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Introduction
Statistical predictive or confidence decisions (under parametric uncertainty) for future random quantities (future outcomes, order statistics, 

etc.) based on the past and current data is the most prevalent form of statistical inference. Predictive inferences for future random quantities are 
widely used in risk management, finance, insurance, economics, hydrology, material sciences, telecommunications, and many other industries. 
Predictive inferences (predictive distributions, prediction or tolerance limits (or intervals), confidence limits (or intervals) for future random 
quantities on the basis of the past and present knowledge represent a fundamental problem of statistics, arising in many contexts and producing 
varied solutions. The approach used here is a special case of more general considerations applicable whenever the statistical problem is 
invariant under a group of transformations, which acts transitively on the parameter space.1–29

I.	Adequate mathematical models of cumulative distribution functions of order statistics for constructing one-sided tolerance limits 
(or two-sided tolerance interval) in new (future) data samples under parametric uncertainty

Theorem 1: Let us assume that Y1≤ … ≤Yn will be a new (future) random sample of n ordered observations from a known distribution with a 

probability density function (pdf) ( ),f yρ  cumulative distribution function (cdf) ( )F yρ , where ρ  is the parameter (in general, vector). Then 
the adequate mathematical models for a cumulative probability distribution function of the kth order statistic Yk, k∈{1, 2, …, n}, to construct 
one-sided γ − content tolerance limits (or two-sided tolerance interval) for Yk with confidence level ,β are given as follows: 

A.	Adequate Applied Mathematical Model 1 of a Cumulative Distribution Function of the kth Order Statistic Yk is given by
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In the above case, a ( ),γ β upper, one-sided γ − content tolerance limit U
ky  with confidence level β  can be obtained by using the following 

formula:
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is the probability density function (pdf) of the beta distribution ( ( , 1))Beta k n k− +  with the shape parameters k and n − k+1.
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Proof: It follows from (1) that
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This ends the proof.

A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 
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A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 
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B.	Adequate Applied Mathematical Model 2 of a Cumulative Distribution Function of the kth Order Statistic Yk is given by
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In the above case, a ( ),γ β upper, one-sided γ − content tolerance limit U
ky  with confidence level β  can be obtained by using the 

following formula:
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is the probability density function (pdf) of the beta distribution ( ( 1, ))Beta n k k− +  with the shape parameters n − k+1 and k.

Proof: It follows from (9) that
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This ends the proof.

A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 
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A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 
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C.	Adequate Applied Mathematical Model 3 of a Cumulative Distribution Function of the kth Order Statistic Yk is given by
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In the above case, a ( ),γ β upper, one-sided γ − content tolerance limit U
ky  with confidence level β  can be obtained by using the 

following formula:
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is the probability density function (pdf) of the F distribution ( ( , 1))F k n k− + with parameters k and n−k+1, which are positive integers 
known as the degrees of freedom for the numerator and the degrees of freedom for the denominator.

Proof: It follows from (13) that
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This ends the proof.

A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 
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A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 
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D.	Adequate Applied Mathematical Model 4 of a Cumulative Distribution Function of the kth Order Statistic Yk is given by
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In the above case, a ( ),γ β upper, one-sided γ − content tolerance limit U
ky  with confidence level β  can be obtained by using the 

following formula:
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is the probability density function (pdf) of the F distribution ( ( 1, ))F n k k− + with parameters n−k+1 and k, which are positive integers 
known as the degrees of freedom for the numerator and the degrees of freedom for the denominator.

Proof: It follows from (19) that
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This ends the proof.

A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 
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A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 
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II.	Adequate mathematical models of conditional cumulative distribution functions of order statistic for constructing one-sided 
tolerance limits (or two-sided tolerance interval) in new (future) data samples under parametric uncertainty

Theorem 2: Let us assume that Y1≤ … ≤Yn will be a new (future) random sample of n ordered observations from a known distribution with 
a probability density function (pdf) ( ),f yρ  cumulative distribution function (cdf) ( )F yρ , where ρ is the parameter (in general, vector). 
Then the adequate mathematical models for a conditional cumulative distribution function (ccdf) of the lth order statistic Yl, l∈{2, …, n}, to 
construct one-sided γ − content tolerance limits (or two-sided tolerance interval) for Yl (1 ≤ k < l ≤ n) ), given Yk=yk, with confidence level ,β
are determined as follows: 

E.	Adequate Applied Mathematical Model 5 of a Conditional Cumulative Distribution Function of the lth Order Statistic Yl is given by
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is the probability density function (pdf) of the beta distribution ( ( , 1))Beta l k n l− − +  with shape parameters l−k and n−l+1.

