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1 Introduction

Quaternions are the noncommutative normed division algebra over the real numbers and they are
represented in the form of hyper-complex numbers with three imaginary components;

q = (ap, a1, a9, a3) = ap + ari + azj + asiy, (1)

where 7,7 and ) = k are mutually perpendicular unit bivectors and ag, a1, as, a3 are real
numbers [8]. These numbers obey the famous multiplication rules discovered by Hamilton in
1843; i = j2 = k? = ijk = —1. Hamilton quaternions form a division algebra. Later, in
1892, Segre defined bicomplex numbers [18] which used to be neglected because of their zero
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divisors, but now they are attracting the researchers’ attention. Since the mathematical structure

of quantum mechanics is studied on the complex number field, there are many authors working

on bicomplex numbers in this area (see, [1, 11, 13—-17]). Also, some researchers have studied al-

gebraic, geometric, topological and dynamic properties of bicomplex numbers (see, [11,16,17]).
The set of bicomplex numbers BC, is defined as follows [14]:

BC = {Zl+22j|21722 EBC,jQ = —1} (2)

Any element b of BC is actually written, fort = 1,2,3,4and a; € R, as b = a; +aqi+azj+aqij.
The element b = 1 is the unit element. And the following equalities are known among other basis
elements {1,1, j, k}:
1jy=g1=k,ik=ki=—j,jk=kj=—1t 3)
and i = j2 = —1,(ij)> = 1, where i,j and ij = k are imaginary and hyperbolic units,
respectively. Two bicomplex numbers are equal if all their components are equal, one by one.
The sum of two bicomplex numbers is defined by summing their components. The addition
operation in the set of bicomplex numbers is both commutative and associative. Zero is the null
element, and the inverse of the element b with respect to the addition is —b which is defined as
having all the coefficients of b changed in their signs. This implies that (BC, +) is an Abelian
group. The bicomplex product is obtained by taking into account the multiplication of the base
elements {1,14, 7, k}.
In BC, using imaginary and hyperbolic units, three different conjugate definitions can also be
given as b; = a; — asi + asj — ask, b_] = ay + ast — azj — ask and b;j = ay — agt — az) + aqsk.
Due to the different conjugates, there are three different norm definitions as

b7 = bb; = (|21]* — |22*) + 2Re(z12)5, 4)
b7, = bby; = |21 + |22)* — 2Im(z12)k, (5)

and
[bf; = bb; = 27 + 2. (6)

In this work, we remind some properties of bicomplex numbers by examining the conju-
gates and norms. Then, we introduce the set of bicomplex numbers with coefficient in complex
Fibonacci sequence, and give some fundamental properties of the defined numbers. Also, we
obtain some generalized identities associated with this sequence, such as Catalan, d’Ocagne,
Honsberger, etc. identities.

2 Bicomplex numbers whose coefficients are
from the complex Fibonacci sequence

As it i1s well-known the n-th Fibonacci and Lucas quaternions were defined by Horadam, for
n > 0,
Qn:Fn+iFn+1+an+2+an+37 (7)
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and
Kn = Ln + Z-Ln—&—l + jLn+2 + kLn—i—?n (8)

respectively [9, 10]. In [6], Halicthave defined complex Fibonacci quaternions and gave some
important and basic properties. Then, in [4], the authors have considered quaternion and symbol
algebras and studied their properties. In [15], Nurkan and Guven defined the n-th bicomplex
Fibonacci and Lucas numbers using the basis elements of bicomplex numbers, as follows:

BF, = F, +iF 1+ jFao + kF, 3 )
and
BLy = Lp+1iLlny1 + jLpyo + kLpys, (10)

respectively, where F,, and L, are the n-th Fibonacci and Lucas numbers. The authors gave
Binet’s formula involving these numbers. Also, they obtained some important identities and
relations involving these numbers. A similar sequence has been studied in [2, 3] by Deveci and
Shannon. And then, in [7], bicomplex Fibonacci numbers and a generalization of theirs has been
studied. Motivated by these references, in this section we firstly examine bicomplex numbers
whose coefficients are from the Fibonacci sequence.

