THE CASSELS-TATE PAIRING ON POLARIZED ABELIAN VARIETIES
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ABSTRACT. Let (A4, \) be a principally polarized abelian variety defined over a global field

k, and let IITI(A) be its Shafarevich-Tate group. Let III(A),q denote the quotient of III(A)

by its maximal divisible subgroup. Cassels and Tate constructed a non-degenerate pairing
H_[(A)nd X H_I(A)nd — Q/Z

If A is an elliptic curve, then by a result of Cassels’ the pairing is alternating. But in general
it is only antisymmetric.

Using some new but equivalent definitions of the pairing, we derive general criteria de-
ciding whether it is alternating and whether there exists some alternating non-degenerate
pairing on ITI(A),q. These criteria are expressed in terms of an element ¢ € ITI(A),q that is
canonically associated to the polarization A. In the case that A is the Jacobian of some curve,
a down-to-earth version of the result allows us to determine effectively whether #IIT(A) (if
finite) is a square or twice a square. We then apply this to prove that a positive proportion
(in some precise sense) of all hyperelliptic curves of even genus g > 2 over Q have a Jacobian
with non-square #I11I (if finite). For example, it appears that this density is about 13% for
curves of genus 2. The proof makes use of a general result relating global and local densities;
this result can be applied in other situations.
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1. INTRODUCTION

The study of the Shafarevich-Tate group III(A) of an abelian variety A over a global field k&
is fundamental to the understanding of the arithmetic of A. It plays a role analogous to that
of the class group in the theory of the multiplicative group over an order in k. Cassels [Cal,
in one of the first papers devoted to the study of 111, proved that in the case where E is an
elliptic curve over a number field, there exists a pairing

HI(F) x II(E) — Q/Z

that becomes nondegenerate after one divides ITI(E) by its maximal divisible subgroup. He
proved also that this pairing is alternating; i.e., that (z,z) = 0 for all . If, as is conjectured,
[I(E) is always finite, then this would force its order to be a perfect square. Tate [Ta2]
soon generalized Cassels’ results by proving that for abelian varieties A and their duals A"
in general, there is a pairing

II1(A) x IT1(AY) — Q/Z,

that is nondegenerate after dividing by maximal divisible subgroups. He also proved that if
[I(A) is mapped to III(AY) via a polarization arising from a k-rational divisor on A then
the induced pairing on III(A) is alternating. But it is known that when dim A > 1, a k-
rational polarization need not come from a k-rational divisor on A. (See Section 4 for the
obstruction.) For principally polarized abelian varieties in general', Flach [F1] proved that
the pairing is antisymmetric, by which we mean (z,y) = —(y, x) for all x,y, which is slightly
weaker than the alternating condition.

It seems to have been largely forgotten that the alternating property was never proved in
general: in a few places in the literature, one can find the claim that the pairing is always
alternating for Jacobians of curves over number fields, for example. In Section 10 we will
give explicit examples to show that this is not true, and that #I11(.J) need not be a perfect
square even if J is a Jacobian of a curve over Q.2

1Actually Flach considers this question in a much more general setting.

2This is perhaps especially surprising in light of Urabe’s recent results [Ur], which imply for instance for the
analogous situation of a proper smooth geometrically integral surface X over a finite field & of characteristic
p, that if the prime-to-p part of Br(X) is finite, the order of this prime-to-p part is a square. (There exist
“examples” of non-square Brauer groups in the literature, but Urabe explains why they are incorrect.) See
Section 11 for more comments on the Brauer group.
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One may ask what properties beyond antisymmetry the pairing has in the general case of a
principally polarized abelian variety (A, A) over a global field k. For simplicity, let us assume
here that I1I(A) is finite, so that the pairing is nondegenerate. Flach’s result implies that
x — (x,z) is a homomorphism I11(A) — Q/Z, so by nondegeneracy there exists ¢ € 11I(A)
such that (z,z) = (x,c¢). Since Flach’s result implies 2(x,z) = 0, we also have 2¢ = 0 by
nondegeneracy. It is then natural to ask, what is this element ¢ € T11(A)[2] that we have
canonically associated to (A,A)? An intrinsic definition of ¢ is given in Section 4, and it
will be shown® that ¢ vanishes (i.e., the pairing is alternating) if and only if the polarization
arises from a k-rational divisor on A. This shows that Tate’s and Flach’s results are each
best possible in a certain sense.

Our paper begins with a summary of most of the notation and terminology that will be
needed, and with two definitions of the pairing. (We give two more definitions and prove the
compatibility of all four in an appendix.) Sections 4 and 5 give the intrinsic definition of c,
and show that it has the desired property. (Actually, we work a little more generally: A is
not assumed to be principal, and in fact it may be a difference of polarizations.) Section 6
develops some consequences of the existence of ¢; for instance if A is principally polarized
and III(A) is finite, then its order is a square or twice a square according as (c, ¢) equals 0
or % in Q/Z. We call A even in the first case and odd in the second case.

The main goal of Sections 7 and 8 is to translate this into a more down-to-earth criterion
for the Jacobian of a genus g curve X over k: (c,c) = N/2 € Q/Z where N is the number
of places v of k for which X has no k,-rational divisor of degree g — 1. Section 9 applies
this criterion to hyperelliptic curves of even genus g over Q, and shows that a positive
proportion p, of these (in a sense to be made precise) have odd Jacobian. It also gives an
exact formula for p, in terms of certain local densities, and determines the behavior of p, as
g goes to infinity. The result relating the local and global densities is quite general and can
be applied to other similar questions. Numerical calculations based on the estimates and
formulas obtained give an approximate value of 13% for the density py of curves of genus 2
over Q with odd Jacobian.

Section 10 applies the criterion to prove that Jacobians of certain Shimura curves are
always even. It gives also a few other examples, including an explicit genus 2 curve over
Q for whose Jacobian we can prove unconditionally that (c,c) = % and IIT = Z/2Z, and
another for which III is finite of square order, but with ( , ) not alternating on it.

Finally, Section 11 addresses the analogous questions for Brauer groups of surfaces over
finite fields, recasting a an old question of Tate in new terms.

2. NOTATION

Many of the definitions in this section are standard. The reader is encouraged to skim
this section and the next, and to proceed to Section 4.

If S is a set, then 2° denotes its power set.

Suppose that M is an abelian group. For each n > 1, let M[n]| = {m € M : nm = 0}. Let
Mios = UpZy M[n] = @, M(p), where for each prime p, M(p) = ,_, M[p"]| denotes the
p-primary part of the torsion subgroup of M. Let My;, be the maximal divisible subgroup of
M. If M[p] is finite for every prime p, then Mg, = () —, nM. Denote by M,q the quotient

3The statement of this result needs to be modified slightly if the finiteness of III(A) is not assumed.
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M /Mgy (The subscript nd stands for “non-divisible part.”) If
(,):MxM — Q/Z

is a bilinear pairing between two abelian groups, then for any m € M, let m* = {m’ € M’ :
(m,m) = 0}, and for any subgroup V' C M, let V+ =, ., v+. When M = M’, we say that
(, ) is antisymmetric if (a,b) = —(b,a) for all a,b € M, and alternating if (a,a) = 0 for all
a € M. Note that a bilinear pairing (, ) on M is antisymmetric if and only if m — (m,m)
is a homomorphism. If a pairing is alternating, then it is antisymmetric, but the converse is
guaranteed on M (p) only for odd p.

If k is a field, then k and k**P denote algebraic and separable closures, and Gy, = Gal(k/k) =
Gal(k*P /k) denotes its absolute Galois group. If & is a global field, then M}, denotes the set
of places of k. If moreover v € My, then k, denotes the completion, and G, = Gal(k3P/k,)
denotes the absolute Galois group of k,.

Suppose that G is a profinite group acting continuously on an abelian group M. We
use C(G, M) (resp. Z'(G, M) and H'(G, M)) to denote the group of continuous i-cochains
(resp. i-cocyles and i-cohomology classes) with values in the G-module M. If k is understood,
we use C'(M) as an abbreviation for C*(Gy, M), and similarly for Z(M) and H'(M). If
a € CYGy, M), then «,, € C¥(G,,, M) denotes its local restriction.* If v is a place of a global
field, we use inv, to denote the usual monomorphism H?(G,, k**) = Br(k,) — Q/Z (which
is an isomorphism if v is nonarchimedean).

Varieties will be assumed to be geometrically integral, smooth, and projective, unless
otherwise specified. If X is a variety over k, let k(X) denote the function field of X. If K is
a field extension of k, then Xy denotes X x; K, the same variety with the base extended to
Spec K. Let Div(X) = H°(G},, Div(Xyser)) denote the group of (k-rational) Weil divisors on
X. If fek(X) or fek(X)/k* let (f) € Div(X) denote the associated principal divisor.
If D € Div(X xY), let ‘D € Div(Y x X) denote its transpose. Let Pic(X) denote the group
of invertible sheaves (= line bundles) on X, let Pic”(Xjs»s) denote the subgroup of Pic(Xjsen)
of invertible sheaves algebraically equivalent to 0, and let Pic’(X) = Pic(X) N Pic(Xyser).
In older terminology, which we will find convenient to use on occasion, H°(Pic(Xpser)) is
the group of k-rational divisor classes, and Pic(X) is the subgroup of divisor classes that
are actually represented by k-rational divisors. Define the Néron-Severi group NS(X) =
Pic(X)/ Pic’(X). If D € Div(X), let £(D) € Pic(X) be the associated invertible sheaf. Let
Div?(X) be the subgroup of Div(X) mapping into Pic®(X). If A € HO(NS(Viser)), let Picf‘//k
denote the component of the Picard scheme Picy,, corresponding to A. If k has characteristic
p > 0, and dimV > 2, then these schemes need not be reduced [Mul, lecture 27], but in
any case the associated reduced scheme Picf‘//,alred is a principal homogeneous space of the

Picard variety Pic?,/med, which is an abelian variety over k. Also, Picf‘//kjred(ksep) equals the
preimage of A under Pic(Vjser) — NS(Viser) with its G-action.

Let Z(X) (resp. Z'(X)) denote the group of 0-cycles on X (resp. the set of 0-cycles of
degree ¢ on X). For any i € Z, let Alb’, /i denote the degree ¢ component of the Albanese

scheme. Let Y°(X) denote the kernel of the natural map Z°(X) — Albg(/k(k). Then

4We will be slightly sloppy in writing this, because we often will intend the “M” in C*(Gy, M) to be a
proper subgroup of the “M” in C*(G,,, M ); for instance these two M’s may be the k**P-points and k5°P-points
of a group scheme A over k, in which case we abbreviate by C*(Gj, A) and C*(G,,, A) even though the two
A’s represent different groups of points.
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Alb%, Jkxed 18 @ principal homogeneous space of the Albanese variety Albg(/md and its k-

points correspond (Gj-equivariantly) to elements of Z(X7) modulo the action of Y°(X7).
If X is a curve (geometrically integral, smooth, projective, as usual) and i € Z, let Pic’(X)

denote the set of elements of Pic(X) of degree i, and let Pick /i be the degree i component

of the Picard scheme, which is a principal homogeneous space of the Jacobian Pic())(/k of

X. (Since dim X = 1, these are already reduced.) Points on Pick /i Over k correspond to
divisor classes of degree ¢ on Xz. It will be important to keep in mind that the injection
Pic'(X) — Picl /i (k) is not always surjective. (In other words, k-rational divisor classes are
not always represented by k-rational divisors.)

