\\
e
G N

TOWARDS A QUANTUM
ALGORITHM FOR LATTICE
BOLTZMANN (QALB)
SIMULATION WITH A
NONLINEAR COLLISION

WAEL ITANI /
03/02/2025 //




CONTENTS

PROLOGUE

(@]
(@]

(@]

NYU

METHODS

CONTRIBUTIONS

Carleman Linearization of the
Lattice Boltzmann Method

Analysis of the Quantum Linear
Embedding Method for Unitary
Collision and Streaming

Quantum Machine Learning of
the Collision Operator

O

SUMMARY



PROLOGUE

The Market & Cost of CFD
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CFD MARKET

$'| bine

7% CAGR 2020-2030*-:

Minimally invasive W
cancer detection with
microfluidic chip < 5
(University of
Kansas, 2019 |
e Visualization of CFD ) 2
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COMPUTATIONAL COST

DNS (Scale-resolved) ~ Re?
LES (Filtered scales) ~ Re!*+2>

Nyt Ny, FLOP  PFLOPIs
1eb 9.0e9 4.6e7 5.2e20 6
le7 8.5e10 1.5e8 1.6e22 180

1e8 7.5el11 4.6e8 _ 4.3e23 5,000

Estimates for wall-resolved LES as a function of the Reynolds
number (CFD Vision 2030, NASA, 2014)
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BOLTZMANN'’S REACH

|
Ldiff
Particle Collisionless
Method BOLTZMANN EQUATION Boltzmann
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Model | Eqns. Equation -
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b R, * >, <X l B <8 AL e N o’
Continuum Slip Flow Transition Flow Free-molecular
Flow Flow
leott

Applicability of a range of fluid models based on the
Knudsen number (Ayub et al., 20T11)
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2019)



BEYOND BOLTZMANN

/

Navier Stokes

e

Boltzmann Lattice
Boltzmann
V.d x
iouvi Lattice
e Liouville
- LY
7 Lattice
Newton -

NYU

(Succi, 2018)
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LIOUVILLE & ITS
MARGINALIZATION
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METHODS

The Lattice Boltzmmann Method
(LBM)
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LATTICE BOLTZMANN

af _of y9r-n (1.1)

(a) D3Q27 (by D209 (c) D1Q3

Figure |.1: Different lattice configurations in three, two and one dimensions

| iy Fione =
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LATTICE BOLTZMANN

Collision (Local, nonlinear, dissipative)

F(.t+ AL) = F(Z. 1) — %(ﬁ(x. £) — £9(%, 1))

(@) Pre-Collision (b) Post-Collision (c) Streaming

fi(X,t + At) — (X + CAt, t + At)
Streaming (Nonlocal, linear, unitary)
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COLLISION DATASET
GENERATION

Random discrete density perturbations f;"7 are sampled from a normal distribution

Cuantity | Minimum Value | Maximum Valug
i 0 0.1 ﬂrlrr _ f:q' n -ﬂm'{; J,:'Jr.'l.l - f-r:ile'l.l ] EFr.l 7 lﬂa _p.lit-r
i} 0.95 1.05
a3 1013 S 10—
i 1 1

Table 5.1: Summary of the prescribed quantities describing the distributions of random
variables used in generating the dataset

- f

ff(p, @) ii = up(cos(@).sin(@))7
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METHODS

Carleman Linearization (CL)
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CARLEMAN LINEARIZATION

( fi \ {Vﬂ
I Va
f Vi
fe V. a fi(1) .
- Vit 1 % fil7) =LL(f(1)) {3.62)
1.__; — = Ir']f-._. = l'f;‘ {3_6'} ai"
Vi) 2 :
fi Ve
ffs Vi Carleman variables vector:
2 ; aVit) g
/3 Ve a: L =CV(1) (3.63)

\f3/1) l.\'-":;)

where the Carleman linearization matrix C is obtained by deriving the following system

of equations:

aVa __p V(1)
= — EE ] T
ot d fi
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Qi f(1) (3.64)