Let us use BCp notation to represent the set of bicomplex numbers whose coefficients are
from the Fibonacci sequence. That is, BCr is

BCy = {BF,|BEF, = Fy + Foyi + Fuioj + Fuysk}, (11)

where BF,, = F,, + iF,.1 + jF, 2 + kF, 3. The algebraic operations in the set BCy are as
follows:

BE, £ BE,, = (Fy £ Fy) + i(Fopiy £ Fyt) + §(Fpso £ Frovo) + k(Fois £ Fpss),
BE,BF,, = (F\Fyp — FyirFost — FrooFso + FposFps) + Xi+ Y + Zk,
where X, Y Z are
X =FFo + Fop by — FopoFongs — FrpsFigo,
Y =F,Fhio— Fo1Frys+ FioF, — FhisEoaa,

Z = FnFm+3 + Fn+lFm+2 + Fn+2Fm+l + Fn+3Fm-

The conjugates of the n-th Fibonacci bicomplex number, B F},, with respect to ¢, j, k units can
be defined as follows:

BFZL = Fn - Fn+1’i + Fn+2j - Fn+3k§ P — ConjUgate7 (12)
BFTJL =F,+ Fn—‘—li - Fn+2j - Fn+3k; j - conjugate, (13)
BF* = F, — Fy1i — Fyy9j + Foysk; k — conjugate. (14)

From the above definitions of conjugates, we get
BF! = F,BF| + F,_BF{, (15)
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BF’ = F,BF} + F,_BF}, (16)
BF* = F,BFF 4+ F,_,BF", (17)

where BFy; =1+ 1+ 25 + 3k and BF = 7 + j + 2k. There are relationships among bicomplex
numbers, their conjugates and Fibonacci numbers F;,. Let us give some of these relationships:

%&M}+BED=Ph+ﬂﬂw=%y+%ﬂ%+jﬂhh (18)
%(BF,L +BF))=F, +iF, = (1+i)F, +iF, 1, (19)
%(BF,L + BF") = F, + kF,.3 = (1 + 3k)F, + 2kF, 4, (20)
%(BF; 4+ BFI) = F, — kFyys = (1 — 3k)Ey — 2kF,_,, 1)
%(BF,i +BEY) =F, —iFy = (1—i)F, —iF,_, (22)
%(BF,{ + BEY) = F, — jFoa = (1-2j)F, — jF,_1. (23)

Thus, by using the definitions of BEF:, BFJ, BF* we can calculate the norms of the elements
BF, in BCp:

(IBF.);)* = BF,BF, = —Lony3 + 2 Fanys, (24)
(IBFul;)* = =(Fanys — 2FniaFoi1) + 2i(Fangs + 2F.Fop), (25)
(|IBF,|x)* = BF,BF" = 3Fy, 5+ 2k(—1)""". (26)

In [9], Horadam defined the n-th complex Fibonacci number as
Cn = Fn + Z.Fn—‘rlv (27)

where 1> = —1. Also, Horadam examined the quaternion recurrence relations [10]. In 2012,
Halicidefined the quaternions with components from Fibonacci numbers and gave some important
fundamental properties of them [5].

In this study, following Nurkan [15] and Halic1 [5], we define bicomplex numbers which have
coefficients in complex Fibonacci numbers. We investigate some important properties of these
numbers and gave their Binet formula. Then, we use the Binet’s formula to show some impor-
tant properties of the newly defined numbers. Also, we get the several well-known generalized
identities related to these numbers.