If A is an abelian variety, then AV = Pic’ Jhred = Pic’, /i denotes the dual abelian variety.
If X is a principal homogeneous space of A, then for each a € A(k), we let t, denote the
translation-by-a map on X, and similarly if x € X (k), then t, is the trivialization A — X
mapping 0 to z. If D € Div A, let D, =t,D € Div X. (Note: if a € A(k), thent;D = D_,.)
If £ € Pic X, then ¢, denotes the homomorphism A — AY mapping a to t:£ ® L. (There
is a natural identification Picg(/k = AY.) We may also identify ¢, with the class of £ in
NS(X). If D € DivX, then define ¢p = ¢, ). A polarization on A (defined over k)
is a homomorphism A — A (defined over k) which over k%P equals ¢, for some ample
L € Pic(Xgser). (One can show that this gives the same concept as the usual definition,
in which % is used instead of k*P.) A principal polarization is a polarization that is an
isomorphism.

If A is an abelian variety over a global field k, then let TII(A) = IT1(k, A) be the Shafarevich-
Tate group of A over k, whose elements we identify with locally trivial principal homogeneous
spaces of A (up to equivalence). By [Mil], III(A)[n] is finite for all n > 1.

Suppose that V' and W are varieties over a field k, and that D is a divisor on V' x W. If
v € V(k), let D(v) € Div(W5) be the pullback of D under the map W — V x W sending
w to (v,w), when this makes sense. For a € Z(V%), define D(a) € Div(IW3) by extending
linearly, when this makes sense. If a € Y°(V%) and D(a) is defined, then D(a) = (f) for
some function f on W. (See the proof of Theorem 10 on p. 171 of [Lal, VI, §4].) If in
addition a’ € Z°(W5), and if f(a') is defined, we put D(a,a’) = f(a') and say that D(a,a’) is
defined. If a € Y°(V%) and o’ € Y°(W%), then we may interchange V' and W to try to define
!D(d’, a), and Lang’s reciprocity law (p. 171 of [Lal] again) states that D(a,a’) and ‘D(d’, a)
are defined and equal, provided that a x @’ and D have disjoint supports.

We let jio, denote the standard Lebesgue measure on R?, and let u, denote the Haar
measure on Z;l normalized to have total mass 1. For v = (vi,vs,...,v4) € Z4, define

lv] 1= max; [v;]. If S C Z% then the density of S is defined to be

veS,|v|[<N

if the limit exists. Define the upper density p(S) and lower density p(S) similarly, except
with the limit replaced by a limsup or liminf, respectively. B

We will use the notations A% and P¢ for d-dimensional affine and projective space, re-
spectively.



6 BJORN POONEN AND MICHAEL STOLL

3. TWO DEFINITIONS OF THE CASSELS—TATE PAIRING

In this section, we present the two definitions of the Cassels—Tate pairing that we will
use in the paper. The first is well-known [Mi5]. The second appears to be new, but it was
partly inspired by Remark 6.12 on page 100 of [Mi5]. In an appendix we will give two other
definitions, and show that all four are compatible.

3.1. The homogeneous space definition. Let A be an abelian variety over a global field
k. Suppose a € II(A) and o’ € II(AY). Let X be the (locally trivial) homogeneous
space over k representing a. Then Pic’(Xjeer) is canonically isomorphic as Gy-module to
Pic?(Agser) = AY(k*P), so a’ corresponds to an element of H'(Pic’(Xjser)), which we may
map to an element ' € H?(k*P(X)*/k*P*) using the long exact sequence associated with
sep ( X )*
0— —( )
ksep*
Since H3(k*P*) = 0, we may lift & to an element f’ € H?(Gy, k**P(X)*). Then it turns out
that f! € H*(G,, k*P(X)*) is the image of an element ¢, € H?(G,, k*P*).> We define

(a,d') = ) invy(c,) € Q/Z.

veMj,

— Div?(Xpser) — Pic?(Xpser) — 0.

See Remark 6.11 of [Mi5] for more details. The obvious advantage of this definition over the
others is its simplicity.
If \: A— AV is a homomorphism, then we define a pairing

(; a+ HI(A) x HI(A) — Q/Z
by (a,b)y = (a, \b).

3.2. The Albanese—Picard definition. Let V' be a variety (geometrically integral, smooth,
projective, as usual) over a global field k. Our goal is to define a pairing

(1) (,)v: H-I(Alb?//k,red) X ]—H<Pic(‘)//k,red) — Q/Z.
We will first need a partially-defined Gj-equivariant pairing
(2) [, ]: V' (Viser) X Div0(Visep) — k5P*,

Temporarily we work instead with a variety V' over a separably closed field K. Let
A= Alb?// Kued and A’ = Pic?// Kred- Let P denote a Poincaré divisor on A x A’. Choose a
basepoint Py € V(K) to defineamap ¢ : V — A. Let Py = (¢, 1)"P € Div(V x A’). Suppose
y € Y'(V) and D’ € Div®(V). Choose 2’ € Z°(A’) that sums to L(D') € Pic’(V) = A'(K).
Then D’ — “B,(2’) is the divisor of some function f’ on V. Define

ly, D'} == f'(y) + PBo(y, &)
if the terms on the right make sense.

We now show that this pairing is independent of choices made. If we change 2/, we can
change it only by an element ¢’ € Y°(A’), and then [y, D'] changes by =B, (v, v)+Bo(y, y') =
0, by Lang reciprocity. If we change P8 by the divisor of a function F' on A x A, then [y, D’
changes by F(¢(y) x 2') — F(é(y) x 2/) = 0. If E € Div(A’), and if we change B by m3 E
(m9 being the projection A x A — A’), then [y, D] is again unchanged. By the seesaw

One can compute ¢, by evaluating f! at a point in X (k,), or more generally at an element of Z*(X},)
(provided that one avoids the zeros and poles of f).
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principle [Mi4, Theorem 5.1], the translate of By by (a,0) € (A x A’)(K) differs from B, by
a divisor of the form (F')+ 3 E; therefore the definition of [y, D] is independent of the choice
of Fy. It then follows that if V' is a variety over any field k, then we obtain a Gj-equivariant
pairing (2).

Remark. If V is a curve, then an element of Y°(Vjse») is the divisor of a function, and the
pairing (2) is simply evaluation of the function at the element of Div"(Vjses).

We now return to the definition of (1). It will be built from the two exact sequences

0 — VO (Viser) —> Z0(Visen) — A(kP) — 0

(3) kP (V)"

0— Jsep + — DiVO(Vksep) BN Al(kjsep) .0

and the two partially-defined pairings

[ , ] : yO(Vksep) X DiVO(Vksep) — k5P~
ksep(v)*

ksep *

(4) Z0(Viser) % — ke

the latter defined by lifting the second argument to a function on Viser, and “evaluating” on
the first argument. We may consider ks;:e(pv*)* to be a subgroup of Div’(Vjser), and then the
two pairings agree on YO (Visen ) X %, so there will be no ambiguity if we let U denote the
cup-product pairing on cochains associated to these. We have also the analogous sequences
and pairings for each completion of k.

Suppose a € IMI(A) and o’ € TII(A"). Choose a € Z'(A(k*P)) and o € Z'(A'(k*P))
representing a and o/, and lift these to a € C*(Z°(Viser)) and @’ € C(Div®(Vyser )) so that for
all 0,7 € Gy, all Gi-conjugates of a, have support disjoint from the support of a/. Define

n:=daUda —aUdd € O3 (k*P¥).

We have dn = 0, but H?(k*P*) = 0, so n = de for some € € C?(k5°P*).

Since a is locally trivial, we may for each place v € M} choose f, € A(KP) such that
o, = dB,. Choose b, € Z°(Vjs») mapping to 3, and so that for all o € Gy, all G,-conjugates
of b, have support disjoint from the support of a,. Then®

Y = (a, —db,) Ual — b, Uda, — e, € C*(G,, kK5P)
is a 2-cocycle representing some

¢, € HY(G,, k%) = Br(k,) ™% Q/Z.

Define
{a,d")p = Z inv,(c,).
vE M,

One checks using d(z Uy) = dz Uy + (—1)%8%z U dy [AW, p. 106] that this is well-defined
and independent of choices. In proving independence of the choice of 3, one uses the local
triviality of a’, which has not been used so far.

This definition appears to be the most useful one for explicit calculations when A is a
Jacobian of a curve of genus greater than 1. This is because the present definition involves

6Since it is only the difference of the terms a, and db, that is in Y°(Vjsen), it would make no sense to
replace (a, — db,) Ual by a, Ua, —db, Ua,.
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only divisors on the curve, instead of m?2-torsion or homogeneous spaces of the Jacobian,
which are more difficult to deal with computationally.

Remark. The reader may have recognized the setup of two exact sequences with two pairings
as being the same as that required for the definition of the augmented cup-product (see [Mi5,
p. 10]). Here we explain the connection. Suppose that we have exact sequences of Gy-modules

00— My — My — M; — 0
00— Ny — Ny — N3 — 0
0O— P — P — P4 —0

and a Gg-equivariant bilinear pairing Ms x Ny — P5 that maps M; x N7 into P;. The pairing
induces a pairing M3x Ny — P3. If a € ker [H'(M;) — H'(My)] and @’ € ker [H7(N,) — H’(N,)],
then a comes from some b € H"'(Mj), which can be paired with a’ to give an element of
H™=1(P3). If one changes b by an element ¢ € H"'(M,), then the result is unchanged,
since the change can be obtained by pairing ¢ with the (zero) image of @’ in H’(N) under
the cup-product pairing associated with M; x Ny — P,. Thus we have a well-defined pairing”

(5) ker [H'(M,) — H(M,)] x ker [H)(Ny) — H?(Ny)] — H7(Py).

If we replace each M; and N; by complexes with terms in degrees 0 and 1, replace each P,
by a complex with a single term, in degree 1, and replace cohomology by hypercohomology,
then we obtain a pairing analogous to (5) defined using the augmented cup-product. One
obtains the definition of the Cassels—Tate pairing above by noting that:

(1) If Ay is the adele ring of k,
]_H(A) = ker [H1<Gk, A(k,sep)) — Hl(Gk, A<ksep Rk Ak))}

by Shapiro’s lemma;

(2) The analogous statement holds for III(A’); and

(3) If P, = k*°P* and P, = (kP ®;, Ag)*, then the cokernel P3 has H?*(Gy, P3) = Q/Z by
class field theory.

4. THE HOMOGENEOUS SPACE ASSOCIATED TO A POLARIZATION

Let A be an abelian variety over a field k. To each element of H°(NS(Asp)) we can
associate a homogeneous space of AY that measures the obstruction to it arising from a
k-rational divisor on A. From

0 — AY(K*P) — Pic(Apser) —> NS(Apser) — 0
we obtain the long exact sequence
6) 0— AY(k) — Pic(A) — HO(NS(Apser)) — H'(AY(E*P)) — H'(Pic(Apser)).