METHODS

Quantum Computing (QC)
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QUANTUM COMPUTING

e Statevector e Evolution e Advantages
_ (1 _ (0
10} = (()) and |1) = (1) o Unitary o Computational Space
Col0) + C41) Il = llpll =1
1Y) = > > W'y = D), 010 = 1 |Yiqubies=2) = 1002 = 01)
VIGP+1c] ' !
OR |01 = 14¢)
) ~ ~ ~ T _
) = Col0) + Cy|1) ihd|w) = Hlp), H = (H*) OR|10 = 24)
|Col? +1C,12 =1 OR |11 = 34,)
— ,if o Non-Unitary o Parallelism
W) = e |y) o

[1p)—>10) OR |1) Ulp) = CoU|0) + C,U|1)
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METHODS

Existing Literature for the LBM
with QC
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[0J1]2]3[4]5][6]7]:
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Step 1:
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Felz i=1

Step 2:
A visualization of the index-shuffling streaming pro- [ 000 | - [ 010 | . 100 | - [ 110 | -:|

cedure with periodic boundaries for 2A3 = 8 sites with a single
variable. Contents of the cell refer to the corresponding index
position. Green cells refer to the case where the condition of Step 3:
the control has been met and the digit being acted upon | 108 | 05 | f10 | 10 II' il 1 1
would change. Digits in binary representation being acted on 1 001 [ 010 [ 011 | 100 | 101 [ 110 | 111 | 000 |
by a controlled NOT gate (targets) are written in boldface
whereas those controlling (controls) are underlined. The
number of steps (3) is logarithmic in the number of sites (8)
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QUANTUM SIMULATION

Lattice Network

Single Lattice Site

| 000000>
1 1000001>
|000010>

|000011>

1111110>
1111111>

Quantum Lattice Gas

Depiction of the arrangement of 6-qubit quantum
computers, each coupled to its neighbors to
implement the quantum lattice gas algorithm
(Yepez, 1999)

NYU

bttt /S
F Pt el
T tTT
7/

c)

t

1

H
i0, |0(t)) = Kpali(ay — al) |2 (1)) + B (1))
Dirac Analogy

The analogy between the Dirac and Boltzmann
equations is employed to implement a lattice
scheme with a dissipative linear collision
(Mezzacapo et al., 2015).

24



PREVIOUS ATTEMPTS OF LBM
WITH QC

NYU

Collision | | ‘== |

Linear Moniinear [l C100 W B
Linear Model E.Iassical U_ua.nt.ur'n Classical BiII'I.EIﬂI'
L-neaﬂzatmng Une-arlza:mn. Embedment Arithmetic H
Unitary [l 0 0T qubits Nenunitary 0 Il [l W Hybrid [
Bitshift Other . References
- u N Meazrzacapo et sl 2015
ita onunit Itar I, 2027 : )
- i i . bl ar','. .ummr: Itani & Swcci, 2021
Todarowa & Stel|l, 2019 Itani, 2023

Exact Ol tnexact Sehalkers & Miller, 2023 Ll et al,, 2023

Streaming | | I:E. B stel)l, 2020, 2021, 2023 W Budinski, 2021

Figure 1.3: Main lines of research for the approaches on a quantum algorithm for the
lattice Boltzmann method.
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METHODS

Quantum Linear Embedding

(QLE)
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QUANTUM LINEAR

U — . (4.2)

- 0 PRI, T TP, LS
) [¥) o) = (Z5 5 o) 1) (20 [D)E5p2 [K))

(4.1)
=5 ot V2 D ) K)
1 L woow
E ) [ =, —,—. (4.9)
/0! V1! V21 431

This encoding is known in quantum jargon. up to a normalization factor, as a coherent

state
l'.-fn
) =X 0 ——In}, (4.10)
L3 n Dml J
NYU alny=+nln—1). (4.12)

