitary triperfect number, then taking w = 3°.w’ in (3.3a) and (3.3b), we obtain the

following:
n=2"5%17°13%"3°w', (c>2), (3.8a)
and
26 5177113971 3% 0w’ = 0™ (179).0**(13%).0™(3%).0™ (w), (3.80)
where
w’ has not more than three odd prime factors and (w’,2.3.5.13.17) = 1. (3.8¢)

Lemma 3.5. Let n = 27.52.17¢.134.3%w’ (¢ > 2) be as in (3.8a) and (w',2.3.5.13.17) = 1. Then
n cannot be a bi-unitary triperfect number if c > 3 and e > 3.

Proof. Let ¢ > 3 and e > 3. We assume that n is a bi-unitary triperfect number and obtain a
contradiction.

By Lemma 2.1, for ¢ > 3,
forc > 3 and e > 3,

o™ (17¢) _ 88452 o™ (3°) _ 112
= nd for e > > —=. Hence from (3.
7o 2 ga5oy and fore = 3, ——= > . Hence from (3.8a)

0"(n) | 255 26 88452 112 _ , janocomas < 3

3= = 2 1382583521 81

a contradiction. This proves Lemma 3.5. ]

Remark 3.3. In order to prove that n given in (3.8a) is not a bi-unitary triperfect number, in view
of Lemma 3.5, it remains to examine the cases 1) c =2,e > 3,(I)c > 3, e =1or 2, (IlI) c = 2,
e=1lor2.

In the following Lemmas 3.6 to 3.8, we deal with the three cases mentioned in Remark 3.3.

Lemma 3.6. The number n given in (3.8a) with ¢ = 2 and e > 3 cannot be a bi-unitary triperfect

number.

Proof. Assume that n in (3.8a) with ¢ = 2 and e > 3 is a bi-unitary triperfect number. We can
use (3.8b) and (3.8¢). Since o**(17?) = 290 = 2.5.29, taking ¢ = 2 in (3.8D), we get after
simplification,

2°.17.13471.3%w" = 29.0**(13%).0™*(3%).0** (w'). (3.8d).

From (3.8d), it follows that 29|w’. Let w’ = 29/ .w". From (3.8a) and (3.8d), we have

n = 27.5%.17%.13.3°.29/ ", (3.9a)
and
2°.17.13471.3¢.207 L " = o (13%).0**(3%).0™(297).0™ (w"), (3.90)
where
w"” has not more than two odd prime factors and (w"”,2.3.5.13.17.29) = 1. (3.9¢)

12



k(] d 2
o™ (13 )> 3077 ; also, for e > 3, > —~. Hence from

>
By Lemma 2.1, for d > 3, 13d 28561’ 3 o1

(3.9a), for d > 3, we have

o**(n) . 255 26 290 30772 112
n T 128°25°289°28561 81

3 =

a contradiction.

Henced =1ord = 2.

When d = 1, again from (3.9a) (d = 1), we have
o**(n) > 255 26 290 14 112

—.—— = 3.095860566 > 3,

3=—, 128°25°289 13" 81

a contradiction.
Let d = 2. Since 0**(13%) = 170 = 2.5.17, taking d = 2 in (3.9b), we find that 5 is a factor
of the left-hand side of (3.9b). This is false. This completes the proof of Lemma 3.6. []

Lemma 3.7. The number n given in (3.8a) with ¢ > 3 and e = 1 or 2 cannot be a bi-unitary

triperfect number.

Proof. We assume that n is a bi-unitary triperfect number and obtain a contradiction. Since ¢ > 3,

o**(17¢) _ 88452 o**(134) _ 30772
> . Also, for d > > .
17e = 83521 0010 423, 134 = 28561

Let e = 1. Hence from (3.8a) (e = 1), for d > 3,

0™ (n) _ 255 26 88452 30772 4
s L T 3152075221 > 3
n = 12825 83521 28561 3 ’

by Lemma 2.1,

3=

a contradiction.
Henced =1ord = 2.
If d =1, from (3.8a) (d = 1,e = 1), we have

() 255 26 14 30772 4 _ oo 6o 3

3= n 12825 1328561 '3

a contradiction.
Let d = 2 (already e = 1). We have from (3.8a)

n=2"5217°13%3.w', (c>3) (3.10a)

and from (3.8b) (d = 2,e = 1), since 0**(13%) = 2.5.17, we get after simplification

23 17°72.13.3.0" = o™ (17°).0 (v'), (3.100)
w’ has not more than two odd prime factors and (w',2.3.5.13.17) = 1. (3.10¢)
c+1
Let ¢ be odd. Then 17?2 — 1 = 288|17t! — 1. Hence 9|177 = o™ (17°). From (3.100),

it follows that 3|w’. This is not possible.
Let c be even, say ¢ = 2k. We have

7% —1
o™ (17°) = ( T ) (7R 41,

|o**(17¢). This leads to a contradiction as before.

k_
If % is even, then 9| -1

13



We may assume that ¢ = 2k and £ is odd. Since ¢ > 3, we have k£ > 3. We prove that:

D 17

— 1 s divisible by an odd prime p'|w’ and p’ > 127,
1741, L ) 0 ,
(1D — i divisible by an odd prime ¢'|w’ and ¢’ > 127.
e Proof of (I). Let
o= {p[17* —1 :p € [3,127] and ord,17 is odd}.

By Lemma 2.6(a), if S, is non-empty, then (I) holds. Suppose that S}, is empty. Since
p 1 17" — 1if ord,17 is even (and k is odd), it follows that

— 1 is not divisible by any

k
prime in [3,127]. Since I~ 14 odd, > 1, it must be d1v131ble by an odd prime p’ and
clearly p’ > 127. Also, from (3.10b), p’|w’. This proves (I).

e Proof of (II). Let

1
T, = {q17""™ +1 :q € [3,127] — {5,29} and s = 507 dal7 is even }.

By Lemma 2.6(b), if 77, is non-empty, (II) holds. So we may assume that 77, is empty.
178+ 1

Since s zéordqﬁ is not even implies that ¢ { 1751 + 1 it follows that is divisible

by none of the primes in [3, 127] except for possibly 5 or 29.

We may note that 5|17%+! + 1 <= k + 1 = 2u <= 29|17%+! + 1. Let 5[17%! + 1.

Since 1751 + 1]|o**(17¢), it follows from (3.100) that 5 is a factor of the left-hand side of

k+1
it. But this is false. Hence 5 171 4 1 and hence 29 { 1751 + 1. Thus % is not

o L . 176+ 41
divisible by any prime in [3, 127]. Since —

) 17F 41 / oy .
q |# Clearly ¢’ > 127 and ¢/|w’ from (3.10b). This proves (II).

is > 1 and odd, we can find an odd prime

R VA | 17+ 41 . . L ,
Since T and 5 are relatively prime, we have p’ # ¢'. We may assume that p’ > 131

and ¢ > 137. By (3.10c),w’ = (p')?.(¢')?. Hence from (3.10a), n = 27.5%2.17¢.13%.3.(p')/.(¢')¢
and so

o*(n) 255 26 17 170 4 131 137
— — — .. ——.—— = 2.997112495 < 3
n < 128 25 16 169 3 130 136 =

a contradiction. This proves that e = 1 is not possible.
Let e = 2. Since 0**(3%) = 10 = 2.5, taking e = 2 in (3.8a) and (3.8b), we obtain

3 =

n=27521713".3%w', (c>3) (3.11a)
and
25 177113971 32 0’ = o**(179).0%*(13%).0™* (w'), (3.11b)
where
w' has not more than three odd prime factors and (w’,2.3.5.13.17) = 1. (3.11¢)
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Since 0**(13?) = 170 = 2.5.17, taking d = 2 in (3.110), we see that 5 is a factor of its
left-hand side. But this is not so. Hence we may assume that d # 2.