(We have H°(Pic(Agser)) = Pic A because A(k) # 0.) For A € HY(NS(Agser)), define ¢y to be
the image of A in H*(AY(k*P)). By the proof of Theorem 2 in Section 20 of [Mu3], we have
2\ = ¢, where L = (1, \)*P € Pic A is the pullback of the Poincaré bundle P on A x AY by
(1,A): A — A x AV. Hence 2cy = 0.

"The “diminished cup-product”?!

80mne could also obtain this by using the fact that multiplication by —1 on A induces (—1)? = +1 on
NS(Aksep) and —1 on Hl(A\/(ksep)).
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Lemma 1. If k is a local field, then cyx = 0 for all A € H°(NS(Agser)).
Proof. Recall that “Tate® local duality” [Tal] gives a pairing

HP(A(k*P)) x HY(AY(K*P)) — H*(K*P*) = Q/Z
that is perfect, at least after dividing by the connected component on the left in the
archimedean case. It can be defined as follows: if P € HO(A(k*P)) = A(k) and 2z €
H'(AY(k*P)), then use the long exact sequence associated to
ksep(A)*

ksep *

0— — Div?(Apsen) — AY(K°P) — 0

ksep (A) *
fsep *

to map z to H2<

A representing P to obtain an element of H?(k5°P*).
Suppose A € H(NS(Ayser)). By (6), ¢y is in the kernel of H*(AY) — H'(Pic(Apser)). The
long exact sequences associated with

>, and “evaluate” the result on a degree zero k-rational 0-cycle on

ESeP( A)*
0 ” ]{SB(P *) > DlVO(Akscp) —_— A\/(ksep) s 0
ksep( A
0 kse(p*) » Div(Ager) — Pic(Ager) — 0
then show that ¢y maps to zero in H? (kkpe(pA)>, so every P € A(k) pairs with ¢, to give 0
in Q/Z. Hence, by Tate local duality, ¢, = 0. -

Corollary 2. If k is a global field and A € H°(NS(Agser)), then cy € LI(AY)[2].

Proposition 3. If X is a principal homogeneous space of A representing c € H'(A), and
if X\ = ¢ for some L € Pic X, then cy is the image of ¢ under the map H*(A) — H'(AY)
induced by A.

Proof. Pick P € X (k*P), and pick D € Div(X) representing £. Then D_p € Div(Ayser) and
A= ¢p_,, as we see by using tp to identify Pic’(Apser) with Pic’(Xyeer). By definition cy is
represented by £ € Z1(AY) where

&, :=the class of ?(D_p) — D_p
= the class of D_op — D_p
= the class of (D_p)_op_p) — D—p,
which by definition represents the image of ¢ under ¢p_, = A. U
Corollary 4. If (J,\) is the canonically polarized Jacobian of a curve X, then the element
. . . . g—l 1
¢y 15 represented by the principal homogeneous space Pch/k e H'(J).

Proof. The polarization comes from the theta divisor ©, which is canonically a k-rational
divisor on the homogeneous space Picﬂg/}g. 0

Combining Corollary 4 with Lemma 1 shows that if X is a curve of genus g over a local
field k,, then X has a k,-rational divisor class of degree g — 1, a fact originally due to
Lichtenbaum [Li].

9The archimedean case is related to older results of Witt [Wi]. See p. 221 of [Sc].
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Question. Are all polarizations on an abelian variety A of the form ¢, for some £ € Pic X,
for some principal homogeneous space X of A?

The answer to the question is yes for the canonical polarization on a Jacobian (as men-
tioned above) or a Prym. (For Pryms, the result is contained in Section 6 of [Mu2], which
describes a divisor Z on a principal homogeneous space Pt such that = gives rise to the
polarization.) One can deduce from Lemma 1 that if 7 : C' — C'is an unramified double
cover of curves of genus 2g — 1 and g, respectively, with C, C, and 7 all defined over a local
field k£ of characteristic not 2, then there is a k-rational divisor class D of degree 2g — 2 on
C such that 7, D is the canonical class on C.

5. THE OBSTRUCTION TO BEING ALTERNATING

In this section, we show that if (A, A) is a principally polarized abelian variety over a global
field k, then c\ (or rather its class in TI1(AY),q) measures the obstruction to { , ), being
alternating. More precisely and more generally, we have the following “pairing theorem”:

Theorem 5. Suppose that A is an abelian variety over a global field k and X € HO(NS(Apser)).
Then for all a € II(A),

(a, \a+ cy) = {a, \a — c)) = 0.

Proof. We will use the homogeneous space definition of {( , ). Write A = ¢p for some
D € Div(Agser). Let X be the homogeneous space of A corresponding to a.

Now fix P € X(k*P). For any 0 € G, A = A = ¢wp). Thus Aa is represented by
¢ e Z'(AY), where

= the class of (°D)_op_py— (D) € Pic(Ajgsen).
Under t(op), § corresponds to

¢/ := the class of (°D)p — (JD)(UP) € Pic”(Xjyser).

By definition, cy is represented by v € Z'(AV), where

v, := the class of (°D) — D € Pic’ (Apser).
Under tp, 7, corresponds to

7. = the class of (°D), — Dp € Pic®(Xpsen ).

(Recall that the identification Pic”(Agser) = Pic’(Xpser) is independent of the trivializa-
tion chosen.) Thus Aa — cy is represented by an element of Z!'(AY) corresponding to
o € Z'(Pic®(Xpser)), where

al =& — . = the class of Dp — 7(Dp) € Pic®(Xpeen ).

But o visibly lifts to an element of Z!'(Div’(Xjses)) (that even becomes a coboundary when
injected into Z!(Div(Xjser))), so the element & in the definition of Section 3.1 is zero. Hence
(a, Aa — ¢x) = 0. The other equality follows since 2¢, = 0. O
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Remark. One can prove an analogue of Theorem 5 for the Cassels—Tate pairing defined by
Flach [F1] for the Shafarevich-Tate group III(M) defined by Bloch and Kato for a motive
over QQ together with a lattice M in its singular cohomology, under the same assumptions
that Flach needs for his antisymmetry result. In fact, the antisymmetry implies the existence
of ¢, using the argument in Section 1. (A more desirable solution, however, would be to find
an intrinsic definition of ¢ in this context.)

6. CONSEQUENCES OF THE PAIRING THEOREM

In this section, we derive several formal consequences of Theorem 5.

Corollary 6. If A is an abelian variety over a global field k and X € HO(NS(Ayser)), then
(, ) is antisymmetric.

Proof. The map
a <CL, Cl>)\ = <CL, )\CL> = —<(I, C)\>
is a homomorphism. O

Corollary 7. Suppose that A is an abelian variety over a global field k and A € HO(NS(Apser)).
Then ( , Y is alternating if and only if ¢y € TI(AY)giy-

For the rest of this section, we assume that A has a principal polarization A\, which we fix
once and for all. We write I1I = ITI(A) and let ¢ = A~'cy € I1I. We also drop the subscript A
on the pairing ( , ), : HI x [IT — Q/Z, so that Theorem 5 becomes (a,a+c) = (a,a—c) = 0.

Define an endomorphism a +— a¢ of the group III by

. a, if (a,c) =0

a® = , .
a+c, if{a,c)=3.

then a — a°

)¢ on LI by

If (¢,c) = 0, then a +— a° is an automorphism of order 2. If (¢,c) =

is a projection onto ¢t with kernel {0,c}. Define the modified pairing
(a,b)¢ = (a,b°. By Theorem 5, (, )¢ is alternating.

1
29
()

Theorem 8. Let ¢ be the image of ¢ in l,q. The following are equivalent:
(1) {c,c) =0.

The modified pairing { , )¢ is alternating and nondegenerate on I11,4.

M1,4[2] s a perfect square.

Ul,q4[n] is a perfect square for all n > 1.

1,4(2) is a perfect square.

,q(p) is a perfect square for all primes p.

Fither

a) c=0 and (, ) is alternating on 4, or

b) For some n > 1, there exists a subgroup V =7Z/2" x Z/2" of ll,q with basis a,b
such that ¢ = 2" 'a, (a,a) =0, (a,b) = 27", (b,b) = 3, and M,g =V & V+,

with ( , ) alternating and nondegenerate on V=*.

[

If these equivalent conditions fail, then the following hold:
M) fec) =L
#1,4[n] is a perfect square for odd n, and twice a perfect square for even n.
#11,4(p) is a perfect square for odd primes p, and twice a perfect square for p = 2.
(IV) 1, = {0,¢} & c*, and {, ) and (, )¢ are alternating and nondegenerate on ¢*.
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Proof. Since 2¢ = 0, either (c,¢) = 0 or {(c,c) = 3. Suppose (¢, c) = 0. We already know that
(, )¢ is alternating, and nondegeneracy follows from the nondegeneracy of ( , ) on IIl,4 and
the fact that a — a is an automorphism. Thus 1 implies 2. Clearly 2 implies 3, 4, 5, 6. Also 7
implies 1, so for the equivalence it remains to show that 1 implies 7, and that (¢, ¢) = % would
imply II, ITI, and IV instead. If ¢ = 0 we are done by Corollary 7. Otherwise pick the smallest
n > 1 such that ¢ ¢ 2"1I1,4. Write ¢ = 2" a for some a € I1l,4. Since [I,4[2"]* = 2"[11,4,
there exists b € II,4[2"] such that (b,c) = 3. Then (b,b) = (b,c) = (c,b) = 1, and
2" Ya,b) = (¢,b) = 3, and by multiplying a by a suitable element of (Z/2")*, we may
assume (a,b) = 27", Let V be the subgroup of IIl,4 generated by a and b. If n = 1, then
a=7¢, s0 (a,a) =0. If n > 1, then (a,a) = (a,c) = 2" {a,a) =0, so {(a,a) = 0 in any case.
For p,q € Z, we have

(pa + qb,a) = p(a,a) + q(b,a) = —q/2"
(pa + qb,b) = pla,b) +q(b,b) = p/2" + q/2.

If both are zero in Q/Z, then q € 2"Z, and p € 2"Z. Hence V = Z/2" x Z/2", and (, ) is
nondegenerate on V', so IlI,q = V @ V. This completes the proof that 1 implies 7.

On the other hand, if (¢, ¢) = %, then the nondegeneracy of (, ) on {0,¢} implies ITT,,q =
{0,¢}®ct, and that (, ) is alternating and nondegenerate on . The rest follows easily. [

Corollary 9. Assume that L1 is finite. Then either

(1) {(c,c) =0, and there is a finite abelian group T such that 111 = T x T'; in particular,
#11 is a square; or

(2) (c,c) = 3, and there is a finite abelian group T such that Il = Z/27Z x T x T’ in
particular, #I11 s twice a square.

If we assume only that 1,4 is finite, the same conclusions hold with 1,q in place of 111.

Remark. One consequence of Theorem 8 is that if (c,¢) = 3 then we have one pairing on
III,4 that is nondegenerate, and another that is alternating, but we cannot find a pairing
that is both!