Proof: It follows from (25) that
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This ends the proof.

A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 
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A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 
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L U
l l

L U
l l k k l l

y y
E P Y y Y y n E P Y y nρ ργ β γ β

 
> = ≥ = ≤ ≥ = 

 

( ) ( )
1 1

( ) ( )

, 1 , 1
0 0

arg Pr ( ) 1 ,  arg Pr ( )

L U
l l

k k

L U
k k

F y F y
F y F y

l k n l l k n l
y y

E f r dr E f r dr

ρ ρ

ρ ρ

γ β γ β

− −

− − + − − +

          
                    = ≤ − = ≥ =                                 

∫ ∫

,  .L U
l ly y =                                                                                                                                                                                                         (30)

F.	 Adequate Applied Mathematical Model 6 of a Conditional Cumulative Distribution Function of the lth Order Statistic Yl is given by

1

1,
( )
( )

( ) ( )
( ) ( | ; ) 1 ,

( ) ( )
l

k

j n k j
n k

l l
n l l k l l k k

j l k k kF y
F y

F y F yn k
f r dr P Y y Y y n

j F y F y
ρ

ρ

ρ ρ
ρ

ρ ρ

− −
−

− + −
= −

   − 
= ≤ = = −    

        
∑∫                                               (31)

In the above case, a ( ),γ β upper, one-sided γ − content tolerance limit U
ly  with confidence level β  can be obtained by using the 

following formula:

( ){ }
1

1,
( )
( )

Pr ( ) Pr ( | ; ) ,
U
l

k

U
n l l k l l k k

F y
F y

E f r dr E P Y y Y y n
ρ

ρ

ργ γ β− + −

  
    ≥ = ≤ = ≥ = 

      

∫                                                                            (32) 

where ( ) 1 ( ),F y F yρ ρ= −

( )

( )
1 1 1

1,
(1 )( ) ,    0 1,

1,

n l l k

n l l k
r rf r r

n l l k

− + − − −

− + −

−
= < <
Β − + −

                                                                                                                                          (33) 

is the probability density function (pdf) of the beta distribution ( ( 1, ))Beta n l l k− + −  with shape parameters n−l+1 and l−k.

Proof: It follows from (31) that
1

1,
( )
( )

( ) ( | ; ).
l

k

n l l k l l k k
l lF y

F y

d df r dr P Y y Y y n
dy dy

ρ

ρ

ρ− + − = ≤ =∫
                                                                                                                      

 (34)

This ends the proof.
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A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 

( ){ }
1

1,
( )
( )

Pr 1 ( ) Pr ( | ; ) .
L
l

k

L
n l l k l l k k

F y
F y

E f r dr E P Y y Y y n
ρ

ρ

ργ γ β− + −

  
    − ≥ = > = ≥ = 

      

∫                                                                           (35) 

A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 

( ){ }( ) ( ){ }( )arg Pr ( | ; ) ,  arg Pr ( | ; )
L U
l l

L U
l l k k l l k k

y y
E P Y y Y y n E P Y y Y y nρ ργ β γ β

 
> = ≥ = ≤ = ≥ = 

 

1 1

1, 1,
( ) ( )
( ) ( )

arg Pr ( ) 1 ,  arg Pr ( )
L U

L Ul k
l l

k k

n l l k n l l k
y yF y F y

F y F y

E f r dr E f r dr
ρ ρ

ρ ρ

γ β γ β− + − − + −

          
                    = ≤ − = ≥ =                                 

∫ ∫

,  .L U
l ly y =                                                                                                                                                                                                            (36)

This ends the proof.
G.	Adequate Applied Mathematical Model 7 of a Conditional Cumulative Distribution Function of the lth Order Statistic Yl is given by

( ) ( )1 1
( ) ( )