Let d = 1. Since 0**(13) = 14 = 2.7, taking d = 1 in (3.11b), we see that 7|w'. Let
w' = 77.w". From (3.11a) and (3.11b), we have

n=275217°13"327 w", (c>3) (3.12a)
and
20177 327w = o™ (179).07 (7)) .0™ (W), (3.120)
where
w” has not more than two odd prime factors and (w’,2.3.5.7.13.17) = 1. (3.12¢)
o (7F) _ 2752 o**(17°) _ 88452
By Lemma 2.1, for f > 3 oF > 2101 and since ¢ > 3 70 > FEEOIR Hence from

(3.12a),

o 9255 26 88452 14 10 2752
g (”>> 255 26 83452 14 10 2752 — 3.009358761 > 3,

3= 128°25°83521 13" 9 2401

a contradiction.
Hence f = 1or f =2 whend = 1.
If f =1, from (3.12a) (f = 1), we have
a**(n) 255 26 88452 14 10 8

— . —.—.= = 3.000610625 > 3,

3= n _1282583521 13 97

a contradiction.

Let f = 2. Since 0**(7%) = 50 = 2.5%, taking f = 2 in (3.12b), we find that 5 is a factor of
its left-hand side which is false. Thus d = 1 is not admissible. Since d # 2, we may assume that
d>3.

Thus ¢ > 3,d > 3 and e = 2. The relevant equations are (3.11a) to (3.11c¢).

We now show that 7 1 n when n is as given in (3.11a). On the contrary, assume that 7|n.
Hence 7|w’ and let w’ = 7/.w"”. From (3.11a) and (3.11b), we get

n=27521713".32 7 w", (¢>3, d>3) (3.13a)
and
2217671 13471 327w = o™ (17°).0*(13%).0*(77) .0 (w”), (3.13b)
where
w” has not more than two odd prime factors and (w”,2.3.5.7.13.17) = 1. (3.13¢)

o t(17°) |, 88452 4 0™*(137) _ 30772

. Al
17— 83521 137 = 28561 0O

Since c and d are > 3, we have by Lemma 2.1,

sk (7 f
a 7(f7 ) > % Using these results, from (3.13a), we obtain for f > 3,

o (n) > 299 255 26 88452 30772 10 2752
n 1282583521 28561 9 2401

a contradiction. Hence f = 1 or f = 2.

for f > 3, we have

3 =

= 3.010728519 > 3,
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If f =1, from (3.13a) (f = 1),

o 9255 26 88452 30772 1
g (”>> 5—6&%——0§—300197G401>3

3= n 128 25 83521 28561 9 7

a contradiction.

Let f = 2. Since 0**(7?) = 50 = 2.5, taking f = 2 in (3.13b), we see that 5 is a factor of its
left-hand side and this is false. Hence 7 1 n.

We return to the equations (3.11a) — (3.11c¢) in which 7 { n or equivalently 7 { w’. We can
assume that each prime factor of w’ in (3.11a) — (3.11c¢) is at least 11.

We examine the factors of o**(13%) and obtain a contradiction when e = 2.

If d is odd or 4|d, then o**(13%) is divisible by 7. From (3.11b) it follows that 7|w’|n. But
71n.

Hence we may assume that d = 2k, where k is odd and k£ > 3, since d > 3. We have

k _

We prove that:
am) 2

— 1 is divisible by a prime p/|w" and p’ > 127,

3+l 41

av) 2 is divisible by a prime ¢'|w’ and ¢’ > 127.

e Proof of (III). Let
Sty = {p|13" =1 :p € [3,127] — {3,61} and ord,13 is odd }.

If we replace the interval [3,293] in Lemma 2.5(a), by [3, 127], it follows that (IIT) holds if
S15 is non-empty.

135 —1.
1S not

Suppose that S, is empty. Since p { 13¥ — 1 if ord, 13 is even, it follows that
divisible by any prime in [3, 127] except for possibly 3 and 61.

Clearly 3|13* — 1. We show that 27 1 13¥ — 1. On the contrary, suppose that 27|13% — 1.
This is equivalent to 9]k. Hence 13 — 1|13% — 1. Also, 13° — 1 = 22.3%.61.1609669. Hence

61 and 1609669 are factors of w’ and by (3.11c), w' = 617/.(1609669)¢.w", where w" = 1
or w” = p® where p > 11. Hence o**(w") /w"” < 11/10. From (3.11a),

n = 27.52.17¢.13%.3%.61/.(1609669)¢ 1"

so that

a**(n) 255 26 17 13 10 61 1609669 11
—— = ——.———.— = 2.963354615 < 3,
n 128 2516 12 9 60 1609668 10

a contradiction. Hence 27 1 13% — 1.

3=

We may note that 9|/13% — 1 <= 3|k — 61[13* — 1.

— 1~ 1, 0dd and not divisible by 3
| 13% —

Assume that 9 { 13 — 1. Then 61 { 13* — 1. Thus 1

and 61; and so not divisible by any prime in [3, 127]. If p ! , then p’ > 127 and p'|w’

by (3.11b). This proves (III) in this case.
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138 -1

Suppose that 9|13% — 1. Then 61]13’C — 1. Also, ——— > 1, odd and not divisible by 3 but

divisible by 61. We show that 22~ must be divisible by an odd prime other than 61. If

13F — 1

this is not so let = 612, where « is a positive integer. If o > 2, then 612|13% — 1.

This holds if and only if 183|k. Hence, 367|138 — 1|13k L_ 610,

138 -1

This is not possible and so « = 1. Thus =6lork=3ord=6.

We now show that d = 6 is not admissible. We have o**(13%) = 2.3.61.14281. Taking
d = 6 in (3.11b), we see that v’ is divisible by 61 and 14281. From (3.11c), v’ =
61/.(14281)9.w", where w” = 1 or p®, where p > 11. Hence

n=27.52.17°.13°.3%.617.(14281)%.w'

so that

“(n) 255 26 17 13 10 61 14281 11
o'(n) _ 295 26 17 13 10 61 14281 11 _ ) goarsiogs 5

3= = < 128'25'16'12° 9 60 14280 10

a contradiction.

k_ k _
It now follows that 2>——Lis not divisible by 61 alone. Let p/| 13"~ 1 and p # 61. 1t

follows that p’ > 127 and from (3.11b), p'|w’. This proves (III).

e Proof of (IV). Let

1
T/, ={q13"* +1 : g€ [3,127] — {5,17} and s = 507dq13 is even b

By Lemma 2.5 (b), (IV) holds if 77, is non-empty. We may assume that 77, is empty. Since

kil . 1 . . 13k 41,
gt 13"+ 1ifs = §0rdq13 is not even, it follows that — I8 not divisible by any

prime in [3, 127] except for possibly 5 and 17.
If 51381 + 1, then 5|0**(13%) and from (3.11b), it follows that 5 divides its left-hand side.

