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ABSTRACT. In this paper, we define and study polynomials that enumerate spanning
trees according to degrees of all vertices. These polynomials have a certain reciprocity.
A formula that reduces the polynomials for multipartite graphs to the polynomials
for component graphs is also found. There is a generalization of Priifer’s coding that
corresponds to the latter formula. All results are extended to the case of oriented
nets.
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Introduction

A spanning tree T in a graph G is a connected subgraph in G that contains all
vertices of G and has no cycles. Enumeration of spanning trees in a graph G is
classical combinatorial combinatorics (e.g. see [HP]).

The first approach to this problem is the computation of the number ¢(G) of
spanning trees. For example, the famous A. Cayley’s formula [Cay] t(K,) = n"~?
gives the number of spanning trees in the complete graph K, in other words, the
number of all trees with n labelled vertices. Another general result is the matrix-
tree theorem (see section 9) that expresses the number ¢(G) as the determinant of
a matrix.

Key words and phrases. Spanning tree, Reciprocity, Oriented net, Multipartite graph, Priifer’s
coding, Matrix-tree theorem.
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However the matrix-tree theorem does not give the final answer to all problems
concerning enumeration of trees because of two reasons. First, in many cases the
computation of determinant is a rather complicated task, thought the number ¢(G)
could be expressed by a simple formula; such as, for example, Cayley’s formula, or
the formula t(K,s) = r*~s"~! for the number of spanning trees of the complete
bipartite graph K,s. Second, matrix-tree theorem does not present any algorithm
for enumeration of trees (in other words, for composition of the complete list of all
spanning trees).

The first such algorithm was found by H. Priifer [Pr] who presented a simple
and fast method for coding of all labelled trees. More precisely, he constructed
a bijection between the set of all trees with n labelled vertices (spanning trees of
K,) and the set of sequences (a1, as,...,a,—2) of integers from 1 to n. Later,
similar algorithms for enumeration of other classes of trees were found. Among
them A. Rényi’s coding for spanning trees of the complete bipartite graph [Ré1].

In the present paper, we develop a new approach to the problem of enumeration
of trees.

We will see that it is more convenient to consider not just the number ¢(G) of
spanning trees but the polynomial fs that enumerate trees according to degrees of
all vertices.

A. Rényi [Ré2] noticed that one can use these polynomials for simple inductive
proofs (see Section 6). (Maybe A. Cayley already know this.) The polynomials fg
also possess the remarkable property of reciprocity (Theorems 2.1 and 4.2).

Another and perhaps the most significant reason is the possibility to express
the polynomials for certain complex graphs using the polynomials for more simple
graphs. Let I' = T'(G; G4, ..., Gk) be the graph that is obtained by substitution of
graphs G, ..., Gy instead of the vertices of a graph G. (See Section 5 for a more
strict definition). We call such graphs multipartite graphs. We will show that the
polynomial fr can be obtained from the polynomials f¢ and fg, fori=1,2,... k
(see Theorem 5.1).

In Section 11 we will show that there is an analogue of the above mentioned
expression in terms of Priifer’s coding. The polynomial f¢ is defined as a sum of a
monomials over all spanning trees of the extended graph G which is obtained from
G by adding a vertex connected with all vertices of G. The analogue of Priifer’s
coding for a multipartite graph I" enables us to reduce the enumeration of spanning
trees of the graph [ to the enumeration of trees of graphs G and Gi,i1=1,2,...,k.

Note also that we generalize the results concerning the reciprocity and multi-
partite graphs to oriented nets, i.e oriented graphs with conductivities that are
assigned to the edges (Section 4).

As illustrations of these results, the formula for increasing trees (Section 7) and
Hurwitz’s generalization of binomial theorem (Section 8) are proved.

In the paper we use standard notations from graph theory (e.g. see [W]).

1. ENUMERATORS FOR SPANNING TREES

In this section we construct the polynomial fg for a graph G.

Let G = (V, E) be a graph on the set of vertices V with the set of edges E C
(V) :={e C V : |e|] = 2}. We associate the variable z, with each vertex v € V.

