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ABSTRACT. The aim of this paper is to discuss a relationship between total
positivity and planar directed networks. We show that the inverse boundary
problem for these networks is naturally linked with the study of the totally
nonnegative Grassmannian. We investigate its cell decomposition, where the
cells are the totally nonnegative parts of the matroid strata. The boundary
measurements of networks give parametrizations of the cells. We present sev-
eral different combinatorial descriptions of the cells, study the partial order on
the cells, and describe how they are glued to each other.
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1. INTRODUCTION

A totally positive matrix is a matrix with all positive minors. We extend this
classical notion, as follows. Define the totally nonnegative Grassmannian Gri:®
as the set of elements in the Grassmannian Grgy,(R) with all nonnegative Pliicker
coordinates. The classical set of totally positive matrices is embedded into Gri2®
as an open subset. The intersections ST* of the matroid strata with Gri®®, which
we call the nonnegative Grassmann cells, give an interesting subdivision of the
totally nonnegative Grassmannian. These intersections are actually cells (unlike
the matroid strata that might have a nontrivial geometric structure) and they form
a CW-complex. Conjecturally, this is a regular CW-complex and the closures of
the cells are homeomorphic to balls. Fomin-Zelevinsky’s [FZ1] double Bruhat cells
(for type A) are included into Gri™* as certain special nonnegative Grassmann cells
S, Note that the subdivision of Grj™™ into the cells ST} is a finer subdivision
than the Schubert decomposition.

Our “elementary” approach agrees with Lusztig’s general theory total positiv-
ity [Lusl, Lus2, Lus3] and with the cellular decomposition of the nonnegative part
of G/P conjectured by Lusztig and proved by Rietsch [Riel, Rie2].

Another main object of the paper is a planar directed network drawn inside a
disk with the boundary vertices by, ...,b, (and some number of internal vertices)
and with positive weights x. on the edges. We assume that k£ boundary vertices b;
are sources and the remaining (n — k) boundary vertices b; are sinks. We allow the
sources and sinks to be interlaced with each other in any fashion. For an acyclic
network, we define the boundary measurements as M;; = > . bi—b; [I.cp e, where
the sum is over all directed paths P in the network from a source b; to a sink b;, and
the product is over all edges e of P. If a network has directed cycles, we introduce
the sign (—1)“"4(P) into the weight of P, where wind(P) is the winding index that
counts the number of full 360° turns the path P makes. We show that the power
series for M;; (which might be infinite if G has directed cycles) always sums to a
subtraction-free rational expression.

We discuss the inverse boundary problem for such planar directed networks. In
other words, we are interested in the information about networks that can be recov-
ered from all boundary measurements M;;. We characterize all possible collections
of the measurements, describe all transformations of networks that preserve the
measurements, and show how to reconstruct a network from the measurements
(up to these transformations). Our work on this problem is parallel to results of
Curtis-Ingerman-Morrow [CIM, Ing, CM] on the inverse problem for (undirected)
transistor networks.

The inverse boundary problem for directed networks has deep connections with
total positivity. The collection of all boundary measurements M;; of a network
can be encoded as a certain element of the Grassmannian Gry,. This gives the
boundary measurement map Meas : {networks} — Gry,. We show that the image
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of the map Meas is exactly the totally nonnegative Grassmannian Gri™". The proof
of the fact that the image of Meas belongs to Gri2" is based on a modification of
Fomin’s work [Fom| on loop-erased walks. On the other hand, for each point in
Gri™n we construct a network of special kind that maps into this point.

The image of the set of networks with fixed combinatorial structure given by
a graph G (with arbitrary positive weights on the edges) is a certain nonnegative
Grassmann cell S%". This gives the map from graphs G to the set of Grassmann
cells. If the graph G is reduced (that is minimal in a certain sense) then the map
Meas induces a rational subtraction-free parametrization of the associated cell ST

For each cell ST we describe one particular graph G associated with this cell.
This graph is given by a JI-diagram, which is a filling of a Young diagram A with 0’s
and 1’s that satisfies certain I-property. The shape A corresponds to the Schubert
cell 2 containing S%". The I-diagrams have interesting combinatorial properties.

There are several types of transformations of networks that preserve the bound-
ary measurements. First of all, there are quite obvious rescaling of the edge weights
. at each internal vertex, which we call the gauge transformations. Then there
are transformations that allow up to switch directions of edges in the network. We
can easily transform any network into a special form (called a perfect network)
and then color the vertices into two colors according to some rule. We prove that
the boundary measurement map Meas is invariant under switching directions of
edges that preserve colors of vertices. Thus the boundary measurement map can
now be defined for undirected planar networks with vertices colored in two colors.
We call them plabic networks (abbreviation for “planar bicolored”). Finally, there
are several moves (that is local structure transformations) of plabic networks that
preserve the boundary measurement map. We prove that any two networks with
the same boundary measurements can be obtained from each other by a sequence
of these transformations.

Essentially, the only nontrivial transformation of networks is a certain square
move. This move can be related to cluster transformation from Fomin-Zelevinsky
theory of cluster algebras [FZ2, FZ3, FZ4, BFZ2]. It is a variant of the octahe-
dron recurrence in a disguised form. In terms of dual graphs, the square move
corresponds graph mutations from Fomin-Zelevinsky’s theory. However, we allow
to perform mutations of dual graphs only at vertices of degree 4. By this restriction
we preserve planarity of graphs.

We show how to transform each plabic graph into a reduced graph. We define
trips in such graph as directed paths in these (undirected) graphs that connect
boundary vertices b; and obey certain “rules of the road.” The trips give the
decorated trip permutation of the boundary vertices. We show that any two reduced
plabic graphs are related by the moves and correspond to the same Grassmann cell
Ston if and only if they have the same decorated trip permutation. Thus the cells
Stol are in one-to-one correspondence with decorated permutations.

Plabic graphs can be thought of as generalized wiring diagrams, which are graph-
ical representations of reduced decompositions in the symmetric group. The moves
of plabic graphs are analogues of the Cozeter moves of wiring diagrams. Plabic
graphs also generalize Fomin-Zelevinsky’s double wiring diagrams [FZ1].

We define alternating strand diagrams, which are in bijection with plabic graphs.
These diagrams consist of n directed strands that connect n points on a circle and
intersect with each other inside the circle in an alternating fashion. Scott [Scol,
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Sco2] used our alternating strand diagrams to study Leclerc-Zelevinsky’s [LZ] quasi-
commuting families of quantum minors and cluster algebra on the Grassmannian.

We discuss the partial order on the cells S'5" by containment of their closures
and describe it in terms of decorated permutations. We call this order the circular
Bruhat order because it reminds the usual (strong) Bruhat order on the symmetric
group. Actually, the usual Bruhat order is a certain interval in the circular Bruhat
order.

We use our network parametrizations of the cells to describe how they are glued
to each other. The gluing of a cell S to the lower dimensional cells inside of its
closure ST is described by sending some of the edge weights z. to 0. Thus, for
the cell SY" associated with a graph G, the lower dimensional cells in its closure
are associated with subgraphs H C G obtained from G by removing some edges.
In a sense, this is an analogue of the statement that, for a Weyl group element with
a reduced decomposition w = s;, - - - s, all elements below w in the Bruhat order
are obtained by taking subwords in the reduced decomposition.

For each plabic graph G associated with a cell S%&*, we describe a different
parametrization of the cell by a certain subset of the Pliicker coordinates. This
parametrization is related to the boundary measurement parametrization by the
chamber anzatz and a certain twist map S /T — S%" /T, where T is the “positive
torus” T = RZ, acting on Gri®®. This construction is analogous to a similar
construction of Berenstein-Fomin-Zelevinsky [BFZ1, FZ1] for double Bruhat cells.
In our setup, instead of chambers in (double) wiring diagrams, we work with regions
of plabic graphs.

As an application, we obtain a description of Berenstein-Zelevinsky’s string
cones and polytopes [BZ1, BZ2] (of type A) as tropicalizations of the boundary
measurements M;;. Integer lattice points in these polytopes count the Littlewood-
Richardson coefficients. This explains the combinatorial description of the string
cones from our earlier work [GP] and the rule for the Littlewood-Richardson coef-
ficients.

Our construction produces several different combinatorial objects associated with
the cells ST". We give explicit bijections between all these objects. Here is the
(incomplete) list of various objects: totally nonnegative Grassmann cells, totally
nonnegative matroids, J-diagrams, decorated permutations, circular chains, move-
equivalence classes of (reduced) plabic graph, move-equivalence classes of alternat-
ing strand diagrams.

We also construct bijections between J-diagrams and other combinatorial objects
such as permutations of a certain kind, rook placements on skew Young diagrams,
etc. Williams [W1], Steingrimsson-Williams [SW], and Corteel-Williams [CW] ob-
tained several enumerative results on JI-diagrams and related objects, and studied
their combinatorial properties.

Throughout the paper we use the following notation [n] := {1,...,n} and [k,[] :=
{k,k +1,...,1}. The word “network” means a graph (directed or undirected)
together with some weights assigned to edges or faces of the graph.

Many results of this paper were obtained in 2001. Some results were announced
by Williams in [W1, Sect. 2-3] and [W2, Appendix].
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2. GRASSMANNIAN

In this section we review some classical facts about Grassmannians, their strat-
ifications, and matroids. For more details, see [Fult].

2.1. Schubert cells. For n > k > 0, let the Grassmannian Gry, be the manifold
of k-dimensional subspaces V' C R™. It can be presented as the quotient Gry, =
GLi\Maty,,, where Matj,, is the space of real k x n-matrices of rank k. Here we
assume that the subspace V associated with a k x n-matrix A is spanned by the
row vectors of A.

Recall that a partition A = (A\1,..., \x) is a weakly decreasing sequence of non-
negative integers. It is graphically represented by its Young diagram which is the
collection of boxes with indexes (i, j) such that 1 < i <k, 1 < j < A; arranged on
the plane in the same fashion as one would arrange matrix elements.

There is a cellular decomposition of the Grassmannian Gry,, into a disjoint union
of Schubert cells 2, indexed by partitions A C (n — k)* whose Young diagrams fit
inside the k x (n — k)-rectangle (n — k)*, that isn —k > Ay > -+ > A\ > 0.

The partitions A C (n — k)* are in one-to-one correspondence with k-element
subsets I C [n]. The boundary of the Young diagram of such partition A forms a
lattice path from the the upper-right corner to the lower-left corner of the rectangle
(n—k)*. Let us label the n steps in this path by the numbers 1, ..., n consecutively,
and define I = I(\) as set of labels of k vertical steps in the path. The inverse
map I = {iy < --- < i} — Xis given by \; = [[i;,n] \ I], for j = 1,..., k. As
an example, Figure 2.1 shows a Young diagram of shape A\ = (4,4,2,1) C 6 that
corresponds to the subset I(\) = {3,4,7,9} C [10].

n—=k
s n=10,k=
k N A= (4,4,2,1)
5 : I(\) = {3,4,7,9}

FIGURE 2.1. A Young diagram X and the corresponding subset I(\)

For A C (n — k)*, the Schubert cell ) in Gry, is defined as the set of k-
dimensional subspaces V' C R™ with prescribed dimensions of intersections with
the elements of the opposite coordinate flag:

Oy ={V € Grip | dim(V N {es...,en)) = [I(N) N [i,n]], for i =1,...,n},

where (e;, ..., ey,) is the linear span of coordinate vectors.

The decomposition of Gr,j into Schubert cells can be described using Gaussian
elimination. We can think of points in Gry,, as nondegenerate kxn-matrices modulo
row operations. Recall that according to Gaussian elimination any nondegenerate
k X n-matrix can be transformed by row operations to the canonical matrix in
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echelon form, that is a matrix A such that a;,;, = -+ = ag,, = 1 for some
I ={i1 < -+ < i} C [n], and all entries of A to the left of these 1’s and in
same columns as the 1’s are zero. In other words, matrices in echelon form are
representatives of the left cosets in GL;\Mat;, = Gry,. Let us also say that such
echelon matrix A is in I-echelon form if we want to specify that the 1’s are located
in the column set I. For example, a matrix in {3, 4,7, 9}-echelon form, for n = 10
and k = 4, looks like

0 01 0 x % 0 x 0 =
A_OOOl**O*O*
0000 O0OO0 1 % 0 =
0 00O0OO0OO0OO0OTO 01 =

Wy ”

where “x” stands for any element of R.

The Schubert cell Q) is exactly the set of elements in the Grassmannian Gry,
that are represented by matrices A in I-echelon form, where I = I(\). If we
remove the columns with indices ¢ € I from A, i.e., the columns with the 1’s,
and reflect the result with respect the vertical axis, the pattern formed by the
%’s is exactly the Young diagram of shape A. So an I-echelon matrix has exactly
[A| := A1 + -+ + Mg such #’s, which can be any elements in R. This shows that
the Schubert cell ) homeomorphic to RI*. Thus the Grassmannian Gry, has the

disjoint decomposition
Grin=|J =~ [(J RM
AC(n—k)k AC(n—k)k

For example, the *’s in the {3, 4, 7,9}-echelon form above correspond to boxes of
the Young diagram of shape A = (4,4,2,1). Thus the Schubert cell 4 421y, whose
elements are represented by matrices in {3,4,7,9}-echelon form, is isomorphic to
R =R,

2.2. Pliicker coordinates. For a k X n-matrix A and a k-element subset I C [n],
let Ay denote the kx k-submatrix of A in the column set I, and let Aj(A) := det(Ag)
denote the corresponding maximal minor of A. If we multiply A by B € GLj on
the left, all minors Aj(A) are rescaled by the same factor det(B). If A = (a;5) is
in I-echelon form then A; = Idy, and a;; = A\ i)ug3(A). Thus the Ar form
projective coordinates on the Grassmannian Gry,, called the Pliicker coordinates,
and the map A — (Ay) induces the Plicker embedding Gry, — Rrp(i)-1 of the
Grassmannian into the projective space. The image of the Grassmannian Grg,
under the Pliicker embedding is the algebraic subvariety in RP(@_l given by the
Grassmann-Pliicker relations:

k
Alirin) “ Blrrenin) = 2 Alasizenin) " Al g1yt dortsenin)
s=1
for any i1,..., i, j1,...,jr € [n]. Here we assume that A, ;. (labelled by an
ordered sequence rather than a subset) equals to Ay, ;. if i1 < --- < i and

Aiy,in) = (—1)Sign(w)A(iw(1)7~~~:7;w(k)) for any permutation w € Sk.
2.3. Matroid strata. An element in the Grassmannian Gry, can also be under-

stood as a collection of n vectors v, ...,v, € R¥ spanning the space R¥, modulo
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the simultaneous action of GL; on the vectors. The vectors v; are the columns of
a k x n-matrix A that represents the element of the Grassmannian.

Recall that a matroid of rank k on the set [n] is a nonempty collection M C ([Z])
of k-element subsets in [n], called bases of M, that satisfies the exzchange aziom:

For any I,J € M and i € I there exists j € J such that (I \ {i}) U {j} € M.

An element V € Gry, of the Grassmannian represented by a k X n-matrix A
gives the matroid My whose bases are the k-subsets I C [n] such that Aj(A) # 0,
or equivalently, I is a base of My whenever {v; | i € I} is a basis of R¥. This
collection of bases satisfies the exchange axiom because, if the left-hand side in a
Grassmann-Pliicker relation is nonzero, then at least one term in the right-hand
side is nonzero.

The Grassmannian Gry, has a subdivision into matroid strata, also known as
Gelfand-Serganova strata, Spq labelled by some matroids M:

SM = {VGGT}M|MV:M}

In other words, the elements of the stratum Sa; are represented by matrices A such
that Aj(A) # 0 if and only if I € M. The matroids M with nonempty strata S
are called realizable over R. The geometrical structure of the matroid strata Sag
can be highly nontrivial. Mnév [Mné| showed that they can be as complicated as
essentially any algebraic variety.

Note that, for an element V of the Schubert cell 2y, the subset I()\) is exactly
the lexicographically minimal base of the matroid My,. This fact it transparent
when V is represented by a matrix in I-echelon form. In other words, the Schubert
cells can also be described as

O\ ={V € Gry, | I(N) is the lexicographically minimal base of My }.

This implies that the decomposition of Gry, into matroid strata Sa is a finer
subdivision than the decomposition into Schubert cells 2.

The Schubert decomposition depends on a choice of ordering of the coordinates
in R™. The symmetric group S;,, acts on R"™ by permutations of the coordinates.
For a permutation w € Sy, let QY := w(2y) be the permuted Schubert cell. In
other words, the cell QY is the set of elements V' € Gry, such that I(\) is the
lexicographically minimal base of My, with respect to the total order w(1) < w(2) <
.-+ < w(n) of the set [n].