This is false. Hence 5 1 13571 +1. Since 5 1 131 +1 <= k+1 = 2u <= 171 13k + 1,
we conclude that 17 1 1351 4 1.

138+ 41 . - . ..
Thus ————— > 1 and is odd, and it is not divisible by any prime in [3,127]. Let
/ 13k+1 + 1 / / /
| —— - Then ¢’ > 127 and ¢ |w’ from (3.11b).

This proves (IV).

From (I1I), (IV) and (3.11c), w’ = (p')/.(¢')9.t", where t is the possible third prime factor of v’
and ¢ > 11. We can assume that p’ > 131 and ¢’ > 137.

From (3.11a), n = 27.52.17¢.134.32.(p')/.(¢')%.t", and so
o*(n) 255 26 17 13 10 131 137 11

— . ———.—.——.— = 2.958791572 < 3,

3= = <18'2%'16'12' 9 130°136 10

a contradiction. This completes the case e = 2 and the proof of Lemma 3.7. ]
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Lemma 3.8. The number n given in (3.8a) with ¢ = 2 and e = 1 or 2 cannot be a bi-unitary
triperfect number.

Proof. We assume that n given in (3.8) is a bi-unitary triperfect number.
Let ¢ = 2 and e = 1. Since ¢ = 2, we can use the equations (3.9a) to (3.9¢). Taking e = 1 in
(3.9a) and (3.9b), we get after simplification

n = 27.5%.172.13%.3.297 ", (3.14a)
and
23.17.13471.3.29 7w = ¢**(13%) .0 (297) .0 (w"), (3.14b)
where
w” =1 or aprime power. (3.14¢)

Let d = 1. Since 0**(13) = 14 = 2.7, taking d = 1 in (3.14b), we see that 7|w”. Hence form
(3.14¢), w"” = 79. From (3.14a) and (3.14b) we have

n =27.5%17%.13.3.297.79, (3.15a)

and
22.17.3.29/ 717971 = 5**(297).0™*(79). (3.15b)

Since 0**(7) = 8, taking ¢ = 1 in (3.15b), we find that 2* divides the right-hand side of it,
whereas 22 is a unitary divisor of its left-hand side. Hence g = 1 is not possible.

Since o**(7?) = 50, taking g = 2 in (3.15b), we see that 5 divides its right-hand side but this
is not true with respect to its left-hand side. Hence g = 2 is also not possible.
o (19) 2752

= 2 5001 From (3.14a), we have

We may assume that g > 3 so that

o™*(n) _ 255 26 290 14 4 2752
- > 198 95 °989°13°3 2401 — 3.421711542 > 3,

a contradiction. Hence d = 1 is not admissible.

Letd = 2 in (3.14b). Since 0**(13?) = 170 = 2.5.17, we find that 5 is a factor of its left-hand
side. This cannot happen. Hence d = 2 is not possible. We may assume that d > 3.

Let f = 1in (3.14b). Since 0**(29) = 30 = 2.3.5, we see that 5 is a factor of its left-hand
side which is not true.

Let f = 2. We have 0**(29?) = 842 = 2.421. From (3.14¢), w” = (421)?. Hence from

(3.14a) (f = 2), we have

n = 27.52.17%.13.3.29% (421), (3.16a)
and from (3.14b) (f = 2), we obtain

22.17.13%71.3.29.(421)97! = o**(13%).0**(297).0* ((421)9). (3.16b)

We obtain a contradiction by examining the factors of o**(13%).
If d is odd or 4|d, then 7|0**(13%). From (3.16b), we find that 7 divides the left-hand side of
it. This cannot happen.
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We may assume that d = 2k where k is odd and k£ > 3, since d > 3. We have

138 — 1
o™ (13%) = ( - ) (135 1),

k_
We prove that 137 1 is not divisible by 2, 3,5, 17,29, and 421. This leads to a contradiction.

b
(i) Clearly 4/13* — 1 but 8 1 13* — 1, since k is odd. Hence I~ 155 odd.

(ii) Clearly 3|13* — 1. We note that 9|13* — 1 <= 3|k <= 61|13* — 1. Suppose 9|13* — 1.
k_
Hence 61|13% — 1 and so 61 Bl |o**(13%). Thus 61 is a factor of the left-hand side of

k_
(3.160). This is false. Hence 9 1 13* — 1. Hence 1"~ 1 is not divisible by 3.

(iii) We have 17|13F — 1 <= 4|k; 29|13" — 1 <= 14]k; and 421|13"* — 1 <= 20/k. But
k_
4,14, 20 cannot divide £ since k is odd. Hence 13 -1 is not divisible by 17,29, 421.

From (i), (ii) and (111) -1 is not divisible by 2, 3,17, 29, 421 and trivially not divisible by
13. This cannot happen in V1ew of (3.16b). Thus f = 2 is not possible.
We may assume that f > 3. Since d > 3 and f > 3, by Lemma 2.1,

o**(297) 731700
297 = 707281°

o™ (137) _ 30772

n
13¢ = 28561 and

From (3.16a), we obtain

o 9255 26 290 30772 4 731700
g”(n) | 255 26 290 — 3.080767636 > 3,

3= n 128 25289 28561 3 707281

a contradiction.

This completes the case ¢ = 2 and e = 1.

Let c = 2 and e = 2. Taking e = 2 in (3.9D), we see that 5 is a factor of its right-hand side but
it cannot divide its left-hand side. This completes the proof of Lemma 3.8. ]

We return to the equations (3.3a) — (3.3¢).
and 172|n, then n cannot be a bi-unitary triperfect number. In what follows we will be prove that

I

n cannot be a bi-unitary triperfect number if 3 { n, 52||n and 17%|n.

Lemma 3.9. Let n be as in (3.3a) with ¢ > 2. Assume that 3  n.
(a) If 7 1 n, then n is not a bi-unitary triperfect number.

(b) Assume that n is a bi-unitary triperfect number. If T|n, then n is not divisible by s where
s € {11,13,19,23}.

Proof. (a) Suppose 7 t n and n is a bi-unitary triperfect number. From the hypothesis,
= 2752.17¢.13%w, (¢ > 2), where w is prime to 2.5.7.13.17. Also, by (3.3¢), w cannot
have more than four odd prime factors. If p;, p2, ps and p, denote the four odd prime factors
of w, we can assume that p; > 11, po > 19, p3 > 23 and p; > 29. We have from (3.3a),
n = 27.52.17¢.13% p¢ pJ pd.p", and by Lemma 2.1,
o*™(n) 25526 17 13 11 19 23 29
- < 128%1—6§E1—852—8—2998289044<3

a contradiction. Hence n is not a bi-unitary triperfect number. This proves (a).