For each tree T on the set of vertices V, |V| > 2, we define a monomial of
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variables z,:

(1-1) m(T) = [] 2.7,

veV

where pr(v) denotes degree of the vertex v in the tree T, i.e. the number of edges
of T incident to the vertex v.
For the graph G we construct the polynomial tg of variables x,:

tg = Z m(T),

T

where the sum is over all spanning trees T in the graph G, i.e. T is a connected
subgraph in G which contains all vertices of G and has no cycles.

The polynomial ¢ in the case of the complete graph K, first was considered by
A. Cayley [Cay], who found the exact formula for it (see formula (3-3) below). the
polynomial tg for arbitrary graph was defined by A. Rényi [Ré2].

Let 0¢V and V := V U {0}. For a graph G on the set V' the extended graph G
on the set V is obtained from G by adding edges {0, v} for all vertices v € V.

Let the variable x be associated with added vertex 0.

For nonempty graph G we construct another polynomial fg of variables x and
Ty, v EV:

(1-2) fe =tg

Let V={1,2,...,n} and fo = fo(z;z1,22,...,2p).

The monomials of the polynomial fg, which do not include x, correspond to
spanning trees of the graph G such that the degree of the vertex 0 is equal to 1.
Hence, the vertex 0 is connected by an edge with certain vertex i of the graph G,
i=1,2,...,n. Therefore

(1-3) ta(x1,22,..., ) (x1+ T2+ -+ ) = fa(0;21, 22, ..., 2p)

Formulas (1-2), (1-3) show that the polynomials fg and tg define each other.
But formulas for fg are usually more simple than the corresponding formulas for
tg. So we will use the polynomial fg further on.

Remark. Tt is easy to see that spanning trees in G correspond to spanning rooted
forests in G, i.e. subgraphs in G without cycles containing all vertices of G, with
a root chosen in each component. Hence fg is the sum over all spanning rooted
forests in G.

2. RECIPROCITY THEOREM FOR POLYNOMIALS fg

A graph G = (V, E) is called complimentary to a graph G = (V, E) if E = (‘2/) \E,
in other words e is an edge of G iff e is not an edge of G.
The following theorem presents a reciprocity property for polynomials fg.

Theorem 2.1. Let G be a graph on the set of vertices V.= {1,2,...,n}. Then
(2-1)  falwszr,2a,...,00) = ()" ' fo(—x — 2y — - — Ty, 20, ).

In particular case 1 = 23 = -+ = x,, = 1 formula (2-1) was found by S. D.
Bedrosian [Bed] and A. K. Kelmans [Kel].
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3. COMPUTATIONS FOR CERTAIN GRAPHS

Let G1 and G2 be two graphs on disjoint sets of vertices. Let G1 + G2 denote

the disjoint union of the graphs. We associate variables y1,y2, . .., ¥y, to the vertices
of G1 and variables z1, 22, ..., zs to the vertices of G5. Then the following formula
holds:

(3_1) fGl-i-Gg(:E;ylu'"7y7‘7217"'7zt) :wal(x;yla"'uyT) : ng(x;Zlu"'uzs)

Indeed, every spanning tree T in the graph Gl/—T—_ag splits into two spanning
trees Ty and T} in the graphs G; and Go respectively. And pr(0) — 1 = (pr, (0) —
1) + (p1,(0) — 1) + 1, hence the factor = in the right hand part occurs.

Theorem 2.1, accompanied by formula (3-1), enables us to compute f¢ for certain
graphs.

Example 3.1. Let O,, denote the empty graph on the set {1,2,...,n}. It is clear,

that fo, = 1. Consequently applying formula (3-1), we get fo, = "~ !. For the
complete graph K, on the set {1,2,...,n} by theorem 2.1 we get

(32) fx, = fom = (1" Hmw— = m )" = (b )

Example 3.2. Let K, be the full bipartite graph, variables y1, ..., y, correspond
to r vertices of the first part and variables z1, ..., z; correspond to s vertices of the
second part. Then by formula (3-1) we get

fropro =2 @yt ty) T @t a b+ z) T

By Theorem 2.1:

me mez(—1)T+S_1(—w—y1—---—yr—21—---—zs)'
.(_I_Zl_..._ZS)T71.(_I_yl_..._y,r)571:

:(I+y1+~~~+yr+zl+~-~+zs)(z+21+--~+zs)’”’1-(:c+y1+-~-+yr)s’1.