EMBEDDING

=}

0o 0
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7 0
0 3
0 0

o o o 4o

=1
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EVOLUTION UNDER QUANTUM
LINEAR EMBEDDING

1
{?:v_ﬁmw )
I i oo

pP=- ﬁ[ﬂ —d')

N =la=1)
a1n =111

£y =e~? | =0)

NYU

(4.16})

(417}

If f evolves according to the differential equation
af =52 1), (4.30)
differentiating Eqg. (4.28) with respect to time gives

o

_f{.i":r]> = _ip-Q(f(F.1)) |_F.;.?_;;.> . (431)
We can bring it down to the Schridinger form by defining the Hamiltonian

H=p-Q(f(X.1)) = p-Q§). (4.32)



METHODS

Quantum Machine Learning

(QML)
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QUANTUM MACHINE LEARNING

— Us{8n.é0,f)

— Va8, ¢1.61)
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Figure 5.2: A quantum circuit showing the minimum viable entangling layer
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Figure 5.3: A quantum circuit showing an entangling layer with periodic CNOTs

NYU



CONTRIBUTIONS



EXACT LINEARIZATION OF THE
COLLISION OPERATOR

- " e s 1
Q=Ff(1)+Ff?+F . Al
Py =—— ,—; (3.69)
"I -
1
where Fi and F, for the D103 are: B
1
z 0 % For the collision problem considered in linearizing the collision term classically, Ax; = 0,
Ar
Fi= Bl 0 1 0 such that one is able to verify:
103
(132} (2] =
LG E () =0 (3.82)
and:
4 -b
o AN
F=—prlt I =2 Emax = O(ArAX) (3.84)
<y =

s \VIN = =
(%t Y U 35



LOGISTIC EQUATION

Caremann Lineanzation of Logistic Equation
il conctbon 1 = ) = 08 | Timestep 0.7 sec [ K 1
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Figure 3.5: The analytical (left) (analytical integration) and numerical (right) (discrete
time-stepping) solutions of the Carleman-linearized logistic equation are
shown with their corresponding errors (bottom) as a function of time,
varying initial conditions and Carleman linearization orders. The predicted
time of validity is shown as a vertical asymptote in each plot.
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DIQ3 COLLISION
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Figure 3.6: The solution of the discrete densities of the fluid in D1Q3 for successive

collisions is shown for different % for the exact and Carleman-linearized
formulations as a function of time and Carleman linearization order. The
bottom figures show the normalized errors for each discrete density. Note
that the solution is exact beyond the first linearization order.
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MATRIX STRUCTURE OF THE
COLLISION OPERATOR

Eparesty of Carlamaen Mol of Ladice Bolzmann 0103 BGH Colision Tem

vt 1

Figure 3.1: Visualization of the sparsity of the Carleman matrix for the collision term at
various orders
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CONTRIBUTIONS

CL of LBM (Caveat)
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NONLINEARITY OF STREAMING

dvix.r) _oViE1) - o VL)

_ it { _cv .00
di di Tk ox; (359

aV, f,f.r..'; afj(x.1) e Slinl[f.r} dfi(%.t) — GV 3.91)
dfj(x.t) ot dfij(¥.t) ox
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CONCURRENT LINEARITY OF
STREAMING & COLLISION

p=1 (3.93)

gp =0. (3.94)
50 dVij(® 1) VylE1) o

2 2. ;
W=l dy ET! i =151

—v@._(&+8))-VAfED).