3 =
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(b) Assume that 7|n so that 7|w. Let w = 7¢.w’. Using this in (3.3a) and (3.3b), we obtain

n=2"5217°13%7°w', (c>2) (3.17a)
and
26517711347 70’ = o (17°).0%*(13%).0%*(7°).0™ (w'), (3.17b)
where
w' has not more than three odd prime factors and (w’,2.3.5.7.13.17) = 1. (3.17¢)

We next show that 11 { n. Suppose that 11|n. Hence 11|w’. Let w' = 11/.w”, where
(w”,2.3.5.7.11.13.17) = 1. From (3.17a) and (3.17b), we have

n=275217¢13%.7° 117 w", (¢ >2) (3.18a)
and
2051771134 7 11w = o (17°).0%(13%).0%*(7°).0™* (11) o™ (w"), (3.18b)
where
w"” has not more than two odd prime factors and (w”,2.3.5.7.11.13.17) = 1. (3.18¢)

Let e = 1. Since o**(7) = 8, from (3.18b) it follows that w” = 1. In this case
n = 27.5%.17¢.134.7¢.11/. Hence
o (n) 255 26 17 13 8 11

— .=z =2 24
n = 128 25 16 12 7 10 998052435 <3,

3 =
a contradiction. We have

50 when e = 2,
o™ (7°) = ¢ 400 when e = 3,
2643  when e = 4.

Ife =2ore =23, 5*c*(7°). Hence 5° is a factor of the left-hand side of (3.18b). This is not
possible. When e = 4, 2%|¢**(7¢). Thus 2? is a factor of the right-hand side of (3.18b), whereas
20 is a unitary divisor of its left-hand side.

Thus we may assume that e > 5.

We now prove that ¢ = 2 is not admissible in (3.18b). We assume that ¢ = 2 and obtain a
contradiction by examining the prime factors of o**(7¢). Since o**(17%) = 290 = 2.5.29, taking
¢ = 21in (3.18b), we find that 29|w"”. Let w” = 299.w*. Using this in (3.18a) (¢ = 2) and (3.18b)
(c=12), we get

n = 27.52.17%.134.7°.117 299 w*, (3.19a)
and
2° 17134717 1172997 w* = 0™ (13%).0™*(7°).0™* (117).67*(299) .0 (w*), (3.190)
where
w” has not more than one odd prime factors and (w*,2.3.5.7.11.13.17) = 1. (3.19¢)
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If e is odd or 4|e, then 8|c**(7¢); from (3.19b) we find that this results in an imbalance of
powers of 2 between both sides of (3.19b). Hence we may assume that e = 2k, where k is odd
and £ > 3, since e > 5. We have

o**(7°) = (7k6_ 1) (TR 1),

-1 TR+
and

We obtain a contradiction by showing that are divisible by two distinct odd
primes p’ and ¢/, respectively, which are also factors of w*. This would contradict (3.19¢).
In Lemma 2.4 (a), if we replace the interval [3,2520] by [3,31] we have the following

conclusion:

() If p|7" — 1, where p € [3,31] — {3,19} and ord,7 is odd, then we can find an odd prime
ko
T —1andp > 31. By (3.190), p'|w".

Pl
Let
SL={p|™* —1 : pe[3,31] — {3,19} and ord,7 is odd }.

k _
If S is non-empty, we can conclude from (I) that w* is divisible by an odd prime p/| %

Suppose that S} is empty. Since p { 7% — 1 if ord,7 is even, it follows that 7¥ — 1 is not
divisible by any prime in [3, 31] except for possibly 3 and 19.

k _
We have 19|75 — 1 <= 3|k <= 9|7* — 1. Also, 9|7 — 1 <= 3| . Further from

ko
(3.190), 3| ! 5 1a*"‘(?e) implies that 3 is a factor of the left-hand side of (3.19b) and so
3|w*. This cannot happen. Hence 91 7* — 1 and consequently 19 { 7% — 1.

h—1. o Th—1
Thus G not divisible by 3 and 19. It follows that

TR —1

is not divisible by any prime

k _
in [3, 31]; also, > 1and odd. Let p/| % Then p’ > 31 and from (3.195), p'|w*.

In Lemma 2.4 (b), if we replace the interval [3, 1193] by [3, 31] we have the following conclusion:
D) If ¢|7** + 1, g € [3,31] — {5,13} and s :%ordﬁ is even, then we can find an odd prime

k+1
1741 and ¢ > 31. By (3.190), ¢ |w*.

Let
1
T = {q|7""" +1 : ¢€[3,31] — {5,13} and s = 50rdy7 s even I3

7k+1 +1

5 and ¢’ > 31. Also,

If 77 is non-empty, by (II) above, we can find an odd prime ¢/|
¢'|w*. This is what we require.

Suppose that 77 is empty. Since ¢ ¥ 7%t + 1 if s zéordﬂ is not even, it follows that

k+1
T+ 1is not divisible by any prime in [3, 31] except for possibly 5 and 13.

k+1
If 5| ! 2+ ! |o**(7¢), then from (3.19b) it follows that 5 divides its left-hand side. This is

not possible. Hence 5 1 75+ + 1.
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Suppose 13|71 + 1. This is equivalent to k¥ + 1 = 6u. Hence 7° + 1|75 + 1. Also,
76 + 1 =2.52.13.181. Hence 5|7° + 1|7**! + 1. But this is false.

k1
Thus 7%+ 4 1 is not divisible by 5 and 13 and so [

7k‘+1 41 7k+1
2
It follows that w* is divisible by two distinct odd primes p’ and ¢’. But this is not possible

by (3.19¢).

is not divisible by any prime in

[3,31]. Since > 1 and odd, let ¢/| "1 Then ¢’ > 31 and from (3.190), ¢'|w*.

This proves that ¢ = 2 is not admissible. We may assume that ¢ > 3. The relevant equations
are (3.18a) and (3.18b) with ¢ > 3 and e > 5. By Lemma 2.1, we have ~ (17%) - 88452

17¢ = 83521
o**(13%) _ 30772 o**(7¢) _ 136914 o** (1) _ 15984
(€2 3), 57— = gg5a; (423), —0— 2 g9 (€2 5)and == > o0 (£ 2 3).
If d > 3and f > 3, from (3.18a), we have
o 255 26 88452 30772 136914 15984
g ) = 3.00353146 > 3, (3.19d)

n = 128°25 83521 28561 117649 14641

a contradiction. Hence d > 3 and f > 3 cannot hold together. So we have the following cases:
e Case 1: {d>3, f=1, 2}
e Case2: {d=1,2, f >3}, and
e Case3: {d=1,2,f =1, 2}.

Let f = 1. Taking f = 1 in (3.18b), since o™*(11) = 12, it follows that 3 is a factor of the
left-hand side of (3.18b). Since 3 1 n, by our assumption, this is not possible.