We can find the corresponding formulas for tg by (1-3):

(3—3) tKn = (Il + 4 xn)n72,
(3-4) trpe = (Y1t ye) T (b ) T

Let t(G) denote the number of spanning trees of a graph G. Substituting z1 =
=X, =Yy1 ==y, =21 == 2z, = 1 into (3-3) and (3-4) we get

(3-5) t(K,) =n""?
(3-6) t(Kps) =71 s L
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4. GENERALIZATION TO ORIENTED NETS

An oriented net (or simply net) on the set of vertices V' is defined by the set of
conductivities gy, € R assigned to every ordered pair of vertices v,w € V.
We associate a net with each graph as follows
1 if {v,w} is an edge of the graph;
Jow = Guwo 0 else

If it does not lead to a confusion we denote the graph and the corresponding net
by the same letter G.

When displaying a net graphically we draw an oriented graph with assigned edge
conductivities (see fig. 4.1).

We will consider only nets G = (gyw), v,w € V, without loops, i.e. g, = 0 for
allv e V. _

Let T be a tree on the set of vertices V=V U{0}. Let us orient the tree T from
the root in the vertex 0. The multiplicity of T in the net G is the number

ka(T) = ] gow:
(v,w)

where the product is over all ordered pairs (v,w) € V x V such that (v,w) is an
edge of T (exactly in this orientation). If T' consists only of edges (0,v) and does
not contain any edge (v, w) € V x V, we assume that kg (T') = 1.
Note that if G is the net associated with a graph then
1 if T is a spanning tree of the graph é;
ka(T) = {

0 else

Now one can define the polynomial fg for a net G:

Je(T) ==Y ka(T) - m(T),
T

where the sum is over all trees on the set of vertices V; and m(T) is defined by
(1-1).

Example 4.1. Let V = {1,2}, g12 = @, 921 = 0. Then fg = x + ax1 + Bza (see
fig. 4.1).

Fic. 4.1
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A net G = (Guw) on the set V is called complimentary to the net G = (gy on
the same set V if G, = 1 — gy for all v # w (for v = w Goy = Guy = 0).

It is clear that in the case when the net G corresponds to a graph the concepts
complementary net and complementary graph coincide.

The formula (2-1) remains true for nets.

Theorem 4.2. Let G be an oriented net on the set of vertices {1,2,...,n}. Then

falxizy, ... xn) = ()" ' fo(—x =2 — =Ty, T

Example 4.3. For the net from Example 4.1 we get:

falw e, m) =2+ (1 - oy + (1 = flze = (1) - (=2 — 21 — 22) + axy + P =

= (—1)271 fal—x — 21 — 2951, T2).

We will prove Theorem 4.2 in Section 6.

5. MULTIPARTITE GRAPHS AND NETS

Let G; = (Vi, E;),i = 1,2,...,k, be a collection of graphs on a disjoint sets of
vertices Vi, Va, ..., Vi; G be a graph on the set of vertices {1,2,...,k}.

We define I' = T'(G; G, Ga, . . ., Gi) be the graph on the set of vertices V = J, V;
such that two vertices v € V; and w € V; are connected by an edge in I' iff either
of two following conditions hold:

(1) i =3 and (v,w) is en edge of G; or
(2) i # j and (i, 7) is an edge of G.

See an example on fig. 5.1.

Fic. 5.1

We will call graphs of the type I' = ['(G; G1, Ga, . . ., Gi) multipartite graphs.
This definition can be extended onto oriented nets as follows.