Remark 2.1. The decomposition of the Grassmannian Gry, into matroid strata
Sm is the common refinement of the n! permuted Schubert decompositions Gry,, =
Uscnomyr O3, for w € Sp; see [GGMS]. Indeed, if we know the lexicographically
minimal base in My with respect any total order on [n] then we can determine
all bases of My and thus determine the matroid stratum containing the element
V e Grin.

It will be convenient for us use local affine coordinates on the Grassmannian.
Let us pick a k-subset I C [n]. Let A be a k X n-matrix that represents an element
in Grg, such that Aj(A) # 0, that is I is a base of the corresponding matroid.
Then A’ = (A;)~ 1A is the unique representative the left coset of GLy, - A such that

% is the identity matrix. Then matrix elements of A’ located in columns indexed
j ¢ I give local affine coordinates on Gry,. In other words, we have the rational
isomorphism

Grin \ {A7 = 0} ~ RF(=F)



8 ALEXANDER POSTNIKOV

In the case when I is the lexicographically minimal base, the matrix A’ is exactly
the representative in echelon form.

3. TOTALLY NONNEGATIVE GRASSMANNIAN

A matrix is called totally positive (resp., totally nonnegative) if all its minors
of all sizes are strictly positive (resp., nonnegative). In this section we discuss
analogues of these classical notions for the Grassmannian.

Definition 3.1. Let us define the totally nonnegative Grassmannian Gri®® C Gry,,
as the quotient Gri"™ = GL; \Matj", where Matj" is the set of real k x n-matrices
A of rank k with nonnegative mazimal minors Aj(A) > 0 and GLg is the group
of k x k-matrices with positive determinant. The totally positive Grassmannian
Gri? C Gri™ is the subset of Gry,, whose elements can be represented by k x n-
matrices with strictly positive maximal minors A7(A) > 0.

For example, the totally positive Grassmannian contains all k X n-matrices A =

(x;) with 21 < --- < x,, because any maximal minor A;(A) of such matrix is a

positive Vandermonde determinant. Clearly, G?”ZI;L is an open subset in Gry, and
Gri™™ is a closed subset in Gry,, of dimension k(n — k) = dim Gry,,.

Definition 3.2. Let us define totally nonnegative Grassmann cells ST in Gris®

as the intersections ST = Saq N Grin® of the matroid strata Sy with the totally
nonnegative Grassmannian, i.e.,

Stan — (GLE - A€ Gri™™ | Aj(A) > 0for I € M, and Aj(A) =0 for I & M}.

tnn

Let us say that a matroid M is totally nonnegative if the cell Si" is nonempty.

Note that the totally positive Grassmannian Grffé is just the top dimensional cell

St C Gria ) that is the cell corresponding to the complete matroid M = ([Z]).

Remark 3.3. Clearly, the notion of total positivity is not invariant under permu-
tations of the coordinates in R™, and the class of totally nonnegative matroids is
not preserved under permutations of the elements. This notion does however have
some symmetries. For a k X n-matrix A = (vy,...,v;) with the column vectors
v; € R¥ let A" = (va,...,v,, (=1)*"1v;) be the matrix obtained from A by the
cyclic shift of the columns and then multiplying the last column by (—1)*~!. Note
that Aj(A) = Ay (A’) where I’ is the cyclic shift of the subset I. Thus A is totally
nonnegative (resp., totally positive) if and only if A’ is totally nonnegative (resp.,
totally positive). This gives an action of the cyclic group Z/nZ on the sets Grii®
and Grt,f;. This also implies that cyclic shifts of elements in [n] preserve the class
of totally nonnegative matroids on [n].

Example 3.4. For n = 4 and k = 2, there are only three rank 2 matroids on [4]
which are not totally nonnegative: M = {{1,2},{2,3},{3,4},{1,4}}, MU{{1, 3}},
MU {{2,4}}. This set of matroids is closed under cyclic shifts of [4].

Interestingly, the totally nonnegative Grassmann cells S5 have a much simpler

geometric structure than the matroid strata Sa,.

Theorem 3.5. Each totally nonnegative Grassmann cell SY is homeomorphic to

an open ball of appropriate dimension. The decomposition of the totally nonnegative

Grassmannian Gri® into the union of the cells S\ is a CW-complex.
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In Section 6 we will explicitly construct a rational parametrization for each cell
S0, i.e., an isomorphism between the space R‘io and S%%; see Theorem 6.5. In
Section 18 we will describe how the cells are glued to each other.

This next conjecture follows a similar conjecture by Fomin-Zelevinsky [FZ1] on
double Bruhat cells.

Conjecture 3.6. The CW-complex formed by the cells SV is regular. The closure
of each cell is homeomorphic to a closed ball of appropriate dimension.

According to Remark 2.1, the matroid stratification of the Grassmannian is the
common refinement of n! Schubert decompositions. For the totally nonnegative
part of the Grassmannian it is enough to take just n Schubert decompositions.

Theorem 3.7. The decomposition of Gri’" into the cells SY* is the common

refinement of the n Schubert decompositions Griy* = Uy (,— gy (AW NGTLY), where
w run over cyclic shifts w :i— i+ k (mod n), for k € [n].

This theorem will follow from Theorem 17.2 in Section 17.

Lusztig [Lusl, Lus2, Lus3] developed general theory of total positivity for a
reductive group G using canonical bases. He defined the totally nonnegative part
(G/P)>q of any generalized partial flag manifold G/P and conjectured that it is
made up of cells. This conjecture was proved by Rietsch [Riel, Rie2]. Marsh-
Rietsch [MR] gave a simpler proof and constructed parametrization of the totally
nonnegative cells in (G/B)>o. This general approach to totally positivity agrees
with our “elementary” approach.

Theorem 3.8. In case of the Grassmannian Gry,, Rietsch’s cell decomposition
coincides with the decomposition of Gri® into the cells S{".

I thank Xuhua He and Konni Rietsch for the following explanation. According
to [MR, Proposition 12.1], Rietsch cells are given by conditions Ay > 0 and A; =0
for some minors. Actually, the paper [MR] concerns with the case of G/B, but
the case of G/P (which includes the Grassmannian) can be obtained by applying
the projection map G/B — G/P, as it was explained in [Riel]. It follows that
our cell decomposition of Gri® into the cells S1" is a refinement of Rietsch’s cell
decomposition. In Section 19 we will construct a combinatorial bijection between
objects that label our cells and objects that label Rietsch’s cells, which will prove
Theorem 3.8.

Let us show how total positivity on the Grassmannian is related to the classical
notion of total positivity of matrices. For a k x n-matrix A such that the square
submatrix Ap in the first k& columns is the identity matrix Ay = Idy, define

#(A) = B, where B = (b;;) is the kx (n—k)-matrix with entries b;; = (=1)* a4 ;:

r - 0 0 arpy1 - a1n a1 - *ain
b : : .

0 --- 1 0 ar—1,k41 " GQk—1,n —Qk—1,k+1 *'° —Ok—1mn

0O --- 0 1 aggyr - Qkn Ok k1 e Gk

Let Ay, j(B) denote the minor of matrix B (not necessarily maximal) in the row
set I and the column set J. By convention, we assume that Ay ¢(B) = 1.

Lemma 3.9. Suppose that B = ¢(A). There is a correspondence between the
mazimal minors of A and all minors of B such that each mazimal minor of A
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equals to the corresponding minor of B. Explicitly, A, ;(B) = A([k]\I)UJ(A)f where

J is obtained by increasing all elements in J by k.

Proof. Exercise for the reader. O

Note that matrices A with Ap = Idy are representatives (in echelon form) of
elements of the top Schubert cell Q,_pyx C Grin, i.e., the set of elements in the
Grassmannian with nonzero first Pliicker coordinate Ay, # 0. Thus ¢ gives the
isomorphism ¢ : Q, _pyr — Maty .

Proposition 3.10. The map ¢ induces the isomorphism between €, _jyr N Grimn
and the set of classical totally nonnegative k x (n — k)-matrices, i.e., matrices with
nonnegative minors of all sizes. This map induces the isomorphism between each
totally nonnegative cell SY" C Qer—pyr N Gri™™ and a set of k x (n — k)-matrices
given by prescribing some minors to be positive and the remaining minors to be zero.
In particular, it induces the isomorphism between the totally positive part Grg; of

the Grassmannian and the classical set of all totally positive k x (n — k)-matrices.

Remark 3.11. Fomin-Zelevinsky [FZ1] investigated the decomposition of the totally
nonnegative part of GLy into cells, called the double Bruhat cells. These cells are
parametrized by pairs of permutations in Si. The partial order by containment
of closures of the cells is isomorphic to the direct product of two copies of the
Bruhat order on S;. The map ¢ induces the isomorphism between the totally
nonnegative part of the Grassmannian Gry 2 such that Ay, # 0 and Apq 2k # 0
and the totally nonnegative part of GLy. Moreover, it gives isomorphisms between
the double Bruhat cells in G'Ly and some totally nonnegative cells S{" C Gry"3);
namely, the cells such that [k], [k + 1,2k] € M.

In this paper we will extend Fomin-Zelevinsky’s [FZ1] results on (type A) double
Bruhat cells to all totally nonnegative cells ST" in the Grassmannian. We will see
that these cells have a rich combinatorial structure and lead to new combinatorial
objects.

4. PLANAR NETWORKS

Definition 4.1. A planar directed graph G is a directed graph drawn inside a
disk (and considered modulo homotopy). We will assume that G has finitely many
vertices and edges. We allow G to have loops and multiple edges. We will assume
that G has n boundary vertices on the boundary of the disk labelled bq,...,0b,
clockwise. The remaining vertices, called the internal vertices, are located strictly
inside the disk. We will always assume that each boundary vertex b; is either a
source or a sink. Even if b; is an isolated boundary vertex, i.e., a vertex not incident
to any edges, we will assign b; to be a source or a sink. A planar directed network
N = (G, x) is a planar directed graph G as above together with strictly positive
real weights x, > 0 assigned to all edges e of G.

For such network N, the source set I C [n] and the sink set I := [n]\ I of N are
the sets such that b;, i € I, are the sources of N (among the boundary vertices)
and the b;, j € I, are the boundary sinks.
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If the network N is acyclic, that is it does not have closed directed paths, then,
for any i € I and j € I, we define the boundary measurement M;; as the finite sum

M;; = Z erv

P:b;—bj ecP

where the sum is over all directed paths P in N from the boundary source b; to the
boundary sink b;, and the product is over all edges e in P.

If the network is not acyclic, we have to be more careful because the above sum
might be infinite, and it may not converge. We will need the following definition.

For a path P from a boundary vertex b; to a boundary vertex b;, we define its
winding index, as follows. We may assume that all edges of the network are given
by smooth curves; thus the path P is given by a continuous piecewise-smooth curve.
We can slightly modify the path and smoothen it around each junction, so that it is
given by a smooth curve f : [0,1] — R?, and furthermore make the initial tangent
vector f/(0) to have the same direction as the final tangent vector f’(1). We can
now define the winding index wind(P) € Z of the path P as the signed number
of full 360° turns the tangent vector f'(t) makes as we go from b; to b; (counting
counterclockwise turns as positive); see example in Figure 4.1. Similarly, we define
the winding index wind(C) for a closed directed path C in the graph.

FIGURE 4.1. A path P with the winding index wind(P) = —1

Let us give a recursive combinatorial procedure for calculation of the winding
index for a path P with vertices vy, v, ..., v;. If the path P has no self-intersections,
i.e., all vertices v; in P are distinct, then wind(P) = 0. Also for a counterclockwise
(resp., clockwise) closed path C' without self-intersections, we have wind(C) = 1
(resp., wind(C) = —1).

Suppose that P has at least one self-intersection, that is v; = v; = v for ¢ < j.
Let C be the closed segment of P with the vertices v;, vit1,...,v;, and let P’ be
the path P with erased segment C, i.e., P’ has the vertices. v1,...,v;,Vj41,..., 0.

Consider the four edges e1 = (vi—1,vi), €2 = (v, vit1), €3 = (vj_1,v;), €4 =
(vj,vj41) in the path P, which are incident to the vertex v (the edges e; and
es are incoming, and the edges es and e4 are outgoing). Define the number € =
e(e1,ea,e3,eq) € {—1,0,1}, as follows. If the edges are arranged as eq, ez, €3, €4
clockwise, then set € = 1; if the edges are arranged as eq, e3, €3, e4 counterclockwise,
then set € = —1; otherwise set ¢ = 0. In particular, if some of the edges e1, ez, e3, €4
are the same, then ¢ = 0. Informally, e = +1, if the path P does not cross but
rather touches itself at the vertex v.

The following claim is straightforward from the definitions.
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Lemma 4.2. We have wind(P) = wind(P’) + wind(C') + €.

If C is a cycle, that is a closed path without self-intersections, then by Lemma 4.2

wind(P') +1 if C is a counterclockwise cycle and € = 0;
wind(P) =< wind(P’) —1 if C is a clockwise cycle and € = 0;

wind(P’) if e = +1.
If € = 0, then we say that C' is an essential cycle. We can now determine the
winding index of P by repeatedly erasing cycles in P (say, always erasing the cycle
C with the smallest possible index j) until we get a path without self-intersections.
Thus we express the winding index in terms of the erased cycles as wind(P) :=
#{counterclockwise essential cycles} — #{clockwise essential cycles}.

Remark 4.3. Note that in general the number of cycles in P is not well-defined.
Indeed the number of cycles that we need to erase until we get a path without
self-intersections may depend on the order in which we erase the cycles. However
the winding index wind(P) is a well-defined invariant of a path in a planar graph.
For example, for the path shown on Figure 4.1, we can erase a counterclockwise
cycle and then two clockwise cycles. On the other hand, for the same path, we can
also erase just one big clockwise cycle to get a path without self-intersections.

Let us now return to boundary measurements. Let N be a planar directed
network with graph G as above, which is now allowed to have cycles. Let us
assume for a moment that the weights x. of edges in IV are formal variables. For
a path P in G with the edges ey, ..., ¢e; (possibly with repetitions), we will write
Tp 1= Te, -+ Te,. For a source by, i € I, and a sink b;, j € I, we define the formal
boundary measurement Mif}”m as the formal power series in the z,

(4.1) M= " (1)l
P:b;—b;
where the sum is over all directed paths P in N from b; to b;.

Recall that a subtraction-free rational expression is an expression with positive
integer coefficients that can be written with the operations of addition, multipli-
cation, and division (but subtraction is strictly forbidden), or equivalently, it is
an expression that can be written as a quotient of two polynomials with positive

2
coefficients. For example, — +§5+yy/(i 5 = Tii(jft))(ggiy is subtraction-free. We will
mostly work with subtraction-free expressions in some variables z1,...,x,;, that

give well-defined functions on RY. In other words, such expressions can be written
as quotients of two positive polynomials such that the denominator has a strictly
positive constant term. For example, the above expression does not have this prop-
erty.

Lemma 4.4. The formal power series Mf]‘?rm sum to subtraction-free rational ex-
pressions in the variables x.. These expressions give well-defined functions on

Rg(()c)! where E(G) is the set of edges of G.

The lemma implies that the Mif}”m sum to rational expressions where we can
specialize the formal variables z. to any nonnegative values and never get zero in
the denominator.

Proof. Let us fix a boundary source b; and a boundary sink b;. Without loss of
generality, we may assume that degrees of the boundary vertices in G are at most 1.
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Let us prove the claim by induction on the number of internal edges in the graph
G, that is the edges connecting pairs of internal vertices. Let u be the internal
vertex connected with the boundary vertex b; by an edge. If u is not incident to
an internal edge, then the claim is trivial. Otherwise, we pick an internal edge
e = (v, w) incident to u (that is v = u or w = u) which is “close” to the boundary
of the disk. By this we mean that e is an edge of a face f of the planar graph G
attached to the boundary of the disk. Let us add two new boundary vertices b’ and
b" on the boundary of the disk and connect them with the vertices v and w by the
directed edges €/ = (v,b') and ¢’ = (b”, w) so that the two new edges ¢’ and ¢” are
inside of the face f. (So ¢’ and €¢” do not cross with any edges of G.) Let G’ be
the planar directed graph obtained from G by removing the edge e and adding the
edges ¢’ and €¢”. Note that b’ is a sink and b is a source of G'.

The graph G’ has less internal edges than the graph G. By induction, all formal
boundary measurement for G’ sum to subtraction-free rational expressions defined
on REBG/). We can specialize some of the edge variables in these expressions to
nonnegative numbers and get valid subtraction-free expressions.

Let us show how to express the formal boundary measurements of G in terms of
the formal boundary measurements of the graph G’. We will use the notation M, {’l7b
for the formal boundary measurements of the graph G’ specialized at zos = zer = 1,
where a,b € {b;,b;,b',b"}.