Let us define n-th bicomplex number, which has its coefficients from the complex Fibonacci
numbers, as follows:

B, =C, + Cn-&-li + Cn+2j + Cn+3k7 (28)

where 7 is an integer, C,, = F), + iF,;1 and {1, 4, j, k} are the basis elements in BC. By the aid
of some elementary calculations, we find the following recursive relation for bicomplex numbers:

By, + Bpy1 = Chqa +1Chy3 + jCppa + kCpi5 = Bygo. (29)
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We denote the set of numbers B,, by BCqp:
BCcor = {By|Bn = Cp + Coyii + Cpioj + Coysif, i> = j> = -1, k> =1}, (30)
Note that any bicomplex number B,, consists of scalar and vector parts:
B, =Sp, +Vp, =Ty + 1T,

where Ty and T"are Ty = C,, = F,, + iF,.1, T = Cy 11 + Chiog + C 13k, respectively. Using
this representation for B, the addition and multiplication operations can be done more easily.
Indeed, if we write B, =Ty + T and B, | = T[; + T, then we write

By+ Buj1= (To+Ty) + (T +T), 31

ByBny =ToTy+T,T +T,T —T.T +T x T, (32)

where (.) and (x) denote the dot and vector product, respectively. According to the imaginary
units three different norms can be given in the set BCq as follows:

i) NB,' =F2—2F2,+F2_, +2(iay + jbi — key) (33)

i) NBy = F2 —AF2 | +2F. , —4F} s+ Fo = 2F oF, —4i(Fi + Fo ) (34)

iii)NBnk = F? - F3+4 + 2(iag — jby + kco) (35)
where

a; = (FELH - F3+2 — FopobFuy1 — Fupo gz — F3+3)7
¢ =F s+ FoaFae + B Faga + FrpaFogs,
by = F,Fyio — FrioFyyy,
ay = 3F2 +12F,F, 1 + 8F2 ,,
o= FyFp3— Folnpa+ F7?+27
by = FuFoia — Fs.

Since F,, # 0, the above all norms cannot be zero. Thus, we get i, j, k— inverses for the
number B,, as follows:

Bz 71: n', B_] 71: n., Bk 71: n ) 36
(B = s (B = 5 (B = (36)

The following theorem gives Binet formula for the n-th bicomplex number whose coefficients
are from the complex Fibonacci numbers.
Theorem 2.1 (Binet Formula). For n > 0, the formula giving the n-th number B,, is

1
B, = BoFy-1 + B1F, = —=(aa"™ + 83"), 37)

E

where

a(2i — 1)+ o®(2k — j), B = B(1 — 2i) + B*(j — 2k). (38)

o
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Proof. The general term of the sequence BCqp is
B, = Aa" + Bp", (39)

where constants A and B are obtained by using the initial conditions as

B, — 3B By—B
A= 1—/807 B 2P0~ (40)
V5 V5
If we substitute these values in the equation, then we get
B, — Bia™ — fa" By + af" By — Blﬁn7 @l
V5
1
B, = 7 {(B1 = BBo)a" + (aBy — B1)B"}, (42)
1
B, = —=(aa™ + 33"), 43
\/5( B5") (43)
where
a=a2i—1)+a®(2k — j), 8 = B(1 — 2i) + B*(j — 2k). (44)
Thus, the theorem is proved. [

The generating function is equivalent to the Binet formula which helps to find any element.
That is, the Binet formula can be controlled by the generating function.
The following theorem gives the generating function for the bicomplex number with coefficients
from complex Fibonacci numbers.

Theorem 2.2 (Generating Function). For B,, the generating function is

G(t) = (_1+2i(1£2t+_t22()_j+2k)‘ 45)

Proof. The generating function is
G(t) = By+ Byt + Bot®> + ...+ Bpt" + .. .. (46)
If we multiply this equation by —¢ and —¢2, that is
—tG(t) = —(Bot + Bit? + Bot® + ...+ B,t" +..) (47)

and

—t*G(t) = —(Bot* + Bit> + Bot* + ... + B,t"" 4 .., (48)
then, making the necessary steps to find G(¢) with the help of the recurrence relation B,,, we get
By + (B1 — By)t

G(t 49
where
By=—-1+21—2j+4k,B; = —1+2i — 3j + 6k (50)
are the initial values for B,,. Thus we find that
1420+ (2+1t)(—7 + 2k
Gy - (FLE2 QD=+ 2k)
(1—t—12)
So, the proof is complete. [
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Corollary 2.2.1. For the numbers B,,, B, B!, B} and BF the following equalities are satisfied:

1 R

(Bj, + B}, + B;) = 3C, —iCi1 — jCriz = kCrys, (52)
1 . .