Let G; be a collection of nets on a disjoint sets of vertices V; with conductivities

gf,?,, v,w € V;, where i = 1,2,..., k; G be a net on the set of vertices {1,2,..., k}

with conductivities g3, 4,5 € {1,2,...,k}.
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Let I' =T'(G; D1, Ga, . .., Gi) be the net on the set of vertices V' = (J; V; defined
by collection of conductivities vy, v € Vi, w € V;, where

g i i=;
Yow = AP .
gi; it i# g

The following theorem reduces computation of the polynomial fr to calculation

of polynomials fa, fa,,- .-, fa.-
Let for ¢ = 1,2,...,k the vertices of G; be pairs (i,7),1 < r < n,;, where
n; := |V;|; and variables x;1,Z;2, ..., X, correspond to these vertices. Let X; :=

Til +Tio + -+ Tin, and Y; 1= 25:1 X gji (recall that g5 = 0).
Theorem 5.1. Let T =T(G;Gy,...,Gi). Then

k

(5-1) fr@smir) = folo; Xa, o Xi) - [ [ fou (@ + Yisza, -, @in,)-
i=1

6. PROOFS OF THEOREMS 4.2 AND 5.1

In this section we apply essentially the same method as A. Rényi used in [Ré2]
for the proof of formula (3-3).

In the beginning we prove several simple lemmas.

Let G be a net on the set V, v € V. Let G \ v denote the restriction of G onto
the set V'\ {v}, i.e. V'\ v is the net on the set V' \ {v} with the same conductivities
as the net G.

Lemma 6.1.

(6'1) fGlzv:O = (LE + Z T ng) : fG\u-

weV

Proof. The polynomial fg|, _, consists of monomials corresponding to trees T'
such that the vertex v is an endpoint of 7. This vertex is connected by the edge in
T with certain vertex w € V \ {v}. Let T” be the tree on the set V \ {v} obtained
from T by deletion the vertex v (T =T\ v). Then

z -k (T)m(T')  ifw=0,
ka(T)m(T) = , , :

T+ Guwo ko (T) m(T7) ifweV.
Hence the formula (6-1) holds.
Note that (6-1) is analogous to (1-3).

Lemma 6.2. Let G be a graph (or net) with n vertices. Then fg is a homogeneous
polynomial of degree n — 1. (We assume that degz = degx, = 1,0 € V.)

Proof. By (1-1), for a tree T on the set of vertices V, [V| = n + 1 we have
degm(T) = Z(pT(’U) —1)=2n—(n+1)=n-1.
eV

The second equality holds because the sum of degrees of all vertices of a tree is
twice the number of edges of the tree.
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Lemma 6.3. Let h be a polynomial of variables x1,xa,...,x, with degree strictly
less then n and h\wi:O =0 forali=1,2,...,n. Then h=0.

Proof. Suppose that h # 0. Then we can find a monomial in h with nonzero
coefficient. Since degh < n, we can find an integer ¢ € {1,2,...,n} such that the
variable x; does not appear in the monomial. Hence h’|mi:0 # 0, that contradicts
to the conditions.

Proof of Theorem 4.2.
We prove be by induction on n = |V| that the polynomial

ha(x;zy,. .. xn) =fa(xior,. .., 20)—

_(_1)n—1 fG(_-T_zl — =TT, ,.In)

is equal to zero.

1°. Let n = 1. There is a unique graph (net) with one vertex G = K; for which
fr, =1. Hence hg, =1—-1=0.

2°. Let n > 2. We obtain by Lemma 6.1 that

ha(z;x1, ..., x )1_0 I+Z — §5i)T; fG\l(:c Tiyeey TiyeneyTp)—
Jij#i
— (_1)1171((_1;_561 — =Ty = — @) + Z gjigjl-).
JijFi
'fG\i(_‘r_ml __@__$n7w177@77$n):
z + Z g]zx] hG\i(x;xla"wi.\ia"'uxn)-
JigFi

Here the symbol ~ denotes that corresponding element is omitted.
By inductive hypothesis hg\; = 0. Therefore

haly,—g=0fori=1,2,...,n

By Lemma 6.2 deg hg < n. Hence by Lemma 6.3 hg = 0. Q.E.D.

