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1 Notations

Let k and n be integers and k& > 2. We say that n is k-free if there is no prime p such that p*|n.
By convention, a 2-free integer is called square-free and a 3-free integer is called cube-free. We
denote by 1 the characteristic function of the k-free numbers, i.e.,

1, if nis a k-free number,

pu(n) = .
0, otherwise.

As usual, ¢(n) is Euler’s function, ((n) is Riemann’s zeta function, (n) is the Mobius’ function
and 7(n) denotes the number of positive divisors of n. Let X be a sufficiently large positive
number. By € we denote an arbitrary small positive number, not necessarily the same in different

occurrences. Moreover [¢] and {¢} denote the integer part and the fractional part of ¢, respectively.
The letter p will always denote a prime number.
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2 Introduction

The investigation of the k-freeness of the numbers is important and plays a significant role in the
contemporary analytic number theory. Many Diophantine equations are solved with square-free
numbers. For example, in 2014, Dudek [17] proved that every integer greater than two may be
written as the sum of a prime and a square-free number. This paper presents a brief survey of the
current state of the distribution of k-free numbers and r-tuples of k-free numbers. We state the
main problems in the field, sketch their history and the basic machinery used to study them.

3 On the distribution of £-free numbers

3.1 k-free numbers of arbitrary type

It is well known that the density of k-free integers is 1/¢(k), and an elementary sieve shows
> ln) = sz + O (X7
n<X )
No better exponent is known for the remainder term. In the case £ = 2 assuming RH the exponent

1/2 has been refined several times [1,2,49] and currently to 17/54 = 0.31 by [38]. It is expected
that

ZW :—X+O(X1/4+O()).

n<X

3.2 k-free numbers of the form [n°]
3.2.1 Square-free numbers of the form [n°]

In 1978, Rieger [57] showed that for any fixed 1 < ¢ < 3/2 the asymptotic formula

Z ([ = —X +0O < QCH“O)

n<X

holds.

From the above formula it follows that for any fixed 1 < ¢ < 3/2 there exist infinitely many
square-free numbers of the form [n¢].

Subsequently Cao and Zhai [9] using estimation of multiple exponential sums with monomials
([8, Theorem 7]), estimation of three-dimemsional exponential sums with monomials ([58, Theo-
rem 3]) and Heath-Brown’s identity [24], improved the result of Rieger by proving the following:

Theorem 1 ([9]). For any fixed 1 < ¢ < 149/87, v = ¢ and 0 < & < (149y — 87)/400 the
asymptotic formulas

> pa([nf =—X+O(X15)
n<X

ot Y e—covIogX
3l = / V).
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36
Z pa([n]) = —X +0 (X'
uzn(%))il

hold. Here ¢y > 0 is an absolute constant.

Their earlier result [7] covers the narrower range 1 < ¢ < 61/36.

3.2.2 Cube-free numbers of the form [n]

In 2017, Zhang and Li [67] using the method of Cao and Zhai [9] showed that for any fixed
1 < ¢ < 11/6 there exist infinitely many cube-free numbers of the form [n°]. More precisely,
they proved the following:

Theorem 2 ([67]). For any fixed 1 < ¢ < 11/6, v = ¢t and 0 < & < 1070 the asymptotic

formulas

X 1—e
;Mg = E—FO(X )
> (i) = é 0 (xeeEr)

KZX MS([”C]) = C (3) +O<X E)

png(n)=1

hold. Here cy > 0 is an absolute constant.

3.3 Square-free numbers of the form [an]

In 2008, Giiloglu and Nevans [22] showed that there exist infinitely many square-free numbers
of the form [an], where o > 1 is an irrational number of finite type. More precisely, they proved
that the asymptotic formula

6 N loglog N
E =—=N _—
n<N u2<[an]) 7T2 N ° ( IOg N )

holds.

Subsequently in 2013, Victorovich [64] showed that there exist infinitely many square-free
numbers of the form [an], where « is irrational number with bounded partial quotient or algebraic
number. More precisely, he proved the following:

Theorem 3 ([64]). For each A > 0 the asymptotic formula

Zug an] :—N+O<AN610g N)

n<N

holds. Here A = A(N) = max_7(m).

1<m<N?2
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3.4 Square-free numbers of the form p — 1

Further in 2013, Victorovich [64] showed that there exist infinitely many square-free numbers of
the form p — 1, where p is prime. More precisely he proved the following:

Theorem 4 ([64]). For each A > 0 the asymptotic formula
1 i d N
t
E:m@—D—IIO—————) ——+0(—7—>
p<N p p(p B 1) 2 t log” N

holds.