Every directed path P in the graph G from the boundary vertex b; to the bound-
ary vertex b; breaks into several segments Py, e, P, e, ..., e, Ps, where the path P;
is from b; to v, the paths Py, ..., Ps_1 are from w to v, and the path P; is from w to
bj. (If s =1, then P, = P, = P is a path from b, to b;, which does not contain the
edge e.) Clearly, for s > 2, the path P; corresponds to a path P; in the graph G’
from b; to V', the paths P,..., Ps_1 correspond to paths Pj,...,P._; in G’ from
b to b/, and the path P, corresponds to a path P, in G’ from b” to b;. For s =1,
the path P corresponds to a path P’ in G’ from b; to b;.

Clearly, if s = 1, then wind(P) = wind(P’). For s > 2, we need to be more
careful with winding indices of these paths. Let us consider two cases.

Case 1: v = u. We may assume that the boundary vertices are arranged as
b;, b, 0", b; clockwise. In this case wind(P) = wind(Py) + - - -+ wind(P.) — (s — 2).
Thus Mifj‘?rm equals

! /
M}y we My,

Méubj + Z(_l)s Mémb’ Le (Mé’ﬁb’ ze)* Mé’ﬂbj = Mémbj + 1+x. M|
e b b

s>2
Case 2: w = u. We may assume that boundary vertices are arranged as
b;, ", V', b; clockwise. In this case wind(P) = wind(Py) + - - -+ wind(P.) — (s — 1).
Let f = (bi,v) be the edge incident to b;. Note that in this case, M, , =xs My, ,
for any a. We have
MET™ =M, = > (1) MYy e (M we) ™2 My, =
s>2

=xy Méu’bj — Z(—l)s Ty (Méu’b, Jte)s_l My p,
s>2

M,
_ Tf My p,
L+ xe My 4y

In both cases we expressed Mif;?rm as subtraction-free rational expressions in
terms of the M, ;. Notice that the denominators in these expressions have the
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constant term 1. Thus, whenever x. and Ml;”,b’ are nonnegative, the denominators
are strictly positive and, in particular, non-zero. By induction, we conclude that
Mif;?rm is a subtraction-free rational function well-defined on RE(()G). O
Definition 4.5. We can now define the boundary measurements M;; as the special-
izations of the formal boundary measurements Mif;’rm, written as subtraction-free
expressions, when we assign the z. to be the positive real weights of edges e in the
network N. Thus the boundary measurements M;; are well-defined nonnegative
real numbers for an arbitrary network.

Example 4.6. For the network

Y
T t
e e
z
form

we have M{9™ = xyt —xyzyt+axyzyzyt—- - - = xyt/(14+yz), which is a subtraction-
free rational expression. If all weights of edges are x = y = z = t = 1, then the
boundary measurement is Mo =1/(14+1) =1/2.

Inverse Boundary Problem. What information about a planar directed network
can be recovered from the collection of boundary measurements M;;? How to re-
cover this information? Describe all possible collections of boundary measurements.
Describe transformation of networks that preserve the boundary measurements.

Let us describe the gauge transformations of the weights z.. Pick a collection of
positive real numbers ¢, > 0, for each internal vertex v in IV; and also assume that
tp, = 1 for each boundary vertex b;. Let N’ be the network with the same directed
graph as the network N and with the weights

(4.2) xl = xotyt,

for each directed edge e = (u,v). In other words, for each internal vertex v we
multiply by ¢, the weights of all edges outgoing from v, divide by ¢, the weights of
all edges incoming to v. Then the network N’ has the same boundary measurements
as the network N. Indeed, for a directed path P between two boundary vertices
and for an internal vertex v, we have to divide the weight [ [, p zc of P by ¢, every
time when P enters v and multiply it by ¢, every time when P leaves v.

We will see that there are also some local structure transformations of networks
that preserve the boundary measurements.

Let us now describe the set of all possible collections of boundary measurements.
For a network N with £ boundary sources b;, ¢ € I, and n — k boundary sinks b;,
j € I, it will be convenient to encode the k(n — k) boundary measurements M;;,
i€l,jc I, asa certain point in the Grassmannian Gry,,. Recall that A (A) is
the maximal minor of a matrix A in the column set J. The collection of all A, for
k-subsets J C [n], form projective Pliicker coordinates on Gryy,.

Definition 4.7. Let Nety, be the set of planar directed networks with k& boundary
sources and n — k boundary sinks. Define the boundary measurement map

Meas : Nety, — Grin,

as follows. For a network N € Nety,, with the source set I and with the boundary
measurements M;;, the point Meas(N) € Gry, is given in terms of its Pliicker
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coordinates {A;} by the conditions that A; # 0 and
Mij = A(I\{i})u{j}/AI for any i € I and j € I
More explicitly, if I = {i; < --- < ix}, then the point Meas(N) € Gry,, is repre-
sented by the boundary measurement matrizc A(N) = (a;;) € Matgy, such that
(1) The submatrix A(N); in the column set I is the identity matrix Idy.

(2) The remaining entries of A(N) are a,; = (—1)*M;, j, for r € [k] and j € I,
where s is the number of elements of I strictly between 4, and j.

Note that the choice of signs of entries in A(/N) ensures that A\ (i})ugy} (AV)) =
M;;, for i € I and j € I. Clearly, we have Aj(A(N)) = 1.

Example 4.8. For a network N with four boundary vertices, with the source set
I =1{1,3}, and the sink set I = {2,4}, we have

by bo
N/
N= A(N) = (

N
by b3

1 Mis 0 —Myy
0 Msy 1 My )~

o . _ Aog — Aos _ A _ Ay
In this case, we have M12 = A M14 = A M32 = A’ M34 = A

The following two results establish a relationship between networks and total
positivity on the Grassmannian.

Theorem 4.9. The image of the boundary measurement map Meas is exactly the
totally nonnegative Grassmannian:

Meas(Netyy,) = Gri™®.
This theorem will follow from Corollary 5.6 and Theorem 6.5.

Definition 4.10. Let us say that a subtraction-free rational parametrization of a
cell S{" C Gri™™ is an isomorphism f : R, — S{7 such that
(1) The quotient of any two Pliicker coordinates Ay/Ay, I,J € M, of the
point f(z1,...,xz4) € S can be written as a subtraction-free rational
expression in the usual coordinates z; on RZ.
(2) For the inverse map f~!, the x; can be written as subtraction-free rational
expressions in terms of the Pliicker coordinates A ;.
Moreover, we say that such subtraction-free parametrization is I-polynomial for
given I € M, if the quotients A;/Aj, for J € M, are given by polynomials in the
x; with nonnegative integer coefficients.

Let G be a planar directed graph with the set of edges F(G). Clearly, we can

identify the set of all networks on the given graph G with the set RSBG) of positive
real-valued functions on E(G). The boundary measurement map induces the map

(4.3) Measg - RSBG)/{gauge transformations} — Gry,.

Theorem 4.11. For a planar directed graph G, the image of the map Measg is a
certain totally nonnegative Grassmann cell S8
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For a cell S{, let I; C [n] as the lexicographically minimal base of the matroid
M with respect to the linear order it <i+1<---<n<1<---<i—1on[n]. In
particular, I; = I()), whenever S" C Q..

Theorem 4.12. For any cell S'", one can find a graph G such that the map
Measg is a subtraction-free rational parametrization of this cell. Moreover, for
i=1,...,n, there is an acyclic planar directed graph G with the source set I; such
that Measc is an I;-polynomial parametrization of the cell S,

This theorem will follow from Theorem 6.5.

In the next section we will prove that Meas(Nety,) C Grﬁ?. In other words, we
will prove that all maximal minors of the boundary measurement matrix A(N) are
nonnegative.

5. LOOP-ERASED WALKS

In this section we generalize the well-known Lindstrém lemma to suit our pur-
poses. The main result of the section is the claim that every maximal minor of
the matrix A(N) is given by a subtraction-free rational expression in the x.. Since
our graphs may not be acyclic, we will follow Fomin’s approach from the work on
loop-erased walks [Fom], which extends the Lindstrém lemma to non-acyclic graphs.
The sources and sinks in our graphs may be interlaced with each other, which gives
an additional complication. Also one needs to take an extra care with winding
indices.

For two k-subsets I,J C [n],let K = I\ J and L = J\I. Then |K| = |L|. For a
bijection 7 : K — L, we say that a pair of indices (4,7), where i < j and i,j € K,
is a crossing, an alignment, or a misalignment of , if the two chords [b;, br(;] and
[bj, bx(;)] are arranged with respect to each other as shown on Figure 5.1. Define
the crossing number xing(m) of m as the number of crossings of .

b; br(j) b; b (i) b; br(j)
b; briy by bri) b b
crossing alignment misalignment

FI1GURE 5.1. Crossings, alignments, and misalignments

Lemma 5.1. Let I,J be two k-element subsets in [n], K =I\J and L = J\ I.
Also letr = |K| = |L|. Then the following identity holds for the Pliicker coordinates
n Gr,
Ap-art= 30 (0™ T Awvpotsan -
m:K—L €K

where the sum is over all r! bijections w : K — L.

Note that, in the case r = 2, this identity is equivalent to a 3-term Grassmann-
Pliicker relation.
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Proof. Let us prove this identity for maximal minors A j(A) of a matrix A. We first
show that the identity is invariant under permutations of columns of the matrix.
Let us switch two adjacent rows of A with indices @ and a + 1 and correspondingly
modify the subsets I and J. Then a minor Ay, switches its sign if a,a +1 € M;
and otherwise the minor and does not change. Also note that the crossing number
zing(m) changes by £1 if a,a +1 € K UL and n%(a) # a + 1; and otherwise
zing(m) does not change. Considering several cases according to which of the subsets
K, L, InJ,or [n]\ (IUJ) contain the elements a and a + 1, we verify in all
cases that both sides of the identity make the same switch of sign. Using this
invariance under permutations of columns we can reduce the problem to the case
when I = [k] and J = [k —r] U [k + 1,k + r]. Let us assume that A; # 0.
Multiplying the matrix A by (A;)~! on the left, we reduce the problem to the
case when Ay is the identity matrix. In this case, A;(4) = 1 and A;(A) is the
determinant of r x r-matrix B = (b;;), where b;; = ai+x—r, j+&, for i, € [r]. Note
that in this case A(p\ fith—r})U{j+k} = (—l)r’jbij and the crossing number equals
zing(w) = () — inv(m), where inv(r) is number of inversions in 7. Thus we have
the same determinant det(B) in the right-hand side. The case when Ar(A4) = 0
follows by the continuity since we have already proved the identity for the dense
set of matrices A with Aj(A) # 0. O

Let us fix a planar directed network N with graph G and edge weights z.. The
following proposition gives an immanant expression for the maximal minors of the
boundary measurement matrix A = A(N); see Definition 4.7.

Proposition 5.2. Let N be a network with n boundary vertices, including k sources
bi, i € I, and the boundary measurements M;;, © € I, j € I. Then the mazimal
minors of the boundary measurement matriz A are equal to

Aj(A) = Z (—1)mine(m H M; =@y 5

mK—L €K

for any k-subset J C [n], where the sum is over all bijections = : K — L from
K=I\JtoL=J\I

For example, for a network as in Example 4.8, we have Agy(N) = MioMsg +
Mi4M32 because both bijections 7 : {1,3} — {2,4} have just one misalignment
and no crossings, i.e., zing(mw) = 0.

Proof. Let us express both sides of the needed identity in terms of the Pliicker
coordinates of the point Meas(N) € Gryy; see Definition 4.7. Then the identity
can be reformulated as Ayj/A; = S (—1)29™ [Lick (A fivyuine) /A1),
which is equivalent to Lemma 5.1. O

Proposition 5.2 gives an expression for each maximal minor of A as a certain
alternating sum of products of the M;;, which corresponds to the generating func-
tion for collections of paths in the graph G that connect the boundary vertices b;,
i € K with the boundary vertices b;, j € L. Let us show how to cancel the negative
terms in this generating function.

Let P = (u1,...,us) and Py, = (v1,...,v:) be two paths in the graph G,
where uy,v1,us, vy are four different boundary vertices. Let zing(Py, P2) € {0,1}
be the crossing number of the bijection {uj,v1} — {us,v:} that sends u; to
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us and v1 to ve. We also say that the pair of paths (Pr,P) forms a cross-
ing/alignment /misalignment if the corresponding bijection of the boundary vertices
has a crossing/alignment /misalignment.

Suppose that the paths P; and P, have a common vertex v = u; = v;. Let
er = (Wi—1,u;), e2 = (U, Uit1), €3 = (vj_1,v;), ea = (vj,v;41) be the four edges
in these paths incident to the vertex v, and let € = e(eq, eq, 3, e4) be the number
defined before Lemma 4.2. Recall that ¢ = +£1 if these edges are arranged as
e1, €2, e3,e4 clockwise or counterclockwise, and otherwise ¢ = 0. We say that v is
an essential intersection of the paths P; and P, if ¢ = 0. In other words, v is not
an essential intersection if the paths P, P, do not cross but touch each other at
the vertex v and they have opposite directions at this vertex.

For Py, P, v as above, we say that the paths P| = (u1,...,u;,vj41,...,0;) and
Py = (v1,...,0j,Uit1,...,us) are obtained from P; and P» by switching their tails
at the vertex v. Clearly, zing(Py, Py) = 1 — zing(Py, P) if (Py, P2) forms a crossing
or an alignment, and zing(Py, Py) = zing(P1, P2) if (P, P;) forms a misalignment.

Lemma 5.3. Suppose that Py, P, are two paths as above and Py, Py are obtained
by switching their tails at v. Then

(_1)zing(P1,P2)+wind(P1)+wind(P2) — _(_1)zing(P1',P2')+wind(P1')+wind(P2')
if and only if the vertex v is an essential intersection of P, and Ps.

Proof. Let a be the number of turns of the tangent vector to the path P, as we
go from u; to v, let b be the number of turns of the tangent vector as we go from
v to us. Let ¢ and d be the similar numbers for the path P». (The numbers
a,b,c,d may not be integers.) Clearly, the a + b contributes to wind(Py), ¢ + d
contributes to wind(P,), a+d contributes to wind(P;) = a+d, and c¢+b contributes
wind(Py) = ¢+ b. Thus wind(Py) + wind(Py) — wind(Py) — wind(P,) does not
depend on these numbers. It only depends on the cyclic order of the boundary
vertices u1,v1, us, vy and on the cyclic order of the four edges e1, es, €3, e4 incident
to the vertex v. If we consider all arrangements of these vertices and edges, we
obtain the following table of possible cases (where all entries are given modulo 2):

e(er, e, es,eq) 0 0 1 1
(Py, Py) forms a crossing/ | misalign. | crossing/ | misalign.
alignment alignment
wind (Py) + wind (Py) 0 1 1 0
—wind(Py) — wind(Ps)
zing(Py, P3) — zing(Py, P2) 1 0 1 0

It is an exercise for the reader to check this table. In all four cases we see that
the needed identity holds if and only if €(e1, es, €3,€4) = 0. O

Let us say that a planar directed graph G is a perfect graph if each internal vertex
in G is incident to exactly one incoming edge, or to exactly one outgoing edge; and
each boundary vertex has degree 1. In Section 9 we will show that an arbitrary
planar directed network can be easily transformed into a network with a perfect
graph (even a trivalent perfect graph) without changing the boundary measure-
ments M;;; see Lemma 9.1. For a perfect graph we always have e(e1, e2,e3,e4) =0
because at least two of the edges eq, es, e3, €4 should coincide. Thus any common
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vertex v of two paths is their essential intersection, and the formula in Lemma 5.3
always holds.

In the rest of this section we will assume, without loss of generality, that G is a
perfect graph. Remark that it is possible to extend the results below to arbitrary
planar directed graphs, but the construction will be more complicated.

Let I,J be two k-element subsets in [n], K = I\ J, and L = J\ I, as in
Proposition 5.2. Let K = {ky,...,k.}. We say that a collection of directed paths
Q=(Q1,...,Q) is a non-crossing collection if

(1) For i =1,...,r, the path Q; starts at the boundary vertex by, and ends at
the boundary vertex by (), where 7 : K — L is some bijection.

(2) The paths @; have no intersections and no self-intersections, that is all
vertices in these paths are different.