, 1
0

( ) ( )
( ) ( | ; ) 1 ,

( ) ( )

l l

k k

F y F yn l
j n k jl k F y F y n k

l l
l k n l l l k k

j l k k k

F y F yn k
f r dr P Y y Y y n

j F y F y

ρ ρ

ρ ρ

ρ ρ
ρ

ρ ρ

 − +
 −  − − −   −

− − +
= −

   − 
= ≤ = = −    

        
∑∫                    (37)

In the above case, a ( ),γ β upper, one-sided γ − content tolerance limit U
ly  with confidence level β  can be obtained by using the 

following formula:

( ){ }
( ) ( )1 1
( ) ( )

, 1
0

Pr ( ) Pr ( | ; ) ,

U U
l l

k k

F y F yn l
l k F y F y

U
l k n l l l k kE f r dr E P Y y Y y n

ρ ρ

ρ ρ

ργ γ β

 − +  −
 −  

− − +

  
  
  ≥ = ≤ = ≥ =       

∫                                                (38) 

where ( ) 1 ( ),F y F yρ ρ= −

1

, 1 1
11( ) ,

( , 1)
1

1

l k

l k n l n k

l kl k r
n ln lf r

l k n l l k r
n l

− −

− − + − +

− −
 − + − +=

Β − − + − + − + 
(0, ),r∈ ∞                                                                                                                                                                                                     (39)

is the probability density function (pdf) of the F distribution ( ( , 1))F l k n l− − + with parameters l−k and n−l+1, which are positive integers 
known as the degrees of freedom for the numerator and the degrees of freedom for the denominator.
Proof: It follows from (36) that 

( ) ( )1 1
( ) ( )

, 1
0

( ) ( | ; ).

l l

k k

F y F yn l
l k F y F y

l k n l l l k k
l l

d df r dr P Y y Y y n
dy dy

ρ ρ

ρ ρ

ρ

 − +
 −  −  

− − + = ≤ =∫                                                                                                   (40)

This ends the proof.
A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 

( ){ }
( ) ( )1 1
( ) ( )

, 1
0

Pr 1 ( ) Pr ( | ; ) .

L L
l l

k k

F y F yn l
l k F y F y

L
l k n l l l k kE f r dr E P Y y Y y n

ρ ρ

ρ ρ

ργ γ β

 − +  −
 −  

− − +

  
  
  − ≥ = > = ≥ =       

∫                                                (41) 
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A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 

( ){ }( ) ( )( ){ }( )arg Pr ( | ; ) ,  arg Pr Pr ( | ; )
L U
l l

L U
l l k k l l k k

y y
E P Y y Y y n E P Y y Y y nρ ργ β γ β

 
> = ≥ = ≤ = ≥ = 

 
( ) ( )1 1
( ) ( )

, 1
0

( ) ( )1 1
( ) ( )

, 1
0

arg Pr ( ) 1 ,

arg Pr ( )

L L
l l

k k

L
l

U U
l l

k k

U
k

F y F yn l
l k F y F y

l k n l
y

F y F yn l
l k F y F y

l k n l
y

E f r dr

E f r dr

ρ ρ

ρ ρ

ρ ρ

ρ ρ

γ β

γ

 − +  −
 −  

− − +

 − +  −
 −  

− − +

   
   

   ≤ − =           =
 
 
 ≥


 

∫

∫ β

 
 
 
 
 
 
 

   
      =           

,  .L U
l ly y =                                                                                                                                                                                                  (42)

This ends the proof.

H.	Adequate Applied Mathematical Model 8 of a Conditional Cumulative Distribution Function of the lth Order Statistic Yl is given by

1, ,
( ) ( )

1
1 ( ) ( )

( )
l l

k k

n l l k
F y F yl k

n l F y F y

f r dr
ρ ρ

ρ ρ

∞

− + −
 −
 −  − +  

∫

( | ; )l l k kP Y y Y y nρ= ≤ =
( ) ( )

1
( ) ( )

j n k j
n k

l l

j l k k k

F y F yn k
j F y F z

ρ ρ

ρ ρ

− −
−

= −

   − 
= −    

        
∑                                                                                           (43)

In the above case, a ( ),γ β upper, one-sided γ − content tolerance limit U
ly  with confidence level β  can be obtained by using the 

following formula:

( ){ }1, ,
( ) ( )

1
1 ( ) ( )