3.5 k-free values of polynomials
3.5.1 k-free values of polynomial of arbitrary type

Let k and n be integers and k£ > 2. Consider the irreducible polynomial f(z) € Z|[x] of degree
d. Assume that for every prime p there is at least one integer n, for which p* { f(n,). It is
conjectured that the set f(Z) = {f(n),n € Z} contains infinitely many k-free values. The first
result in this direction belongs to Ricci [56], who proved the following:

Theorem 5 ([56]). Let f(x) € Z|[x] be an irreducible polynomial of degree d. Then for k > d
the asymptotic formula

Nyg(x) ~ C(f k)x (v — 00) (1
holds. Here
Nyp(r) =#{n <z f(n)is k-free}
k
and

ps(n) =#{a(mod n):n| f(a)}.

Further progress was made by Erdds [18] who proved the conjecture in the case k = d — 1
for d > 3. Later, Hooley [34] derived the asymptotic formula (1) for each such k. Using an
alternative approach, Nair [50] established (1) for

d+1
> VoEFT-
In 2006, Heath-Brown [27] showed how the determinant method could be applied to the problem,
and demonstrated that the asymptotic formula (1) remained valid for
3d + 2

k> .
- 4

The idea behind Heath-Brown’s approach is to translate the problem into one that involves count-
ing suitably constrained integral points on a certain affine surface.
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In 2011 Browning [6] proved that the asymptotic formula (1) holds for

>3d—|—1

k
- 4

and d > 3.
There is a related question concerning k-free values of polynomial f at prime arguments.
Such results can be found in [6,30-33,35,39,42,50-52, 54, 63].

3.5.2 Square-free values of the form n? + 1

It was shown in 1931 by Estermann [19] that there exist infinitely many square-free numbers of
the form n? + 1. More precisely, he proved the following:

Theorem 6 ([19]). For x > 2 the asymptotic formula
N(z) = coz + O (X**log x)

holds. Here
N(x) = #{n < x: n® + 1 is square-free}

o= ]] (1—}%).

p=1 (mod 4)

and

In 2012, Heath-Brown [29] improved the reminder term in the theorem of Estermann with
@) (X 7/ 12+8) . In order to obtain this result Heath-Brown used a variant of the determinant method,
developed in his papers [26,28].
3.5.3 k-free values of the form z¢ + ¢

In 2013, Heath-Brown [30] investigated k-freeness of the polynomials of type 2 + c. He proved
the following:

Theorem 7 ([30)). Let f(x) = 2% + ¢ € Z[x] be an irreducible polynomial, and suppose that
k > (5d + 3)/9. Then, there is a constant 6(d) such that

Nyp(z) =C(f, k) + O (Xl—é(d))

holds. Here
Nep(z) =#{n <z : f(n)is k-free} ,
k
c(fk) =1 (1 - —pf;f ))
and

pr(n) =#{a(mod n) : n| f(a)}.

The implied constant may depend on f and k.
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3.6 k-free values of multivariable polynomials
3.6.1 k-free values of multivariable polynomials of arbitrary type

Letn > 1, d > 2 be two integers. Consider the power-free values of the multivariable polynomial
F(z1, ..., ,) with integer coefficients and degree d. Denote

Npi(B) = #{(x1,...,x,) € Z" : ;| < Bfori=1,....,n, F(xy,...,x,) is k-free}

Most of the work has been done for binary forms. The asymptotic formula for Ny (B) for binary
forms F’ was established for: £ > (d —1)/2 by Greaves [21], k > (2\/5— 1)d/4 by Filaseta [20],
k > 7d/16 by Browning [6] and k& > 7d /18 by Xiao [65]. For other results concerning power-free
values of polynomials in two variables we refer to [36,37] and [60].

In 2018, Lapkova and Xiao [41] derived an asymptotic formula for Np;(B).

Theorem 8 ([41, Theorem 1]). Let k > 2 be a positive integer and let F' be a polynomial with
integer coefficients and degree d > 2, in n variables, such that for all primes p, there exists an
integer n-tuple (my, ..., my,) such that p* { F(my,...,m,). Then, there exists a positive number
Cr i such that the asymptotic relation

NFJQ(B) ~ CF’an

holds whenever k > (3d + 1) /4.

Here the constant term is given by the limit of an absolutely convergent infinite product

=T -5

p

and
pr(m) = #{(my,....my) € (Z/mZ)" : m| F(my,....,my)}.

Lapkova and Xiao [41] also proved a similar result when the inputs are restricted to be primes
(see [41, Theorem 2]).

For another result concernings k-free values of multivariable polynomials we refer to [3,4,53]
and [66].

3.6.2 Square-free values of the form 22 + y* + 1

Using the properties of the Gauss sum and A. Weil’s estimate for the Kloosterman sum in 2010
Tolev [61] showed that there exist infinitely many square-free numbers of the form z? + 32 + 1.
More precisely he proved the following:

Theorem 9 ([61]). The asymptotic formula

> ety 1) = cH2 4 O (HI)

1<z,y<H

holds. Here
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= 1;[ (1 = Agf)

)

Mo)= > 1.