Note that there are finitely many non-crossing collections of paths in G. Let Q; =
(w1, Wiz, - - -, Wim, ) be the i-th path in the collection. Define

S”(Q) =1+ Z(—l)wmd(c)xc,
C

where the sum is over all nonempty closed directed paths C' that start and end at
the j-th vertex w;; of @; and do not pass through any of the preceding vertices
Ui, .- -, Ui j—1 In Q;, and through any vertex of a path Q, for ¢/ < i,

Lemma 5.4. The sum S;;(Q) is given by a subtraction-free rational expression in
the x. defined on R}ZEBG),

Proof. We will show that S;; equals to a certain boundary measurement for some
other graph G’. Any perfect graph G can be easily transformed into a trivalent
graph (that is a graph where every internal vertex has degree 3) by splitting vertices
of higher degree into several trivalent vertices; see Section 9. Let us assume, without
loss of generality, that G is a trivalent graph. Let e be the edge from @Q; that enters
the vertex u;;, let €’ be the edge from Q; that leaves the vertex u;;, and let €’ be
the remaining third edge incident to u;;. A closed path C' that contributes to S;;
cannot use the edge e. Thus e’ should be the first edge in C and ¢” should be the
last edge in C. (It €” is an outgoing edge from wu;; then there are no non-empty
paths C' and S;; = 1.) Let us remove from the graph G all vertices of the paths
Qy, for all i' < 4, and also the vertices w1,...,u; j—1. Let us cut the disk along
the segment of the path @); between the vertices u;; and w;;. Then add two new
boundary vertices b’ (source) and b” (sink) and connect them with the vertex u;;
by the edges f' = (V/,u;;) and f” = (u;;,0") so that these edges are arranged as
e e’ ', f" clockwise or counterclockwise. Let G’ be the resulting graph. Then
closed paths C from u;; to u;; that contribute to S;; (including the empty path)
are in one-to-one correspondence with all directed paths P’ in the graph G’ from
the boundary vertex b to the boundary vertex b”’. Moreover, we have chosen
the vertices ' and b” so that wind(C') = wind(P’). Thus the sum S;; equals to
the boundary measurement Mé,7b,, for the graph G’ (specialized at zp = apr = 1).
According to Lemma 4.4, this sum is given by a subtraction-free rational expression
defined on REBG). O

Proposition 5.5. Assume that G is a perfect graph. For k-element subsets I,J C
[n] and K =I\J and L = J\ I as above, the mazimal minor A;(A) of the matriz



20 ALEXANDER POSTNIKOV

A = A(N) is given by the following subtraction-free rational expression in the x.
defined on Rg(()c) :

T

(5.1) As(A) =3 (Twa I18:4(Q |

Q i=1

where the sum is over all non-crossing collections Q = (Q1, ..., Q) of paths joining
the boundary vertices b;, i € K with the boundary vertices b, j € L.

Compare the following argument with the proof of [Fom, Theorem 6.1].

Proof. Let P = (v1,...,v,) be a directed path in G from a boundary vertex vy
to a boundary vertex v,,. If P has at least one self-intersection, then find the first
self-intersection, that is the pair ¢ < j such that v; = v; with the minimal possible
index j. Let P’ = (v1,..., 05,041, .., Um) be the path obtained from P by erasing
the cycle (v;,...,v;). If P’ still has a self-intersection then again erase the first
cycle in P’ to get another path P”, etc. Finally, we obtain the path LE(P) without
self-intersections, called the loop-erased part of P.

For any path @ = (ui,...,us) without self-intersections from the boundary
vertex u; = v1 to the boundary vertex us = v,,, all paths P that have the loop-
erased part LE(P) = @ can be obtained from @ by inserting at each vertex w;
(except the initial and the final boundary vertices u; and us) a closed path C;
(possibly empty and possibly self-intersecting) from wu; to u; that does not pass
through the preceding vertices ui,...,u;—1. Clearly, we have zp = z¢[]; z¢,.
Moreover, we have wind(P) = >, wind(C;). This follows from Lemma 4.2 and the
fact that e = 0 for a perfect graph.

According to Proposition 5.2 and the definition (4.1) of the formal boundary
measurements Mifj‘?rm, the minor A ;(A) equals to the sum

NI SRS TETED o) | (IR

T K—L P =1

where the first sum is over all bijections w : K — L, the second sum is over all
collections of paths P = (P, ..., P,) such that P; starts at the boundary vertex by,
and ends at the boundary vertex by(x,). Note that zing(r) =, _, zing(F;, P;).

Let Q1,...,Q, be the loop-erased parts of the paths Py,..., P.. Suppose that
there is a pair of indices ¢ < j such that such that the loop-erased part Q; = LE(F;)
has a common vertex with the path P;. (Note that we use the loop-erased part of
P; and the whole path P;.) Let us find the lexicographically minimal such pair (z, j)
and find the first common vertex v in the paths @; and P;, that is the common
vertex v that has the minimal index in @);. Let us find the corresponding position of
v inside the path P; that occurs before the inserted closed path C' at this vertex. Let
P'=(P,...,P],...,P},..., P) be the collection of paths obtained from collection
P by replacing the paths P; and P; with the paths P/ and P]f obtained by switching
their tails at the common vertex v.

Then the map P — P’ is an involution on collections of paths P such that
LE(P;) N P; # 0, for some i < j. In other words, if the apply the above tail-
switching operation to P’ we obtain the original collection P. This statement is
proved in [Fom, Proof of Theorem 6.1].
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The contribution of P’ to the minor A;(A) is exactly the same as the contri-
bution of P with the opposite sign. Indeed, according to Lemma 5.3, the sign
of (—1)=ng(PiPy)+wind(Pi)+wind(F;) reverses. Also, for any I ¢ {i,5}, the number
zing (P}, P) + zing (P}, P) — zing(P;, P,) — zing(Pj, P) is even. (This is an exercise
for the reader. Check all possible arrangements of 3 directed chords in a circle.)
Thus P — P’ is a sign-reversing involution. This implies that the contributions to
A j(A) of all such families P cancel each other.

The surviving terms in A j(A) correspond to families of paths P = (Py,..., P)
such that LE(P;) N P; = 0, for all ¢ < j. That exactly means that the collection
Q = (Q1,...,Q,) of the loop-erased parts of the P; is an non-crossing collection
and that all closed paths C at the jth vertex of ); correspond to the terms in
Si;(P). Thus the contribution of all terms with a given non-crossing family Q is

[ zq. I1; Sii(Q), as needed. 0

Since any minor of A(N) is given by a subtraction-free rational expression in
the edge weights x., we deduce that the minor has a nonnegative value whenever
the edge weights z. are nonnegative. Thus the boundary measurement map Meas
sends any network into a point in the totally nonnegative Grassmannian.

Corollary 5.6. We have Meas(Nety,) C Gri®.

6. J-DIAGRAMS

In this section we define I-diagrams which are on one-to-one correspondence
with totally nonnegative Grassmann cells.

Definition 6.1. For a partition A, let us define a I-diagram D of shape X as a
filling of boxes of the Young diagram of shape A with 0’s and 1’s such that, for any
three boxes indexed (¢, 5), (¢, ), (4,5"), where i < i’ and j < j', filled with a, b, ¢,
correspondingly, if a,c # 0 then b # 0; see Figure 6.1. Note that these three boxes
should form a “I” shaped pattern.! For a I-diagram D, let |D| be the number
of 1’s it contains. Let g, be the set of J-diagrams whose shape A fits inside the
k x (n — k)-rectangle.

<
<

N
[©]

i’ | [a]

FI1GURE 6.1. I-property: if a,c # 0 then b # 0

Figure 6.2 shows an example of I-diagram. Here dots in boxes of the Young
diagram indicate that they are filled with 1’s, and empty boxes are assumed to be
filled with 0’s. Let us draw the hook for each box with a dot, i.e., two lines going

IThe letter “I” should be pronounced as [le], because it is the mirror image of “L” [el]. We
follow English notation for drawing Young diagrams on the plane. A reader who prefers another
notation may opt to use one of the following alternative terms instead of I-diagrams: L-diagram,
I-diagram, T-diagram, V-diagram, A-diagram, <-diagram, or >-diagram.
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to the right and down from the dotted box. The I-property means that every box
of the Young diagram located at an intersection of two lines should contain a dot.

FIGURE 6.2. A J-diagram D of shape A = (5,5,2,1) with |D| =6

For a Young diagram filled with 0’s and 1’s, let us say that that a 0 is blocked
if there is a 1 somewhere above it in the same column. For example, the diagram
shown on Figure 6.2 has three blocked 0’s: two in the first column and one in the
second column. The J-property can be reformulated in terms of blocked 0’s, as
follows. For each blocked 0, all entries to the left and in the same row as this 0 are
also 0’s.

Remark 6.2. One can use this observation to recursively construct JI-diagrams.
Suppose that we have a J-diagram D of shape A whose last column contains d
boxes and b blocked 0’s. Let D be the J-diagram of shape A obtained from D by
removing the last column and the b rows (filled with all 0’s) that contain these
blocked 0’s in the last column. The shape X of this diagram is obtained from A by
removing b rows of maximal length and removing the last column. Then D can be
any J-diagram of shape A. Thus an arbitrary J-diagram D as above with prescribed
0’s and 1’s in the last column is constructed by picking an arbitrary JI-diagram D
as above and inserting rows filled with all 0’s in the positions corresponding to the
blocked zeros and then inserting the last column.

Definition 6.3. A I'-graph is a planar directed graph G satisfying the conditions:

(1) The graph G is drawn inside a closed boundary curve in R2.

(2) G contains only vertical edges oriented downward and horizontal edges
oriented to the left.

(3) For any internal vertex v, the graph G contains the line going down from
v until it hits the boundary (at some boundary sink) and the line going to
the right from v until it hits the boundary (at some boundary source).

(4) All pairwise intersections of such lines should also be vertices of G.

(5) The graph may also contain some number of isolated boundary vertices,
which are assigned to be sinks or sources.

In other words, a I'-graph G is obtained by drawing several I'-shaped hooks inside
the boundary curve. A T'-network is a network with a I'-graph.

Note that for an arbitrary I'-network N there is a unique gauge transformation
of edge weights (4.2) that transforms the weights of all vertical edges into 1.

Figure 6.3 shows an example of I'-graph. We displayed boundary sources by
black vertices and boundary sinks by white vertices.

For a J-diagram D of shape )\, define I-tableaux T as nonnegative real-valued
functions T" on boxes (i, j) of the Young diagram of shape A such that and 7'(¢, j) > 0
if and only if the box (4, 7) of the diagram D is filled with a 1.
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FI1GURE 6.3. A T'-graph

There is a simple correspondence between JI-tableaux of shape A that fit inside
the rectangle (n — k)* and I'-networks with & boundary sources and n — k boundary
sinks modulo gauge transformations. Let T be a I-tableau of shape A C (n — k).
The boundary of the Young diagram of A gives the lattice path of length n from the
upper right corner to the lower left corner of the rectangle (n — k)*. Let us place
a vertex in the middle of each step in the lattice path and mark these vertices by
b1,...,b, as we go downwards and to the left. The vertices b;, i € I, corresponding
to the vertical steps in the lattice path will be the sources of the network and the
remaining vertices b;, j € I, corresponding to horizontal steps will be the sinks.
Notice that the source set I is exactly the set I(A) as defined in Section 2.1. Then
connect the upper right corner with the lower left corner of the rectangle by another
path so that together with the lattice path they form a closed curve containing the
Young diagram in its interior. For each box (7, j) of the Young diagram such that
T(i,j) # 0, draw an internal vertex in the middle of this box and draw the line
that goes downwards from this vertex until it hits a boundary sink and another line
that goes to the right from this vertex until it hits a boundary source. As we have
already mentioned in Section 6, the J-property means that any intersection of such
lines should also be a vertex; cf. Figure 6.2. Orient all edges of the obtained graph
to the left and downwards. Finally, for each internal vertex v drawn in the middle
of the box (i,j) assign the weight z. = T'(¢,7) > 0 to the horizontal edge e that
enters v (from the right). Also assign weights . = 1 to all vertical edges of the
network. Let us denote the obtained network Np. It is not hard to see that any
I-network (with the weights of all vertical edges equal to 1) comes from a J-tableau
in this fashion. We leave it as an exercise for the reader to rigorously prove this
claim.

FIGURE 6.4. A J-tableau T and the corresponding I'-network Np

Example 6.4. Figure 6.4 gives an example of a J-tableau and the corresponding
I'-network. In the JI-tableau only nonzero entries are displayed. In the I'-network
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we marked the boundary vertices bi,...,b, just by the numbers 1,...,n. The
dotted lines indicate the boundary of the rectangle (n — k)*; they are not edges of
the I'-network. In this example, n = 13 and the source set is I = {3,5,6, 8,10, 13}.

For a I-diagram D € dy,, let R’BO ~ RLDO‘ be the set of I-tableaux T' associated
with D. The map T — Ng gives the isomorphism

RY) ~ EBG) /{gauge transformations}

between the set of I-tableaux T" with fixed J-diagram D and the set of I'-networks
(modulo gauge transformations) with the fixed graph G corresponding to the J-
diagram D as above. The boundary measurement map Meas (see Definition 4.7)
induces the map

Measp : Rgo — Grgn, Measp : T — Meas(Nr).
Recall Definition 4.10 of a subtraction-free parametrization.

Theorem 6.5. For each I-diagram D € g,, the map Measp is a subtraction-

free parametrization a certain certain totally nonnegative Grassmann cell SY* =

Measp(RZE) C Gri™. This gives a bijection between I-diagrams D € Iy, and all

cells SR in G?;,?;Ln. The I-diagram D has shape X if and only if S C Qx. The
nn

dimension of S\* equals to |D|. Moreover, for D of shape X, the map Measp is
I-polynomial, where I = I(X).

Theorem 6.5, together with Corollary 5.6, implies Theorem 4.9. Moreover, it
implies Theorem 4.12. Indeed, the parametrization Measp is I;-polynomial, where
I = I(A). The claim for other bases I; follows from the cyclic symmetry; see
Remark 3.3. In other words, take the I-diagram corresponding to a cell S{" as
above, but assuming that the boundary vertices are ordered as b; < -+ < b, <
b1 < --- < b;—1. It gives an I;-polynomial parametrization of Sf\rjtn.

7. INVERTING THE BOUNDARY MEASUREMENT MAP

In this section we prove Theorem 6.5 by constructing the bijective map Gri™® —
{I-tableaux}, which is inverse to the boundary measurement map.

The construction is based on the following four lemmas. Let A = (a;;) be a kxn-
matrix in I-echelon form; see Section 2.1. Let Ag4+1 be the first column-vector of
A that can be expressed as a linear combination of the previous column-vectors:
Agir = (D) gy Ay + -+ 24 90 Ag_o — 241 Ag_1 + 24 Ag. In other words,
d is the maximal integer such that [d] C I. (Here we exclude the trivial case
k = n when A should be the identity matrix. But we allow d = 0 when the first

column of A is zero.) Then A; is the ith coordinate vector, for ¢ = 1,...,d, and
Agir = (VD)% 2y, ., mq_9, —2g_1,24,0,...,0)T, that is the matrix A has the
following form:

1 0 0 (=14 1z = *

0 10 —Xg_1 *
(7.1) A= |0 0 1 Zq *

0 0 0 0 *

0 00 0 * *



TOTAL POSITIVITY, GRASSMANNIANS, AND NETWORKS 25

Recall that Mat!™" is the set of k xn-matrices of rank k with nonnegative maximal
minors Ay > 0.

tnn

Lemma 7.1. We have Ap (iy)uga+1}(A) = z;. Thus the condition A € Maty,,
implies that x; >0 fori=1,...,d.

Proof. The matrix A(p (i})ufd+1} is obtained from the identity matrix A; by skip-
ping its ith column and inserting the column vgy; = (£21,..., —24_1,2q,0,...,0)T
in dth position. ([

Lemma 7.2. Let r € [d] be an index such that x, = 0 and there exists i < r such
that x; # 0. Then the condition A € Matj* implies that a,; = 0 for all j > d. In
other words, the r-row of A has only one nonzero entry a,, = 1.

We will call an entry z, = 0 of the vector (z1,...,z4) satisfying the condition
in this lemma a blocked zero.

Proof. For j € I we have a,; = 0 because the j-th column of A has only one
nonzero entry as; = 1 for some s > d. Suppose that j & I. Then A\ oy =
(—1)t br; > 0, where t := [N [’I“—f— 1,57 — 1]| On the other hand, A(I\{i’r})u{d+1’j} =
(-1)"*'z; a,; > 0. Since by Lemma 7.1 z; > 0, we deduce that (—1)"*1a,; > 0.
This implies that a,; = 0.

Lemma 7.3. Assume that the r-row of A has only one nonzero entry a,. = 1
for some r € [d]. Let B = (b;;) be the (k — 1) x (n — 1)-matriz obtained from A
by removing the r-row and the r-column and inverting signs of the entries a;; for
i=1,...,r—1and j >d+1. Then A € Mat}"" if and only if B € Matzn_nlm_l.

Moreover, the maximal minors of the matrices A and B are equal to each other.
More explicitly, A;(A) =0 if r & J, and A;(A) = Ay 4 (B) if r € J, where J
means that we decrease elements > r in J by 1.