Let f = 2. We have o**(112) = 122 = 2.61. From (3.18b) (f = 2), 61|w". Let w" = 619.w".
From (3.18a) (f = 2) and (3.18b) (f = 2), we obtain

n=27.52.17¢13%.7°.112.61%w*, (c > 3) (3.20a)
and
2° 51771370 112,619 L = o™ (179).0%*(13%).0™* (7). (619).0** (w*),  (3.200)

where
w* =1 or a prime power with (w*,2.3.5.7.11.13.17) = 1. (3.20¢)

We now show that 19 { w*. On the contrary, suppose that 19|w* so that w* = 19". Using this
in (3.20a) and (3.20b), we get

n=27.52.17¢13%.7°.112.619w*, (c > 3) (3.21a)
and
2°.5.17°71.13%7 1 72.112.619.19" = o™ (179).0™(13%).0™*(7°).0™*(619).0™(19").  (3.21b)

If e is odd or 4|e, then 8|c**(7¢); this brings an imbalance in powers of 2 between the two sides
of (3.21b). We may thus assume that e = 2k, where k is odd and & > 3 (since ¢ > 5). So,

o (7°) :(7166‘1) (T4 1),
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Since k is odd and k£ > 3, r-l > 1and odd. Also, 7¥ — 1 is not divisible by 5, 11, 13,17 and

61, since k is odd.

Further, 9|7% — 1 <= 3|k <= 19|7* — 1. But 9|7* — 1 implies that 3| - 1| **(7¢) and from
(3.21b), we find that this is not possible. Hence 91 7% — 1 and consequently 19475 — 1.

Thus - > 1, 1s odd and not divisible by 5,7,11,13,17,19 and 61 (divisible by none of
these primes). From (3.21b), this is not possible. This contradiction shows that 19 { w*.

From (3.20c), we may assume that w* = p", where p > 23. From (3.20a), we have n =
27.52.17¢.13%.7¢.112.619.p". Hence

o 955 26 17 13 7 122 61 23
o (n) 2L 2 L2220 20 9 981670063 < 3,

3= n <12825 16 12 6 121 60 22

a contradiction.
Hence f = 2 is not admissible.
Letd = 1and f > 3. Already ¢ > 3 and e > 5. From (3.18a) (d = 1), we have

o**(n) S 255 26 88452 14 15984 136914

3= . = 128'25°83521 13 14641 117649

= 3.002164976 > 3,

a contradiction.
Let d = 2. Since 0**(13%) = 170 = 2.5.17. Taking d = 2 in (3.18a) and (3.18b), we obtain

n=27.5217°.13%.7°.11 W, (3.22a)
and
2°17°7213.7°. 11 " = o™ (179).0™(7%).0** (117).0** (w"), (3.22b)
where
w" has not more than two odd prime factors and (w”,2.3.5.7.11.13.17) = 1. (3.22¢)

By applying Lemma 2.4, we show that o**(7¢) is divisible by two distinct odd primes each greater
than 67 when e is even and 4 { e.

If e is odd or 4|e, then 8|c**(7¢). From (3.22b), it follows that w” = 1. Hence from (3.22a),
n = 27.52.17¢.132.7¢.11/ and so
o*(n) 255 26 17 170 7 11

DT 5841804
n 1825161606 10 > oHBUASBT <3,

3=

a contradiction.
We may assume that e = 2k, where k is odd and > 3. We have

(1) = (7k6_ 1) (T 4 1),

We show (by using Lemma 2.4) that:
(III)

Lis divisible by an odd prime p'|w” and p’ > 67,

(IV) Lis divisible by an odd prime ¢’|w” and ¢’ > 67.
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(IIT) Proof of (IIT). If we replace the interval [3,2520] by the interval [3,67] in Lemma 2.4 (a),
then we have the following conclusion:
(A) If p € [3,67] — {3,19,37}, p|7* — 1 and ord;p is odd, then we can find an odd prime
)71 /
P |T and p’ > 67.
Let
SL={p|™" —1 :pe[3,67]—{3,19,37} and ord,7 is odd }.
By (A), if S7 is non-empty, then (III) holds.

k_
Suppose that S, is empty. Since p 1 7% — 1 if ord;p is even, it follows that [

is not divisible by any prime in [3, 67] except for possibly 3,19 and 37. We have the
following:

ko
(1) 97" — 1 <= 3| %61 Hence if 9|7 — 1, then 3 is a factor of the left-hand side
k

of (3.22b) which is not the case. Hence 9 { 7% — 1 and so !
by 3.

(i) 197" — 1 <= 3|k <= 9|7* — 1. By (i), 194 7* — 1.

(iii) Suppose 37|7%—1. Hence 9|k and so 7°—1|7%—1. Also, 7°—1 = 2.3%.19.37.1063.
Hence 19|7° — 1|7% — 1. By (i) this is false. Hence 37 1 7% — 1.

k_
(iv) Since k is odd and > 3, 7 s L is odd and > 1.

is not divisible

k

From the above discussion, it is clear that > 1, 1s odd and is not divisible by any

k _
prime in [3, 67]. Let pﬂ%. Then p’ > 67 and by (3.22b), p'|w”. This proves (III).

(IV) Proof of (IV). If we replace the interval [3,1193] by the interval [3,67] in Lemma 2.4 (b),
then we have the following conclusion:

B) Ifg € [3,67) — {5,13},¢|[7" + 1 and s = %ord7q is even, then we can find an odd

. 7k+1 1
prime ¢'| and ¢’ > 67.

Let

1
T = {q|7""™" +1 :q€[3,67) —{5,13} and s = 50rdqT is even }.

By (B), if 7% is non-empty, then (III) holds.
Suppose that 77 is empty. Since ¢ { 78+ + 1if s = %ordq7 1s not even, it follows that
TRl 41

is not divisible by any prime in [3, 67] except for possibly by 5 and 13.

From (3.22b) it follows that 5 1 o**(7¢), since 5 is not a factor of the left-hand side of
(3.220).

Note that 5|71 + 1 implies that 52|c**(7¢); also, 13|7**! + 1 implies that k + 1 = 6u
and so 52|7% + 1|7**! + 1]o**(7¢). In both the cases 5%|c**(7¢) which is false. Thus

7F+1 1+ 1 is divisible by neither 5 nor 13.

k+1
It follows that ﬁi is not divisible by any prime in [3, 67]. Also, T4l 1and
7Rl 41

2

is odd. Let ¢/|
This proves (IV).

. Then ¢’ > 67 and ¢/|w” by (3.22b).
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From (3.22¢), we have w” = (p')¢.(¢')". Hence from (3.22a), we have
n = 2752171327117 .(p")9.(¢)"

so that

o 955 26 17 170 7 11 71 73
7 (n) D22 L 2 9999434948 < 3,

3= n <12825 16 169 6 10 70 72

a contradiction.

Hence d = 2 is not possible. Thus we proved the non-admissibility of f = 1,2and d = 1, 2.
These cover the three cases (Case 1, Case 2 and Case 3) mentioned below (3.19d).

This completes the proof of 11 1 n.