Proof of Theorem 5.1.
Let I' = T'(G; Gy, ..., Gk), Yow be conductivities of T

k
HF = fF(Ia-T'LT) - fG(‘r;Xla' .- an) ' Hsz(‘T_'—}/tLaI'le '7'rini)7

i=1

where n; = |V;] is the number of vertices in ith part of T

We prove by induction that Hr = 0. The induction will be by the number n of
vertices of the graph I' n=ny 4+ -+ + ng.

1°. It is clear that for n = 1 Hr = 0.

2°. Let n > 2. Let the vertex v = (j,7) € V; Now we calculate Hr|, _,. We
consider two cases:

A. Let n; = |V;| > 2. In this case

F\’U:F(G;Gl,...,Gj_l,Gj\’U7Gj+1,...,Gk).
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By Lemma 6.1

HF|1U:0 = (‘T + Z xw’wi) fF\'u - fg(l';Xl, ce 7Xk)|zU:0'
weV

( II fole+Yiwn, . zim) - (@ +Y))+
i=1,....k
i#]

+ Y 2w g@)  Sapo(@ Y, ) =
weVj

=(z+ Z T Yuww) * Hr\y.
weV

Now we apply the equality

wa'ywv:l/j'i_ Z xwgg;j?)u

weV weVj

which is true by definition of Y;.
B. Let n; = |V;| = 1. In this case

M\v=T(G\;G1,...,G;,....Gp).

By Lemma 6.1

k
HF|1U:0 = (m + Z L ’wi)fl“\'u - (1‘ + ZXZ 973)

weV i=1
fG\j(:E7X177X]77Xk) H fGi(x'i_}/i;xilu'-wxini)'mvzo:
i=1,....,k
i#]

- (1’ + Z ) va) : HF\'U'
weV

In the both cases assuming by induction that Hpy, = 0, we obtain that
Hr|, =0foralveV.
By Lemma 6.2 deg Hr < n, hence, by Lemma 6.3, Hr = 0. Q.E.D.

7. INCREASING TREES

This and the subsequent chapters present two examples of using Theorem 5.1.

Let T be a tree on the set of vertices {0,1,2,...,n} oriented from the root in
the vertex 0. The tree T is said to be increasing if for each oriented edge (i, j) of
T i<y (seefig. 7.1).

Let I,, be the oriented net on the set of vertices {1,2,...,} with conductivities:

1 ifi<j
9i=0  ifi>j
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Fic. 7.1
Then
1 if T is an increasing tree
kr, (T) =
0 else

Thus fr, is the enumerator for increasing trees.

Now we demonstrate how Theorem 5.1 helps us to calculate the polynomial f;, .

Split the set of vertices of I, onto two classes: {1,2,...,n — 1} and {n}. Let G
be the net with two vertices 1,2 and conductivities gi3 = 1, ga7 = 0. It is clear that
I, =T(G;I,-1, K1), where I,,_1 is the net on the vertices 1,2,...,n—1 and K; in
the unique graph with one vertex n.

Let the variables z1,zs,...,x, be associated with vertices 1,2,...,n. In the
designations of Section 5 X7 = x1 + 22 + -+ + xp_1, X2 = xp,Y7 = 0,5 =
1+ -+ xh_1.

We have already found fo (see Example 4.1 with « = 1 and 8 = 0)
fo(w; X1, Xo) =2+ Xu; fr, = 1.

Hence by Theorem 5.1 we obtain:

fr.(@iw1, .. xn) = fo(r; X1, Xo) - fro_o (@ + Y520, 201) - [, (0 + Yo 2p) =
=(@+zi+ -+ xo)fr,_ (X521, .., Tp_1).

By induction we obtain

n—1
(7_1) f[n(‘rwrlvv'rn):H(I_'—xl_"+‘T’L)
i=1
Substituting into (7-1) x = 1 = x93 = -+ = x,, we find that the number of
increasing trees on the set of vertices {0,1....,n} is equal to fr, (1;1,...,1) =nl

Of course it is not difficult to obtain formula (7-1) without using Theorem 5.1.
The following example is less trivial.