Pr ( ) Pr ( | ; ) ,
U U
l l

k k

U
n l l k l l k k

F y F yl k
n l F y F y

E f r dr E P Y y Y y n
ρ ρ

ρ ρ

ργ γ β
∞

− + −
 −  −
 − +  

  
  
  ≥ = ≤ = ≥ =       

∫                                                       (44) 

where ( ) 1 ( ),F y F yρ ρ= −
1

1, 1
11( ) ,

( , 1)
1

1

l k

n l l k n k

l kl k r
n ln lf r

l k n l l k r
n l

− −

− + − − +

− −
 − + − +=

Β − − + − + − + 

 (0, ),r∈ ∞                                                                                                        (45)

is the probability density function (pdf) of the F distribution ( ( 1, ))F n l l k− + − with parameters n − l+1 and l − k, which are positive 
integers known as the degrees of freedom for the numerator and the degrees of freedom for the denominator.

Proof: It follows from (36) that 

1, ,
( ) ( )

1
1 ( ) ( )

( ) ( | ; ).
l l

k k

n l l k l l k k
l lF y F yl k

n l F y F y

d df r dr P Y y Y y n
dy dy

ρ ρ

ρ ρ

ρ

∞

− + −
 −
 −  − +  

= ≤ =∫                                                                                                 (46)

This ends the proof.
A ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  can be obtained by using the following formula: 

( ){ }1, ,
( ) ( )

1
1 ( ) ( )

Pr 1 ( ) Pr ( | ; ) .
L L
l l

k k

L
n l l k l l k k

F y F yl k
n l F y F y

E f r dr E P Y y Y y n
ρ ρ

ρ ρ

ργ γ β
∞

− + −
 −  −
 − +  

  
  
  − ≥ = > = ≥ =       

∫                                                               (47) 
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A ( ),γ β  two-sided γ − content tolerance interval with confidence level β  can be obtained by using the following formula: 

( ){ }( ) ( )( ){ }( )arg Pr ( | ; ) ,  arg Pr Pr ( | ; )
L U
l l

L U
l l k k l l k k

y y
E P Y y Y y n E P Y y Y y nρ ργ β γ β

 
> = ≥ = ≤ = ≥ = 
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∞
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 − +  

   
   

   ≤ − =           =
 

 ≥


 

∫

∫ β

 
 
 
 
 
 
 

   
      =           

,  .L U
l ly y =                                                                                                                                                                                                     (48)

This ends the proof.

III.	Two-parameter exponential distribution

Let Y = (Y1  ... ≤ Ym) be the first m ordered observations (order statistics) in a sample of size h from the two-parameter exponential distribution 
with the probability density function

1( ) exp ,    0,  0,yf yρ
υϑ ϑ υ

ϑ
− − = − > ≥ 

 
                                                                                                                                               (49)

and the cumulative probability distribution function

( ) 1 exp ,yF yρ
υ

ϑ
− = − − 

 
 ( ) 1 ( ) exp ,yF y F yρ ρ

υ
ϑ
− = − = − 

 
                                                                                                     (50)

where ( , ),ρ υ ϑ= υ is the shift parameter and ϑ is the scale parameter. It is assumed that these parameters are unknown. In Type II 
censoring, which is of primary interest here, the number of survivors is fixed and Y is a random variable. In this case, the likelihood function 
is given by

( )
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( )1 1 1 1
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m
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1
1
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m

s h s υ
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                                                                                                           (51)

where

1 1 1 1
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m i m
i
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=

 
= = = − + − − 
 

∑S                                                                                                                           (52)

is the complete sufficient statistic for ρ. The probability density function of S = (S1, Sm) is given by
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1
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2
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12 1
0 0
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where

( ) 1
1 1

( )exp ,    ,h shf s sρ
υ υ

ϑ ϑ
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1
1

SV υ
ϑ
−
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is the pivotal quantity, the probability density function of which is given by

( )1 1 1 1( ) exp ,    0,f v h hv v= − ≥                                                                                                                                                                         (57)

m
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S
V

ϑ
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is the pivotal quantity, the probability density function of which is given by

( ) ( )21 exp ,    0.
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m
m m m m mf v v v v

m
−= − ≥

Γ −
                                                                                                                                         (59)