If (A, )\) is a principally polarized abelian variety over a global field k, we say that A is
even if the equivalent conditions 1 through 7 of Theorem 8 hold, and we say that A is odd
otherwise. Theorem 8 shows that these notions do not depend on the principal polarization
A (in cases where there are multiple choices for \).

7. A FORMULA FOR ALBANESE AND PICARD VARIETIES

Let V' be a variety over k. In the long exact sequences associated to
ksep(v)*

ksep *

0— — Div(Vjser ) — Pic(Viser) —> 0

and
sep *
vy
ksep*
the image of HY(Div(Vjser)) = Div(V) in H°(Pic(Vysen)) is Pic(V), and H'(k**P(V)*) = 0, so

upon combining we obtain an exact sequence

0 — k5% — *P(V)" —

(7) 0 — Pic(V) — HO(Pic(Visen)) 2 H2(K*P%),
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and define ¢ as shown. (We could also have obtained (7) from the Leray spectral sequence.)
Let ¢, : H(G,, Pic(Vjser)) — Q/Z denote the corresponding homomorphism for the ground
field k,, composed with inv, : H*(G,, kSP*) — Q/Z.

Proposition 10. Let V' be a variety over a global field k. Let { , )y denote the pairing
of Section 3.2. Suppose that n is an inleger for which the homogeneous space Alby ) .4

of Alb(\)//k,red is locally trivial. Suppose X\ € H°(NS(Vjsen)) is such that Pic{\//k,red is locally
trivial; choose L € PiC{\//k,red(kv)- Then ¢,(L]) =0 for all but finitely many v, and

<Alb7\3/k,reda Pic{\//k,red>v =-n Z ¢ (L},).

vE M,

Proof. Tt is well known [CM] that ¢, is the zero map if V'(k,) # (), and the latter holds for
all but finitely many v (see Remark 1.6 on p. 249 of [La2]).

Choose q € Z™(Viser) and D’ € Div(Vjsep) mapping into Pic{\//med(ksep) so that “%q and "D’
have disjoint supports for all o,7 € G,. We use the notation of Section 3.2. We may take a
and a’ so that a, := % —q and a, := 7D’ — D'. Then da =0, da’ = 0, and = 0, so we may
take € = 0. Choose 3, and b,; then v, = (a, — db,) U a.

Choose L!, € Div(Vjeer) mapping to £, and let E/, = D) — L!, so E! € Div’(Vjse»). Then
a, =dD! =dL, +dE!. But (a, — db,) UdE, = —d[(a, — db,) U E!], so 7, is cohomologous
to

(av - dbv) U dL;; = (d(qv - bv)) U dL;; = (d(qv - bv)) U ffz/n

where f] € k3P(V)* has divisor dL] and we are abusing U yet again, this time using it to
denote the cup-product pairing associated with the “evaluation pairing”

Z(Viger) X kP (V)" — k7
(@, f)  — [fla).
(When the first argument is in Z°(Vjser), this is compatible with the analogue of (4) over

Eev.)
On the other hand, the image of £/ under

qujep *

sep *
H°(G,, Pic(Viser)) — H' (Gv, M)

is represented by f! modulo scalars, so ¢,(L!) is by definition the invariant of df] considered
as a 2-cocycle taking values in £5°P*. Since df] takes values in £3°** and deg(—(q, — b,)) =
—(n —0) = —n, —(q, — b,) Udf) € Z*(k*P*) represents —n¢,(L)). But —(q, — b,) U df!
differs from the 2-cocycle (d(q, — b,)) U f! above by the coboundary of (q, —b,) U f/, so they
become equal in H?(G,, ki*) = Q/Z. Summing over v yields the proposition. O

Remark. The element ¢, (L)) € Q/Z may depend on the choice of £!, but n¢, (L) does not.

8. THE CRITERION FOR ODDNESS FOR JACOBIANS

Theorem 11. Suppose that J is the canonically polarized Jacobian of a genus g curve X
over a global field k. Letn be an integer for which PicY , € ILI(J). Then (PicY , Pick,) =
N/2 € Q/Z, where N is the number of places v of k for which Pic"(X},) = 0.
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Proof. Up to a sign which does not concern us, the pairing ( , ) on ILI(J) arising from the
canonical polarization is the same as the Albanese-Picard pairing for X, and AlbY .4 =

Pic ea = Pick ). Let L, be a k,-rational divisor class on X of degree n. By Propo-

sition 10, it suffices to show that n¢,(L£,) equals  or 0 in Q/Z, according to whether

Pic"(X},) = 0 or not. i

The index I, (resp. the period P,) of X over k, is the greatest common divisor of the
degrees of all k,-rational divisors (resp. k,-rational divisor classes) on X. By [Li]'%, I, equals
P, or 2P,, and

(8) ¢o(H(Gy, Pic(Xyser))) = I, ' 2/ Z,
0o (H (G, Pic’(Xyee0))) = P, ' 2/ Z.

Since Pic’ Ik is locally trivial, we have n = r,P, for some r, € Z.

If Pic"(X,) # 0 we may take £, € Pic"(Xy,). By (7) over ky,, ¢(L,) = 0, so n-¢,(L,) = 0,
as desired.

If Pic"(X},) = 0 then we must have I, = 2P, and r, odd. Let D, denote a k,-rational
divisor class of degree P,. We may assume L, = r,D,. By (8), ¢,(D,) must generate
I;'Z/PYZ, so P,¢,(D,) generates P,I;'Z/Z = 1Z/Z. Hence P,¢,(D,) = 1 € Q/Z. Then

néy(Ly) =riP¢y(Dy) =72/2 = 1 € Q/Z.
U

If X is a curve of genus g over a local field k,, we will say X is deficient if Pic/~!(X},) = 0;
i.e., if X has no k,-rational divisor of degree g — 1. (Recall from Section 4 that there is
always a k,-rational divisor class of degree g — 1.) If X is a curve of genus g over a global
field k, then a place v of k will be called deficient if Xy, is deficient.

Corollary 12. If J is the canonically polarized Jacobian of a genus g curve X over a global
field k, then the element c € I11(J)[2] of Section 6 is Picfi{_/i, and {c,c) = N/2 € Q/Z, where
N s the number of deficient places of X.

Proof. Combine Corollary 4 with Theorem 11. ([l

Remarks. For g = 1, Corollaries 7 and 12 let us recover Cassels’ theorem [Ca] that (, ) is
alternating for elliptic curves.

Theorem 11 and Corollary 12 hold even if X has genus 0! In this case J is a point, so ¢ = 0.
The condition Pic™'(X},) = () is equivalent to X (k,) = 0. So we recover the well-known fact
that X (k,) = () for an even number of places v of k.

Question. Is there an analogue of Corollary 12 for general principally polarized abelian
varieties, or at least an analogue for Pryms?

9. THE DENSITY OF ODD HYPERELLIPTIC JACOBIANS OVER Q

Fix ¢ > 2. In this section we are interested in the “probability” that a Jacobian of a

random hyperelliptic curve of genus g over Q has (¢, ¢) = % (and hence nonsquare order of

10A ctually, the proofs in [Li] are for finite extensions of Q, only, but the same proofs work for local fields
in general, using the duality theorems from [Mi5].
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LI if I1I is finite).!! More precisely, we will consider the nonsingular projective models X of
curves defined by equations of the form!?

2 2942 2g9+1
(9) Y? = a9y 0791 + g1 20T -+ agx + ag

with a; € Z.

Let S, be the set of a = (ag, a1, ..., a12) in Z*973 such that (9) defines a hyperelliptic
curve of genus g whose Jacobian over Q is odd. Our goal in this section is to prove that
the density p, := p(S,) exists, and to derive an expression for it in terms of certain local
densities.

The set of a € Z?973 (resp. in Z29%? or in R*"3) for which (9) does not define a hyperelliptic
curve of genus ¢ is a set of density (resp. measure) zero, because it is the zero locus of the
discriminant A € Zlag, ay, ..., azg42]. We may hence disregard this set when computing
densities or measures.

9.1. The archimedean density. Let U, ., be the set of a € R**3 such that the curve
over R defined by (9) has genus g and is deficient. The boundary of U, is contained in
the zero locus of A, and hence has measure zero. Let U, = Ugo N [=1,129%%, and let
Sg,00 = 2_(2g+3)ﬂm(U5;1,oo)'

If g is odd, then clearly s, . = 0. If g is even, then a € U,  if and only if the polynomial
Z?igz a;x" is negative on R and has no double root. Hence for even ¢, s, = q2g42/2,
where ¢,, denotes the probability that a degree n polynomial with random coefficients drawn
independently and uniformly from [—1, 1] has no real root.

Proposition 13. For all g > 2, s, < 1/4.

Proof. The set U, is contained in the subset of [—1,1]**® for which the first and last
coordinate are negative. U

Proposition 14. We have s, = O(1/logg) as g — oo.

Proof. An old result of Littlewood and Offord [LO1], [LO2| implies that ¢, = O(1/logn) as
n — oo. See also [BS, p. 51]. O

Based on some heuristic arguments and Monte Carlo runs, we conjecture that in fact
there exists @ > 0 such that ¢, = n=*t°M) as n — oo, and « is unchanged if the uniform
distribution on [—1, 1] is replaced by any random variable X satisfying

(1) X has mean zero,

(2) Prob(X #0) > 0, and

(3) X belongs to the domain of attraction of the normal law.
Currently there seems to be no such X for which an upper or lower bound of order n=* for
some (8 > 0 is known. On the other hand, there is a huge literature on the expected number
of real zeros of a random polynomial; see [BS] and [EK] for references. This seems to be an
easier question, because of the linearity of expected value (one can sum the expected number
of zeros in tiny intervals [t,t 4 dt]).

HWe could derive similar results for other number fields, or for other families of curves, but the results
would be more awkward to state, so we will restrict attention to hyperelliptic curves over Q.

121¢ g is even, then every hyperelliptic curve has a model of this form. If g is odd, then we are missing
the hyperelliptic curves for which the quotient by the hyperelliptic involution is a twisted form of P!.
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9.2. The nonarchimedean densities. For finite primes p, let U, , be the set of a € Z§9+3
such that the curve over Q,, defined by (9) has genus g and is deficient. The boundary of U, ,
is contained in the zero locus of A, and hence has measure zero. In this section we derive
bounds on sy, := 11,(U,,)-

Remarks. Suppose that the curve (9) has genus g. Let 7 : X — P! be the projection onto
the z-line. Then 7*O(1) € Pic*(X). Hence if g is odd, Pic? ' (X) # 0, so p, = 0 and s,,, = 0
for all p."* For even g, we can only say that the condition Pic?~'(Xq,) # 0 is equivalent to
Pic'(Xq,) # 0 (or to Pic™(Xq,) # 0 for any other odd integer m, for that matter).

The papers [vGY1] and [vGY?2] give criteria in special cases for when a hyperelliptic curve
of genus g over a p-adic field admits a line bundle of odd degree. The first half of the following
lemma corresponds to Proposition 3.1 in [vGY1].

Lemma 15. Let X be the curve y* = f(z) with f(x) € Z[x] squarefree (except possibly for
integer squares). Let f be the reduction of f modulo an odd prime p. Suppose that f is not
of the form uh* where t € ¥\ F3? and h € Fylz]. (We allow h =0.) Then Pic'(Xq,) # 0.
If moreover p is sufficiently large compared to deg f (or the genus of X ), then X (Q,) # 0.