8. HURWITZ’S IDENTITY

A. Hurwitz found the following generalization of the binomial theorem:
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(8-1)
F+y)z+y+a+-+z)" =
=Y @z bz oz Yz oz e z)
(I,J)
where the sum is over all 2™ pairs of disjoint subsets I = {iy,i2,... i}, J =

{1, 42, -, i} €{1,2,...,n} such that k +1 =n.

In this section we demonstrate how to interpret and prove the identity (8-1) in
terms of polynomials fg.

Consider a net T' on the set of vertices {v} U {1,2,...,n}, such that I' =
I'(G; K1, K,,), where K is the graph with one vertex v, K, is the complete graph
on the set of vertices 1,2,...,n, and G is the net with two vertices 1,2 and con-
ductivities gz = 1, g7 = 0 (see fig. 8.1).

Fic. 8.1

Now we apply Theorem 5.1 for the calculation of fg Let the variable y corre-
sponds to the vertex v; the variables z1, 2o, ..., 25, to the vertices 1,2,...,n, corre-
spondingly; the variable x, as usually, to the added vertex 0.

Let X1, X5,Y7,Y5 denote the same as in Section 5. Then X; = y, Xo = 21 +
2o+ 4 20, Y1 = 0,Ys = y; fo(r; X1, X2) = 2 + X1, fk, = 1, and, by (3-2)
fr, (X321, 2n) = (@ + 21 + -+ + 2,)" L. Therefore, by Theorem 5.1 we get

(8_2) fF = fG(I;XlaXQ) le(.fC+Y1,y) fKn(I+1/2721552n) =
=(@+y)(e+y+z+-+z)" N

There is another method for calculation of the polynomial fr. Note that there
no such edge of T' that enter to the vertex v (i.e. gy, = 0 for any vertex w of T').
Hence any tree T on the set of vertices {0} U{v}U{1,2,...,n} necessarily contains
the edge (0,v).

When we delete the edge (0,v) from T, the tree T falls into two trees T’ and T
with roots 0 and v correspondingly (see an example on fig. 8.2).
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Fic. 8.2

Let T” has vertices 0,41,19,...,%; and T has vertices v, j1, j2,...,J;. Denote
I={ir,....ipyand J = {j1, ..., 7). Then INJ =0 and TUJ = {1,2,...,n}.
By the formula (3-2)

ST = (@ iy 4ot z,)
T/

where the sum is over all trees with the set of vertices {0} U I.
Analogously,
Zm(T”) =(y+ Zjp toot ij)lila
T
where the sum is over all trees with vertices {v} U J.
Eventually, we get

(83)  fr=D ()@ tzn ot z) T ()
(1,J)

where the sum is over all pairs of sets (I,J) such that INJ = @ and TU J =
{1,2,...,n}. The factor zy correspond to the edge (0,v).

Comparing two expressions (8-2) and (8-3) for fr, we obtain Hurwitz’s identity
(8-1).

9. MATRIX-TREE THEOREM

One can express the polynomial fg as determinant of a matrix.

In the beginning we formulate Tutte’s generalization of matrix-tree theorem
[Tut].

Let zpw, v,w € V = V U {0}, be the collection of commutative variables, we
assume that z,, = 0 for v € V. B

With any tree T on the set of vertices V' we we associate a monomial M (T) of
variables z,,. Let us orient the tree T from the root in vertex 0 and assume that

M(T) = H Zows

(’UVM)
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where the product is over all pairs (v, w) € V x V which are oriented edges of T
(in this orientation). Now we denote

Fy =) M(T),
T

where the sum is over all trees on the set of vertices V.

Without loss of generality we can assume that V' = {1,2,...,n}. In this case
Fy, == F{1,.. ) is a polynomial of z;5, 0 <i,j < n.

Let Kirchoff’s matriz be n x n matrix A = (a;5), 4,5 € {1,2,...,n}, where

n

(01 2niti=d

@ij = 1=0
— Zij if 4 75 j
Theorem 9.1. (Matrix-tree theorem).
F,, = det A.