(3. 100)
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CONTRIBUTIONS

QLE for LBM & its Analysis
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STREAMING OPERATOR

I—x
{4.83)

-

x4

- Xd
) =—|1),
/ hfdl &

where N is the number of cells along the 4" dimension. There would be a corresponding
momentum operator #7. Then, the streaming step, stemming from the advection term, for

the #" variable along the the 4" dimension could be implemented as

— _
e TanT (4.84)
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HERMITICITY OF COLLISION

HAMILTONIAN

Following [125], we first manipulate Eq. (4.32) to arrive at

¥ l:" i I- Ay .|-T = I = e
H=5p-q)+583) P+ (57 2F) — 55(4) - P)-

We can write the Hamiltonian as

y i" A I ARy A 1 - g
H=3p-Q(4)+39(q)-p+ E[p.--ﬂ.-'.q.ll.

d - - i
2 C 0@ =52 " 0(fi=——(p—D)
: ]6‘{?5 ilg) - 1"-7"fr' il f) T'G )

i

—2]  D1Q3

=4 -1 D209

NYU

7 p3gx

%

We define a normalized state

(4.38)
l_f’[.?.r_:} = E‘% Jo V- fdr i_ful_?.r ]>.
i’(.?.,r ]> evolves under the Hermitian Hamiltonian
(4.39)
i = IEQ 500 () AAvas — Ert
= Shi= 1P ilg)+Q{g)pi=H .
(4.42)
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GATE DECOMPOSITION OF
BOSONIC HAMILTONIAN

&
T

|'—

32 ' 1
E-q Illlb"}-l_zi “ r"“_llf

'—

| I
E-J D -:\I.' > +£k U[
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E.ﬂ_‘ ge—1
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(4.98)
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QUANTUM LINEAR EMBEDDING

ERROR

_ 1
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Minimum Solutlon Accuracy versus Desined Accuracy
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Figure 4.6: Minimum solution accuracy £(t) observed in time compared to the desired
accuracy £ for ArQ||A|l,. = :]-!E
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QUANTUM LINEAR EMBEDDIN

ERROR

NYU

Ercr in Dbomie Densiios Halatve to the Classical Soution in a Si D1CE Call Undemgoing Succossie Colfision
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Figure 4.5: A comparison of the relative error the quantum solution for the discrete
densities with respect Lo the classical solution using the non-Hermitian
Hamiltonian (dashes) and the Hermitian Hamiltonian with post-processed
dissipation (stars), for qubit counts (ge) of 2.3 and 4 for each variable.
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QUANTUM LINEAR EMBEDDING
COMPLEXITY

Table 4.5: Summary of the full algorithm (streaming and unitary collision) gubit and gate complexities with different streaming
approaches. (5 is the lattice volume, [ the number of dimensions, T tolal number of time steps taken, ¢ number of
discrete densities, and N number of excitation levels/linearization order considered. ELP: Unitary Streaming by
Embedding of Lattice Position SDDR: Unitary Streaming by Swapping Discrele Density Registers PCAM™®:
Streaming is performed classically after measurement of post-collision densities al each timeslep

Streaming (Qubit Complexity () LCU Ancillas () Gate Complexity (O}
ELP log, (G) + @{max(log, (G),log: (N + 1)) | log; (QD[log, (G)]) | TO*D?[log3 (G)] + LQ°T (N + iflog. (N )]°
SDDR min(G,T +10g,{G))Qlog; (N+1) log, (Qlog; (N + 1)) 10T (N +1 )2 [logs (N +1)]° + TOG
PCAM* Qlogy (N + 1) +log, (G) + 2D log; (Qlog; (N + 1)) G=(PT (N +1 )7 [log, (N +1)]°

NYU
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QUANTUM LINEAR EMBEDDING
COMPLEXITY

Table 4.6: Summary of the full algorithm (streaming and unitary collision) qubit and gate complexities with different streaming
approaches in lerms of the Reynolds number Ke and the number of dimensions of the domain D. G is the lattice
volume, [} the number of dimensions, and £ the absolute difference error of the solution. ELP: Unitary Streaming by
Embedding of Lattice Position SDDE: Unitary Streaming by Swapping Discrete Density Eegisters PCAM™*:
Streaming is performed classically after measurement of post-collision densities al each timeslep