Proof. Suppose first that f is not a constant multiple of a square in F,[z] (and so in particular
f #0). Write f = £j% with ¢, j € F,[z]and ¢ (non-constant and) squarefree. Let X denote
the affine curve y? = ((z) over F,,. By the Weil conjectures, #X (F,n) — 0o as m — 00, 0
for any sufficiently large odd m, X has a point with x-coordinate & € Fym such that & is
not a zero of f. Lift & to an element «a of the degree m unramified extension L of Q,. Then
X (L) contains a point P with 2-coordinate «. Finally the trace Try,q, P is a Q,-rational
divisor of odd degree m. By the remarks preceding the lemma, Pic'(Xq,) # 0.

On the other hand, if f = h? for a nonzero h € F,[z], then for sufficiently large odd m,
there exists @ € Fm such that h(a) # 0. Lift @ to an element « of the degree m unramified
extension L of Q,. Then X (L) contains a point with z-coordinate «, and we conclude as
before that Pic'(Xq,) # 0.

If p is sufficiently large compared to deg f, then in each case m = 1 is sufficient, so

X(Qp) #0. O

We have a partial converse to Lemma 15.

Lemma 16. Let X be a hyperelliptic curve y?> = f(z) with f(x) € Z[z] squarefree (except
possibly for integer squares) and of degree 2g + 2. Let p be an odd prime. Write f(x,z) for
the homogenization of f(z). If f(z, z) = uh(x,2)*+pj(z, z) where the reduction of u € Z, is
in F;\F;?, and h(%, z) and j(z, z) are homogeneous of degrees g+ 1 and 29+ 2, respectively,
and if h(z,z) and j(x,z) (the reductions of h and j mod p) have no common factor of odd
degree, then Pic'(Xq,) = 0.

Proof. Tt suffices to show that if a, b are in the ring of integers O of an odd degree extension
L of Q,, and not both in the maximal ideal m of L, then f(a,b) is not a square in L. Let v
denote the (additive) normalized valuation of L. If v(uh(a,b)?) < v(pj(a,b)), then clearly
f(a,b) cannot be a square in L. On the other hand, if v(uh(a,b)?) > v(pj(a,b)), then

BEven if we considered hyperelliptic curves for which the quotient by the hyperelliptic involution was
a twist of P!, it would still be true for g = 1(mod 4) that a hyperelliptic curve of genus g automatically
admitted a line bundle of degree g — 1.
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h(a,b) must be in m, and j(a,b) cannot be in m, since otherwise (@ : b) € P(k) would be
a common zero of h and j, where k, the residue field of L, is of odd degree over F,. This
would contradict the assumption on h and j. Therefore v(pj(a,b)) = v(p) is odd (since L
has odd degree over Q,), which implies v(u h(a,b)?) > v(pj(a,b)). But then the valuation
of f(a,b) is that of pj(a,b) and hence odd, so f(a,b) again cannot be a square. O

Remarks.

1. The previous two lemmas are also related to some recent work by Colliot-Thélene and
Saito [CTS], and by Bosch and Liu [BL]. Let k, be a local field with ring of integers O, and
(finite) residue field k. The indezx I of a (geometrically integral, smooth, proper) curve X
over k, is the ged of the degrees of the closed points of X. Equivalently, deg(Div(X)) = I,Z.
Let X — Spec O, denote the minimal proper regular model of X. Let Yi,... Y, denote
the components of the special fiber of X', and let di,...,d, be their multiplicities. Let
e; = [RNK(Y;) : k. Let I3 = ged{d;e;}. Théoreme 3.1 of [CTS] implies that I1|I3, and
Corollary 1.3 of [BL] implies that I3|/s. Hence Iy = I3. This means that X is deficient if
and only if I3 does not divide g — 1, where g is the genus of X. (This is true for arbitrary
curves, not only for hyperelliptic ones, where the index is either 1 or 2.)

2. A discussion with J. van Geel yielded the following alternative criterion for deficiency.
Let k£ be R or a finite extension of Q,,. Let H be the nontrivial quaternion algebra with center
k, and let H[z| be the polynomial ring in which x commutes with scalars (but scalars do not
usually commute with each other). Let X be the curve y*> = f(z) over k with f squarefree.
Then Pic'(X) = 0 if and only if f(z) is the square of a purely imaginary polynomial in Hz].
(“Purely imaginary” means that the coefficients ¢ satisfy ¢(c) = —c where ¢ is the involution
of H.) This criterion does not seem to help computationally, however.

Proposition 17. If g > 2 is even and p is an odd prime, then

1 L 1 ! L < < {1 L L
T ) g S = (U m ) g

Proof. An easy counting argument shows that exactly 3(p?"2—1)+1 of the p?*™3 polynomials
[ € Fyla] of degree at most 2g + 2 are of the form uh? with @ € F; \ F3? and h € F,[z].
Together with Lemma 15, this proves the upper bound.

Similarly, the probability that the homogenization f(x,z) is of the form wh? with o €
F: \ F32 and h(z,z) € F,[z, 2] homogeneous and non-zero is (p~@™) — p=(29+3)) /2. In this
situation, lift @ to u € {1,2,...,p — 1}, lift h to h with coefficients in {0,1,...,p — 1}, and
write f = uh? + pj, with j € Z[z, 2] homogeneous of degree 2g + 2. Assume that @ was
chosen at random uniformly from the nonquadratic residues, and that the sign of h was also
chosen at random with equal probabilities; the choices do not affect whether h and j have a
common factor. Then the distribution of j is uniform and independent of h. In the following
paragraph we show that the probability for two random homogeneous polynomials in two
variables to have no common factor is (1 —p~')(1—p~2). Since h is already known to be non-
zero, the probability that A and j have no common factor is (1 —p~')(1 —p~2)/(1 —p~9+2),
Together with Lemma 16, this proves the lower bound.

Let us now prove that the probability for two (chosen uniformly at random) homogeneous
polynomials in F,[z, z] of degrees m,n > 0 to have no common factor is (1 —p~')(1 —p~2).
Let a,, = p"*! — 1 be the number of non-zero homogeneous polynomials of degree n, and let
by, denote the number of ordered pairs of non-zero homogeneous polynomials of degrees m
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and n without common factor (if n is negative, we set a,, = 0, and similarly for b,,,). Then
we have the relations

- (p+ 1) An—1 +pa'n—2 = (p_ 1) 5n
Z bmfj,nfj a; = (p — 1) A, Ay, -

In the first equation, §,, = 1 if n = 0 and ¢,, = 0 otherwise. In the second equation, the j-th
term on the left counts the pairs with a ged of degree j; each pair is counted (p — 1) times,
since the ged is determined only mod F7. Now, if m,n > 0, we have

(p - 1)(]72 - 1)pm+n71 = Qman — (p + 1) Am—1 Ap—1 +pam72 Ap—2

= me—jﬂl—j ((lj - (p + 1) aj—1 +pa’j—2)/(p - 1)

b -
Since the polynomials have to be non-zero in order to have no common factor, the probability
we want i8 by, /p" "2 = (1 —p~H)(1 —p2). O

Remarks. Proposition 17 implies that for fixed even g > 2, s, ~ %p_(gﬂ) as p — 00.
A more careful analysis shows that for odd p,

P (A —p +ip =2 P p tp T =) < s, <P (1—p T+ p 43T =)
For practical purposes (dealing with a given curve), the following criterion might be useful.

Lemma 18. Let X be the curve y? = f(x) with f(x) € Z[x] squarefree (except possibly for
integer squares) of degree 2g + 2 with g even, and let p be an odd prime. Then p can be
deficient for X only if the discriminant of f is divisible by p9*1.

Proof. This follows from Lemma 15 in the following way. Let F(z, z) = 297 f(z/z) be the
homogenization of f, and let I denote the reduction of F' mod p. If F' = 0, then disc(f) is
divisible by p%9+2, hence a fortiori by p?™'. Now assume that F' # 0. Let

F=a-h§---nip

be its factorization with h; of degree d; and u € F;. To this corresponds a factorization
over Zj,
F=w-H---H,

with H; of degree e; d; and reducing to h;j . The valuation of the discriminant of H; must

be at least
1 €
2€—jdj 5 ) =dile;—1),
and hence we get

vp(disc(f)) = va disc(H;)) > Zd = deg(f) — Zdj .

J
If Fis (a constant times) a square, then the sum of the d; is at most %deg(F ), whence
pot | disc(F) = disc(f). O

Proposition 19. For all g > 2, syo < 875/1944 ~ 0.4501 and s,2 < exp(—0.06g/log g).
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Proof. Suppose Py, P, ..., P, are distinct closed points of P%Q such that the residue degree
d; of P; is odd, and such that 22:1 d; < 2g+ 3. Let n; denote the normalized Haar measure
of the nonsquares in the ring of integers of the unramified extension of Qy of degree 5. We
claim that s,2 < [['_; 74,

For each i, let O; be the ring of integers in the d;-th degree unramified extension of Qo,
and choose a point Q; € A%(O;) with relatively prime coordinates such that the projection
of Q; onto P1(O;) reduces to a point in P*(F,) above P;. For a € Z3*° let f(z,z) denote
25562 a;77 229277 The set U, is contained in the set U’ of a € Z37*® for which £(Q;) is a
nonsquare in O; for all 7. Applying Lagrange interpolation to the @); and their Qs-conjugates
shows that the Z,-module homomorphism

»
Z§g+3 — H OZ
=1

at— (f(Ql)a f(Q2)> T f(QT))
is surjective. (Remember that 29 +3 > > 7 | d;.) Hence

S92 = p2(Uga) < pa(U') = [ [ ma.;
=1

as claimed.

A short calculation shows that

3-20724+1

VI

for all 7 > 1. By taking Py, P», P3 to be the points in P}(F,), and P, to be a point of
degree 3, we obtain s, < nins = (5/6)*(7/9) = 875/1944.

If instead we let m be the largest odd integer with 2™ < 2g+2, and take P, P, ..., P, to
be all closed points on Py, of degree dividing m, then Y7 | d; = #P'(Fam) = 2™ +1 < 2943,

<5/6

and
L e g
. —om o logy[(29 +2)/4] T 2logy g
Sg2 < (5/6)" < exp(ag/logg)
where a = 1 1og(5/6) log2 ~ —0.0631878. O
Remarks.

1. It is a fact that s,, € Q for all even g > 2 and finite p. Indeed, Theorem 7.4 in [De]'*
implies that any subset of Z29% that is definable (in the sense of (6.1) of [De]) has rational
Haar measure. To see that U, , is definable, observe that the Riemann-Roch theorem implies
that the existence of a Q,-rational divisor of degree 1 is equivalent to the existence of a point
defined over some extension of Q,, of odd degree < g+ 1, and the latter is clearly a definable
property.