Proof. The equality of the minors is straightforward; it implies the first claim. [

Lemma 7.4. Assume that there are no blocked zeros, that isx1 = --- = x5 = 0 and
Tst1, Tst2,---,Tq > 0, for some s € [0,d]. Let C = (c;;) be the k x (n — 1)-matric
whose first d columns are the first coordinate vectors (as in the matriz A) and the
remaining entries are

Qij ifi e [S]U[d+1,/€],
Cijo1 =8 G4 dfiels+1,d-1],
o ifi=d,
or j=d-+2,...,n. Then A€ Mat{" if and only if C € Mat;">_,.
kn kn—1

tnn tnn

Moreover, if we fix a totally nonnegative cell S5 C Gri’™ and require that (the
coset of ) the matriz A belongs to STBR, then we can write all maximal minors A ;(C)
as subtraction-free rational expressions in terms of the minors Ak (A), K € M. On
the other hand, we can write the minors Ak (A) as nonnegative integer polynomials
in terms of the minors Ay (C) and the x;, i € [s+ 1,d].

This gives a bijective correspondence between totally nonnegative cells ST C
Gri®™ that can contain a matriz A of this form and totally nonnegative cells ST C
Gri’n_ | that can contain a matriz C of this form.

We will prove this lemma in Section 8. Note that the matrix C is still in echelon
form. Let us illustrate this lemma by an example.
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Example 7.5. Let

(1 0 -2y (10 L+ =
A‘(o 1 2 z) and C‘(01 I

where 1 > 0 and z2 > 0. Then A2(C) = 1, A3(C) = ﬁiigﬁg, Nos(C) =

%. On the other hand, A12(A) = 1, A13(4) = za, Ag3(A) = z1,

A14(A) = T2 Alg(C), A24(A) =T (Alg(C) —|— AQg(C)), A34(A) = T1 T2 Agg(C)
Proof of Theorem 6.5. Let us prove the theorem, together with the additional claim
that the map RQO — Matg,, given by T' +— A(Np) produces k x n-matrices in echelon
form. The proof is by induction on n. The cases when k = n or k = 0 are trivial,
which provides the base of induction. Assume that & € [n]. Assume by induction
that the theorem is valid for all Gri}2, with n’ < n.

Let A be a k x n-matrix in I-echelon form that represents a point in S{* C
O\ N Gri®» where I = I(A). Let us find the integer d and the real numbers
Z1,...,24 as above in this section; see (7.1). According to Lemma 7.1, we have
x; >0, for i =1,...,d. Note that we can uniquely determine the number d and
the set of indices ¢ with x; # 0 from the matroid M, because these numbers are
certain maximal minors of A; see Lemma 7.1.

Suppose that there are b > 0 blocked zeros in the vector (z1,...,zq). For each
blocked zero x,, = 0, all entries in the rth row of A are zero, except a,,, = 1. Let A’
be the (k — b) x (n — b)-matrix obtained from A by skipping the rth row and the
rth column, for each blocked zero z, = 0, and inverting signs of some entries, as in
Lemma 7.3. Namely, we need to invert the sign of a;;, ¢ < d < j, if and only if there
is an odd number of blocked zeros x,, = 0 with r > i. According Lemma 7.3, the
maximal minors of A are equal to the corresponding maximal minors of A’ (or to
zero). Thus the matroid M’ associated with A’ can be uniquely constructed from
the matroid M; and vise versa, if we know the matroid M’ and the positions of
blocked zeros, then we can uniquely reconstruct the matroid M. In particular, the
Schubert cell 2,/ of A’ corresponds to the Young diagram of shape A obtained by
removing b (longest) rows with n — k boxes from the Young diagram of A.

Note that A’ can be any I’-echelon matrix, where I’ = I()\’), that represents a
cell ST C Qv such that the vector (27,...,2_,) with 2} = A pufa—s+1} (A7)
has no blocked zeros. By the induction hypothesis, we already know that the
map 7' — A(N7p/) is a bijection between I-tableaux T’ of shape A such that
the last column of 7" contains no blocked zeros and the set of matrices A’ as
above. Moreover, it gives a bijection between JI-diagrams D’ corresponding to such
tableaux and cells S} containing such matrices A’; and the map 7" — A(Ng)
gives a subtraction-free parametrization for each cell ST).

Let T" be the I-tableau such that A(Np/) = A’ and D’ be its I-diagram. Let
T be the I-tableau (and D be its I-diagram) obtained from 7’ (reps., from D) by
inserting b rows filled with all 0’s in the positions corresponding to blocked zeros in
(z1,...,24). Then we have A(Np) = A. Indeed, the network Ny is obtained from
Nrp: by inserting b isolated sources in the positions corresponding to the blocked
zeros. Thus, according to Definition 4.7, its boundary measurement matrix A(N)
is obtained from A’ = A(Np/) by inserting, for each blocked zero z,, a row and
a column in the rth positions with a single nonzero entry a,, = 1, and switching
the signs of some entries a;;. (The signs are switched because we insert additional
elements r into I. These switches are exactly the same as in Lemma 7.3.) Note that
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all I-diagrams and all I-tableaux of shape A with given entries in the last column
are of this form; see Remark 6.2. This implies that T'+— A(Nr) gives subtraction-
free parametrizations with needed properties for the cells S%" with some blocked
ZETOS.

Let us now suppose that (z1,...,z4) contains no blocked zeros, that is x1 =

=15 =0 and Zs41,...,24 > 0. Let C' be the matrix obtained from A as in
Lemma 7.4. The matrix C' represents a point in S C Qx» NG’y _ . According
to Lemma 7.4, the matroid M” is uniquely determined by the matroid M, and
vise versa M is uniquely determined by M" and positions of zeros in (z1,...,zq).
In this case, the Young diagram of \” is obtained from the Young diagram of A by
removing the last column (with d boxes).

Note that ST can be any cell in 5~ and A” can be the echelon representative
of any point in such cell. Again, by the induction hypothesis, we already know that
T" +— A(Nrn~) gives a subtraction-free parametrization for cells S%% C Qy» and
that this map induces a bijection between all I-diagrams D’ of shape X\’ and these
cells. Let T” be the I-tableau such that A(Np») = C, and D" be its I-diagram.
Let T be the J-tableau obtained from 7" by inserting the last column filled with
(1,...,24), and D be the I-diagram of T', i.e., D is obtained from D" by inserting
the last row filled with (0,...,0,1,...,1) (s zeros followed by d— s ones). According
to Remark 6.2, any JI-diagram D and any J-tableau T" of shape A without blocked
zeros in the last column have this form.

b/
s+ xs-l—l b
s+1

/
s+2] Ts+2

bs+2

byl xg by

ba+1
FIGURE 7.1. A piece of the I'-network Nt

We claim that for this J-tableau T, we have A(Nt) = A. Indeed, the network
N is obtained from Nt by removing the d — s internal vertices b ,,...,b) ad-
jacent to the boundary sources bsy1,...,bq, removing the vertical edges incident
to the vertices b, merging d — s pairs of horizontal edges, erasing the weights
ZTst+1,---,24, removing the sink bg41, and shifting the labels of the boundary ver-
tices bs, i > d + 1, by one; see Figure 7.1. The boundary measurements M;; of
the network N7 are obtained from the boundary measurements of M{j’ of Ny by
Mi,j—i—l = Jz(MZIJ/ + Miljrl,j + -+ Mcll/,j) for i € [S + 1,d], ] Z d—|— 1, M1'7j+1 = MZIJ/
fori € [s+1,d], j > d+ 1; and M, 441 = z; for i € [k]; see Figure 7.1. Thus
the boundary measurement matrix A= (@i;) of N is obtained from the matrix
C = A(Ng»), by inserting the column (z1, ..., 24,0,...,0)7 in the (d41)st position
and changing other entries as

G _ xi(cij—cHLj—!—---:I:cdj) ifiE[S—Fl,d],
b+l Cij otherwise,
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for j > d+1; and of course a;; = ¢;j = d;5, for j < d. Notice that the C' — A is the
inverse of the transformation A — C from Lemma 7.4. Thus A(Nr) is the original
matrix A, as needed. Now Lemma 7.4 implies that the map T +— A(Nt) gives
needed subtraction-free parametrizations for the cell ST without blocked zeros.
Finally, note that the network Np is acyclic and its source set is I = I(\).
Thus all boundary measurements M;; are nonnegative polynomials in the edge
weights. By Proposition 5.5 all maximal minors A j(A(N7)) are given nonnegative
polynomials and A;(A(Nr)) = 1. This implies the last claim of Theorem 6.5 about

I-polynomiality of the map Measp. t

tnn

We can describe the map Gri»* — {I-tableaux} implicitly constructed in the
above proof, which is inverse to the boundary measurement map, via the following
recursive procedure. This procedure transforms points in the totally nonnegative
part of a Schubert cell 2y N Gri®® into I-tableaux T of shape A. It inserts non-
negative real numbers into boxes of the Young diagram of shape A starting with
the rightmost column, then filling the next available rightmost column, etc. The
procedure uses a variable matrix A of variable dimensions.

tnn

Procedure. Map from 2, N Grp)" to J-tableaux of shape A.

(1) Take the k x n-matrix A in echelon form representing a point in Q) NGrim.

(2) For the matrix A, find the integer d and real numbers z1,...,zq asin (7.1).
Insert the nonnegative real numbers 1, ...,24 (see Lemma 7.1) into the
empty boxes of the rightmost available column of T', skipping the boxes of
T which are already filled with 0’s.

(3) Let B = {r | z = 0and x; # 0 for some i < r} be the set of blocked
indices.

(4) If B # 0, then for each index r € B, invert the sign of entries a;j, i < r,
j > d+1,in the matrix A, remove the rth row and the rth column from A
(see Lemma 7.3), and insert zeros in all boxes of T to the left of the blocked
ZEro Ty

(5) If the obtained matrix has 0 rows, then stop. Otherwise go to step (2).

(6) If B = (), then transform the matrix A into the (n — 1) X k-matrix as in
Lemma 7.4.

(7) If the obtained matrix has dimensions k' x n’ with ¥’ = n’ then stop.
Otherwise, go to step (2).

8. LEMMA ON TAILS

In this section we prove Lemma 7.4 essential in the proof of Theorem 6.5.

Let us identify a sequence (vy,...,v,) € (RF)™ of k-vectors with the k x n-matrix
with the column vectors v;. We say that such sequence is totally nonnegative if all
maximal k X k-minors of the corresponding matrix are nonnegative and at least one
of these minors is strictly positive.

Definition 8.1. For a sequence u = (u1,...,uy,) € (R¥)™, we define the r-tail
Tail,(u) of u as the set of sequences w = (w1, ...,w,) € (R¥)" such that the
concatenation (u,v) := (U1, ..., Upm, W1, ..., w,) of u and w is totally nonnegative:

Tail, (u) := {w € (R¥)" | (u,w) is totally nonnegative}.

The set Tail,(u) comes equipped with a stratification, that is a subdivision into the
disjoint union of strata defined as follows. We say that w,w’ € Tail,(u) C (R*)" are
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in the same stratum of Tail,(u) if the the corresponding k x (m +7)-matrices (u, w)
and (u,w’) are in the same matroid strata, see Section 2.3, that is the maximal
minor Aj(u,w) is nonzero if and only if the maximal minor Aj(u,w’) is nonzero,
for any k-element subset I C [m + r].

Definition 8.2. Let « and v be two sequences of vectors in R¥, which are allowed
to have different lengths. We say that the sequences v and v are tail-equivalent,
and write u ~ya; v, if, for any r > 1, we have

(1) Tail,(u) = Tail,(v);

(2) the stratifications of Tail, (u) and Tail,.(v) are the same;

(3) for any stratum S of Tail,(u), there is a subtraction-free rational expression
for each maximal minor A;(v,w) in terms of the nonzero maximal minors
Aj(u,w), for w € S; and vise versa the minors Ay(u,w) can be written
as subtraction-free rational expressions in terms of the Aj(v,w) on each
stratum of Tail, (v).

Note that condition (3) actually implies conditions (1) and (2).

The following lemma is the main technical tool in our proof of Theorem 6.5

Lemma 8.3. Let uy,...,uq be a linearly independent set of vectors in RE. Then
the following two sequences are tail-equivalent:

(u1, ... ud) ~tait (V1505 Vat1),
where v1 = Uy, Vo = Uy + Uz, V3 = Uz + U3, ..., VU7 = Uj—1 + Ud, Vg+1 = Uq-

Proof. For three subsets I C [d], J C [d+ 1], and K C [r] with the total cardinality
[I| + |J| + |K| =k, let Ar;x = Aq5x(u,v,w) denote the determinant of the
k x k-matrix with columns {u; }icr, {vj}jer, {witiex, where the vectors u;, v;, w;
are taken in the order that agrees with the total order

V1 <Up <V <U2 <V3 < <Ud—1 < Vg < UG < Vg1 < Wiyt < W

In other words, the Ay j i are the maximal kx k-minors of the k x (2d+1+r)-matrix
formed by these column vectors.

We can write each minor Ay ; x as a sum the minors Ay g g by replacing each
column vector v; in Ay ;x with the sum u;_; + u; and expanding the result by
the linearity. Thus the nonnegativity of all minors A; g j implies that all minors
Ay y g are also nonnegative. Moreover, if we know which minors Ajy x are
strictly positive, then we can determine which minors Ay ;. g+ are strictly positive.
In other words, we have Tail,.(u) C Tail,(v) and the stratification of Tail, (u) refines
the stratification of Tail,(v).

The proof of the opposite claim is a little bit more elaborate. Let us fix a
stratum of Tail, (v). We will show that, for w in this stratum, all minors A; j x can
be written as subtraction-free rational expressions in terms of the nonzero minors
Ay yp k. In particular, this would imply that all minors A;y x are nonnegative
and we can determine which of these minors are strictly positive. Thus we will
get Tail.(v) C Tail.(u) and deduce that the stratification of Tail.(v) refines the
stratification of Tail,(u).

Let us obtain subtraction-free rational expressions for the Ay j gk in terms of the
Ay, jr i+ by induction. Clearly, we get such expressions when I = (). Let us assume
that I is nonempty. If |J| = d or d+ 1, then Ay jx = 0, because any vector u; and
any d vectors v; are linearly dependent. This provides the base of the induction. Let
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us assume by induction we have already determined which of the minors Ay g
are nonzero and wrote them as subtraction-free rational expressions for all triples
of subsets I’, J', K’ such that |J'| > |J|.

Let us show that either A;;x = 0 or Arjx = Ap gk for some triple
(I',J',K’) with |J'| > |J|, or else there is a triple of indexes (a,b,c) such that
1<a<b<e<d+1;bel;a,c¢J;and the collection of |I| + |J| + 2 vectors
Va, Ve and u;, vy, for i € I, j € J, is linearly independent.

Let us give a criterion when a subsequence S of vectors in w1, ..., ug,v1,...,V4+1
is linearly independent. We can graphically present such collection S of vectors by
the graph Gg on the set {0,...,d + 1} with some marked vertices where Gg has
the edge (j — 1, ) for each v; € S, Gg has the marked vertex i for each u; € S,
and the vertices 0 and d + 1 are always marked. Then S is a linearly independent
collection of vectors if and only if each connected component of the graph Gg has
at most one marked vertex.

The following figure shows the graph Gg for d = 8 and S = (us, v1, v4, 5, Vg, Us)-
The vertex labels are displayed below the graph and the edge labels are displayed
above the graph. The vector us corresponds to the marked vertex 5 and the vectors
V1, V4, Vs, Ug, Vg correspond to edges of Gg labelled 1,4,5,7,8. The marked vertex 5
belongs to the connected component of Gg with the edges labelled 4, 5,6. For this
connected component, we have (a,b,c) = (3,5,7).

b c
1 2 3 4 5 6 9
——o o Oo—————— O————0 o
0 1 2 3 4 5 6 7 8 9

Now let S be the collection of vectors u;,v;, for ¢ € I and j € J. If S is linearly
dependent, then Ay ;g = 0. So we can assume that S is linearly independent. Let
us pick any element b € I and find the connected component of Gg that contains the
marked vertex b. Let a, c be as above, i.e., a, ¢ are the integers such that a < b < ¢,
[a+1,c—1]C J, and a,c & J.

If a = 0, that is [1,b] C J, then A; jx = 0 because the vectors vs,. .., s, Up
are linearly dependent. (In this case the connected component of Gg contains two
marked points 0 and b.) If @ = 1, that is 1 ¢ J and [2,b] C J, then the vectors

Vo, ..., Up, Up in S can be expressed in term of the vectors v; = uy,vs,...,vp by a
unimodular linear transformation. Thus we can replace the columns v, ..., vy, up
in the minor Ay j i with the columns vi, ..., v, without affecting the value of the

minor. So we have Ay s x = Ap (s}, ju{1}, K, Where we have already expressed the
minor in the right-hand side by the induction hypothesis. Thus we can assume that
a > 2. Analogously, we eliminate the cases ¢ = d + 2 and ¢ = d + 1 and assume
that ¢ < d.