Streaming Qubit Complexity () LCU Ancillas (D) Gate Complexity (O}
ELP log, (Re) + (max(log, (Re). log, log 1))3" D Re?[log3 (Re)] 277 DL + Re7729” L(log, ﬂ%ﬁ [log3 log, 0]
SDDR | min(Re? Ret31 4 log, (Re))3” log, log; 0L D Re1729°L(10g, 017 [1ogd log, 01] + Re 107
PCAM* 3P1og, log, 0L + log, (Re) + 2D D Re*72971 (1og, 01)7 [102] log; 04 ]

NYU
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CONTRIBUTIONS

QML for LBM Collision
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BINARY VS. AMPLITUDE
ENCODING

e Binary e Modified Amplitude
o sl e . |8 ) = —= 22 i) (/1 —3210) + 3| 1)). (5.8)
i) =Eng i ln) = 5 ani @ s} , (5.4) YN
=0

where i, € {0,1} is the &' digit in the b-hit long binary string representing f;. Moreover,
the overall state is normalized such that
b 5
22 el = 1. (5.5)

1 1 1 1 -
1100} Fl _EI —§D—2—4D={]‘.5—D.Eﬁ={]‘_?}. (5.3)
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COMPATIBLITY WITH EXACT

STREAMING

| ¥ = .
‘/—Z;T—.L AR (5.2)

Table 5.2: States encoding the different directions for a given dimension

Direction

8;.d) = |eipein)

Stationary
Positive Axis
MNegative Axis

I i LY
ﬁ"l‘.ﬂ} +110%)
1)
|0}

NYU
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LOSS DEFINITION

( Jfa \
fi
S g 1
I=2Ipoge = 3
fe
1]
\ NI/

NYU

(5.11)

'll ] ] n '
RMSE(X) = V FE: B e (i —Xin P )

Loss = RMSE(X).

(5.10)

(5.12)
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HARD-WIRED SYMMETRIES
FOR DATA AUGMENTATION

Symmetry Transforms

[ i

|E|> ;'1033{C'|' E

Inverse Trans forms

e loga )] ﬁ .
@ - o} ——{ec |- 3 "
|

_________________ - p_—
B e e
jln' 4 -lrl o -|I|

Collision Ansaiz
0} o)
=|||

Figure 5.1: Overview of the quantum circuit used for training, including the lattice basis
vector, value, and lattice site registers, as well as the ancilla qubits.
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SYMMETRIES

NYU

Scale Equivariance 3
Rotation and reflection
equivariance

Dy

Mass and momentum invariance
Positivity of discrete densities

J,f.l"nxr = %E.,j_. ”36 Eﬁ’ﬁj_ﬁr"_

-

PR P PP PUY. P
=7 P LT RS,

Table 5.4: Cardinality (C) and qubit count for the rotation and reflection equivariance

symmetry group in each I) dimensional lattice

Lattice C # of Qubits
D103 2 1
D209 8 3
03027 4% [

(5.14)

(5.13)
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COLLISION ANSATZ

léi) —

I_ﬁ :. —

SEL (lavers)

Figure 5.4: Quantum circuit of the strong collision ansatz

|&;y — SEL (layers)

|fi)

CysiU3;

Figure 5.5: Quantum circuit of the strong-CU3 collision ansatz

|€iy — SEL (layers)

| fid

Figure 5.8: Quantum circuit of the Scramble collision ansatz

NYU

|&;} — BEL;, (layers)

\fid

BEL . (layers)

G, viRY;

BEL ', (layers) |—

BEL ' (layers) —

Figure 5.6: Quantum circuit of the BEL2-CRY-Inverse-BEL? ansatz, an example of the
EL(2-COP-Inverse-EL(2) family of ansatz

€i) —{ BELg, (layers)

i} — HE.‘__I. (lavers)

fi)y — BELg; (layers)
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BEL{lavers)
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Figure 5.7: Quantum circuit of the BEL2-CRY-Inverse-BEL2 ansatz, an example of the
EL{2»-COP-Inverse-EL(2) family of ansatz