We expect that for fixed even g > 2, there even exists N, > 1 such that for any residue
class modulo NN,, the values of s, , for sufficiently large primes in that class are given by a

141t would be more accurate to say “Theorem 7.4 and its proof,” because the theorem states that a certain
function Zg(s) is a rational function of p~*, whereas we need to know also that the coefficients of the rational
function are themselves in Q. Denef’s proof uses the quantifier elimination of [Macl].
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rational function of p. Some general uniformity results in p for definable sets can be found
in [Mac2| (Thm. 22 and its corollaries), but obtaining rational functions of p will require
using properties of the sets Uy, beyond their definability.

2. In [St], we will describe a practicable algorithm deciding whether a place is deficient for
a given hyperelliptic curve (of even genus) over a number field. This algorithm then makes
it possible to find out whether the curve in question has even or odd Jacobian, which (in the
odd case) will improve the bound on the rank given by the 2-descent procedure (see [PS])
and (under the standard finiteness conjecture regarding II1) will pin down its parity. For
curves of genus 2 over Q, the 2-descent, together with the deficiency-checking algorithm, has
been implemented as a computer program by the second author. For details, see again [St].

9.3. The passage from local to global. We formalize the method for obtaining density
results in the following lemma, because the method undoubtedly has other applications. (See
the remark after Lemma 21 and the remarks after Theorem 23, for instance.)

Lemma 20. Suppose that Uy, is a subset of R? such that R - Uy = Uy, and jie(0Us) = 0.
Let UL = Uy N[=1,1]4, and let soo = 27 %o (UL).Y Suppose that for each finite prime p,
U, is a subset of Z% such that ,(0U,) = 0. Let s, = p,(Up). Finally, suppose that

(10) lim p({a€ Z%:a € U, for some finite prime p greater than M}) =0.
M—o0

Define a map P : Z¢ — 2Ma qs follows: if a € Z¢, let P(a) be the set of places p such that
a €U, Then

(1) >_, sp converges.

(2) For & C 2Ma (&) := p(P1(&)) exists, and v defines a measure on 2Ma.

(3) The measure v is concentrated at the finite subsets of Mq: for each finite subset S
Of MQ;

(11) v({sh) =]s 11—

pES pES
and if & C 2Ma consists of infinite subsets of Mq, then v(&) = 0.

Proof. First we handle the case in which there exists M such that U, = 0 for all finite
p > M. For convenience we say that a subset of Z, is an open interval if it has the form
{x €Z, : |v—al|, <b} for some a € Z, and b € R, and a subset of [—1,1] is an open
interval if it has the form U N [—1,1] for some open interval U in R. By an open boz in
[—1,1]¢ x [T<n Z2 we mean a Cartesian product of open intervals.

Let By = {a € Z?: |a|] < N}. Embed By in [—1,1]¢ by dividing by N. We claim that
the fraction of By that maps in [—1,1]? x [] -, Zg into an open box I = Io X [[,<p I
approaches 279(I) as N — oo, where u denotes the product measure of the p,,. The subset
of By satisfying the p-adic conditions is the subset contained in a finite disjoint union of
translates of a sublattice determined by congruence conditions, the number of translates as
a fraction of the index of the sublattice equals [, (). For each of these translates,
the fraction of elements satisfying the box condition at oo equals

poollo) (i)
proo([=1, 1)) N
15Since UL is the union of the open set (UL)Y (its interior) and a subset of a measure zero set, UL is
automatically measurable.
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which tends to 27 % (1) as N — oo, proving our claim.

Let V}, be the complement of U, in Z¢ (or of UL in [-1,1]? if p = oo). If for each p < M
and p = oo we choose either U, (UL if p = oo) or V,, and let P be the product, then
by compactness we can cover P (the closure of P) by a finite number of open boxes the
sum of whose measures is arbitrarily close to the measure of P, which equals the product
of the measures of the U, or V,, since each has boundary of measure zero. By the previous
paragraph it follows that for any € > 0, the fraction of By that maps into P can be bounded
above by 27%u(P) + € for sufficiently large N. On the other hand, the fraction of By that
maps outside P can also be bounded above, since the complement of P is a finite disjoint
union of other such P’s, and the bound obtained is of the form

1—27%(P) + (2% — 1)e

for sufficiently large N, where L equals one plus the number of primes up to M. Thus the
fraction of By that maps into P tends to 27%u(P) as N — oo. This completes the proof in
the case where U, = () for p > M.

Returning to the general case, if M < M’ then the density of the set of a € Z? for which
a ¢ U, for all primes p with M < p < M"is [];,_, (1 — sp), and the condition (10)
implies that this tends to 1 as M — oo, uniformly with respect to M’. In other words,
[[,(1 —sp) converges. Thus }_ s, converges. This implies the convergence of the infinite
product in (11).

Fix & C 2Ma. The condition (10) implies that the actual upper and lower densities of
P~1(&) are approximately what we would have obtained for the density if U, had been
replaced by the empty set for finite p > M, and that the error in this approximation tends
to zero as M — oo. The other results are now clear. O

To verify that Lemma 20 applies in our situation, we must check (10). This we will do in
Lemma 22 below, with the aid of a result of Ekedahl.

Lemma 21. Suppose f and g are relatively prime polynomials in Z[xy,xo, ..., x4]. Let
S (f,g) be the set of a € Z¢ for which there exists a finite prime p > M dividing both f(a)
and g(a). Then limp—oo p(Sa(f,g)) = 0.

Proof. Apply Theorem 1.2 of [Ek] to the subscheme of A% defined by the equations f = g =
0. ]

Remark. Once one has Lemma 21, it is easy to apply Lemma 20 to obtain a formula for
the density of a € Z? such that f(a) and g(a) are relatively prime, in terms of the number
of solutions to f(a) = g(a) = 0 in F{ for each p. The same can of course be done for
{a € Z¢ : gcd(fi(a), ..., fu(a)) = 1}, provided that the polynomials f; € Z[zy, ..., x4 define
a subvariety of codimension at least 2 in A&. Results such as these follow also from [Ek].

Lemma 22. Fiz g > 1. Let Ry (resp. R)y;) be the set of a = (ag,an, ..., as4+2) € Z*93 for
which (9) is a curve X of genus g that fails to admit a Q,-rational point (resp. a Q,-rational
divisor of degree 1—for even g, this is equivalent to being deficient) at some finite prime p
greater than M. Then limps o p(Ry) = limps00 p(Ry,) = 0.

Proof. The space Pol,, of binary homogeneous polynomials Y "  a;z'2""" over C may be
identified with A™*!. If g > 1, then the Zariski closure'® V' of the image of the squaring

1610 fact, it is easy to show that the image of the squaring map is already Zariski closed, but we do not
need this.
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map Pol, 11 — Polygys is of codimension at least 2 in Poly, 1o = A%"3 so we can find two
relatively prime polynomials f,g € Z[ay,...,as+2] that vanish on V. For all but finitely
many primes p, it is true that if @ € Z29*3 and 3°2%'% ¢4 mod p is a square in F,[z] then
p divides f(a) and g(a). Combining this with Lemma 15 shows that Ry C Sy (f,g) for
sufficiently large M. By Lemma 21, limy; oo p(Sn(f,9)) = 0, so limy; o p(Ry) = 0 also.

Since R); C Ry, limpso0 p(Ry,) = 0 as well. O

9.4. The global density.
Theorem 23. For each g > 1, the density p, = p(S,) exists, and

(12) 1—2p, = J] (1—2s45).

pEMQ

If g s odd, then py = 0 and s,, = 0 for all p. If g is even, then 0 < p, <1, and 0 < s, < 1
for all p.

Proof. Let Goqq C 2M@ (resp. Geven) be the set of all finite subsets of Mq of odd (resp. even)
order. Lemma 22 gives us the condition (10) needed for the application of Lemma 20. Thus
V(Goaa) exists. By Corollary 12, p, = v(Goaq). Also by Lemma 20, v(Seyen) = 1 — py, and
the quantity 1 — 2p; = 1(Geyven) — ¥(Soad) can be obtained by substituting z, = —1 for all
places p in the generating function [T (1 — sy, + 84,7,). The final vanishing results were
remarked already in Section 9.2. Finally suppose ¢ is even. It is enough, by openness, to
exhibit for each p two nonsingular curves over Q, in the correct form, one deficient and one
not. The curve % = 2272 + 1 is non-deficient at all p, so it remains to construct deficient
curves. For p = oo we may take y?> = — (22972 4+ 1). For odd finite p, Lemma 16 gives
deficient curves. For p = 2, a similar argument shows that y? = 222972 + 3 is deficient. O

Remarks.

1. One could also think of (12) as arising from a Fourier transform of an infinite convolution
on the group Z/27Z.

2. We can also deduce from Lemmas 20 and 22 that for any even g > 2, and any finite
subset S C Mgq, there exist infinitely many hyperelliptic curves X over Q of genus g for
which the set of deficient places is exactly S. The same can be proved for any number field
k, provided that S contains no complex places.

Similarly, Lemmas 20 and 22 (generalized to higher number fields) can be used to show
that for any ¢ > 1, any number field k£, and any finite subset S C M), containing no complex
places, there exist infinitely many (hyperelliptic'”) curves X over k of genus g for which
{'U € Mk ’ X(k?v) :@} =S.

Another corollary is that for every g > 2 and every number field &, there exists an odd
principally polarized abelian variety A over k of dimension g. To construct A, start with a
genus 2 curve over k£ whose Jacobian J is odd, and let A = J x E972 for an elliptic curve F
over k, with the product polarization.

3. It appears that py &~ 0.13. This value was obtained in the following way. A numerical
Monte Carlo integration (with 10! tries) gives the value sg o & 0.0983. In the same way
(again with 10 tries, using a computer program that checks for points of odd degree over Q)
we obtain the estimate spo ~ 0.02377. (Note that this is much smaller than the bound in

TFor g = 1, the curves will be of the form y? = f(z) with deg f = 4.
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Proposition 19.) The estimate for py then follows from Theorem 23 and the bounds in the
remarks after Proposition 17.

Theorem 24. We have p, = O(1/log g) as g — 0.

Proof. This follows from Propositions 14, 17, and 19, and Theorem 23. OJ

Our conjecture that ¢, = n=**°() as n — oo, would imply Pg = g~ for even ¢ tending
to infinity.

10. EXAMPLES OF SHAFAREVICH—TATE GROUPS OF JACOBIANS

In this section we apply Theorem 11 to deduce facts about Shafarevich-Tate groups of
Jacobians.

10.1. Jacobians of Shimura curves.

Theorem 25. Let k be a number field, and let B be an indefinite quaternion algebra over
Q of discriminant Disc B > 1. Let X be the corresponding Shimura curve, considered over
k, and let J be its Jacobian. If d € Z and Pick, € W(k,.J), then (Pic% , Pick ) = 0. In
particular, J over k is even.

