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T r a n s v e r s a l  M a t r o i d s  a n d  S t r a t a  o n  G r a s s m a n n i a n s  

I. M.  Pak  and A.  E. P o s t n i k o v  UDC 517.58 

In the present paper  we investigate s t ra ta  on Grassmannians that  are associated with transversal ma- 
troids and s tudy the restrictions of hypergeometr ic  functions on these s t ra ta  (see [1-6]). 

We are grateful to V. S. Retakh  and A. M. Levin for useful discussions. 

1. Let Zk~ be the manifold of all nondegenerate  complex k × n-matrices,  k < n ,  let Gkn be the 
Grassmannian of k-dimensional subspaces in C~', and let ~r: Zkn -~ Gk,  be the  na tura l  projection 
(7~(z) for z E Zk~ is the k-dimensional subspace of C ~ generated by the rows of z). 

For a matr ix  z E Zkn denote by px(z) = pil...ik(z) the minor  of z composed by the columns with 
indices from the set I = { i l , . . . , i k }  C {1, . . ,  n}.  A fixed set B of k-element subsets of { 1 , . . . , n }  is 
called a collection. By the stratum S = SB C Z~, associated with a collection B we mean  the  manifold 
of all z ~ Zk~ such tha t  pi(z) # 0 .'. .: I ~ B .  The image s = sB = ~-(S) of the s t r a tum SB is called a 
stratum on the Grassmannian Gkn (see [2]). Obviously, Gk,  = UB sB. 

If the s t r a tum associated with a collection B is nonempty,  then B satisfies the axioms for bases of a 
matroid  (see [7, 8]). This matro id  is said to be associated with the s t ra tum. 

For U C { 1 , . . . ,  k} × { 1 , . . . ,  n} denote by Z(U) the submanifold of matr ices z = (zij) e Zk~ such 
that  zij = 0 whenever (i, j )  ~ U. 

L e m m a .  If Z(U) 7~ ~ ,  then there exists a unique stratum S(U) C Zk ,  such that the set S ( U ) N Z ( U )  
is dense in Z(U).  

The subset { i l , . . . ,  ik} C { 1 , . . . , n }  is a base of the matroid  associated with the s t r a tum S(U) if and 
0nly if there exists a rearrangement  o" 1 • ak of the set { 1 , . . . ,  k} such that  (O'1, i l ) ,  . - - ,  (ak, ik) ~ U. 

Strata  of the form S(U) and s(U) := ¢r(S(U)) C Gkn and associated matroids are said to be transversal. 
There is a vast l i terature devoted to transversal  matroids  (e.g., see [7-10]). 

Note that  transversal s t ra ta  played a substantial  role in [3] and [4], where they are called special or 
linearizable. 

Let ~ denote the closure of a s t r a tum s C Gkn. 

T h e o r e m  1. For a stratum s C Gkn there are transversal strata S l , . . . , s t  C Gkn such that -g = 
s-~-N . - .  N ~ .  

The proof is based on the results of [10]. 

2. There  is a na tura l  right action of the complex torus T n (embedded in GL(n) as the group of 

diagonal matrices) on G~,~. Let ~k~ := Gk~/T'~ and let ~-: Gk,~ --~ Gk,~ be the na tura l  projection. The 

map 7 transfers the stratification to ~k~.  
We calculate the dimension of certain s t ra ta  in ~k~.  
More precisely, let 

U = { ( 1 , 1 ) , . . . , ( k , k ) } U V ,  where V c { 1 , . . . , k } x { k + l , . . . , n } .  

Strata  of the form S(U),  s(U), and ~(V) := T(s(U)) arc said to be strict transversal. Matroids associated 
with such s t ra ta  appear in [9], where they are said to be simplicial, and in [10], where they are said to be 
fundamenta l  transversal. 

It is convenient to represent the set V C {1, . . . ,  k} × { k + l ,  . . . ,  n} in the form of a bipart i te  graph F v .  
Namely, l~y is the graph on the set of vertices { 1 , . . . ,  n} such that  (i, j )  !s an edge of Fv  if and only 
if ( i , j )  e V .  
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The cyclomatic number of a graph P is c(F) := e - v + d, where e is the number  of edges, v is the 
number  of vertices, and d is the number  of connected components  of F. The cyclomatic number is also 
the dimension of the first cohomology class of the graph. 