Let now G be a net on the set of vertices V' with conductivities g,,. Assume
that

(9-2) Zow = TyGows v,weV,
200 = X, veV.
It is clear (see fig. 9.1) that
wha(T)m(T) = M(T),

where m(T') and kg (T) are such as in Sections 1 and 4.

Fic. 9.1

Substituting (9-2) into (9-1), we get the following

Corollary 9.2.
zfa(x;x1, ..., x,) = det B,

where B = (b;j), 1 <1i,j <n, is n X n-matriz

n
$+Zirzglm =7,
bij = =1

— ZiGij, { #]
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10. CODING OF TREES

As we already knew (see formula (3-5)), the number of spanning trees of the
complete graph K, is equal to n”~2. But in many cases it is not sufficient to know
only the number of trees, a simple and quick method for enumeration of trees is
also required.

A method that enables us to enumerate all trees with n labelled vertices is
Priifer’s coding [Prii]. Since the Priifer’s construction is of importance in the sub-
sequent part of the paper, we recall it in this section.

Priifer’s coding establishes a bijection 7 between on the one hand, the set Tr(V')
of all trees on the set of vertices V, |V| > 2, and on the over hand, the set of
sequences (a1, asz,...,a,_2) € V2%

7 Te(V) — V2

Note that if one construct m and the inverse bijection 7!, he thereby get a
combinatorial proof of Cayley’s identity (3-5).

Let us suppose that V' be a linear ordered set. Let T € Tr(V). Construct by
induction a sequence of trees ) and codes C) € Vi, i =0,1,...,n—2:

1°. Fori=07T® =T € Tr(V),C® = () (the empty sequence).

2°. Fori=1,2,...,n—2. Let b; be the maximal endpoint of the tree 7¢=1) (in
the linear order on the set of vertices). Then there is unique edge {a;,b;} in the
tree TU—1 that incident to the vertex b;. Then put T() to be the tree obtained by
deleting the vertex b; and the edge {a;, b;} from T0~1; and C = (a1, as, ..., a;),
i.d. the sequence C) is obtained from C'*~1 by adding a; to the right.

Finally put n(T) = C = C™2 = (a1, az, ..., 0,_2).

Example 10.1. See fig. 10.1.

Note that the following property holds for the sequence C = (a1, az,...,ap—2) =
m(T)

Proposition 10.2. Let v € V be a vertex of the tree T € Tr(V). Then v occurs
in the sequence C = w(T) pr(v) — 1 times exactly, where pr(v) is the degree of the
vertex v in the tree T.

Proof. In the first place, note that for ¢ = 1,2,...,n — 2 the vertex a; which is
added into the sequence C' cannot be an endpoint of the tree 701,

Let a vertex v is connected in the tree T' with p = pr(v) vertices vy, va, ..., v,.
The vertex v is added into the sequence C' every time when we delete one of the
vertices v1,v2,...,v, from the tree. The vertex v becomes an endpoint of a tree
T when only one of the vertices vy, vg, . . . , v, remains undeleted. Hence before v
becomes an endpoint we should add v into the sequence C' p — 1 times. Thereafter,
by the previous notice, we will not add v into the sequence C.

Remark 10.3. In particular, if v is an endpoint of the tree T then v does not occur
in the sequence C = m(T).
Now one can find the method for decoding, i.e the construction of the inverse
bijection
VTR Te(V).
Let C = (a1, as,...,a,_2) € V" 2. Construct by induction a sequence of forests
F(;) and a sequence of sets V(;), i =0,1,2,...,n —2:
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1°. Let Vi) =V and F(g) = 0 (the empty forest).
2°. Fori = 1,2,...,n — 2 let b; be the maximal vertex from the set V(;_1)
that is not contained in the sequence C(;y := (a;,@iy1,...,a,—2). Then we put

}/(i) b:}V(i_l) \ {bi}, and F{;) is the forest obtained from F;_; by adding the edge
;5,044

Finally, the set V,,_s) consists of two elements V(,,_) = {c,d}. We put T to be
the tree that is obtained from F{,, _5) by adding the edge {c, d} and define 7(V') = T.