Proof. Let g be the genus of X. If g is odd, then part (b) of Theorem 2 of [JL1] implies that
for any completion k,, Pic*(X},) = 0 if and only if Picgl{/k(kv) = (). Thus if ¢ is odd and
Picﬁ(/k € l(k, J), then the integer N of Theorem 11 is zero, so (Pici(/k, Picﬁg/k> = 0.
From now on we assume g is even. Temporarily let us suppose £ = Q and d = 1.
By Corollary 4 of [JL1], Picﬁ(/k € II(Q, J). Since g is even, Disc B = 2¢ where / is a
prime congruent to 3 or 5 modulo 8, as mentioned in the introduction of [JL1]. If £ = 3
(mod 8), then [JL1] shows that Pic'(Xq,) = 0 exactly for p = £ and p = co. If £ =5
(mod 8), then [JL1] shows that Pic'(Xq,) = 0 exactly for p = 2 and p = co. In either case,
(Picx y, Picx,) = 0 by Theorem 11. Replacing Q by k and Pic' by Pic? simply multiplies
the result of the pairing by d?[k : Q], so the result is always zero. ([l

Remarks.
1. The results of [JL1] let one determine exactly when Picﬁf/k € I(k,J). We do not

know, however, if Pic%k is trivial in every case in which it is everywhere locally trivial.
Theorem 25 gives some evidence that this may be true.

2. Using our Corollary 12, Jordan and Livné [JL2] have recently shown that there are
infinitely many Atkin-Lehner quotients of Shimura curves whose Jacobians over Q are odd.

3. The analogous questions for the standard modular curves are much easier. For N > 3
let X (N)a*™ be the nonsingular projective model over Q of the affine curve Y (N)arith that
represents the functor “isomorphism classes of I'(N)® elliptic curves” as on p. 482 of [Ka].
If X is a curve over a number field k£ that admits a map X (N)™*™ — X over k for some
N > 3, then X (k) is nonempty, because there is the image of the cusp oo on X (N )arith
which is rational. Hence if .J is the Jacobian of X, the element Pic', € II(k, J) is trivial

for every n € Z, and in particular J is even.
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10.2. Explicit examples.

Proposition 26. Let g > 2 and t be integers with g even. Let X be the genus g hyperelliptic
curve

y? = — (2% 42 4 t)
over Q and let J be its Jacobian. Then J is odd if and only if t > 0.

Proof. By Corollary 12, we need only count the deficient places of X. Since g is even, and
since X has a degree 2 map to P! over Q, the number of such places is the same as the
number of places p for which Pic'(Xgq,) = 0. We will show that Pic'(Xq,) # 0 for all finite
p, and that the existence of a degree 1 line bundle for p = oo depends on the sign of t.

If ¢ is even, 22972 + x + ¢ has a zero in Z,, and if ¢ is odd, then X has a Q,-rational
point with z-coordinate —1 — ¢, in each case by Hensel’s lemma. Hence X (Qz) # 0, so
Pic'(Xq,) # 0. If for an odd prime p we have

—(@*"? + x4 t) = (ag127" + ag2? + ...+ ag)®  (mod p)

with ag41,a4,...,a0 € Fp, then by equating high order coefficients we find a,41 # 0, and
then a; = 0 for i = g,g — 1,9 — 2,...,1,0, contradicting the linear coefficient. Hence by
Lemma 15, Pic'(Xq,) # 0.

If t > 0, then ¢ > 1 and we see that 2272 +z+¢ > 0 for all x € R, by considering z < —1,
—1 <2z <0, and x > 0 separately. Hence if £ > 0, X has no real divisor of odd degree. On
the other hand, if ¢ < 0, then X (R) has a point with z = 0. O

Proposition 27. Let J be the Jacobian of the genus 2 curve
Xy = =3(2* + 1)(2* — 6z + 1) (2> + 62 + 1)
over Q. Then I(J) = Z/2Z.

Proof. Let E be the elliptic curve 64A1 of [Cr] over Q, which has CM by Z[i]. Applying
the results in [Ru| and using the data in Table 4 in [Cr], we find that III(E)(p) is trivial
for all odd primes p. A 2-descent then shows III(E) = 0. Another 2-descent shows that the
2-isogenous curve 64A3 of [Cr],

B y? = (v —4)(2® + 4o — 28),

has III(E") = 0.'® Let ¢ be the Gg-module automorphism of E’[2] that interchanges the
non-rational 2-torsion points. Then the quotient of £’ x E by the graph of 1 is a principally
polarized abelian surface over Q, and it equals J, by Proposition 3 in [HLP]. It follows
that I1(J) = II(J)[2]. Since E has rank 0, so does J. A 2-descent on J as in [PS] shows
that its 2-Selmer group has Fo-dimension 3, but J(Q)/2J(Q) has Fa-dimension only 2, so
I(J)[2] = Z/2Z. See [St] for more on the implementation of the descent. O

Remarks.

1. The fact that J is odd in Proposition 27 could have been predicted in advance using
Corollary 12, since X is deficient only at p = 3.

2. Let J be as in Proposition 27. One might ask whether the prediction given by the
Birch and Swinnerton-Dyer conjecture for the value of L(J, 1) will be off by a power of 2,
for instance. The answer is no, since the conjecture has been checked for E and a theorem

18The only reason for not applying Rubin’s theorem directly to E’ is that the needed data in [Cr] is given
for only one elliptic curve in each isogeny class, which happened to be F in the case of interest.
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of Tate (see [Mib, §1, Theorem 7.3]) implies that it holds for any abelian variety isogenous
to B X E.

Proposition 28. Let J be the Jacobian of the genus 2 curve
X 1 y? = =37(2% + 1) (52* — 32)(322% — 5)

over Q. Then IL(J) is finite and (c,c) = 0, but ¢ # 0. Hence LLI(J) has square order, but
(', ) is not alternating on it.

Proof. We have that J is (2,2)-isogenous over Q to E x E where F is the rank 0 elliptic
curve y* = —37(x + 1)(5x — 32)(32x — 5), isomorphic to curve 30A2 in [Cr]. Kolyvagin’s
method [Ko] shows that ITI(E) is finite, and a 2-descent shows that IT1(E)[2] = 0.'” Hence
ITI(.J) is finite. Corollary 12 shows that (c,c) = 0, since X (Q,) # 0 for all p including occ.

To show ¢ # 0, we perform a 2-descent on J as in [PS]. Since F has rank 0, J has rank 0.
We compute that the (z —T') map injects J[2] into L*/L**Q* (notation is as in [PS]). Hence
(x —T):J(Q)/2J(Q) — L*/L**Q* is injective, and Theorem 11.3 of [PS] shows that X
cannot have a Q-rational divisor of degree 1, i.e., that the homogeneous space ¢ = Pic% /i 18
nontrivial. The final statements follow from Corollaries 9 and 7.

All our examples of odd Jacobians so far have been for curves of even genus. Next we give
a family of genus 3 examples.

Proposition 29. Let p be a prime with p = —1 (mod 16). Let X be the genus 3 curve over
Q giwven in projective coordinates by

Xzt +pyt +p2t =0.
Then the Jacobian of X is odd.

Proof. We use Corollary 12 and hope for an odd number of deficient places. Since X has
good reduction at all finite primes except possibly 2 and p, we need only check for deficiency
at 0o, 2, and p. Any curve over R has real divisors of degree 2. Our curve X also has a
Q.-rational point that lifts from (1 : 1 :0) modulo 2*. It remains to prove that X is deficient
at p.

If not, then X has a Q,-rational divisor of degree 2. Tripling it and applying Riemann-
Roch yields an effective divisor of degree 6. Every partition of 6 includes a part that divides 6,
so there exists an extension L with [L : Q,] = 6 for which there exists a point (x¢ : yo : 20) €
X(L). Let e and f denote the ramification index and residue degree of L/Q,. If e were
odd, then z¢, pyg, p*z¢ would have distinct valuations modulo 4. Therefore e = 2 or e = 6.
The valuation of pyj is distinct from the others modulo 4, so z3 and p?z3 have the same
valuation, and the valuation of pyg is larger. Dividing by z§, we find that 1 + p?z3/z5 =0
modulo the maximal ideal; in particular —1 is a square in F,s. This is impossible, since

p=—1 (mod 4), and f = 6/e is odd. O

Remark. Let J be the Jacobian of X in Proposition 29. We give here an unconditional proof
that I11(J) is finite, for p = 31, 47, and 79.% First, J is isogenous over Q to the product of

19The Birch and Swinnerton-Dyer conjecture predicts III(E) = 0, and this could probably be proved
unconditionally by making Kolyvagin’s method explicit. This together with the 2-descent on J would imply
that II1(J) = Z/2Z x Z/2Z.

20The same argument should apply to any given p = —1 (mod 16); it relies only on the fact that the
analytic ranks of E’ and E” in what follows are less than or equal to 1. This can be checked for any given
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the three CM elliptic curves
E:y*=2"+z
B :y* =2+ px
By =2° 4+ px
Rubin’s results [Ru] let one prove that III(F) is trivial. A numerical computation for p = 31,
47, and 79 shows that ords—y L(E’,s) = ords—1 L(E”,s) = 1. Then Kolyvagin’s method [Ko]

gives a proof that HI(E’) and LI(E") are finite. Thus HI(.J) is definitely finite (and of
non-square order) for these three p.

Finally we give some function field examples.

Proposition 30. Let J be the Jacobian of the genus 2 curve
Xy =T +2—al

over Fo(T), where q is odd, and a € F; \ F:*. If 1(.J) is finite, then its order is twice a
square.

Proof. One easily checks that X is deficient only at the infinite prime of F (7). 0

Remark. There exists a (smooth, proper, geometrically integral) surface Y over F, equipped
with a morphism Y — P! over F, whose generic fibre is X. Since Y is a rational surface,
Br(Y) is finite [Mi2]. It is likely that the finiteness of Br(Y') can be proven to be equivalent
to the finiteness of IT1(.J). The literature (see [Mi3] for instance) appears to contain a proof
of the equivalence only under additional hypotheses which do not hold here, but it seems
that the proof would extend without much difficulty to the general case.

11. AN OPEN QUESTION OF TATE ABOUT BRAUER GROUPS

Let X be a (geometrically integral, smooth, projective) surface over a finite field k& of
characteristic p. Because X is smooth, the Brauer group Br(X) may be identified with
HE (X, Gon).

Tate [Ta3, Theorem 5.1] proved that for all primes ¢ # p, Br(X),q(¢) is finite, and
admits a nondegenerate antisymmetric pairing with values in Q/Z. He asked whether
this pairing was alternating for all £ # p. Clearly the only case of interest is the case
¢ = 2 # p. Tate’s question remains unanswered in general, although Urabe [Ur] has
made substantial progress: he has proved that the pairing is alternating on the subgroup
ker (Br(X)na(2) = Br(X%)na(2)), from which he deduces that the answer to Tate’s question
is yes whenever H(Gy, H3. (X%, Z2(1)))tors = 0. Moreover, he has proved in general that the
order of Br(X),q(2) is a square.

The same formalism as in our introduction and in Section 6 therefore gives us an element
¢ € Br(X)u[2] with the property that (z,x + ¢) = 0 for all x € Br(X),(2). Moreover
Urabe’s result about square order implies that (c,c) = 0.

If the answer to Tate’s question is yes, then ¢ should always be zero. Otherwise, one
can hope for a more direct description of this canonically defined element of Br(X),q[2],
analogous to our description of ¢ in the Shafarevich-Tate group case in Section 4, and perhaps

such p, and should hold for every such p. (For instance, it would follow from the weak form of the Birch and
Swinnerton-Dyer conjecture, since a 2-descent shows that the algebraic ranks are less than or equal to 1.)
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this would facilitate the construction of a counterexample showing that the Brauer group
pairing is not always alternating.