COLLISION ANSATZ
COMPLEXITY SCALING

NYU

Ansat

BEL2-CRY-
Inverse-BEL2
SEL2-CLI3-
Inverse-SEL2
(SEL2-
CU3)xR
SEL-CRY-
Inverse-SEL
s Order
SEL-CEY-
Inverse-SEL
Strong

1-Qubit  Gate
Count
2L{gc+b)
2Ligc+ b)
RL(gc+8)

2l g¢c

2Lhge + AP

Ligc+b)

2-Qubit  Gate
Count
2Ligc + B) +
29 hge
2(ge + b) +
29 hge
RiL{gc+ b)) +
29 bgr)
g+ 2%hge

2Lbge -
29+ bge +
267

Ligc+h)

Circuit Depth # of Parame-

(<) lers
2L{max(gc,b)+ Ligc + b) +
1) +2%bgc 24k

2L (max(qc,b)+ 3(L{gc + b) +
1)+ 2%bgc 29°h)
RL{max{ge b))+ IR(Lige+b) +
1)+ R¥hge  29°%h)

Wige + 1) + 3lgc+29h
2chge

2L{gc + 1) + 3lgc +
29+ lpge  + 299H1p 4 1207
2b + 25

Ligc+b+1) JLigc+b)

Table 5.3: Summary of key parameters of the major variations of the collision ansalz
considered in this study, b corresponds to chosen binary precision, L, number
of layers of the entangling layer as explained in Sec. 5.3.7.1, and gc number
of qubits in the lattice index register [log, @]
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EVOLUTION OF THE PURITY OF
THE BINARY ENCODING

Entropy of Entarglament as a Furction of Successve Collisions

wj- W

won Neumann Svrogy

——= 2 qubks 2 lagars
=== 2 qubis 4 lagers
——= q qubits 4 lagers
——= 4 qubis 8 luyers
4 gubits 18 lagers

2 4 L B L]
Sumber of Timestem

(a) Entropy of entanglement for a dataset of 32 samples for 10 consecutive collision steps

NYU
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INCLUSION OF AN ANCILLA

Training Loss

1694

—— without ancila

107
—— witt ancila

Aoet Maear Square Froa

1 2 4 E g 1
dumber af Epachs
Figure 5.12: The 8-bit circuits with and without an ancilla are trained on a larger dataset
of 100,000, afier the initial training with 32 samples, for only 200 epochs.
The circuits appear o reach loss values comparable to their optimal loss for
the 32-sample weights within 10 epochs.
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PHYSICS-INFORMED ANSATZ

# of Lay- Learning
ers Rale

16 0.1

0.01

0.001

0.01

0.001

0.0001

NYU

Batch
Size

262,144

262,144

262,144

262,144
262,144

262 144

262,144

Sample
Size

1048576

1,048.576

1,048,576

1,048,576
1048576

1.048.576

1,048,576

#
Epochs

10
20
30
40
50
]
70
Bl
1060
10
10
15
15
20
30
40

of

Processed
Count
{rounded
to nearest
10°%)

10

21

31

42

32

63

13

84

105

10

10

16

16

21

31

42

Loss

0.08318
0.03704
0.01331
0.6407
0.08484
0.3085
0.04147
0.001032
0.0005635
0.0073727
0.002292
0.04326
0.006037
0.008651
0.004102
0.008136

Table 5. 10: Parameters and loss of the training of SEL-CRY-Inverse-SEL collision
ansatz with amplitude encoding
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PHYSICS-INFORMED ANSATZ

WITH SYMMETRIES

&
T

# of Lay- Learning Batch Sample
ers Rate Size Size Epnchs

B4 0.1 262,144 1048576 10
20
30
4i}
50
al
0.01 262,144 148576 70
B0
a0
100
200

of Processed
Count
{rounded
o nearest
10°)
10
21
31
42
a3
63
73
g4
94
105
210

Loss

(0.03933

0.005144
0.0018a7
0.004426
0.004056
0.001527
0.001962
0.002453
0.00472

0.001967
0.000396

Table 5.12: Parameters and loss of the training of SEL-CRY-Inverse-SEL collision

ansatz with amplitude encoding and symmetry

transforms
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GENERAL (STRONG) ANSATZ