Let s = 19 or 23. We show that s { n which is same as s t w’ where n is as in (3.17a). On the
contrary, we assume that s|w’ so that w’ = s/.w”. From (3.17a) and (3.17b), we have

n=2"521713%7 5" w", (¢ >2) (3.23a)
and
20517711377 70 sf w” = o™ (179).0™ (13%).0*(7°).0™* (s7).o™* (w"), (3.23b)
where
w” has not more than two odd prime factors and (w’,2.3.5.7.11.13.17.s) = 1. (3.23¢)

We obtain a contradiction by examining o**(7¢). If e is odd or 4|e, then 8|c**(7¢). From
(3.23b), we infer that w” = 1. From (3.23a), n = 27.5%.17¢.13%.7¢.s/ where s > 19; and so

o 255 26 17 13 7 19
o™(n) _ 2552617 13 7 19 2.936854836 < 3,

3= T S 1R ®B 1612618

a contradiction.
We may assume that e = 2k, where k£ is odd, and since e # 2, k > 3. Also,

(1) = (7k6_ 1) (T 4+1)  (k odd, k> 3).

‘We show that:

k_
(Imy ™ =15 divisible by a prime p’ > 89 and p'|w”,

TR+l 1

avy is divisible by a prime ¢’ > 89 and ¢|w".

The left-hand side of (3.23b)) is neither divisible by 3 nor 52. The proofs of (III)’ and (IV)’ are
similar to those of (IIT) and (IV); we need to apply Lemma 2.4 by replacing the intervals [3, 2520)]
and [3, 1193] by [3, 89]. We omit the details.

From (3.23c), we have w” = (p')?.(¢')". We may assume that p’ > 97 and ¢’ > 101. From
(3.23a), we have n = 27.52.17¢.134.7¢.s/.(p')9.(¢')", so that

o**(n) 255 26 17 13 7 19 97 101
—————— — 2.99712154
n CIR®BI61206 1806100 A
a contradiction. Hence s { w”.
Thus if n is as in (3.3a), 3  n and 7|n, then n is divisible by none of 11, 19 and 23. The proof

of (b) of Lemma 3.9 is complete. [

3=
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Lemma 3.10. Let n be as in (3.3a) with ¢ > 2. Assume that 3 1 n. If T|n, then n cannot be a
bi-unitary triperfect number.

Proof. Suppose that 7|n and n is a bi-unitary triperfect number. Then n satisfies the equations
(3.17a) — (3.17¢). We obtain a contradiction by examining the factors of o**(7¢) in (3.17b).

If e is odd or 4|e, then 8|c**(7¢). From (3.17b), we at once have w’ = p/, where p > 29 by
Lemma 3.9 (b). Hence from (3.17a), n = 27.52.17¢.13%.7¢.p/ and so by Lemma 2.1,

- 955 26 17 13 7 29
o™(n) _ 25526 17 13 7 29 — 2.881650798 < 3,

3= T S 1% 1612628

a contradiction.

Let e = 2k, where k is odd and k£ > 3 (as e # 2). We note that the left-hand side of (3.17b)

. 9 . p , -1 7R 41
is neither divisible by 3 nor 5°. As in (III)’ and (IV)" of Lemma 3.9 (b), 5 and 5 are

divisible by odd primes p’ > 89 and ¢’ > 89, respectively.

Further, w’ is divisible by p’ and ¢’. We may assume that p’ > 97 and ¢’ > 101. Assuming
that y is a possible third prime factor of v’ by (3.17¢), by Lemma 3.9 (b), we have y > 29 and
w = (p').(¢)?.y". By (3.17¢) and (3.17a), n = 27.52.17¢.134.7¢.(p')/ .(¢)9.y" and by Lemma
2.1, we have

o™ (n) 255 26 17 13 7 97 101 29
S L2 o 22 2.040784673 < 3,
n 128°25°16'12°6°96 100 28 =

3 =

a contradiction. Hence n cannot be a bi-unitary triperfect number. The proof of Lemma 3.10 is
complete. ]

Completion of Proof of Theorem 3.1(b). Theorem 3.1(b) follows from Lemmas 3.1-3.10. [

Remark 3.4. Let n be as given in (3.1a) and b > 3. Assume that n is a bi-unitary triperfect
number. Then (3.1b) is valid. Further suppose that n is not divisible by 3. If b is odd or 4|b, then
3lo**(5%). Also, if c is odd or 4|c, then 9|c**(17¢). These are not possible in (3.1b), and therefore
it follows that b = 2k and ¢ = 2/, where k£ > 3 and / are odd. Hence b > 6 and ¢ > 2. We will
consider the case 3 t n in more detail in future.
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Appendix A Tables of ord,13

Let p denote an odd prime # 13. In the following table, » denotes the smallest positive integer
such that 13" = 1 (mod p); that is, » = ord,13; s denotes the smallest positive integer such that
13 = —1 (mod p) if s exists; if s does not exist, that is, if 13" + 1 is not divisible by p for any
positive integer ¢, the entry in column s will be filled up by dash sign. If 7 is even, then s = r/2,
and if r is odd s does not exist.

SL.No | p r s || SL.No | p r s SL.No | p r s
1 3 1 — 37 163 | 54 | 27 73 373 | 62 | 31
2 5 4 2 38 167 | 166 | 83 74 379 | 378 | 189
3 7 2 1 39 173 | 86 | 43 75 383 | 382 | 191
4 11 | 10 | 5 40 179 | 89 — 76 389 | 97 —
5 13 - | = 41 181 | 45 - 7 397 | 396 | 198
6 17 4 2 42 191 | 95 — 78 401 | 400 | 200
7 19 | 18 | 9 43 193 | 64 | 32 79 409 | 136 | 68
8 23 | 11 | — 44 197 | 196 | 98 80 419 | 11 —
9 29 | 14 | 7 45 199 | 99 — 81 421 | 20 | 10
10 31 | 30 | 15 46 211 | 35 — 82 431 | 430 | 215
11 37 | 36 | 18 47 223 | 74 | 37 83 433 | 216 | 108

—_
[N}
>
—_
>
e

20 48 227 | 226 | 113 84 439 | 219 | —
49 229 | 76 | 38 85 443 | 17 -
23 50 233 | 116 | 58 86 449 | 448 | 224

— =

- W

=

ESERJO)

= DN

D =
|

15 93 | 13 | — o1 239 | 238 | 119 87 457 | 456 | 228
16 99 | 58 | 29 52 241 | 240 | 120 88 461 | 92 | 46
17 61 3 — 53 251 | 125 | — 89 463 | 42 | 21
18 67 | 66 | 33 54 257 | 128 | 64 90 467 | 233 | —
19 71| 70 | 35 55 263 | 131 | — 91 479 | 478 | 239
20 73| 72 | 36 56 269 | 134 | 67 92 487 | 486 | 243
21 79 | 39 | — 57 271 | 18 9 93 491 | 245 | —