A.	Constructing a ( ),γ β upper, one-sided γ − content tolerance limit with confidence level β  for the case of Model 1

Theorem 3: Let Y1≤…≤Ym be the first m ordered observations from the preliminary sample of size h from a two-parameter exponential 
distribution defined by the probability density function (49). Then the upper one-sided γ-content tolerance limit (with a confidence level β) U

ky  
on the kth order statistic Yk from a set of n future ordered observations Y1≤…≤Yn also from the distribution (49), which satisfies

( ){ }Pr ( | ) ,U
k kE P Y y nρ γ β≤ ≥ =                                                                                                                                                                 (60)

is given by
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where

( ) ( ), 1 ,1 ( , - 1), .  quantilek n kq Beta k n kγ γ γ− +Ω = − +                                                                                                                                          (62)

Proof: It follows from (2) and (3) that
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It follows from (63) and (64) that
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It follows from (64) and (65) that
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It follows from (66) that
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Then (61) follows from (67), this ends the proof.

B.	Constructing a ( ),γ β lower, one-sided γ − content tolerance limit with confidence level β  for the case of Model 1

Theorem 4: Let Y1≤…≤Ym be the first m ordered observations from the preliminary sample of size h from a two-parameter exponential 
distribution defined by the probability density function (49). Then the lower one-sided γ-content tolerance limit (with a confidence level β) L

ky
on the kth order statistic Yk from a set of n future ordered observations Y1…≤Yn also from the distribution (49)), which satisfies 

( ){ }Pr ( | ) ,L
k kE P Y y nµ γ β> ≥ =                                                                                                                                                            (68)

is given by 
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where 

( ) ( )1 , 1 ,11  ( , - 1), .1   quantilek n kq Beta k n kγ γ γ− − + −Ω −= − +                                                                                                                       (70)

Proof: It follows from (3) and (5) that
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where
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It follows from (57) and (71) that
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It follows from (72) and (73) that
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It follows from (74) that
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Then (69) follows from (75), this ends the proof.

C.	Numerical Practical Example

Let us assume that k =5, m =8, h =10, n=12, γ = β = 0.95,

1 1 1 1
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Then , the ( )0.95, 0.95γ β= = upper, one-sided γ − content tolerance limit U
ky  with confidence level β  can be obtained from (61), 

where the quantile of ( , - 1),Beta k n k γ+  is given by

( ), 1 , 0.60913 ,8k n kq γ− + =                                                                                                                                                                                       (77)
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It follows from (61), (76) and (78) that 
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The ( )0.95, 0.95γ β= = lower, one-sided γ − content tolerance limit U
ky  with confidence level β  can be obtained from (69), where the 

quantile of - 1( , 1),Beta k n k γ+ −  is given by

( ), 1 ,1 0.18 ,1025k n kq γ− + − =                                                                                                                                                                                   (80)

( )1 , 1 ,1 .1 1 0.181025 0.818975k n kqγ γ− − + −Ω = − == −                                                                                                                                  (81)
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It follows from (69), (76) and (81) that 
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                         (82)

The ( )0.95, 0.95γ β= =  two-sided γ − content tolerance interval with confidence level β  can be obtained by using (6), (79) and (82): 

[ ].10.64088 16.8 8,  , 8 32 5L U
k ky y  =                                                                                                                                                        (83)

IV.	New intelligent transformation technique for derivation of the density function of the student’s T distribution

Theorem 5: If  1 (0,1)W N∈  and  2
2 ( )W χ υ∈ are independent random variables, then 

21 / / ( ),W W Tυ υ=                                                                                                                                                                                         (84) 

where  ( )t υ  follows the student’s t distribution with υ  degrees of freedom, 
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It follows from (86) and (87) that
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It follows from (88) and (89) that
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This ends the proof.

V.	Confidence interval for the difference of means of two different normal populations

In most applications, two populations are compared using the difference in the means. Let U1, U2, ..., Um be a sample of size m from a normal 
population having mean mµ  and variance 2

mσ  and let Z1, ..., Zn be a sample of size n from a different normal population having mean nµ  
and variance 2

nσ  and suppose that the two samples are independent of each other. We are interested in constructing a confidence interval for 
.m nµ µ−  To obtain this confidence interval, we need the distribution of ,m nU Z− where
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It follows from (92) that
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This is independent of 
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Taking (84), (93) and (96) into account, we have that
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where T(m+n-2) is a t-random variable with m + n – 2 degrees of freedom, 

( )( )
( )

( )1 /221 2
( ) 1 ,   .