Suppose that the vertex a — 1 belongs to a connected component of Gg with a
marked vertex a’, that is we have o’ € I and [@' +1,a — 1] € J for some ¢’ <a —1
(or just [1,a — 1] € J when o/ = 0). In this case we can express the sequences of
Vectors Ug/, Vg/41, - - -y Vg—1 and Vg41,- .., Vs, up (that belong to S) in terms of the
consecutive sequences of vectors ug, ..., ug—1 and ug, ..., up by unimodular trans-
formations, then join these two sequences into a single sequence and unimodularly
transform it again into ve/41, ..., vy, up. The graph of the new sequence is obtained
by merging two connected components of Gg with marked points ¢’ and b into a
single connected connected component. The new sequence of vectors is obtained
from the old by skipping u, and adding v,. This transformation will not affect
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the value of the minor: Ar jx = Ap(ar},70{a}, k> When @’ > 0. In the case when
a’ =0, we get A1 s = Ap\(b},70{a},L- In all cases, the minor Ay jk is reduced
to a minor which has already been expressed subtraction-freely by the induction
hypothesis.

So we can assume that the vertex a—1 does not belong to a connected component
of Gg with a marked vertex. Similarly, we can eliminate the case when the vertex
¢ belongs to a connected component with a marked point. Now the graph obtained
from Gg by adding the edges (@ — 1,a) and (¢ — 1, ¢) still has at most one marked
vertex in each connected component. By the above criterion this means that the
set of vectors {u;,v; |i € I, j € J} U{v,,v.} is linearly independent.

If Ar jx # 0 then the set of vectors B = {u;,vj,w; | i €I, j € J, |l € K} forms
a basis in R* and thus the set of k+2 vectors BU{v,,v.} linearly spans R*. In this
case (according to the exchange axiom) we can complete the linearly independent
subset {u;,u; | i € I, € J}U{vg,v.} of the latter set to a basis of R¥. Thus there
exist a pair of elements z,y € K such that (B \ {wg,wy}) U {ve,v.} is a basis of
Rk, or equivalently, A7 j0{a,er, K\{z,y} 7 0. Tt follows that if Ar ;uqa.c},K\ (2,9} = 0
for all pairs z,y € K then Ay jx = 0. By the induction hypothesis we have
already determined which of the minors A7 jufa,c}, k\{z,y} are nonzero. Thus we
either deduce that Ay jx = 0 or find a pair x < y with nonzero (and thus strictly
positive) minor Az ju{a,c}, K\ {z,y}-

We can now assume that there exist five indexes a < b < ¢ and x < y such that
bel;a,celd\J;z,y € [r]; and Af jufa,c},K\{z,y} > 0. For a subword s in the
word abcxy, let [s] be a shorthand for the triple of subsets I’,.J’, K’ such that I’
contains b if and only if s contains the letter b, J' contains a or c if and only if s
contains the corresponding letter, K’ contains x or y if and only if s contains the
corresponding letter, and all other entries in I’, J’, K’ are the same as I, J, K. For
example, A[bavy] = AI,J,K and A[abc] = AI,JLJ{(L,(:},K\{.ac,y}'

Let us write the following 3-term Grassmann-Pliicker relations:

(81) A[bxl[] : A[abc] + A[aby] : A[bca:] = A[aba:] : A[bcy] )
(82) A[(n"y] : A[abc] + A[aby] : A[acm] = A[(me] : A[(L(:y] ;
(83) A[ca:y] : A[abc] + A[acy] : A[bcx] = A[aca:] : A[bcy] .

By the induction hypothesis, for each minor in the above equations, except Ay, =
A7, j K, we have already proved its nonnegativity, determined if it is zero or strictly
positive, and found a subtraction-free rational expression in terms of the minors
Ag, g k- We also know that Ay > 0.

Suppose that Af,.,) = 0. Replacing the column v, = 141 + u, in this minor by
the sum of two columns u,—1 and ug, we get Apger) = A\ (b})Ufa—1},J0{c},K\{y} T
Ar jufey,k\{y} = 0. The both summands in the right-hand size are nonnegative by
the induction hypothesis and thus they should be zero. In particular, the second
summand is Appep) = A7 juge},r\{yy = 0. Similarly, replacing the column v, in
A[aca:] by the sum of Ue—1 and Ue, WE get A[aca:] = A[aba:]+A(I\{b})u{c},Ju{a},L\{y} =
0 and thus Ajg,) = 0. So the second term in the left-hand side and the term in
the right-hand size of (8.1) are both zero, which implies that Ayy) - Afase = 0 and
thus Apg,) = 0. Similarly, when A,y = 0, we deduce that Ay = Apey) = 0
and thus again Ap,, = 0. We obtain that, if Apey) = 0 or Afge,) = 0, then
A1k = Appay = 0.
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We can now assume that Apge,) > 0 and Apgey) > 0. Let us multiply both
sides of equations (8.2) and (8.3) and divide the result by the nonzero expression
Algea] - Afacy]- Then subtract the resulting equation from (8.1) and finally divide
it by Agp¢ > 0. We obtain the following subtraction-free expression for the minor

Apay)
Aazy) * Afery) * Dabe] | Davy] * Abea] | Daby) * Aeay]
Alaca] * Dlacy] Alacal Alacy]

Ay =

Since all minors in the right-hand side have already been expressed subtraction-
freely from the minors Ay ;s ;s we finally obtain a subtraction-free rational expres-
sion for Ay j i = Apyy). This finishes the proof of lemma. O

Example 8.4. Let us consider two matrices

1 1 0 0 2 t 100 =1 &
A= 0 1 1 0 z9 tQ and B = 01 0 z9 tQ
0 0 1 1 =z3 t3 0 0 1 23 t3

Suppose that all maximal minors A;(A) are nonnegative. According to Lemma 8.3,
all maximal minors A ;(B) should also be nonnegative and, if we prescribe which
minors Aj(A) are zero and which are strictly positive, then we can express each
minor A ;(B) as a subtraction-free rational expression in terms of the A;(A). The
only nontrivial case is Agys(B) = z3t1 — 21t3.

Let us show how to express the minor Agys(B). We have Asy5(A) = 21
Aja5(A) = —20 > 0, Aqa5(A) = 23 > 0, Asgs(A) =81 > 0, Aae(A) = —to
A126(A) =13 > 0. If A235(A) =21 — 22+ 23 = 0 or A236(A) =11 —ty + 13
then either 21 = 290 = z3 = 0 or t; = to = t3 = 0. In both cases Agy5(B) =
both minors Agzs(A) and Agsg(A) are nonzero, then

_ Aose(A) - Azse(A) | Aose(A) - Agas(A) | Arze(A) - Azse(A)
- Aogs(A) - Agse(A) Aas5(A) Ag36(A)

Indeed, this equality can be written as

0,
0,

v Iv

CIf

o

Ag35(B)

(22t3 — 23t2 — 21t3 + 23t1) (21t2 — 201 — 213 + 23t1)
(21 — 22+ 2z3) (t1 — t2 + t3)
(22t3 — 23t — 213 + 23t1) 21 " t3 (z1t2 — 22t1 — 21t3 + 23t1)
21— 22+ 23 t1 —ta+t3
We leave the verification of the last identity as an exercise for the reader.

23ty — z1t3 =

Lemma 8.5. For two tail-equivalent sequences of k-vectors (v1,...,v.), (v],...,v%)
and a k-vector v, the sequences (v,v1,...,v,) and (v,v],...,v.) are tail-equivalent.

r Vs

Proof. Follows form the cyclic symmetry; see Remark 3.3. The maximal minors of
the (r + 1 + m)-matrix (v,v1,...,0,, w1, ..., wy) are equal to the corresponding
maximal minors of (vi,..., V., Wi, ..., Wy, (=1)F"1v). O

Let us now prove Lemma 7.4.

Proof of Lemma 7.4. We have x1,...,25 = 0 and ; > 0 for ¢ € [s + 1,d]. Let
V1,...,0q+1 be the first column vectors of the matrix A rescaled by the positive
factors: v; = A; for i € [s]U{d + 1}, and v; = z; A; for i € [s+ 1,d]. Then

d—s—1
Vd41 = Vg — Vd—1 + Vg—2 — -+ (—=1)* 7 u4q.
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Also let uq, ..., uq be the linearly independent vectors given by u; = v; for i € [s],
and u; = v; —V;_1+vi_g—- -+ (—1)""*"tusyy fori € [s+1,d]. Equivalently, these
two sequences of vectors are related to each other, as follows: v; = u; for i € [s],
v; = u; +ui— for i € [s + 1,d], and v44+1 = ug. Lemmas 8.3 and 8.5 imply that
(u1,...,uq) and (v1,...,v44+1) are tail-equivalent.

Let A = (v1,...,04+41, Ady2,...,An) and C = (uq,...,u4, Ady2,...,An). The
matrix A is obtained from the matrix A by multiplying the columns with indices
Jj € [s+1,d] by the factors ;. Also note that the matrix C is obtained from C by
first multiplying it on the left the unipotent upper-triangular matrix (¢;;) (which
preserves all maximal minors) and then multiplying the rows by indices i € [s+1, d]
by the factors z;. Here t;; = (—1)"7 if s +1 < i < j <d, and t;; = §;; otherwise.
Thus any maximal minor A;(A) equals A7(A) times some square-free product of
the x;, j € [s+1,d], and A;(C) = As(C) - [Ligpst1,aq %i-

Now the tail-equivalence (u1, ..., %d) ~tail (V1,-..,04+1) implies that, assuming
that A belongs to a fixed cell St", any maximal minor of C' can be written as
a subtraction-free rational expression in the nonzero minors of A; and vise versa
minors of A can be expressed subtraction-freely in terms of the minors of C' and
the ;. Moreover, note that the minors of A can be written just as sums of some
minors of C; see the beginning of proof of Lemma 8.3. Thus a minor of A can be
written as a sum of some minors of C' multiplied by some products of the ;. [

9. PERFECTION THROUGH TRIVALENCY

In this section we show how to simplify the structure of a planar directed network
without changing the boundary measurements M;;.

First of all, if the network N contains any internal sources or sinks, then we can
remove them with all their incident edges. Indeed, a directed path connecting two
boundary vertices can never pass through an internal source or sink.

If N contains an internal vertex of degree 2, then we can remove this vertex,
glue two incident edges e; and e into a single edge e with weight z. = x., z, .

If N contains a boundary vertex b;, say, a boundary source of degree # 1, with
incident edges eq,...,eq, then we can pull these edges away from b;, create a new
internal vertex b; connected with the source b; by an edge of weight 1 (directed
from b; to b)), and reattach the edges e; to b,. If d = 0, that is b; was an isolated
vertex in N, then we create an additional loop at the new vertex b}, so that b; has
degree 3.

Now suppose that N contains an internal vertex v of degree > 3. Let e1,...,eq4
be the edges incident to v in the clockwise order. If two adjacent edges e; and e; 1
have the same orientation, say, towards the vertex v, then we can again pull these
two edges away from the vertex v by creating a new vertex v’ and a new edge from
v’ to v with weight 1 and attaching the edges e¢; and e;11 to the vertex v'. This
transformation does not change the boundary measurements of the network.

However, if the orientations of the edges eq,...,eq alternate, then we cannot
make the above reduction. In this case we can do the following transformation of
the network. Remove the vertex v and create a new cycle C' with vertices vy, ..., v4
and, say, the clockwise orientation of edges. Assign weights 1 to all edges of the
cycle. Reattach the edges ej,...,eq to the new vertices vy,...,v4. Multiply by 2
the weights of the edges e; which are oriented towards from the cycle; see Figure 9.1.
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FicUurE 9.1. Blowing up a vertex into a cycle with trivalent vertices

Lemma 9.1. The above transformation of networks does not change the boundary
measurements M;;.

Proof. First, let us assign variable weights z; to the edges (v;,v;+1) of the new
cycle. Let P be a directed path in the network N that passes through a vertex
v. This path arrives to v through some edge e; and leaves through e;. In the
new network consider the infinite family of paths that go exactly as the path P
with the only exception that upon arrival to C' through the edge e; they can make
several turns around C' before the departure through the edge e;. We may assume
that 4 < j. (Otherwise cyclicly shift the labels). The contribution of a new path
from this family to the corresponding boundary measurement will be the same as
the weight of P times the additional factor (—1)*2a;---a;_1(21 ---24)®, where s
is the number of full turns around C' the path makes. Indeed, we get the factor
(—1)® because every new turn changes the winding index by 1; the factor 2 comes
from the rescaled weight of the incoming edge e; in the network; and the other
factors correspond to the edges of the cycle C' the new path passes through. The
total contribution of these paths to the boundary measurement is the weight of P
times 2x; -+ wj—1 > ~o(—1)%(21 -+ 24)® =22 - -xj_1 /(1 + 1 -- - x,). If the path
P passes through the vertex v several times, then for each passage of P through v
we will get a similar factor in the new network. If we now specialize the weights x;
to 1 the additional factors become 2/(1+ 1) = 1. Thus the boundary measurement
do not change. [l

Thus a planar network can be transformed, without changing the boundary
measurements, into a network with only trivalent internal vertices which are neither
sources nor sinks. In other words, the obtained network has only 2 types of internal
vertices: the vertices with two incoming edges and one outgoing edge, and the
vertices with one incoming edge and two outgoing edges; see Figure 9.2. Such
trivalent networks belong to a more general class of networks, defined as follows.

S~
|

@
spin=1 spin = -1

FIGURE 9.2. Two types of trivalent vertices in a perfect network

Definition 9.2. A perfect network N is a planar directed network, in the sense of
Definition 4.1, such that
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(1) Each internal vertex v either has exactly one incident edge directed away
from v (and all other edges directed towards v), or has exactly one incident
edge directed towards v (all other edges directed away from v).

(2) All boundary vertices b; in N have degree 1.

The previous discussion implies the following claim.

Proposition 9.3. Any planar directed network can be transformed without chang-
ing the boundary measurements into a perfect network with trivalent internal ver-
tices.

For an internal vertex v of degree deg(v) # 2 in a perfect network N, define the
number col(v) = coly(v) € {1,—1}, called the color of v, such that, if a vertex v
has exactly one outgoing edge then col(v) = 1, and if v has exactly one incoming
edge then col(v) = —1. (If v has degree 2, then we can assign col(v) in any way.)
We will display internal vertices with col(v) = 1 in black color, and vertices with
col(v) = —1 in white color.

Lemma 9.4. For a perfect network N, we have Y col(v)-(deg(v)—2) = k—(n—k),
where k is the number of sources and n — k is the number of sinks in N, the sum
is over internal vertices v.

Proof. Write two numbers at both ends of each directed edge e = (v1,v2) in the
network N: a “1” at the target vo and a “—1” at v;. Clearly, the total sum of all
written numbers is 0. The sum of written numbers at each internal vertex v equals
col(v) - (deg(v) — 2). On the other hand, at each boundary source we have a “—1”"
and at each boundary sink we have a “1.” [l

10. FORGET THE ORIENTATION

In this section we show that it does not really matter how edges are directed in
a perfect network.

Theorem 10.1. Let N = (G,z) and N’ = (G',2’) be two perfect networks with k
sources and n — k sinks such that:

(1) The graphs G and G’ are isomorphic as undirected graphs.
(2) FEach internal vertex v of degree deg(v) # 2 has the same color coln(v) =
coly:(v) in the networks N and N'.
(3) Ife is an edge that has the same orientation in N and in N', then z, = x,.
If N contains an edge e = (u,v) and N’ contains the same undirected edge
in the opposite orientation e’ = (v,u), then z. = (x,) .
Then the boundary measurement map Meas maps the networks N and N’ to the
same point Meas(N) = Meas(N') in the Grassmannian Gry,.

In other words, if we switch directions of some edges in a perfect network N at
the same time inverting their weights (as shown in Figure 10.1) so that the colors of
internal vertices are preserved, then the boundary measurement Meas(N) € Gry,

will not change.
T r!
e switches to -—

F1Gure 10.1. A switch of edge direction



36 ALEXANDER POSTNIKOV

Example 10.2. Figure 10.2 shows two perfect networks obtained from each other
by such switch of edge directions. Their boundary measurement matrices are
A(N) = (1,z +y) and A(N') = ((z +y)~%,1). Indeed, we have Mo = = +y
in N,and M}, =y~ '/(1+zy~!) = (z+y)~! in N'. These two matrices represent
the same point in the Grassmannian Grq 2 = RP!.