[\
[\
(0]
w
(0]
[\

41 58 277 | 46 | 23 94 499 | 166 | 83
44 59 281 | 280 | 140 95 503 | 251 | —

[N}
w
0]
Ne
0]
oo

24 97 | 96 | 48 60 283 | 141 | — 96 509 | 508 | 254
25 101 | 50 | 25 61 293 | 292 | 146 97 521 | 260 | 130
26 103 | 17 | — 62 307 | 306 | 153 98 923 | 261 | —
27 107 | 83 | — 63 311 | 31 — 99 541 | 540 | 270
28 109 | 108 | 54 64 313 | 156 | 78 100 547 | 21 —
29 113 | 56 | 28 65 317 | 316 | 158 101 557 | 556 | 278
30 127 | 63 | — 66 331 | 66 | 33 102 963 | 281 | —
31 131 | 65 | — 67 337 | 21 — 103 569 | 284 | 142
32 137 | 136 | 68 68 347 | 173 | — 104 571 | 285 | —
33 139 | 69 | — 69 349 | 348 | 174 105 o77 | 576 | 288
34 149 | 148 | 74 70 353 | 352 | 176 106 587 | 586 | 293
35 151 | 150 | 75 71 359 | 358 | 179 107 593 | 592 | 296
36 157 | 6 3 72 367 | 183 | — 108 999 | 299 | —
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Appendix B Tables of ord,17

Let p denote an odd prime # 17. In the following table, » denotes the smallest positive integer
such that 17" = 1 (mod p); that is, » = ord,17; s denotes the smallest positive integer such that
17 = —1 (mod p) if s exists; if s does not exist, that is, if 17* + 1 is not divisible by p for any
positive integer ¢, the entry in column s will be filled up by dash sign. If 7 is even, then s = r/2,
and if r is odd s does not exist.

SL.No | p r S SL.No | p r S SL.No | p r s
1 3 2 1 33 139 | 138 | 69 65 317 | 316 | 158
2 5 4 2 34 149 | 37 | — 66 331 | 165 | —
3 7 6 3 35 151 | 75 — 67 337 | 112 | 56
4 11 | 10 5 36 157 | 39 — 68 347 | 346 | 173
5 13 6 3 37 163 | 54 | 27 69 349 | 58 | 29
6 17 | - — 38 167 | 166 | 83 70 353 | 88 | 44
7 19 9 — 39 173 | 172 | 86 71 359 | 179 | —
8 23 | 22 | 11 40 179 | 89 — 72 367 | 366 | 183
9 29 4 2 41 181 | 36 | 18 73 373 | 62 | 31
10 31 | 30 | 15 42 191 | 95 — 74 379 | 378 | 189
11 37 | 36 | 18 43 193 | 192 | 96 75 383 | 191 | —
12 41 | 40 | 20 44 197 | 196 | 98 76 389 | 97 | —
13 43 | 21 | — 45 199 | 66 — 7 397 | 132 | 66
14 47 23 — 46 211 | 210 | 105 78 401 | 400 | 200
15 53 | 26 | 13 47 223 | 37 | — 79 409 | 51 —
16 5 | 29 | — 48 227 | 226 | 113 80 419 | 418 | 209
17 61 | 60 | 30 49 229 | 19 — 81 421 | 210 | 105
18 67 | 33 | — 50 233 | 232 | 116 82 431 | 430 | 215
19 71 | 10 5 51 239 | 119 | — 83 433 | 27 | —

20 73 | 24 | 12 52 241 | 80 | 40 84 439 | 438 | 219
21 79 26 13 53 251 | 125 — 85 443 | 221 —
22 83 | 41 | -1 54 257 | 32 | 16 86 449 | 448 | 224
23 89 | 44 | 22 55 263 | 131 | — 87 457 | 38 | 19
24 97 | 96 | 48 56 269 | 268 | 134 88 461 | 230 | 115
25 101 | 10 5 57 271 | 135 | — 89 463 | 231 | —
26 103 | 51 | — 58 277 | 276 | 138 90 467 | 233 | —
27 107 | 106 | 53 59 281 | 140 | 70 91 479 | 478 | 239
28 109 | 36 | 18 60 283 | 282 | 141 92 487 | 486 | 243
29 113 | 112 | 56 61 293 | 73 — 93 491 | 49 —
30 127 | 63 | — 62 307 | 3 — 94 499 | 498 | 249
31 131 | 130 | 65 63 311 | 310 | 155 95 503 | 502 | 251
32 137 | 68 | 34 64 313 | 312 | 156 96 509 | 127 | —
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Appendix C Factors of 13" — 1

131 — 1 ={{2,2},{3,1}, {23, 1}, {419, 1}, {859, 1}, {18041, 1} }

131% — 1 ={{2,2}, {3, 1}, {53, 1}, {264031, 1}, {1803647,1} }

1317 — 1 ={{2,2}, {3, 1}, {103, 1}, {443, 1}, {15798461357509, 1} }

1321 — 1 ={{2,2}, {3,2},{43,1}, {61, 1}, {337, 1}, {547, 1}, {2714377, 1}, {5229043, 1} }
13%° —1 ={{2,2},{3,1}, {211, 1}, {30941, 1}, {5229043, 1}, ...}

133 — 1 ={{2,2}, {3,2}, {53, 1}, {61, 1}, {79, 1}, {1093, 1}, {4603, 1},...}

13% — 1 ={{2,2}, {3,3}, {61, 1}, {181, 1}, {4651, 1}, {30941, 1}, {161971,1},...}
135 — 1 ={{2,2},{3,3}, {43, 1}, {61, 1}, {127, 1}, {337, 1}, {547, 1},...}

13%° —1 ={{2,2},{3,1}, {53, 1}, {131, 1}, {1171, 1},...}

1399 — 1 ={{2,2}, {3, 2}, {61,1}, {139, 1}, {1381, 1}, {10903, 1},...}

13%9 — 1 ={{2,2}, {3, 1}, {179,1},{9257,1},...}

139 — 1 ={{2,2},{3,1}, {191, 1}, {27361, 1}, {30941, 1},...}

139 — 1 ={{2,2},{3,3},{23,1}, {61, 1}, {199, 1}, {419, 1}, {859, 1}, {3169, 1},...}
13'% — 1 ={{2,2},{3,1},{251,1}, {701, 1}, {9851, 1},...}

13130 — 1 ={{2,2},{3,1},{263,1},{135979,1},...}

131 — 1 ={{2,2},{3,2},{61,1},{283,1}, {1693, 1}, {183959,1}, ...}

Appendix D Factors of 13" + 1

13 41 ={{2,1}, {5, 1}, {17, 1}, {37, 1}, {28393, 1}, {428041, 1}, {1471069, 1} }
1320 4 1 ={{2,1}, {41, 1}, {14281, 1}, {29881, 1}, {543124566401, 1} }.
1328 11 ={{2,1}, {113, 1}, {14281, 1}, {4803378460849459680406337, 1} }
1332 4+ 1 ={{2,1}, {193, 1}, {1601, 1}, {10433, 1}, {68675120456139881482562689, 1} }
13%6 + 1 ={{2,1}, {73, 1}, {4177,1}, {14281,1},.. .}
1338 1 ={{2,1}, {5, 1}, {17,1}, {229, 1}, {94621,1},...}
13% + 1 ={{2,1},{89,1},{6073, 1}, {14281, 1},...}
13" 4+ 1 ={{2,1},{97,1}, {2657, 1}, {88993, 1}, {441281,1},.. .}
13% 4+ 1 ={{2,1}, {5, 1}, {17,1}, {37, 1}, {109, 1}, {28393, 1},.. .}
13%8 11 ={{2,1}, {5, 1}, {17,1}, {233, 1},
{1025438434909702346128619902547481080256923768726946695435273, 1} }
1354 11 ={{2,1}, {257,1}, {3230593, 1}, ...}
13% 4+ 1 ={{2,1}, {137, 1}, {409, 1}, {14281,1},...}
13% 11 ={{2,1}, {5, 1}, {17, 1}, {197, 1}, {2710681,1},...}
13129 4 1 ={{2,1}, {241, 1}, {1009, 1}, {407865361,1},...}
1310 11 ={{2,1}, {41,1}, {113,1}, {281, 1}, {14281, 1}, ...}
1316 1 ={{2,1}, {5, 1}, {17, 1}, {293, 1}, {466462905277,1}, ...}
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Appendix E  Factors of 17" — 1