1<w,y<gq
z24y24+1=0(q)

and

3.6.3 k-free values of the form ¢, ---¢, — 1

Let k, >2 be two integers. Let N, (z) denotes the number of the k-free values of the r variables
polynomial ¢; - - - t, — 1 over [1,2]"NZ". In 2011 P. Le Boudec [43] proved an asymptotic formula
for Ny ().

Theorem 10 ([43]). Let € > 0 be fixed. As x — o0, if 6y, < 1 we have the estimate

Nis(z) ="+ O (lﬂ"*%wfs) ’

o =TI (_ (1_;)“1) ,

P

where

and if 1 < 0y, < 2 we have the estimate
Nk,?’(x) —= Ckw"rr _ 6]537)”(‘%):67‘71 + O (ZETf(Sk’T{»E) ’

where

HZu(m){%} :

mld

)

=0
=N —
8

SN—

I

<

NE
AE\
=2
VR
5
=
N————

d=1 ®

and finally, if oy, > 2 we have the estimate
Niw(®) = " — 91&2(96);5“1 + 9187),(:15):1:7"_2 +0 (a:’”_5’“ar+€) 7

where

3.6.4 k-free values of the form zy* + C

In 2012, Lapkova [40] considered the polynomial f(xz,y) = xy* + C for k > 2 and any nonzero
integer constant C'. She derived an asymptotic formula for the k-free values of f(xy) when
x,y < H.

Theorem 11 ([40, Theorem 1]). Let f(z,y) = zy* + C € Z[z,y| for k > 2 and C # 0. Then,
for some real § = 0(k, f) > 0, we have

S(H) = c;H? + O (H*)
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holds. Here
SH)=4#{1 <z,y<H: f(x,y)is k-free},

oI5

p

and
p(m) = #{(n,v) € (Z/mZ)* - m| f(n,v)}.

Lapkova [40] also proved a similar result for the k-free values of f(p,q) when p,q < H are
primes (see [40, Theorem 2]).

4 On the distribution of r-tuples of k-free numbers

4.1 Pairs of k-free numbers of arbitrary type

The problem for the pairs of k-free numbers arises in 1932 when Carlitz [10] proved the follow-
ing:

Theorem 12 ([10]). The asymptotic formula

> p(npe(n+1) = H(1—3>X+@(XW+E>

n<X P p

holds.
Further we find the result of Mirsky:
Theorem 13 ([47]). The asymptotic formula

S e(n)p(n + h) = H(l—}%)n<p:_l)X+O<inl+s>
P|h

n<X p pr—2

holds.
Subsequently Mirsky [48] improved his result:
Theorem 14 ([48]). The asymptotic formula

5 mwtmstn+ ) = [T (1= 5 ) T (5= ) X+ 0 (7 tog 1) 85)

n<X P pk|h

holds.
Further Meng [46] improved the result of Mirsky as follows

Theorem 15 ([46]). The asymptotic formula

k_ 2
> ur(n)pk(n +h) = H(l—}%)ﬂ(ik_;))mLO(XH)
n<X D pk|h

holds.
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In 1984, Heath-Brown [25] improved the result of Meng for k£ = 2, h = 1.

Theorem 16 ([25]). The asymptotic formula

Zuz Ja(n+1) = H(l—}%)X—i—O( ll(logX))

n<X p

holds.

Finally, Reuss [55] using a generalization of the approximate determinant method proved the
best result.

Theorem 17 ([55]). The asymptotic formula

N )+ h) = H<1—%)H(pk 1)X+O(X“’k)+s)

n<X ) P 7 in pr =2

holds. Here
264433 if k =9
wk)={ ’

169
144k 2 for k Z 3.

For intermediate results concerning the distribution of the pairs of £-free numbers of arbitrary
type we refer to Brandes [5] and Dietmann and Marmon [11].

4.2 r-tuples of k-free numbers of arbitrary type

In 2014, Reuss [55], using a generalization of the approximate determinant method gave an
asymptotic formula for r-tuples of k-free integers.