2( 2)  ( 2) / 2

m nm n tf t t
m nm n m nπ

− + −Γ + −  
= + −∞ < < ∞ + −+ − Γ + −  

                                                                      (98)

Using (97) and (98), it can be obtained a 100(1−α)% confidence interval for ( )m n m nU Z µ µ− − −  from 

( )( )1 22P t T m n t≤ + − ≤
( )

1 22 2 2 2 2 2

2
( 1) / ( 1) / / /

m n m n

m m n n m n

U Z m nP t t
m S n S m n

µ µ

σ σ σ σ

 − − − + − = ≤ ≤
 − + − + 

( )
2 2 2 2

2 2
1

2 2 2 2
2 2

2

( 1) / ( 1) / / /
2 1

( 1) / ( 1) /                / /
2

m m n n
m n m n m n

m m n n
m n

m S n St m n U Z
m nP

m S n St m n
m n

σ σ
σ σ µ µ

α
σ σ

σ σ

 − + −
 + ≤ − − −

+ − = = − − + − ≤ + + − 

                                                             (99)

by suitably choosing the decision variables 1t  and 2t . Hence, the statistical confidence interval for ( )m n m nU Z µ µ− − −  is given by 

2 2 2 2 2 2 2 2

1 2

2 2 2 2

( 1) / ( 1) / ( 1) / ( 1) /
2 2,  .1 1

/ / / /

m m n n m m n n

m n m n

m S n S m S n S
m n m nt t

m n m n

σ σ σ σ

σ σ σ σ

 − + − − + − 
+ − + − 

 
 

+ +    

                                                                              (100)

The length of the statistical confidence interval for ( )m n m nU Z µ µ− − −  is given by 

2 2 2 2
2 2

1 2
( 1) / ( 1) /, | / /

2
m m n n

m n
m S n SL t t m n

m n
σ σ

σ σ
 − + −
 +
 + − 

( )
2 2 2 2

2 2
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( 1) / ( 1) / / / .
2

m m n n
m n

m S n St t m n
m n
σ σ

σ σ
− + −

= − +
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(101)
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In order to find the confidence interval of shortest-length for ( )m n m nU Z µ µ− − − , we should find a pair of decision variables 1t  and 2t  
such that (101) is minimum.

It follows from (98) and (99) that 
2 2 1

1 0 0

( ) ( ) ( )
t t t

t

f t dt f t dt f t dt= −∫ ∫ ∫ ( )1 1 ,p pα α= − + − = −                                                                                                                         (102)

where p (0 )p α≤ ≤  is a decision variable,
2

0

( ) 1
t

f t dt pα= − +∫                                                                                                                                                                                           (103)

and
1

0

( ) .
t

f t dt p=∫                                                                                                                                                                                                (104)

Then 2t represents the ( )1 pα− + - quantile, which is given by

2 1 ;( ( 2)) ,p t m nt q α− + + −=                                                                                                                                                                                    (105)

1t represents the p - quantile, which is given by

1 ;( ( 2)) .p t m nt q + −=                                                                                                                                                                                            (106)

The shortest length confidence interval for ( )m n m nU Z µ µ− − −  can be found as follows:

Minimize

 ( ) ( )22
2 1 1 ;( ( 2)) ;( ( 2))p t m n p t m nt t q qα− + + − + −− = −                                                                                                                                            (107)

subject to

0 ,p α≤ ≤                                                                                                                                                                                                      (108)

The optimal numerical solution minimizing ( )2
2 1t t− can be obtained using the standard computer software “Solver” of Excel 2016. If 

2 2 ,m nσ σ=  it follows from (101) that

( )
2 2 2 2

1 2 2 1
( 1) ( 1) ( 1) ( 1), | .