179 — 1 ={{2,4},{19,1}, {307, 1}, {1270657, 1} }
171 — 1 ={{2,4}, {229, 1}, {1103, 1}, {202607147, 1}, {291973723, 1} }
1720 — 1 ={{2,4},{43,1},{307,1}, {13567, 1}, {25646167, 1}, {940143709, 1} }
172 — 1 ={{2,4}, {47, 1}, {26552618219228090162977481, 1}
1727 — 1 ={{2,4}, {19, 1}, {307, 1}, {433, 1}, {24733, 1}, {1270657, 1}, ...}
172 — 1 ={{2,4}, {59, 1}, {7193, 1}, {6088087, 1}, {11658852700685942029849, 1} }
1733 — 1 ={{2,4},{67,1}, {307, 1}, {3697, 1}, {976669, 1},...}
1737 — 1 ={{2,4}, {149, 1}, {223, 1}, {1016919604559540581, 1}, ...}
173 — 1 ={{2,4}, {157,1}, {307, 1}, {212057, 1}, {2919196853, 1}, ...}
174 — 1 ={{2,4}, {83, 1}, {892079, 1}, {13365673,1},...}
174 — 1 ={{2,4}, {491, 1}, {883, 1}, {25646167, 1}, {474969439337, 1},...}
1750 — 1 ={{2,4}, {103,1}, {307, 1}, {409, 1}, {10949, 1}, {1749233,1},...}
175 — 1 ={{2,4},{19,1},{43,1},{127,1}, {307, 1}, {13567,1},.. .}
177 — 1 ={{2,4}, {293, 1}, {1621745371, 1}, {3038535503, 1}, {319344640907, 1}, ...}
177 — 1 ={{2,4}, {151, 1}, {307, 1}, {2551, 1}, {5101, 1}, {5351, 1},...}
1789 — 1 ={{2,4}, {179, 1}, {7121,1}, {10859, 1},...}
179 — 1 ={{2,4}, {191, 1}, {229, 1}, {1103, 1}, {88741, 1}, {202607147,1},. ..}
1797 — 1 ={{2,4}, {389, 1}, {90976939813, 1}, {65888627940954399173, 1}, ...}

1719 — 1 ={{2,4},{239,1},{2381,1}, {3571, 1}, {10949, 1}, {16661, 1},...}

17127 — 1 ={{2,4}, {509, 1}, {2287, 1}, {19813, 1}, {9085073,1},...}

1713 — 1 ={{2,4},{263, 1}, {367056542472353396414551932367550703732602240
626266437580589512042557939674013046425712329694554361136410
49586841689181084276511163513402458984276636720387829, 1} }

1715 — 1 ={{2,4},{19,1}, {271, 1}, {307, 1}, {433, 1}, {3691, 1}, {24733, 1}, .. .}

1715 — 1 ={{2,4},{67,1},{307,1}, {331, 1}, {3697, 1}, {46861, 1}, {88741,1},...}

17170 — 1 ={{2,4}, {359, 1}, {18617, 1}, {121721, 1}, {1108776121, 1},.. .}

17190 — 1 ={{2,4},{383,1}, {3738211891, 1},...}

17221 -1 ={{2,4},{443,1},{10949, 1}, {151607, 1}, {212057, 1}, {1749233,1},...}

17233 — 1 ={{2,4}, {467,1},
{662463291227225180212676697073783578164677575256855318635602076
6775492769444675372228864152379392277413358880893612987903057911321843
4295120243879391825646598579562732265304498078847938955250726380620973
1783877309393965931437452025559757828597962954773024783566035419681902
8096943763, 1}}
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Appendix F  Factors of 17/ + 1

172 41 ={{2,1},{73,1}, {1321, 1}, {41761, 1}, {72337, 1}}
176 + 1 ={{2,1}, {257, 1}, {1801601, 1}, {52548582913, 1} }
178 41 ={{2,1},{5,1},{29,1}, {37, 1}, {109, 1}, {181, 1}, {2089, 1}, {83233, 1},...}
1720 41 ={{2,1}, {41, 1}, {41761, 1}, {1186844128302568601, 1} }
172 41 ={{2,1},{5,1},{29,1}, {89, 1}, {25741,1},.. .}
1730 41 ={{2,1},{5,2}, {29, 1}, {61, 1}, {541, 1}, {21881, 1},...}
173 1 ={{2,1}, {5,1},{29,1}, {137, 1}, {1361, 1}, {2698649, 1}, .. .}
1780 41 ={{2,1}, {241, 1}, {18913, 1}, {184417,1},...}
174 41 ={{2,1}, {353, 1}, {41761, 1}, {4578289,1},.. .}
17% + 1 ={{2,1},{97,1},{257, 1}, {1120513, 1}, {1801601, 1}, {53160769, 1}, ...}
1756 11 ={{2,1}, {113, 1}, {337, 1}, {18913, 1}, {184417,1},.. .}
175 11 ={{2,1}, {5,1},{29,1}, {89, 1}, {397, 1}, {19801, 1},...}
1770 41 ={{2,1},{5,2},{29,1}, {281, 1}, {21881, 1}, {63541, 1},...}
1786 + 1 ={{2,1},{5,1}, {29, 1}, {173, 1}, {2237, 1}, {26673589, 1}, ...}
17% + 1 ={{2,1}, {193, 1}, {1409, 1}, {165569, 1}, {2533128442908097, 1}, ...}
1798 1 ={{2,1},{5,1},{29,1}, {197, 1}, {578789, 1}, {5766433,1},...}
17116 11 ={{2,1},{233,1}, {41761, 1}, {244297,1},.. .}
173 41 ={{2,1},{5,1}, {29, 1}, {269, 1}, {522580700249, 1},...}
17138 1 ={{2,1},{5,1},{29,1}, {277, 1}, {83233, 1}, {102121,1},.. .}
1799 11 ={{2,1},{73,1},{313,1}, {1321, 1}, {41761, 1}, {72337, 1}, ...}
1798 1 ={{2,1},{5,1},{29,1}, {317,1}, {6637, 1}, {155473,1},...}
17200 11 ={{2,1}, {241, 1}, {401, 1}, {18913, 1}, {184417,1}, {3583912721, 1},...}
17224 11 ={{2,1}, {449, 1}, {1409, 1}, {165569, 1}, ...}
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