T
1 1
N= bi—q_ 3>t AN =(Lz+y)
Y
1 ! 1
N = bi—d b AN)=(@+y)1)
-1
Y

F1GURE 10.2. Two networks that map to the same point in the Grassmannian

Theorem 10.1 means that the maximal minors of the boundary measurement
matrices for two networks N and N’ obtained by such switches of orientations of
edges are related to each other, as follows.

Corollary 10.3. Let N and N’ be two perfect networks satisfying conditions of
Theorem 10.1. Let I' be the source set of N'. Then the minor Ap(A(N)) is
nonzero and, for any k-subset J C [n], we have

_ AS(AY))

~Ap(AN)

We now proceed to proving Theorem 10.1 by first checking two special cases:

switching edges in a closed directed cycle and switching edges in a path between
two boundary vertices.

A (AN))

Remark 10.4. Perfect networks N have the following important property. If we
pick a directed closed cycle C' in N, then, for any vertex v in C, the edges that
are incident to v and do not belong to C' are either all directed towards v or all
directed away from v. Thus, for any directed path that hits C' at some point and
later departs from C, the arrival and departure points should be different from each
other. The same property holds for a directed path joining two boundary vertices:
another path cannot arrive and depart from it at the same point.

Lemma 10.5. Let N be a perfect network. Let N’ be the network obtained from
N by switching the directions of all edges in a closed directed cycle C' and inverting
their weights. Then the network N' has the same boundary measurements M;; as
the network N.

Proof. Let v1,...,vq4 be the vertices in the cycle C, and let z; = x(y, 1,,,), ¢ =
1,...,d, be the weights of edges in the cycle. (Here we assume that vgy1 = v1.)
Consider a collection P of directed paths connecting two boundary vertices in N
that are identical outside the cycle C', but every time when paths enter C they can
make any number of turns around C. Suppose that paths from this collection enter
C through the vertex v; and leave through the vertex v;. Note that ¢ # j because
the network N is perfect; see Remark 10.4. We may assume that ¢ < j. (Otherwise
cyclicly shift the labels.) Since paths can make any number of turns around C, this
passage through C' contributes the factor x;zijt1---zj—1 Y o(—1)%(@1--24)® =
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zi- - xj_1/(L+x1 - 2,) to the sum of terms Y p (1)) [] _, z from the
corresponding boundary measurement. For each passage of paths in P through C
we get a similar factor. Similarly, we have the collection of paths P’ in the network
N’ identical to paths in P outside of C. Since we switch directions of the cycle C
and invert its weights in the network N’, for each passage through C' with 7 and j
as above, we now get the factor xi__llxi__12 xy 1xd L. 'xj_l/(l +ayt-- oz t). This
factor is actually equal to x; ---x;—_1/(1 + @1 ---x,). Thus the total contributions
of paths from P and P’ to the boundary measurements in N and N’, respectively,
are the same. This implies that all boundary measurements in N and N’ are the
same.

Compare this argument with the proof of Lemma 9.1. (]

We will need the following matrix identities. All matrices below are square
matrices of size m. Let E;; denote the the matrix whose (i, j)th entry is 1 and all
other entries are 0. Let U := Zigj E;; be the upper-triangular and L := ij E;;
be the strictly lower-triangular matrices filled with 1’s in all allowed places. Also
let E =), E; iy1 be the superdiagonal matrix filled with 1’s, and let X = (z;;)
be the matrix filled with the formal variables x;;.

Lemma 10.6. For the m x m-matrices X, U, L, E as above, define the matrices
A=(a;;) =U+UXU+UXUXU+-- B:(bij) =L—-LXL+LXLXL—-
C=(¢j)=1-E-X)+(1-E— X)B(l E-X),P=(pj) =1+(1-E- X)B
Q = (¢;j) =14+B(1—E—X), whose coefficients are power series in the x;;. Then
the following identities hold

(1) A=t = 1 - F-X.

( ) - alm Eml

(3) Dij = Oim alé ayj.

(4) qU = 051 a17,1L Qi -

(5) bij = (a1 Gim — a1m aij)al_ri, for any i,j € [m].
Here 1 denotes the identity matriz and 0;; is the Kronecker delta.

Proof. (1) We have A = U + UXU + UXUXU +---=U (1 — X -U)™', thus
Al =(1-X-U)U' =U"'-X. Noticethat U= =1—-F. Thus A~! = 1-F-X.
(3), (4), (5) Let us show that these follow from (1) and (2). We have P = C-A =
ay,t Em1 - A, which implies (3). Similarly, Q=A-C=aj}A- E,y, which implies
(4) AlsoB=A-C-A-A= alm (A Eo- A) A. Thus bz’j = aim(alm)_lalj — Qjj,
which implies (5).
(2) The matrix C' expands as the alternating sum

C=1-F-X+L-FL-XL-FL-LX+LXL+FLX+LXL+---,

of all words w in the alphabet {L, X, E'} such that w has the form XLXLX--- or
LXLXL---, where the initial and/or the final letter “X” can be replaced by the
letter “E”; and the sign of w is equal to (—1)*¢, where ze is the total number of
occurrences of letters “X” and “E” in w.

We need to show that the matrix C' has only one nonzero entry c¢,,; = aj, in
the lower left corner.

Suppose that i < m. Let C = C" + ", where C" = (¢;;) := —(EL) + (EL)X +
(EL)E + (EL)XL — (EL)XLX — (EL)XLE + --- is the matrix given by the
alternating sum of all words w starting with “£L”; and C" = (¢}}) == 1 - E— X +
L—XL—-LX+XLX+XLE—LXL+--- is given by the alternating sum of the
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remaining words starting with a letter “X” or “L” (plus 1 — E). For a fixed index
i < m, the contribution of a word w = ELw to cgj equals to the contribution of
(Eiit1)(Eit1 +Ej<i Eit1 ;)W = @+ L. Thus the contribution of a word w from
C’ equals to the sum of contributions of two words w and Lw from C” (obtained
from w by erasing one or two initial letters). Notice that that both words @ and
L come with signs opposite to the sign of w. Also note that any word in C” is of
the form @ or Lw. Thus all terms from c}; cancel all terms from ¢}, implying that
cij = ¢j; +ci; = 0.

In case when j > 1 we can use the mirror image of the above argument to show
that ¢;; = 0. In this case we need consider letters in the end of a word w. Thus
¢ij = 0 unless (4, 5) = (m, 1).

In remains to prove that c¢,,; = al_nll, or equivalently ai,, - ¢;p1 = 1. We can
express ai,, as the sum

aym =1+ inujl + Z Tiy j1 Tig,jo T Z Ty g1 Tigjo Ligjs T 07
J1<1i2 J1<i42, j2<i3
over i1, j1, %2, j2, -+ € [m] such that j; < ia, jo < i3,---. Note that any word w
that starts or ends with an “E” makes no contribution to ¢,,;. Thus ¢, is given
by the alternating sum

cm1 =1-— E Thy 1y + E Thy 11 Tholy — E Thyly Tholo Thyly + 00

U1 >ko l1>ka, l2>k3

over ky,l1, ko, la, -+ € [m] such that I} > ko, lo > ks, ---.

Let us use the involution principle to prove the equality a1y, ¢n1 = 1. The prod-
uct a1, - €1 can be written as the sum of terms x;, j, - - - 4,5, (—1)°Thy 1y -+ - Tho, 1,
over pairs of sequences p = ((i1,71,%2, 52, -, ir, jr), (k1,01, k2, l2, ..., ks, ls)) such
that j; < is, jo <i3,--- and l; > ko, Iy > k3, ---. For r + s > 1, let us define the
map ¢ from the set of such pairs of sequences to itself by

L( ): ((il,jl,...,ir,jr,kl,ll),(kg,lg,...,ks,ls)) 1f]7,§k1 OI"’I“ZO,
Py ((ilajla cee 7ir717jr71)(ir;jr;klvlla .- wksvls)) 1f]r > ki or s=0.

Then ¢ is an involution, that is (1)? = id. It preserves the monomial corresponding
to p and switches its sign. Thus all terms in the product ai,, - ¢m1, except the
constant term 1, cancel each other. This implies the needed identity. O

Lemma 10.7. Let N be a perfect network, and let Py be a directed path in N from
the boundary vertex b;, to the boundary vertex b;,. Let N’ be the network obtained
from N by switching the directions of all edges in P and inverting their weights. Let
M;; and Mi'j be the boundary measurements of the networks N and N', respectively.
Then M;, j, # 0, and the boundary measurements Mi’j can be expressed through the
boundary measurements M;;, as follows:

(1) If (i,4) = (joio), then M . =M " .
(2) Ifl = j() andj 75 i(), then Mjl'o,j = io,j/Mio,jo'
(3) Ifl 75 j() andj = i(), then Mil,z'o = Mi,jo/Mio,jo'
(4) If i # jo and j # o, then M, = A\ (ig,i})uijo.} (AN))/Miy 4o, where I

is the source set of the network N.

This implies that the boundary measurement map Meas maps the networks N and
N’ to the same point Meas(N) = Meas(N') in the Grassmannian.
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Proof. The measurement M;, ;, is nonzero because there is at least one path from
bi, to bj, in the network N, e.g., the path Py. Let Py = (bj,,v1,v2,...,Um,bj,).
We may assume that the path Py has no self-intersections, because we can get rid
of all self-intersections using Lemma 10.5. We may also assume that the weights
of all edges in Py are 1. Indeed, we can apply the same gauge transformation (4.2)
to the networks N and N’ that transforms the weights of all edges of Py, expect a
single edge eg = (b;,,v1), into 1’s. Since the weight of eg produces same factors in
both sides of all identities (1)—(4), we may assume that this weight in also 1.

Let us use the notation by, . .., b for the vertices vy, ..., vy, of the path Fy. For
i,j € [n]U{TL,...,m}, let

Mij — Z (_1)wind(P) H Te

P:b,; —>b_7‘ ecP

be the generating function for all directed paths in N from b; to b; that have
no common points with the path Py (expect the first and the last point in P).
Note that all paths P should lie in one of the two networks on which the path Py
subdivides the network N. Thus Mij are the boundary measurements for these
smaller networks. We have Mn = 0, because the network is perfect. Let us also
define the m X m-matrix X = (x4) such that x4, = ME,E ifa<b, e =— ~E75 if
a>b,and x4, =0 if a = b.

Any path P’ in N from b;, to bj, first goes along the path Py; then P’ may depart
from Py at some vertex vg, and then arrive to Py at vj,; then P’ may depart from
Py again at vy, and arrive at vy,; etc. Let k1,11, ko,la,..., ks, ls be the indices of
these departure and arrival points. Then we have [1 < ko, Iy < k3, ---, because P’
coincides with Py on the segments from v;, to vg,,. The total contrlbutlon to My, jo
of all paths P’ with given departure and arrival points is @y, i, « - 2k, 1,. Indeed,
each path P’ breaks into segments between the departure and arrival points, which
give the factors xy, ;. The extra factor —1 in the case when k; > [; accounts for
an extra cycle in P’ that we get in this case because the path P’ bumps into itself
at the arrival point v;,. This shows that

M, 50 =1+ E Tkl + E Thy ly Thyly + § Thy by Tholy Thaols T
11 <ko 11 <ka, lo<ks

where the sum is over departure-arrival sequences k1,11, ko, 12, ..., ks,ls € [m] such
that I; < kitq, for i € [s —1].

The boundary measurement M . in the network N’ is given by a similar ex-
pression where we need to sum over departure-arrival sequences such that I; > ki1
for i € [s — 1] and we need to switch the signs of all 24,.

Let A, B, C, P, @ be the matrices as in Lemma 10.6. Then M;, j, = aim

and MJ’0 io = Cm1. According to Lemma 10.6(2), we have ¢1 = afT}L. Thus
/ _ —1
Josto T 7i0,Jo"

Similarly, we can express other boundary measurements of the networks N and
N’ in terms of these matrices. For i # ig and j # jo, we have

m
Mig,j = E Aic ME,jv ,Jo § Mzcacmv
Joj E pmc C,j> llo E Mchcl
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According to parts (3) and (4) of Lemma 10.6, we have p,,. = a1./a1m and g =
Gcm/@1m. Thus Mj ;= M;, j /M, jo and M ;= M; j, /M, j,-

We also have
Mij=¢ M;;+d- Z M;zacq Mg,j, M| =¢ M;+d- Z M;zbeq Mﬁ,jv

by

c,d€[m] c,d€[m]

where (e, 6,€,0") = (1,0, 1,0) if the cords [bs,, bj,], [b:, ;] form a crossing (see Fig-
ure 5.1), (,8,€,8’") = (1,1,—1,1) if the cords form an alignment, and (e, d, €, §’) =
(=1,1,1,1) if the cords form a misalignment. By Lemma 10.6(5), bcq = (a14@cm —
@1med) A According to Proposition 5.2, the minor A¢p (g i1)ujo.s1 (AV)) is
equal to M;, jM; j, — My, j,M;; the above cords form an crossing, to M, j, M;; —
M, ;M; j, if the cords form an alignment, or to M;, ;, M;; + M;, ; M, j, if the cords
form a misalignment. In all three cases, we get M,; = A1\ (ig.i})U{jo.5} (A(N))/Mig o
as needed, which proves (4).

Finally, note that the proved relations (1)—(4) mean that ﬁ}’, ((ﬁ((]]\\/,l,)))) = ﬁ}’, ((i((]]\\[,))))

for all k-subsets J C [n] such that |J\ I’| =1, where I’ = (I \ {io}) U {jo} is the
source set of the network N'. Since the k(n—k) quotients of the Pliicker coordinates

ﬁ—j’, for all such J’s, form a coordinate system on Gry, \ {Ap = 0}, we deduce

that the matrices A(N) and A(N’) represent the same point in the Grassmannian
Gy, as needed. O

Proof of Theorem 10.1. Let H be the subset of edges of G whose orientations are
switched. For any internal vertex v, the fact that the color col(v) is preserved
implies that H contains zero or exactly two edges adjacent to v. Thus H is the
disjoint union of several cycles and/or paths connecting pairs of boundary vertices.
According to Lemmas 10.5 and 10.7 we can switch the orientations of edges in these
cycles and paths one by one without changing the boundary measurements. O

11. PLABIC NETWORKS

In this section we will define new weights y; assigned to faces f of a network,
which are obtained from the edge weights x. by a simple transformation. Then we
define plabic graphs and networks which are no longer directed.

For a planar graph G (directed or undirected) drawn inside a disk, let V := V(G)
be the set of its internal vertices, E := E(G) be the set of its edges, and F' := F(G)
be the set of its faces, that is the regions on which the edges subdivide the disk.
Let us say that a connected component of G is isolated if it does not contain a
boundary vertex; let ¢ be the number of such isolated components. The Euler
formula says that |V| — |E| + |F| = 1+ c¢. If ¢ = 0, then all faces are simply
connected. If ¢ > 1, then there are some faces which are not simply connected,
because they contain isolated components inside of them. Clearly, if we can always
remove isolated components from a directed network without affecting the boundary
measurements.

Lemma 11.1. Suppose that G is a planar directed graph without isolated compo-
nents. Then the space of directed networks with given graph G, modulo the gauge
transformations, is isomorphic to

REZ,/{gauge transformations} ~ RLEO'*'V‘ = ]RLIB'*I.



TOTAL POSITIVITY, GRASSMANNIANS, AND NETWORKS 41

Proof. In this case all gauge transformations (4.2) are nontrivial. Indeed, if we have
a gauge transformation a/, = x.t,t; ! such that 2, = x. for all edges e, then we
should have ¢, = 1 for all vertices u adjacent to the boundary vertices b;, then we
should have ¢, = 1 for all vertices v adjacent to the vertices u, etc. Thus ¢, =1
for all internal vertices v. This implies the first isomorphism. The Euler formula
V| —|E| + |F| =1 implies the second equality. O

Let f € F(G) be a face in a planar directed network N = (G, z). The exterior
boundary of f consists of some edges e1,...,ex. If f is not simply connected
then it has one or several holes corresponding to isolated components inside f. Let
€k+1,€k+2, - - -, € be the edges in these holes. (Note that the same edge might occur
twice in this sequence.) Let us assume that the exterior boundary of f is oriented
clockwise and the boundaries of all holes are counterclockwise. Let I Jf C [1] be the
index set of edges e; whose orientations in the graph G agree with the orientation of
the boundary of f, and let I;” = [[]\I" be the index set of edges whose orientations
disagree. Then we define the face weight ys of the face f in N as

- -1
Yr = H Le; H Le;
67’,61; 6_7'6[;
see Figure 11.1. Note that, if we switch directions of some edges inverting their

weights (as shown on Figure 10.1), then the face weights y; will not change. There
is one relation for the faces weights, namely, [] fer s =1L Indeed, this product

includes exactly one z. and exactly one z_ ! for each edge e € E.