T h e o r e m  2. Let ~ be a strict transversal stratum in ~k,~, i.e., ~ = g(U), where 

U = { ( 1 , 1 ) , . . . , ( k , k ) } U V ,  V C  { 1 , . . . , k }  x {k + l ,  . . .  , n} .  

Then the complex dimension of the stratum g is equal to the cyclomatic number of the graph Fv .  

P r o o f .  Denote by ~(V)  the manifold of all  k x (n - k)-matrices A = (aij) such that  aij = 0 f o r  

( i , j  + k) ~ V .  Let x e a. Then there exists a block matrix z = ( I k , A )  ~ (roTr)-~(x) ,  where ~k 
is the identity k-matrix and A E ~(V) .  Moreover, for z' = ( l k , A ' )  and z" = (1k ,A")  we have 
(ro~r)~(z') = (rorc)(z") if and only if A' = t~A"t~., where t 1 E T k and t~ ~ T ~-k.  For almost all 

A e Z(V)  we have (ro~r)(lIk,A) ~ g. Thus, d i m a =  d i m T ~ \ 2 ( V ) / T  ~ - ~  . On the other hand, it is clear 
that d i m T ~ \ ~ ( V ) / T  ~-~ = c (Pv) .  [] 

3. Solutions of the following system of differential equations are called general hypergeometric functions 
on Zkn (see [1-6]): 

0 2 • 0 2 ,I, 

OZijOZi'j' OZij' OZi'j ' 
Oq~ 

Z ZiJ OZij -- Ctj~, 
i 

O~ 
E zij OZij -- - -~ ,  

i 

E Zij O~ 
Ct"z i , j -- O, 

J 

i,i' {1,...,k}, j , j '  {1,...,n}, 

i e 

i,i' e{1, . . . ,k} ,  i¢ i ' ,  

where ai are arbitrary complex numbers such that  ~ aj = - k .  
These equations imply the following homogeneity conditions: 

• za) II ; = 

J 
(I)(c~ ; gz) = (det  g ) - l O ( c ~ ;  z) ,  

5 = d i ag (5~ , . . . ,  5~) E T ~, 

g E aL(k) .  

Therefore, the restrictions ¢ l s  to a s t ra tum S C Zk,~ substantially depend on dim(T o ~r)(S) parameters. 

We consider the restrictions of hypergeometric functions to a strict transversal s t ra tum 

s=s (u ) ,  u = { ( 1 ,  i ) ,  . . .  , (k,  u v ,  

Let So C S be the space of all block matrices (llk, A), where A = ( a i i )  E ~(V) .  Clearly, GL(k) .So .T  ~ = 
S (see the proof of Theorem 2). Therefore, hypergeometric functions given on S0 can be uniquely extended 
to S via homogeneity conditions. 

T h e o r e m  3. The space of restrictions of general hypergeometric functions to the submanifold So co- 
incides with the space of solutions of the following system of equations: 

0 ~  0 ~  
- -  

- -  

Oailjl Oai2j2 ' ' '  Oai~j~ Oailj~Oai2j~ . . .  Oai~j~_~ (1) 

for all circuits ((il,  j ]+k) ,  ( j l + k ,  i2), (i2, j 2 + k ) , . . .  , (i,, j~+k), (j~+k, il)) in the 9raph Pv ,  i l , . . .  , il E 
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{ 1 , . . . , k } ,  j l , . . . , j l  E { 1 , . . . , n - - k } ;  

E aij Off2 Oai~ -- (ai + 1)ff~, 
J 

E aij O~ 
i Oaij -- a j + k ~ ,  

i e { 1 , . . . , k } ;  (2) 

j e { 1 , . . . , n - k } .  (3) 

R e m a r k .  By [5], (1)-(3) is the hypergeometric system associated with the action of the torus T '~ = 
T k x T n -k  on ~(V) .  Theorem 3 means that the space of these hypergeometric functions coincides with 
the space of restrictions to S0 of the hypergeometric functions on Zkn.  Note that this statement fails for 
arbitrary stratum. An example of the nonregular behavior of hypergeometric functions in a neighborhood 
of a nontransversal s tratum is given in [2]. 

4, E x a m p l e .  If the graph Py has no circuits, then c(Fy)  = 0 and, by Theorem 2, the space of 
hypergeometric functions on the corresponding stratum is trivial. The first meaningful example is the case 
in which Fv consists of a single circuit. 