1Bt By + Bl + BY) = Ci (53)

Corollary 2.2.2. For the negative integers n, B_,, is as follows:
B—n - (_1)n {(Fn—2 - Fn) + 2Fn—1i + (Fn—4 - Fn—2>j + (Fn+3 + Fn—3)k} . (54)
Proof. Using the identity F_,, = (—1)""'F},, we write

B_, = {(—1)n+1Fn+i(—1)n+2Fn_1} + {(_ 2R 4 i(—1)MBE, 2}@
+{(=)" B F sy +i(—1) "5} + (-1 Fs + ()" F L} k.

Making the necessary arrangements, we get
B_, = (=1)"((=Fn+iFy 1)+ (Foo1 —iFy_o)i+ (= Fuo+iFui3)j + (Fu_s —iF,_4)k) (55)
which is the desired result. O]
Theorem 2.3 (Cassini’s Identity). For the elements B, of the sequence BCr, we have
Bn_1Bny1 — B2 =6(-1)""1(3j — 4k). (56)

Proof. We prove this claim by direct calculation. For this purpose, using the Binet formula for
the numbers B,,, we can write

Bn—an—&-l_BZ: 1 ( n— 1"‘66” 1) (aan+1+ﬁﬁn+1) é(gan +§6n)2

V5 V5

BuiBunn — B2 = 2(a0" 5™ + 5" 00" — 200" 55",
Making the necessary arrangements and calculations, we obtain
By 1Bnp1 — Bl = (=1)"ap.
Calculating the value a3, we find that
aff =6(3j — 4k). (57)
Thus, the proof is completed. U

Theorem 2.4 (Catalan’s Identity). For the integers n > k and the numbers B,, the following
equality is true:

S (1)(3) — 4k){(~1)*(a* + B4 — 4}. (58)

BnJranfk - BEL = 5
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Proof. Letus use Binet formula for B, to prove this theorem. Hence, the formula B,,, . B,,_.— B>
is equal to

(0™ + B3) - (aa"™* + B84 — S(aa” + 5"

Sl
Sl

Thus, we obtain

1
5( 2 2n + aﬁan+k5n k +ﬁa6n+k n—=k +B BQn 2n QQOCnéﬂn _ﬁ2ﬁ2n)'
By completing the necessary abbreviations and procedures, we get

lgﬁ(an%ﬁn_k + /8n+kan—k . 2(_1)11)

Bn—l—k:Bn—k - BEL - 5

On the other hand, calculating the
Ozn+kﬂn_k + Bn—‘rkan—k _ 2(_1>n — (_1)n{(_1)kak + ﬁk)2 . 4}’
we find that 6
BuirBur = By = =(=1)"(3) — AR {(=D)* (" + p7)? — 4}
This completes the proof. ]

Taking £ = 1 in Theorem 2.6, we obtain the Cassini’s Identity for the bicomplex numbers
B(CCF.

The following theorem gives Honsberger formula involving the numbers B,, in BCqp

Theorem 2.5 (Honsberger Formula). For the integers n, k and the elements B,, of sequence
BCcr, the following formula is satisfied.:

Bj_1B, + ByBpi1 = —{a2 (14 0®) 4+ 2R (1 + B7)) (59)

Proof. Using the Binet formula for By_; B,, + By B, 11 for the right-hand side of above equation,
we can write

%(gak_l + éﬁk—l)

1

7 \/g(ga”“ + BB

1
— E(QQCYk_H_n +Qak_1éﬁn +ﬁ5k—1gan +§25k_1+n)

1
+g(a2ak+"+1 + ad®BA" T + paFaa T+ pEaR ),
So, we can now get

1
g{Q2<Oélcfl+n T ak+1+n) +Qﬁ(0&kilﬁn 4 kalan + akﬁn+1 + ﬁk@n+1)

+B2 (Bk—l-i—n + /Bk-&-l-i—n)}'

We can now get that
Qé(ak_lﬁn + /Bk_l(l/n + &k5n+1 + ﬂkan—s—l) =0.