2 2
m n m nm S n S m S n Sm n m nL t t t t

m n mn m n mn

 − + − − + −+ +
  = −
 + − + − 

                                                              (109)

If, for example, m=58, n=27, α = 0.05, 2 270.7,    76.13,    (1.8) ,m n mU Z S= = = 2 2(2.42) ,nS = then the optimal numerical solution of 
(107) is given by

1 ;( ( 2)),    1.9880.025 ,96p t m np t q + −= = = −  2 1 ;( ( 2)) 1.98896p t m nt q α− + + −= =                                                                                      (110)

and it follows from (99) and (109) that the 100(1−α)% confidence interval of shortest-length (or equal tails) for 1 2µ µ− is given by

( )
( )

( )
( )

2 2

2

2 2

1

( 1) ( 1) ,
2 6.330947, 4.52905

( 1) ( 1)
2

m n
m n

m n

m n
m n

m S n S m nU Z t
m n mn

m S n S m nU Z t
m n mn

µ µ

 − + − +
 − −

+ − − ∈ = − − − + − + − − + − 

                                                      (111)

or

6.330947  4.52905.m nµ µ− ≤ − ≤ −                                                                                                                                                         (112)

VI.	Confidence interval for the ratio of means of two different normal populations

Ratio in the means is used to compare two populations of positive data. Let U1, U2, ..., Um be a sample of size m from a normal population 
having mean mµ  and variance 2

mσ  and let U1, ..., Un be a sample of size n from a different normal population having mean nµ  and variance 2
nσ  

and suppose that the two samples are independent of each other. We are interested in constructing a confidence interval for the ratio of means 
( , )m nµ µ of two different normal populations To obtain this confidence interval, we need the distribution of ,m nU Uκ− where

( ) ( )2

1

2

1
,    . , / , /nm m n

m n

m i i
i i

nU U m N U U n Nm nµ σ µ σ
= =

= =∑ ∑                                                                                               (113)
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It can be shown that
2 2 2

, m n
m n m nU U N

m n
σ κ σ

κ µ κµ
 

− − + 
 

                                                                                                                                                            (114)

or

( )12 2 2

( )
0,1 .m n m n

m n

U U
W N

m n

κ µ κµ

σ κ σ

− − −
=

+

                                                                                                                                                    (115)

This is independent of 

( )
( )2

2
2 2 21

12 2
1

( 1)( 1)
( 1)

m

i mm
i m

i m m m
i m m

U U
m SmU U

m
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σ σ
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−
=

−
−−

− = =
−

∑
∑                                                                                               (116)

and

( )
( )2

22 12 2
12 2

1

( 1)( 1) ,
( 1)

n

j nn
j n

j n n n
j n n

U U
n SnU U

n
σ χ

σ σ
=

−
=

−
−−

− = =
−

∑
∑                                                                                                       (117)

where

2

2 2
2

2 2

( 1) ( 1) ( 2).m n

m n

m S n S m nW χ
σ σ
− −

+ = + −                                                                                                                                        (118)

It follows from (84), (115) and (118) that

2 2 2 2 2
2

2 2

1 ( ) 1
/ ( 2) ( 1) ( 1) ( 2)

m n m n

m n m n

m n

U U
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W κ µ κµ

σ κ σ
σ σ

− − −
=

+ −  − −+ + + − 
 

2 2 22 2 2 2

( ) 2 ( ),
/ /( 1) / ( 1) /

( 2)m n m n

m nm m n n

U U m n f t
m nm S n S

T m nκ µ κµ
σ κ σσ σ

− − − + −
= = −

+
+

− + −
                                                                           (119)

where T(m+n-2) is a t-random variable with m + n – 2 degrees of freedom. Taking Theorem 5 into account, we have that

( )( )
( )

( )1 /221 2
( ) 1 ,   .

2( 2)  ( 2) / 2

m nm n tf t t
m nm n m nπ

− + −Γ + −  
= + −∞ < < ∞ + −+ − Γ + −  

                                                                   (120)

Using (119) and (120), it can be obtained a 100(1−α)% confidence interval for ( )m n m nU Uκ µ κµ− − −  from 

( )( )1 22 | ( )m n m nP t T m n U U tκ µ κµ≤ + − − − − ≤

1 22 2 2 2 2 2 2

( ) 2
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m S n S m n

κ µ κµ

σ σ σ κ σ
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 − + − + 
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                               (121)

By suitably choosing the decision variables 1t  and 2t . Hence, the statistical confidence interval for ( )m n m nU Uκ µ κµ− − −  is given by 

2 2 2 2 2 2 2 2

1 2

2 2 2 2 2 2

( 1) / ( 1) / ( 1) / ( 1) /
2 2,  .1 1

/ / / /

m m n n m m n n

m n m n

m S n S m S n S
m n m nt t

m n m n

σ σ σ σ

σ κ σ σ κ σ
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 
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                                                                             (122)
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The length of the statistical confidence interval for ( )m n m nU Uκ µ κµ− − −  is given by 

