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The Problem



Pure quantum circuits are easy...

Linear operator composed & tensored from given guantum logic gates
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but real quantum circuits have classical control & effects

(Example: QBit Teleportation protocol)
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are embedded 1nside classical type theories:

unverified linear type universe

for lack of a universal linear type theory.

Until now...



Our Solution



Dependent Linear Homotopy Type Theory (dLHoTT)

Theorem [M. Riley (2022), doi:10.14418/wes01.3.139]:
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S — Quantum Systems language @ CQTS

~~ full-blown Quantum Systems language emerges embedded in dLHoTT

ambient dLHoTT verifies  classically dependent quantum linear types
ambient HoTT provides specification of topological quantum gates
ambient dTT provides full verified classical control
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Q-bits are the free linear indeterminacy-effect handlers over Bool = {0,1}
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Q-bits are the free linear indeterminacy-effect handlers over Bool = {0,1}
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A quantum gate which
may handle O,_ -effects
is one with a QBit-output:

L OQBit

o K

H L QBit® X ~ O, X

De-cohered (measured) q-bits:
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Quantum measurement is Linear indefiniteness-effect handling.
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Quantum measurement is Linear indefiniteness-effect handling.
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Quantum measurement is Linear indefiniteness-effect handling.

quantum circuit
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Quantum measurement is Linear indefiniteness-effect handling.
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Quantum measurement is Linear indefiniteness-effect handling.
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E.g.: Deferred measurement principle — Proven by monadic effect logic.
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E.g.: Deferred measurement principle — Proven by monadic effect logic.
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E.g.: Deferred measurement principle — Proven by monadic effect logic.
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Also the Exponential modality

traditionally postulated in linear logic
1s an emergent effect in dLHoTT

linear randomization
aka: stabilization/motivization
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Also the Exponential modality

traditionally postulated in linear logic
1s an emergent effect in dLHoTT

linear randomization
aka: stabilization/motivization

T iBe %B L= exponential
X i
Type ) S;_oo LType ' modality

classical linear
types types

In summary, we see that:

The Motive or Linear Randomization of B : FinType 1s
the quantum data type spanned by eigenstates |b),b : B
equipped with the structure of a free effect handler
for quantum measurement logic in the B-basis.

v, 1 ~0Q, 1~ QBit

Bool



Quantum Circuits



Quantum effects are compatible with tensor product.

Linear Randomness and Indefiniteness are “very strong” effects, in that:

Op(D®D') ~ (OpD)®D", Ycp(D®D') ~ (JepD) @D’

There 1s a whole system of them:

OpOp =~ Opxp, NB: OpOp ~ Opl®Op

which under dynamic lifting (monadicity comparison functor)
gives the external tensor product of dependent linear types:

()

free Op-effect handlers
in linear data types LTprQB Opxp Opxp H

B-dependent LTypeg (l:l gl B) X (l:l g lp ) QR H

linear data types
external

tensor product

N

®HT[Q@}I

J0jouny
uosrredwod
Z



Quantum circuits with classical control & effects

are the effectful string diagrams in the linear type system

E.g.
The dependent linear type of a measurement on a pair of gbits:

. -E.

’ / .
0 |
. -E.

’ / .
0 1

type of
_ collapsed gbits
type of a pair of pair of measurements dependent on
coherent gbits measured bits b, b’

€goo12 (QBite X QBit,)

Ogoop2 (QBit, X QBit, ) » QBit, X QBit,

measured bits

Laa daa’ 1)@1d") = gy b))
(b,8) : Bool> + Oy, (QBit, ®QBit, ) ) = C? @ C? —— S

C.

collapse of the quantum state



Example: Bell states of q-bits are typed as follows (regarded in LTypeg, o1« Bool):

0) H ®
Bell state preparation
/1N
0) N

QBit, X QBit, — (OBoolQBit,) X (Opoo1QBit,) ~ Ug. 2 (QBit, ®QBit,) — Uy .2 (QBit, X QBit, )

Bl L G I = [0)x|0) - Lo+m)eo) —  L(lo)0)+ne|n) e
® H s
Bell state measurement
4R RMVA
N e
Ogoop2 (QBit, X QBit, ) > QBit, X QBit,

5 5 Zb’lb’qu’lblz"b/1>®‘b/2> = (610,b2+(—1)b1 'Q1,(1—b2))‘\b1>®\b2>
b1,b, : Bool - C-®C s C




S — Quantum Systems language @ CQTS

~~ full-blown Quantum Systems language emerges embedded in dLHoTT



https://ncatlab.org/schreiber/show/Topological+Quantum+Programming+in+TED-K

Center for

Quantum&
Topological

V7
Thanks

Quantum Data Types via Linear HoTT

presentation at:

Workshop on Quantum Software @ QTML 2022

Systems

Urs Schreiber (NYU Abu Dhabi)
on joint work at CQTS with
D. J. Myers, M. Riley,
and Hisham Sati

slides and further pointers at: ncatlab.org/schreiber/show/QDatalnLHoTT#QTML2022



https://ncatlab.org/nlab/show/Center+for+Quantum+and+Topological+Systems
https://quasar.unina.it/qtml2022/workshop.php
https://quasar.unina.it/qtml2022.html
https://ncatlab.org/nlab/show/CQTS
https://ncatlab.org/schreiber/show/QDataInLHoTT#QTML2022