# of Lay- Learming Batch Sample # of Processed Loss

ers Rate Size Size Epochs Count
{rounded
to nearest
106)
8 0.1 262,144 1.48576 10 10 0.02103
20 21 0.00189
30 3] 0.00185
40 42 0.00213
50 52 0.00101
fd 0.1 262,144 1,048,576 10 10 0.03223
20 21 0.00353
30 31 0.00169
40 42 0.00293
50 52 0.00178
&l 63 0.00132
0.01 262,144 148576 7O 73 0.00152
B0 a4 0.00156
a0 o4 0.00201
100 105 0.00374

Table 5.13: Paramelers and loss of the training of Strong collision ansatz with amplitude

NYU encoding and symmetry transforms



ERROR PROPAGATION

2(f) = B———vt > 0, (5.36)
oelr) i J
At 4 A F Fr - ' P o
A=(1——)+ @[]r—;-uc}p}fﬁ- + 2 fiH5 (5.37)
=1 As z e R A W ey 2 g 3y 5
B= [_?__1 (Do f; )by + 2y /77 ) D5). (5.38)
: RMSE obtained, (3.69 = 10~4) ' Re = 0(10) RSME of G{10%) to Ty = Q(10%) or Re = O(10°).

NYU
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ERROR RATIO OF THE POST-
COLLISION VELOCITIES

010 T T
X-Compenent |
[ Y-Compeonent |
0.08 4 7
P
| &
0.06 : |
| |
| 53
0.04 { E
| ¥
1 1
]
0.02 4 N E
N B
i i
i & i

0,00 - —

—0.010 —0.005 0000 0005 0010
Velocity Componerit

Figure 5.13: The post-collision error ratio of the x-(blue) and y-(orange) velocily
components is shown against the value of the respective component The
vertical dashed lines in blue, orange and grey represent the x-, y-component
and combined standard deviation of the error distribution. The black

NYU vertical dashed line represents the unscaled training loss.



DEMONSTRATION WITH LID-
DRIVEN CAVITY

250 250 1w
. ' 2
3 082
200 082 200 =
D = D
g 2 £ =
5 150 0.6 > 5 150 s
g 3 Y 8
£ 2 £ 2
T 100 0.41>3 T 100 0.433
= a S €
o N > N
= =z
50 02 E 50 0.2 £
o [~
Z =

0 ' ' ' 0
0 50 100 150 200 250 0 50 100 150 200 250
X (Lattice Units) X (Lattice Units)

Figure 5.14: Normalized velocity magnitude corresponding to the fiow field of the Figure 5.15: Normalized velocity magnitude corresponding to the flow field of the
lid-driven cavity solved using the lattice Boltzmann method with the lid-driven cavity solved using the lattice Boltzmann method with the
standard classical BGK collision at Re = 40 on a 256 x 256 grid: The whiu quantum collision at Re = 40 on a 256 x 256 grid; The white contours
contours represent the isovelocity lines represent the isovelocity lines
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EPILOGUE

Summary of Key Contributions
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SUMMARY

NYU

Physically justifying the Carleman
linearization of lattice Boltzmann
Exactly linearizing the collision term
and showing the convergence of error
when streaming is considered
Mapping the quantum linear
embedding method to digital
quantum computers

Developing the complexity and error
analysis of guantum linear
embedding in a finite Hilbert space
Determining conditions of
convergence of truncated linear
embedding error for an arbitrary

polynomial

Developing the first guantum
algorithm for lattice Boltzmann with
unitary collision and streaming
Performing the first regression task in
guantum machine learning with a
binary encoding

Using quantum machine learning to
train a collision operator compatible
with exact streaming
Demonstrating that the linearization
error and instabilities arise from the
smallest velocities considered
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