Theorem 18 ([55]). Let k > 2,r > 2 and l;(x) = a;x + b; € Z[z] for i = 1,...,r such that
ab; —ajb; #0and a; # 0 foralli,jwith1l <<,5 <randi # j. Then define

p(p) = #{n(mod p*) : p* |1 ;(n) for some i},

=TI(0-5)

If N(x) is the number of integers n < x such that l;(n), ...,1.(n) are all k-free. Then for any
€ > 0 and any sufficiently large x we have that

and let

N(z) = cx + O, (xﬁﬁ) :

It should be pointed that the implied constant in Theorem 18 depends on the choice of the [;
and that the best reminder term up to now for k = 2 was O(27/11+¢) (See Tsang [62]). Tsang’s
proof uses a form of the Rosser—Iwaniec sieve and the version of Theorem 17 due to Heath-
Brown. It should be noted that even though Tsang’s error term is weaker than Reuss’s, his implied
constants are uniform in r and max [12:]]-

For other results on r-tuples of k-free numbers of arbitrary type we refer the reader to [?].
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4.3 r-tuples of k-free numbers of the form p + oy, -+ ,p + ay

In 2016, Hablizel [23] using the circle method evaluated the behavior of limit-periodic functions
on primes on average.

As an application he showed that for arbitrary ;; € Ny, r; € No; and s € N the asymptotic
formula

D pmptar) - pe(pta) =] (1_5(*7@)) lozx +0(@) ’

p<w p

holds. Here D*(p) is a computable function of the prime p, depending on the choice of the
numbers «; and 7; .
A weaker result related to this was obtained by Dimitrov in [15].

4.4 Consecutive k-free numbers of the form [n°], [n¢] 4 1
4.4.1 Consecutive square-free numbers of the form [n°], [n¢] + 1

In 2018, Dimitrov [13] using the method of Cao and Zhai [8] showed that for any fixed 1 < ¢ <
22/13 there exist infinitely many consecutive square-free numbers of the form [n¢], [n]+ 1. More

precisely he proved the following:

Theorem 19 ([13]). Let 1 < ¢ < 22/13, y = cland 0 < ¢ < (227 — 13)/5(14 — 7) is a
sufficiently small constant. Then

S el + ) =TT (1 5 ) x4+ 0 (02

n<X p
> (PP +1) =] (1 - ]%) /li_i L0 (Xe*CoW> |
S (i Duain +1) = S [T (1 - pi) X0 (X)),

pg(n)=1

where co > 0 is an absolute constant.

His earlier result [12] covers the narrower range 1 < ¢ < 7/6.

4.4.2 Consecutive cube-free numbers of the form [n], [n] + 1

In 2018, Dimitrov [14] using the method of Zhang and Li [67] showed that for any fixed 1 < ¢ <
31/17 there exist infinitely many consecutive cube-free numbers of the form [n°], [n¢] + 1. More

precisely, he proved:
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Theorem 20 ([14]). Let1 < ¢ < 31/17, v =c ' and 0 < ¢ < min{(31y—17)/(9—97),1071°}
is a sufficiently small constant. Then

> mln D)+ =] (1 - f) X0 (xt),

S a(p a7+ 1) = [ ] <1 _ pi> [T
> malln (] +1) = ﬁ H (1 _ p£> Xt (xer),

p3(n)=1

where co > 0 is an absolute constant.

4.5 Consecutive square-free numbers of the form 22 + 3> + 1, 22 + 3% + 2

Recently Dimitrov [16] using the method of Tolev [61] showed that there exist infinitely many
consecutive square-free numbers of the form z% + y? + 1, 22 +3* + 2. He also gave an asymptotic
formula for the number of pairs of positive integers x,y < H such that 22 + 32 + 1, 22 + y> + 2
are square-free.

Theorem 21 ([16]). The asymptotic formula

> e+ + ) (e’ + 7 +2) =cH> + O <H§+5>

1<z,y<H

holds. Here

o=T1 (1 A 1);A(1,p2))

p

and

)\(Q1,CI2> = Z L.

1<z,y<qyq2
22492 +1=0(q1)
22442 +4+2=0 (q3)

4.6 On the distribution of consecutive square-free primitive roots modulo p

Let p be an odd prime. For any integer n with (n, p) = 1, the smallest positive integer f such that
n' =1 (mod p) is called the exponent of n modulo p. If the exponent of n modulo p is p — 1, then
n is called a primitive root mod p.

Let A(n) be the characteristic function of the square-free primitive roots modulo p. In 2015
Liu and Dong [45] investigated the distribution of consecutive square-free primitive roots modulo

p as follows.
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Theorem 22 ([45]). Let p be an odd prime, and let A(n) be the characteristic function of the
square-free primitive roots modulo p. Then we have

ZA(n)A(n +1) = 9(;802(]9 —Uplp=2) H (1 — E)

(p—1)% p*-2 pi

+ (9<4w(p_1)p_1/2(10gp)x + 4«4 (1og p) /2212 1og a:) ,

where the O-constant is absolute and w(q) denotes the number of the distinct prime factors of q.

For results concerning the distribution of positive square-free primitive roots modulo p not
exceeding = we refer to Liu and Zhang [44] and Shapiro [59].
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