The connection between the sequence 79 that was constructed for coding and
the sequences V(;), F{;), and C;) that were constructed for decoding is the following:
the set V{; is the set of vertices of the tree T@: the forest F() consists of all edges
of the tree T which do not belong to the tree T(9; and Cy) is Priifer’s code for the
tree T,

Example 10.4. See fig. 10.2.

It easily follows by induction from the constructions of 7 and 7 and from Remark
10.3 that 7o = idyy(v) and mo7 = idy»-2. Therefore one can obtain the following
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Proposition 10.5. The map 7 is a bijection from Tr(V) to V"2 and 7 is the
inverse bijection.

Note that Propositions 10.2, 10.5 give a combinatorial proof not only to the
formula (3-5) but also to the formula (3-3).

11. CODING OF MULTIPARTITE GRAPHS

In this section we construct a coding for multipartite graphs. This construction
presents an independent combinatorial proof of Theorem 5.1.

Let, as in Section 5, G; be a graph on the set of vertices V; = {(3, 1), (¢,2), ...,
(i,m;)}, G be a graph with vertices 1,2,...,k, and ' = T'(G; Gy, ..., G}) be the
multipartite graph on the set of vertices V. =U;V; = {(i,7) : 1 <i < k,1 <r < n;}.

Let “< be the lexicographical order on the set V', that is for (i',7'), (i",r") € V
the expression (i’,7") < (i"”,7"") denotes that either ' < " or both i’ = ¢” and
7 < r”. And let V be the set that is obtained from V by adding one minimal
element 0. Then V is a linear ordered set.
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In the subsequent part of the section we describe a method for coding of span-
ning trees T' of the extended graph I. We associate with a tree T a collection
R, P, Ps, ..., P of sequences of elements of 1% oflengths k—1,n1—1,no—1, ... ,ngp—
1 correspondingly.

Let T be a spanning tree of . Orient the tree T to the root in the vertex 0.
Let T|% be the restriction of T" on the set of vertices V;, i = 1,2,...,k. Then
Ty, is an oriented forest (i.e. collection of mutually disjoint oriented trees) every
component of which is a tree oriented to its own root. Let T; be the tree on the set
Vi = V; U{0} which is obtained from T'|y, by adding the vertex 0 connected with

all roots of components of |T|w . Then T; is a spanning tree of the graph a;

Let P/ be the Priifer’s code (see Section 10) for the tree T; which we write into
the sequence P;.

Let T" be the tree obtained from 7' by contraction of all forests Ty, to its roots.
Let (b1,a1), (b2,a2),... be Priifer’s sequence of edges for the tree T’ (see Section
10). Note that by, bs,... cannot be 0,1.e b; € V, i=1,2,dots.

If by € V; then we change the first occurrence of 0 in the sequence P; to such
vertex a) that (b1, a]) is an oriented edge of T' (the vertex o) is determined uniquely
by this condition).

We proceed this operation with vertices bs, b3 etc. in the similar manner.

If on certain rth step b, € V; but there are no 0’s left in P; then we write a]. on
the first unoccupied place in the sequence R.

We will repeat one of these operations until we eventually get the code R, P,
Py, ..., Py

Example 11.1. See fig. 11.1

Lemma 11.2. The sequences R, Py, Ps, ..., Py have lengths k—1,n1—1,no—1,...,
and nip—1, correspondingly, and satisfy the following conditions:

(1) Ifv €V; is an element of the sequence P; the i=j or (i,7) is an edge of the
graph G;
(2) If the sequence P] is obtained from P; by changing all elements v of P;,

3
v & V; to 0 then P! is the Prifer’s code for certain spanning tree of G;;

K2

(3) If the sequence R’ is obtained from R by changing all elements v € V; to i,
1=1,2,...,k, then R' is Priifer’s code for certain spanning tree of G.
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