Note that the points of the stratum associated with the graph Fv that is formed by a cycle of length 2k 
are k-gons, which naturally appear in the study of cohomology of projective configurations and polyloga- 
rithms (see [11]). 

Let n = 2k and let Fv be the graph with the edges (1, k + 1), (k + 1, 2), (2, k + 2 ) , . . . ,  (k, k + k), 
(k + k, 1): 

1 2 3 . . .  k 

k + l  k + 2  k + 3  . . .  k + k  

The cyclomatic number c(Fv)  is equal to 1. Hence, by Theorem 2, in fact the solution • to system 
(1)-(3) depends on a single parameter. Let t = (alia22 " .akk)(a2~aa2" ' 'a~k) -1 • Then 

q2(aij) = - '~ - '~  "n~-~a& a & . .a~l~ f ( t ) ,  t t22t t33  " " " ~kk 21 32 " 

where 7i and flj are determined by the system 

flk = - ~  - 1, 

71 "~ fll ---~ --C~2 -- 1, 

7k-1 ~-ilk-1 = --Olk -- 1, 

f l l  ---- ~ k + l  ~ 

71 -~- f12 = O~k+2,  

7k--1 -~- I~k = O~k+k " 

In this case differential equation (1) is equivalent to the following equation for f(t):  

{ D ( D  + 71 - -  1) - . - (D  + 7k-1 -- 1 ) -  t ( D  + ~1)" "" (D + ilk)} f ( t )  = O, 

where D := t d / d t .  
A solution of this equation is given by the Pochhammer series (see [12]): 

) ~ 7 1 ,  ~k - -1  ; t : :  E ( ~ :  ~ n  ~ '  
~ n>O 

+ + 
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Mult ip l e  M i x i n g  and Local  R a n k  of D y n a m i c a l  S y s t e m s  

v .  v .  Ryzhikov* UDC 512.54 

The Rokhlin multiple mixing problem is as follows: If an automorphism T ofa Lebesgue space (X, :B, p) 
(where #(X) = 1 and ~3 is the algebra of y-measurable subsets of X) has the mixing property of order 1, 
does it have the mixing property of order k _> 2? 

Recall that the automorphism T has the k-fold mixing property if for any Ao, . . . ,  Ak E ~3 we have 

#(TZ°Ao C? TZlA1 c~ . . . n T Z k A k )  - - ,  #(A0)p(A1) . . .# (Ak)  (1) 

as Izp - Zql --~ oc, O <_ p < q <_ k.  
Let T = {T  z : z ~ Z '~ ,T~IT  z~ = T ~ + ~  VZl,Z~ ~ Z ~} be a measure-preserving Z~-action on 

(X, ~,  #). We say that T has the k-fold mixing property if (1) holds. Ledrappier [3] produced exam- 
ples of mixing Z2-actions without multiple mixing property. Thus, the following question is of particular 
interest: which invariants of mixing dynamical systems imply the multiple mixing property? 

Kalikow [1] proved that the l~fold mixing property is equivalent to the 2-fold mixing property for 
the Z-actions of rank 1 (in our terms, for the Z-actions of local rank 1). In [5] the author generalized 
Kalikow~s result to the Z-actions with D-approximation. The class of such systems contains finite rank 
actions (see [5]). 

In this note we give a modification of the D-approximation. This also gives an invariant that leads 
to the multiple mixing property. Mixing Z~-actions of local rank b have D-approximation for b > 2 -"  . 
King [2] proved that the mixing property of order 3 implies the mixing property of all orders for the 
Z"-actions of local rank b = 1 - K ( n ) ,  where K(n)  ~ 0 as n --~ O. Thus, we generalize results of [1, 2]. 

The mixing flows (R"-actions) of positive local rank have the mixing property of all orders. But for 
Z ~-actions the corresponding question is open. We define the (1 + ¢)-mixing property that guarantees the 
multiple mixing property for systems of positive local rank. 

1. Local rank and D-approximation of Z'*-aetlons. Let [0, h] denote the set {0, 1 , . . . ,  h} and 
let Q be the cube [0, h] ~ . Let ~ = {~z}zee  be a measurable partition of a set U C X ,  i.e., U = ~Jz~o ~z 
and ~" (? ~ = D for v 7~ w. If such a partition ~ with the configuration Q satisfies the condition 

V z ~ O T~0  = ~z, 

where 0 is the zero vector in Z ~, then ~ is called a tower. 
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