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1 Introduction

In a recent paper Catarino and Borges introduced some properties of the Leonardo numbers
{Le,} [1]. They defined these by the second order inhomogeneous recurrence relation

Le,=Le,_1+Le,_>»+1, n=2, (1.1)

with initial conditions Ley = Le; =1 [2].

The Leonardo number properties are analogues of Fibonacci properties and related to the
better known Fibonacci numbers.

In that spirit, we extend some of these to generalized Leonardo numbers defined in the spirit
of Alwyn Horadam’s generalized Fibonacci sequences {H,} [3] and {w,} [4]. To do this, we
first look at a generalization of {H,} [5] and then a generalization of {w,} [6]. In both cases, we
shall repeat some of their material albeit in slightly different ways and altered notation.

2 Asveld’s extension

Asveld [5] in effect considered this inhomogeneous extension of (1.1):

k
H,=H, +H,_,+Y an, (2.1)

Jj=0
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in which {k, &, a1, ..., &} € Z and Hy = H, = 1. The total solution of this is
H =H"+H?, (2.2)
with the homogeneous part given by
HY =C¢ +C,0;, (2.3)
where, as usual, ¢,,¢, are the zeroes of the characteristic equation associated with (2.1) and
C,,C,arise from the initial conditions. We can represent a particular solution by
HO =3 an'., (2.4)
=0

so that for m > i,

oziAn‘ ,(n ' —ZA(n 2) —Zan

An‘ ( A,U( D7 (1+27)n j—Za,.n"
( Am( j( D" (1+2m7) "—ia,.n"

i=

so that, continuing to follow Asveld,

A= 05+Z( j( D" (142"7) A,

—a+ Y fA,

m=i

k
=->aa
uyoJ
j=i

for notational convenience, and with

B, = (’?J(—l)”” (t+2)

and f; = 2; then a; = 1, and if j > i, then

== Zﬁzm mj

m=i+1

from which Asveld obtained
k
H =(1+A)F,+AF,_ - apn), (2.5)
j=0

where
e {F,} is the sequence of Fibonacci numbers,

e /i is alinear combination of ¢, @, ..., 1 A, Zaw B
Jj=0

k J
® Jiis alinear combination of &, @, ..., , 4, = Z[Z aijja’

j=1 \_i=1

e foreachj (0 <j<k), pjn)is a polynomial of degree j: p,(n) = Zau”i ,
i=0
for each of which Asveld developed specific examples. For our purpose here it is sufficient to
point out that (2.5) is effectively a generalization of Proposition 2.2 of [1].
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3 Horadam’s generalized sequence

An inhomogeneous Horadam extention of (1.1) is then:

qw, , +(p—q- I)Zan 3.1)

j=0

= pb—qa . The total solution of this in following

Wn = pwnfl

in which{k, &, &, ..., &} € Z andw, =b,w,

Asveld’s steps is

w =(1+A)U, +(A, —qa)U Zap (n), (3.2)

where A is now a linear combination of ¢,,a,,...,, :

ﬂ’k:Z(iaij '_(p l)zaw a;,

see [6]. Equation (3.2) corresponds to (2.5) above and is also an analogue of Proposition (2.2)
of [1], and in which { U, } satisfies the recurrence relation
Un_pUnfl _qUnfl’ nz 2’

with initial conditions Uy, = 1, U; = p. Pell numbers were then considered in [6]
(p = g = -1, initial values, 1 and 2) with Tables 1 and 2 arising for the Fibonacci and Pell cases,
respectively.
n\m 2 3 4 5 6 7

0 13 81 673 6993 | 87193 | 1268361

1 6 39 324 3365 | 41958 | 610351

2 1 9 78 810 10095 | 146853

3 1 12 130 1620 23555

4 1 15 195 2835

5 1 18 273

6 1 21

7 1

Table 1. a,,,, for Fibonacci numbers
n\m 2 3 4 5 6 7

0 26 250 3206 | 51394 | 988646 | 221887890

1 8 78 1000 | 16030 | 308364 | 6920522

2 1 12 156 2500 | 48090 1079274

3 1 16 260 5000 112210

4 1 20 390 8750

5 1 24 546

6 1 28

7 1

Table 2. a,,,, for Pell numbers
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Although the authors of [5, 6] did not discern patterns, they do appear with the aid of Table 3
which is an array formed by moving the Pascal triangle though 45° — a Pascal matrix with the
usual Pascal rows as the diagonals [7]. The patterns fall out in Tables 1 and 2 when they are

displayed this way as we illustrate in Tables 4 and 5.

i\i 1 2 3 4 5 6 7
1 1 1 1 1 1 1 1
2 1 2 3 4 5 6 7
3 1 3 6 10 15 21 28
4 1 4 10 20 35 56 84
5 1 5 15 35 70 126 210
6 1 6 21 56 126 252 468
7 1 7 28 84 216 468 936

Table 3. Pascal Matrix

The patterns among the sequences are now set out in Table 4 and 5.

a;, 1 1 1 1 1 1 1 = oo XM,
a .. 6 9 12 15 18 21 = ag, XM,
a; ;. 13 39 78 130 195 273 = | ay, XM,
@0 81 324 810 1620 2835 = | ayg, XM,
;104 673 | 3365 | 10095 | 2355 = | ayg XMy,
;s 6993 | 41958 | 146853 = | aygsXMyg,
@; 506 87193 | 610351 = | ayeXM,,
;17 1268361 | = | a,,xM,,

Table 4. {a,,,,} for Fibonacci numbers from Table 1

a;,; 1 1 1 1 1 1 1 = | a, XM,
a . 8 12 16 20 24 28 = | ay, XM,
T 505 26 78 156 260 390 546 = | ag,xXM;;
@0 250 | 1000 | 2500 | 5000 8750 = | agzs XM,
;104 3206 | 16030 | 48090 112210 = | ayg, XMy,
a; ;s 51394 | 308364 | 1079274 = | aygsxXMg,;
;06 988646 | 6920522 = | ageXM,,;
a; ;47 221887890 | = | a,,xMjq,

Table 4. {a, ,} for Pell numbers from Table 2
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