12. APPENDIX: OTHER DEFINITIONS OF THE CASSELS—TATE PAIRING

Here we present two more definitions of the Cassels—Tate pairing, and then prove the
compatibility of all the definitions we have introduced. The “Albanese—Albanese definition”
is new, but the “Weil pairing definition” is well known (see [Mi5, p. 97]).

In the following, we always tacitly assume that all choices are made in such a way that all
the pairings are defined. It is not difficult to see that this is always possible.

12.1. The Albanese—Albanese definition. Let V' and W be varieties over a global field
k (conventions as usual), and suppose D € Div(V x W). One can simply mimic the con-
struction in Section 3.2. Let A = Alb(\)//k,red and A" = Alb?,v/med. We replace the second
exact sequence in (3) by

0 — V' (Wisen) — ZO(Wieer) —> A'(E*P) — 0
and use the pairings
VO (Viser) X Z°0(Wisen) — k5P*
Z(Visen) X V° (Wisen) — k5P*

that agree on Y°(Visen ) X YO(Wisen ) by Lang reciprocity. The same formalism as in Section 3.2
gives us a pairing

< ) >D : m(AIb?//k’,red) X m(AlbgV/k,red) — Q/Z

The compatibility results we prove below will imply that ( , )p depends in fact only on the
correspondence class of D, i.e., on the image of D in Pic(V x W)/(nf PicV @ 75 Pic W),
where m : V X W — V and 75 : V. X W — W are the projections.

12.2. The Weil pairing definition. Let k£ be a global field of characteristic p (we may
have p = 0), and let A be an abelian variety over k. Fix a positive integer m with p t m.
Then the Weil pairing

em : Alm] x AY[m] — k>P*
can be defined as follows [Lal, p. 173]*'. Given a € A[m] and o’ € AY[m], choose a €
Z0(Apser) and o € Z9(AYjsep ) summing to a and a', respectively, and let*

em(a,a’) == (ma)Ud —aU (ma’),

where U is as in Section 12.1 for a Poincaré divisor D € Div(A x AY). Let V denote the
cup-product pairing associated to e,,. We now use e,, to define the Cassels—Tate pairing
(a,a")wen for a € II(A) and o’ € III(AY) of order dividing m.

Choose t € H'(A[m]) and ¢ € H'(AY[m]) mapping to a and a’ respectively. Choose
7 € ZY(A[m]) and 7 € Z'(AY[m]) representing ¢ and ¢’ respectively. Choose o € C'(A[m?])
such that mo = 7 (i.e., so that ¢ maps to 7 under A[m?] % A[m]). Then do takes values

210ur definition is the inverse of that in [Lal]. On the other hand, our convention for the polarization
associated to a line bundle is also opposite from that in [Lal], so that we obtain the same answer to the
question, “If E is an elliptic curve over C corresponding to the lattice A = Z + Z7, if F is identified
with its dual, and if P,@Q € E(C) correspond to 1/m,7/m € C/A, then what is e,, (P, Q)?” That answer
(unfortunately?) is e=274/™,

22 A5 usual, we write the group law in k%°P* additively.
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in A[m|, and do V 7’ represents an element of H3(k*P*) = 0, so do V 7/ = de for some
€ € C?(kser~).

Since a,, = 0, we can pick 3, € A(k*P) such that df3, equals the image of 7, in Z'(G,,, A(kSP))
Choose @, € A(k¥P) such that m@, = f,. Let p, = dQ, reconsidered as an element of
ZYG,, Alm?]). Note that o, — p, takes values in A[m]. Then

Yo = (0p — po) V. T) — & € C*(G,, kP™)
is a 2-cocycle representing some
¢, € H*(G,, k") = Br(k,) =% Q/Z.
Define
(a,aYwei = Z inv,(c,).
’UeMk

One checks that the value is well-defined, and unchanged if m is replaced a prime-to-p
multiple.

One advantage of this definition is that it extends to a motivic setting: see [F1], which also
outlines a proof that the definition is independent of choices made. A disadvantage is that

the construction does not let one immediately define the pairing on the p-part of 111, when
k has characteristic p > 0.

12.3. Compatibility. Let V' be a variety over a global field %k, and let A = Alb?//k,red' A
choice of Py € V(k*P) gives rise to a morphism ¢ : Vjser — Apser that induces isomorphisms
independent of F, that descend to k: ¢, : Alb?//med — Alb%/k’red and ¢* : Pic%/,f’red —

Pic(‘),/med. Our first result proves the equivalence of the Albanese-Picard pairings for V' and
for A.

Proposition 31. For all a € H_I(Alb?//k,red) and a’ € H_[(Pic%/k,red), we have

(a, Cb*a/)V = (gb*a, a/>A-

Proof. Let AlbMor(V, A) denote the free group on the collection of Albanese morphisms
U Viser — Apser arising from choosing various basepoints Fy. There are then two ways of
defining a G-equivariant trilinear pairing

yO(Vksep) X A].bMOI‘(M A) X DiVO(Aksep) —> ksep*,
either by using a generator ¢» € AlbMor(V, A) to push forward 0-cycles from V to A,
VO (Visen) x AlbMor(V, A) — V°(Agser),

and then applying (2) for A, or by using ¢ to pull back divisors on A to V, and then
applying (2) for V. By the definition of (2), these trilinear pairings clearly agree. Similarly
we have
ksep (A)*
ksep*
and we may use U for all the associated cup-product pairings without having to worry about
ambiguity or non-associativity.
Choose a € Z'(A(k*P)) representing a, and lift a to a € C*(Z°(Vjser)). Choose o/ €
ZY(AY(k*P)) representing o', and lift o/ to @’ € C1(Div’(Agser)). We may then take ¢ U o'
as the element of C'(Div®(Vjser)) required in the definition of (a, ¢*a’)y, and a U ¢ as the

ZO(VkSEP) X Albl\/IOl"(‘/'7 A) X — k,sep*’
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element of C'(Z°(Ajser)) in the definition of (¢.a,a’) 4. The n in the definition of (a, ¢*a’)y
then equals

daU(pUd)—aUd(pua)
and the corresponding element 7 for (¢.a,a’) 4 is

dlaU¢)Uud — (aU¢)Udd.

A formal calculation shows that these are equal in C3(k*P*), so we may take the €’s in the
two definitions to be the same.

Choose 3, € A(kP) such that dB, = a,, and lift §, to b, € Z°(Vjser), which we may push
forward to b, U ¢ € Z°(Ayser) to serve as the corresponding “b,” required in the definition
of (¢.a,a’) 4. The 7, in the definition of (a, ¢*a’)y then equals

(a, —db,) U (pUa)) —b,Ud(pUa) —¢,
and the corresponding element for (¢.a,a’) 4 is
((a, U ) —d(b, U ¢)) Ua, — (b, U ) Uday — €.
Again, these are formally equal. Summing invariants over v completes the proof. 0

Next we relate the Albanese-Picard definition to the homogeneous space definition.

Proposition 32. Let A be an abelian variety over k, which we identify with Alb%/kyred. For
all a € TTI(A) and o’ € TI(AY), we have
(a,a’y 4 = (a,d’).
Proof. Let X be the homogeneous space of A corresponding to a. Then Alb% Jkwed = A, S0
by Proposition 31, it will suffice to show
(a,a"yx = {(a,d’).
Choose P € X (k*P). For the definition of (a,d’)x, we may take a = dP, reconsidered as
an element of Z'(Z°(Xjyser)). Choose o € C1(Div®(Xjser)) representing a’. Then da’ is the
divisor of some f’ € Z?(k**P(X)*). The element ¢, € H*(k**P*) in the homogeneous space
definition is obtained by evaluating f! at any chosen @, € X (k,). In the definition of (a, a’) x
on the other hand, we may take b, = P, — Q, € Z°(Xjs»). Then da = d(dP) =0, so
n=dalUd —aUda = —dPU f =d(—PUf")
and we may take e = —P U f’. Next
v = (a, —db,)Ua, — b, Uda, — ¢,
= (de_d<Pv_Qv))Ua{u_(Pv_Qv)Uf;;_(_Pvaqu)
= Qv U f1/;7
and its cohomology class equals ¢, as desired. 0

Now we relate the Albanese—Picard definition to the Albanese—Albanese definition.

Proposition 33. Let V and W be varieties over a global field k, and suppose D € Div(V x
W). Then'D gives a homomorphism Z(Wise») — Div(Viser ), and we also denote by 'D the in-
duced homomorphism Alby, . ..q — Picy )y . Ifa € LI(AIbY, ;. 4) anda’ € HI(Albyy . 0a),
then

{a,a'Vp = {(a,'Dad')y.
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Remark. If V' = A is an abelian variety, if W = AY, and if D € Div(A x AY) is a Poincaré
divisor, then the induced homomorphism ‘D : AY — AV is the identity, and we find that
(a,ad")p = {a,ad’y 4 = (a,d’).

Proof. This follows formally from the fact that ‘D maps the second exact sequence in the
pair used to define (a,a’)p down to the second exact sequence in the pair used to define
<G, tDCZ’)vZ

0 —— V' (Wiser) —— Z°(Wiser) —— Albyy, (k5P) —— 0

l ! l

k,sep (V)*

ksep *

0 ; » Div?(Viser) ——  Pic’(Viser) —— 0,

the fact that the first exact sequence in the two pairs are the same, and the fact that these
maps of exact sequences respect the two pairs of pairings needed in the definitions. [l

Finally we relate the Weil pairing definition to the Albanese-Albanese pairing definition.

Proposition 34. Let A be an abelian variety over a global field k, and let P € Div(A x AY)
be a Poincaré divisor. If a € TII(A) and o’ € TII(AY) have order prime to the characteristic
of k, then

<CL, a/>‘13 = <CL, a/>Weil-
Proof. We use notation consistent with that in Sections 12.1 and 12.2. Choose t, t/, 7, 7/,
and o as in the latter. Choose s € C'(Gy, Z°(Ajser)) representing 0. Then we may take a

to be the image of 7 in Z'(Gy, A(k*°P)), and take a := ms. Choose a' € C'(Gy, Z°(Agser))
representing 7/. This determines 1 and we choose € with de = 7. Since

doV 7" —de=[(mds)Ua" —ds U (ma')] — [daUa" —aUdd|
=[daUd —dsU (ma’)] — [daUa’ — (ms) U dd]
= —ds U (ma’) + s Ud(ma’)
= —d(s U (ma')),
we may take € = € — s U (ma’).

Now for the local choices. Choose (3, such that df, = «,. (This is needed for both
definitions.) Choose @, which determines p,. Choose g, € Z°(A4;sr) summing to Q,. Then
we may take b, = mq,. The difference between

Vo= (00 = pu) VT, — &
= (m(s, — dq,)) Ua, — (s, — dq,) U (ma.) — €, + 5, U (ma)
= (a, — db,) Ual + (dg,) U (mal) — €,
and
¥ = (a, —db,) Ua, — b, Uda, — ¢,
= (a, — db,) Ua, — (mq,) Uda, — ¢,

is d(q, U (mal)), which is a 2-coboundary, as desired. O
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