2 2 2 2
2 2 2

1 2
( 1) / ( 1) /, | / /

2
m m n n

m n
m S n SL t t m n

m n
σ σ σ κ σ

 − + −
 +
 + − 

( )
2 2 2 2

2 2 2
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( 1) / ( 1) / / / .
2

m m n n
m n

m S n St t m n
m n
σ σ

σ κ σ
− + −

= − +
+ −                                                                                              

(123)

In order to find the confidence interval of shortest-length for ( )m n m nU Uκ µ κµ− − − , we should find a pair of decision variables 1t  and 
2t  such that (123) is minimum. It follows from (121) and (123) that 

2 2 1

1 0 0

( ) ( ) ( )
t t t

t

f t dt f t dt f t dt= −∫ ∫ ∫ ( )1 1 ,p pα α= − + − = −                                                                                                              (124)

where p (0 )p α≤ ≤  is a decision variable,

2

0

( ) 1
t

f t dt pα= − +∫                                                                                                                                                                                  (125)

and
1

0

( ) .
t

f t dt p=∫                                                                                                                                                                                              (126)

Then 2t represents the ( )1 pα− + - quantile, which is given by

2 1 ;( ( 2)) ,p t m nt q α− + + −=                                                                                                                                                                                           (127)

1t represents the p  - quantile, which is given by

1 ;( ( 2)) .p t m nt q + −=                                                                                                                                                                                             (128)

The shortest length confidence interval for ( )m n m nU Uκ µ κµ− − −  can be found as follows:

Minimize

 ( ) ( )22
2 1 1 ;( ( 2)) ;( ( 2))p t m n p t m nt t q qα− + + − + −− = −                                                                                                                                            (129)

subject to

0 ,p α≤ ≤                                                                                                                                                                                                    (130)

The optimal numerical solution minimizing ( )2
2 1t t− can be obtained using the standard computer software “Solver” of Excel 2016. If 

2 2 ,m nσ σ=  it follows from (123) that

( )
2 2 2 22 2

1 2 2 1
( 1) ( 1) ( 1) ( 1)1 1, | .

2 2
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κ κ − + − − + −

 + = − +
 + − + −                                                     

(131)

If, for example, m=6, n=4, α = 0.05, 2 2117.5,    126.8,    (9.7) ,m n mU U S= = = 2 2(12) ,nS = then the optimal numerical solution of (129) 
is given by

1 ;( ( 2)) 2 1 ;( ( 2)),    2.306 2.3060.025 ,    p t m n p t m np t q t q α+ − − + + −= = = − = =                                                                                        (132)

and it follows from (121) and (131) that the 100(1−α)% confidence interval of shortest-length (or equal tails) for 1 2µ κµ−  is given by

2 2 2
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                                                                                                (133)

If 1,κ =  it follows from (133) that
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( )

( )
( )

1 1117.5 126.8 2.306 10.6 ,
6 4 25.07,  6.47
1 1117.5 126.8 2.306 10.6
6 4

 
− − × + 

 = = −
 
 − + × +
 

                                                                                                 (134)

or

25.07 < 6.47.m nµ µ− − <                                                                                                                                                                      (135)

An analytical expression for determining the optimal value of κ  (the ratio in means of two different normal populations) can be obtained 
from (121), where it is assumed that 2 2

m nσ σ=  and ( ) 0 :m nµ κµ− =  
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                                                                      (136)

Thus, it follows from (136) that

( )0.815431,  1.05526 .κ ∈                                                                                                                                                                      (137)

Conclusion
The new intelligent computational models proposed in this paper are conceptually simple, efficient, and useful for constructing accurate 

statistical tolerance or prediction limits and shortest-length or equal-tailed confidence intervals under the parametric uncertainty of applied 
stochastic models. The methods listed above are based on adequate computational models of the cumulative distribution function of order 
statistics and constructive use of the invariance principle in mathematical statistics. These methods can be used to solve real-life problems in 
all areas including engineering, science, industry, automation & robotics, machine learning, business & finance, medicine and biomedicine, 
optimization, planning and scheduling.
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