Thus, the claim is proved. L]
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Theorem 2.6 (d’Ocagne’s Identity). For the integers m,n and the elements B, of sequence
BCcr, we have

BmBni1 — BuBpi = g(Bj —4E) (=)™ (™™ a2 + 1) + (B 1)), (60)

Proof. Let us start by considering the right-hand side of the above equation:

(QO/H_I +§6n+1) _ L(gan +§ﬂn)

(ac™ + BB™) 7

(gam—&-l 4 éﬂm+l)

5l
8-
5

- %{@O‘m + BB™) (o™ + BB — (aa” + BB (a0 + BT},

After some algebraic manipulations, we obtain

1
B,.Bni1 — BB = ggé<&mﬁn+l + BmanJrl _ &nﬁm+1 _ Bnam+1)'
Calculating the following equality, we have
OémBnJrl 4 BmOén+1 _ O[nﬁerl _ ﬂnaerl — (_1)manfmfl<a2 4 1) + ﬁnfmfl(BZ + 1)

Thus, we get

6 : m, . n—m-— n—m-—
BuBni1 = BaBi1 = £(3) = 4k)((=1)" "o+ 1)+ "™ (B +1)).
Thus, the proof is completed. []

Theorem 2.7 (Vajda’s Identity). For the integers m,n, k and the number B,,, we have

6(—1)"
BuinBuok — BuBumis = S (3 — k) (k — (" —a™). (6D

Proof. The formula

BnerBnJrk - Bn Bn+m+k

is equal to this:

1
g{<gom+m + ﬁﬁn-&-m)(ganﬂ-k + @Bn-i-k) _ (QO&” + éﬁn)ganﬂ-m-&—k + §5n+m+k)}-
If we assume that some arrangements and arithmetic operations are performed, then we get:

(=D"

Bn—i—mBn-‘,-k - Ban+m+k - 5 Qé{am(ﬁk - ak) + 5m(ak - 6k)}a (62)
n+mPn+k nn+m+k — (3] 4k) (CY 5 )(ﬁ « ) (63)
Thus, the correctness of the claim is seen. O]
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Theorem 2.8 (Gelin—Cesaro Identity). For the numbers B,, n > 2, the following identity is
satisfied.:

By 9By 1Buy1Bnyo — B :%gﬁ{ oo + 27 — 15} . (64)

Proof. Let us start by considering the right-hand side of equation

Bn-2Bu-1Bus1Buya — Bl (65)

and use the formula

Bn = {(Bl — BB())O/L + (OZB() — Bl>ﬁn} . (66)

L
V5
Then, we have

(OéOén 2+55n 2)( n— 1+66n 1)( n+1+ﬁﬁn+1)(a@n+2+éﬁn+2)}
25 (aa™ + BB™)"}

= - (0%0™ 8 (0B + 0B + 0?67 4 a7 — 1) + @?F(ap T + ¥

+CY_363+O[_15—4) +Qé3anﬂ3n(a2ﬁ_2+a_2ﬁ2+04_16+a6_1 _4))

25

Making the necessary arrangements, we obtain that B,, 2B, 1B, 1B, 12 — Bﬁ is equal to

5—3(]@@{(—1) a’a® + F4%) — 15} (67)

Thus, the claim is true. L]

Conclusion

In this work, we defined a new sequence of bicomplex numbers. The elements of this sequence
have the coefficients from complex Fibonacci numbers. We examined some important properties
of these newly defined numbers and gave their Binet formula. By the help of the Binet formula,
we also obtained the respective generalizations of some well-known important identities involving
these numbers.
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