1

1

FIGURE 11.1. A face with weight y; = (z1 5 'z3 oy ' tag) (w7 27 1) (25 2y 'ag)

Let RE;! ~ ]R‘;Bl*l be the set of (ys)rer € RE, such that [Ty; = 1.

Lemma 11.2. For a planar directed graph G, the map (ze)ece — (Yf)fer defined
as above gives the isomorphism

RE,/{gauge transformations} ~ RE".

Proof. Let us first assume that G has no isolated components. We prove the claim
by induction on |F|. By Lemma 11.1 we already know that both sides have the
same dimension. Thus it is enough to show that the kernel of the map consists of a
single point. Let (z¢)cer € RE, be a point that maps to (yy)rer with all y; = 1.
We need to show that one can transform all edge weights z. into 1’s by the gauge
transformations. Let us pick a face fy € F' adjacent to the boundary of the disk.
The boundary of fy contains a segment (b;, b;41) of the boundary of the disk, and a
path P = (b;,v1,...,v,bi+1]. Applying the gauge transformations at the vertices
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v1,...,V%, we can transform all weights of the k + 1 edges in the path P, except a
single edge, into 1’s. But, since we have y, = 1 and yy, is the product of weights
of edges in P (some of them might be inverted), we deduce that the weight of the
last edge in P should also be 1. We can now apply the induction hypothesis to the
smaller graph G’, which is obtained from G by removing the face fy and replacing
the segment (b;,b;41) of the boundary of the disk with the path P. By induction,
all weights of edges in G’ can be transformed into 1’s by the gauge transformations
at the internal vertices of the graph G, that is the vertices in V'\ {v1,...,vi}. Thus
all weights z. of edges in G are now transformed into 1’s, as needed.

In the general case, we prove the claim by induction on the number c of isolated
components. We have already established the base case ¢ = 0. Suppose that ¢ > 1.
Let G’ be the graph obtained from G by removing an isolated component G” lo-
cated in some face f of G. Let F', E', ", E" be the face and edge sets of these two
graphs, and also let E” C E” be the set of internal edges of G”’. The face weights for
G’ and G” are the same as for the graph G with a single exception: the face weight
yy for G is obtained by multiplying the corresponding weight for G’ by the product
of all face weights for G”. By induction, we have REB /{gauge transformations} ~
]Rié)_l. If G” has no faces, i.e., it is a tree, then RE/{gauge transformations} ~
RZ,/{gauge transformations} = Ri;jl = ]Rgfl. Otherwise, G” breaks into sev-
eral disjoint subgraphs Gy, ..., Gy (connected by paths), each of which is formed
by a cycle with a small graph inside, so that each face of G’ belong to one of
these graphs G;. Applying the induction hypothesis to each graph G;, we deduce
that RES /{gauge transformations} ~ Rig_k. Since the weights of the boundary

edges in G” can be arbitrary, we get RE /{gauge transformations} ~ REj. Thus

1

RE, /{gauge transformations} ~ ]Rié)_l X ]Rig ~ ]Ria , as needed. O

Remark 11.3. As we have already mentioned, isolated components do not affect the
boundary measurements. The reason that we are considering graphs that might
have isolated components will be clear below, when we define certain transforma-
tions of graphs. Even if an original graph does not have isolated components, after
performing several moves we might create such components.

The boundary measurement map Measg : RE;/{gauge transformations} —
Grin, (4.3), now transforms into the map Rial — Gryy. Below we will use the face
weights y¢ instead of the edge weights z.. With these weights we no longer need
to care about gauge transformations, and we no longer need to invert the weights
when we switch edge directions; see Figure 10.1.

We can define the boundary measurements of a directed network N purely in
terms of the face weights y; without using the edge weights z.. A directed path P
without self-intersections that connects two boundary vertices b; and b; subdivides
the disk into two parts: the part that is on the right side of P and the part on left
of P (as we go from b; to b;). We define wt(P,y) as the product of the weights y
for the faces in the right part of P. Also, for a clockwise (resp., counterclockwise)
closed cycle C, define wt(C,y) as the product of the y; for the faces f inside (resp.,
outside) of C. Now, for an arbitrary path P from b; to b;, we can remove cycles
Ch,...,C) and reduce it to a path P without self-intersections. In this case, define

wt(P,y) = wt(P) - [] C;.
Lemma 11.4. For any directed path P, we have wt(P,y) = [[.cp Te.
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Proof. Tt is enough to prove this equality of a path P without self-intersections
and also prove that wt(C) = [[.cc e for a closed cycle C. In all cases, the
product of the y for all faces f in the right side of P (resp., inside/outside of C)
includes exactly one weight x, and exactly one weight (x.)~! for all edges e in the
corresponding areas expect for the edges e that belong to P (resp., to C). The
remaining terms give the needed product of edge weights. ([

Thus the (formal) boundary measurements of a network can be defined as

My = > (=)™ Pwt(Py),
P:b;—b;

cf., (4.1).

Definition 11.5. A planar bicolored graph, or simply a plabic graph is a planar
(undirected) graph G, defined as in Definition 4.1 but without orientations of edges,
such that each boundary vertex b; is incident to a single edge, together with a
function col : V. — {1,—1} on the set V of internal vertices. As before, we will
display vertices with col(v) = 1 in black color, and vertices with col(v) = —1 in
white.

A plabic network N = (G, y) is plabic graph G together with positive real weights
y¢ > 0 assigned to faces f of G such that [[y; = 1.

A perfect orientation of a plabic graph or network is a choice of orientation of
its edges such that each internal vertex v with col(v) = 1 is incident to exactly one
edge directed away from v; and each v with col(v) = —1 is incident to exactly one
edge directed towards v. A plabic graph or network is called perfectly orientable if
it has a perfect orientation.

Let us say that a plabic graph or network has type (k,n) if its has n boundary
vertices and k + (n — k) = > oy col(v) (deg(v) — 2).

Remark 11.6. One can think about plabic graphs as some kind of “Feynman dia-
grams,” where the black and white vertices represent certain “elementary particles”
of two types and edges represent “interactions” between these particles.

According to Lemma 11.2, plabic networks with a choice of a perfect orientation
correspond to perfect networks modulo gauge transformation. Theorem 10.1 says
that two perfect networks IV and N’ that correspond to two orientations of the same
plabic network should map into the same point Meas(N) = Meas(N') € Gripy.
Lemma 9.4 says a perfect orientation of a plabic graph of type (k,n) should have k
sources and n — k sinks. Thus the boundary measurement map Meas gives a well
defined map

tnn

Meas : {perfectly orientable plabic networks of type (k,n)} — Gri».

For a perfectly orientable plabic graph G, we have the induced map on the set

RZE)G)_l of plabic networks with the given graph G:

Measg : ]RI;E)G)*1 — Grioe,
Note that not any plabic network is perfectly orientable. For example, a plabic

network that contains an isolated component with a single vertex is not perfectly
orientable.
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For a plabic graph G of type (k,n) and a perfect orientation O of G, let In C [n]
be the k-element source set of this orientation. Define the matroid of G as the set
of the k-subsets I» for all perfect orientations:

Mg = {Io | O is a perfect orientation of G}.

Proposition 11.7. For any perfectly orientable plabic graph G, the collection M =
Mg is a totally nonnegative matroid. The boundary measurement map Meas¢
sends plabic networks with the graph G into the totally nonnegative Grassmann cell
Ston associated with this matroid:

MéasG(RiéG)_l) C Sion.

In Section 16 we will prove that this inclusion is actually the equality; see Corol-
lary 16.5.

Remark 11.8. This proposition gives way to combinatorially determine the totally
nonnegative Grassmann cell corresponding to a planar network without any cal-
culations of the boundary measurements. Indeed, first transform a network into
a perfect network (see Section 9), then transform it into a plabic network (forget
orientations of edges but remember colors of vertices), and calculate the matroid

M.
Proof of Proposition 11.7. O

Example 11.9. Figure 11.2 shows five perfect orientations of a plabic graph G.
Recording their source sets, we obtain the following matroid with five bases Mg =

{14}, {1,2}, {1,3}, {2,4}, {3,4}}.

by b, b by /b\l/—;/
b4 b3 m b4 b3
b\—( w
6/4( b3 by b3

FIGURE 11.2. Perfect orientations of a plabic graph

Let us give two additional combinatorial descriptions of the matroid Mg in
terms of paths and in terms of matchings.

Let us fix a perfect orientation O of G and let I = I». Define the path matroid

?. as the set of k-element subsets J C [n] such that the boundary vertices {b; |
i€ I\ J} can be connected with the boundary vertices {b; | j € J\ I} by a family
of pairwise noncrossing directed paths in the graph G with edge orientation O.

Let us say that a plabic graph G is bipartite if any edge in G joins two vertices of
different colors (assuming that the colors of all boundary vertices are white). Note
that we can easily make any plabic graph bipartite by inserting vertices of different
color in the middle of unicolored edges. A partial matching in such graph G is a
subset M of edges such that each internal vertex is incident to exactly one edge in
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M. (But the boundary vertices can be incident to one or zero edges.) Let Ip; C [n]
be the set of indices ¢ such that b; belongs an edge from M. Define the matching
matroid

ME :={In | M is a partial matching of G}.

Lemma 11.10. For any plabic graph G, we have MY, = Mg. Also, if G is a
bipartite plabic graph, then M@ = Mg.

Proof. Any perfect orientation O’ is obtained from the fixed perfect orientation
O by switching edge directions in a family of noncrossing directed paths between
boundary vertices or closed cycles. This implies that MZ, = M. For a perfect
orientation O in bipartite plabic graph, let M be the set of edges in G directed
from a black vertex to a white vertex. The map O — M is a bijection between
perfect orientations and partial matchings, which implies that M@ = Mg. O

12. TRANSFORMATIONS OF PLABIC NETWORKS

In this section we define several local transformation of plabic networks. In all
transformations below, we change a small fragment in a network and sometimes
change weights of adjacent faces. The weights of remaining faces are not changed.
We will call the first three transformations (M1)-(M3) the moves, and the next
three transformations (R1)—(R3) the reductions. We think of the moves as invertible
transformations of networks, which we can perform in both directions. On the other
hand, we will perform reductions only in one direction in order to simplify the
structure of a network. Essentially, the only nontrivial transformation of networks
is the square mowve; all other moves and reductions play an auxiliary role.

(M1) SQUARE MOVE. If a network has a square formed by four trivalent vertices
whose colors alternate as we go around the square, then we can switch colors of these
four vertices and transform the weights of adjacent faces as shown on Figure 12.1.
In other words, if yg is the weight of the face inside the square and y1, yo, y3, y4 are
weights of the four adjacent faces, then we transform these weights as follows

- Y1 ’ ’ Y3 ’
121) yo = 4o ' ¥1 = — =1 Yo = y2 (1+%0), 45 = ———=7, ¥4 = ya (1+y0)-
(12:0) 4 =i vh = T vh = v (hw0), 04 = 1o v = (L)
In the case when some of the four areas marked by y1, y2, y3, y4 in Figure 12.1 belong
to the same face (connected outside of the shown fragment of the network), say, if

y1 = yo are in the same face, then its weight changes to ¥ H_?l],l (1+yo) = v1Y0.
0

FIGURE 12.1. Square move

(M2) UNICOLORED EDGE CONTRACTION/UNCONTRACTION. If a network contains
an edge with two vertices of the same color, then we can contract this edge into
a single vertex with the same color; see Figure 12.2. The face weights y; are not
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Y1 Y2 y1 \Y2
Y3 — Y3
Ys Ya Y5/ ya

FiGURE 12.2. Unicolored edge contraction

changed. On the other hand, we can also uncontract a vertex into an edge with
vertices of the same color.

(M3) MIDDLE VERTEX INSERTION/REMOVAL. If a network contains a vertex of
degree 2, then we can remove this vertex and glue the incident edges together; see
Figure 12.3. The face weights y; are not changed. On the other hand, we can
always insert a vertex (of any color) in the middle of any edge.

Y1 Y1
—O0— —
Y2 Y2

FIGURE 12.3. Middle vertex insertion/removal

(R1) PARALLEL EDGE REDUCTION. If a network contains two trivalent vertices of
different colors connected by a pair of parallel edges, then we can remove these
vertices and edges, glue the remaining pair of edges together, and transform the
face weights as shown on Figure 12.4. If y; = y» correspond to the same face, then
we change its weight to y1 —— (1 4+ v0) = ¥1¥o-

1+yg
Y1 Y1
Lo -
Q —
1
" y2(1 + yo)

FIGURE 12.4. Parallel edge reduction

(R2) LEAF REDUCTION. If a network contains a vertex (leaf) u incident to a single
edge ¢ = (u,v) which in turn is incident to edges ei,...,er, k > 2, such that
col(u) = —col(v), then we can remove the vertex u together with the edge e,
disconnect the edges ey, ..., e, and assign the color equal to col(u) to all newly
created vertices of the edges eq,...,er; see Figure 12.5. If this operation joins
several faces fi,..., f; into a single face f, then its weight y; should be the product
of weights of fi,..., fi. (Note that is it possible all faces were already connected
outside the shown fragment so that this transformation does not reduce the number
of faces. In this case it creates new isolated components.)
(R3) DIPOLE REDUCTION. If a network contains an isolated component C' that
consists of a pair of vertices of different colors connected by an edge, then we can
remove C' from the network; see Figure 12.6. The edge weights are not changed.

If forget about face weights in the above moves and reductions we obtain corre-
sponding transformations of plabic graphs.

Let us say that two plabic networks (or graphs) are move-equivalent if they can
be obtained from each other by moves (M1)—-(M3). Similarly, two plabic networks
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—e
Y1
— —e
Y2 Y1y2y3
Y3 —e

FIGURE 12.5. Leaf reduction

FicURE 12.6. Dipole reduction

(graphs) are move-reduction-equivalent if they can be transformed into the same
network (graph) by moves (M1)—-(M3) and reductions (R1)—(R3).

Theorem 12.1. Let N and N’ be two perfectly orientable plabic networks of the
same type (k,n). Then the boundary measurement map Meas maps them into the
same point Meas(N) = Meas(N') in the Grassmannian Gry, if and only if the
networks N and N' are move-reduction-equivalent.

We will prove this theorem in Section 16. In one direction this claim can be
verified by direct calculation.

Lemma 12.2. Suppose that a plabic network N’ is obtained from N by performing
a move (M1)~(M3) or a reduction (R1)~(R3). Then N’ is perfectly orientable if
and only if N is perfectly orientable. If this is the case, then Meas(N) = Meas(N').

Proof. 1t is quite easy to check in all six cases that a perfect orientation of N gives
a perfect orientation of N’, and vise versa. The only nontrivial transformation of
networks is the square move (M1). Let us check that the boundary measurement
map is invariant under this transformation. Let us pick two perfect orientations
of the networks N and N’, say, the orientations whose parts in the transformed
fragment are shown on Figure 12.7 and which are are identical everywhere else.
The transformation of face weights in the square move corresponds to the following
transformations of weights of the four edges that form the square:

T3T4

L2T3 L1123

! ! !
Ty = T2 + T1T3T4, T3 = Ty =

= — —_—
1 — 3 3
To + T1T3%4 To + T1T3%4

Ty + x12374
where we assume that the remaining edge weights are not changed.

Then for the both oriented network fragments shown on Figure 12.7, sums over
paths from u; to v; in N and N’ are the same: x5 + z12324 = 24, 123 = x5,
x3x4 = xiah, v3 = x% + xjxba). Thus all boundary measurements in the both
networks should be the same, implying Meas(N) = Meas(N').

Similarly, for the the parallel edge reduction (R1), let us pick a perfect orienta-
tion of edges as in Figure 12.8. The transformation of face weights in this move
correspond to the transformation of edge weights given by a} = x1(xe + x3)z4.
Clearly, this transformation does not change the boundary measurements.
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w1 Uu2 U1 U1
AN
X2 T3 —
Tq
V1 V2

FIGURE 12.7. Square move in directed networks

T2
!
1 T4 Ty
— —
X3

FI1GURE 12.8. Parallel edge reduction in directed networks

For the remaining moves and reductions is it clear that Meas(N) = Meas(N').
t

Remark 12.3. Figure 12.7 shows just one of several possible square moves in directed
networks. If we pick another perfect orientation of the edges (inverting the edge
weights x; and x} whenever we switch orientations), then we get another legitimate
square move.

There are several special kinds of networks to which we can easily transform any
plabic network using moves (M2)—-(M3) and reductions (R1)-(R3).

Loop removal: We can remove all loops (i.e., edges whose both ends are the
same vertices) from a network. By uncontracting some edges we can make all
loops attached to trivalent vertices. Then we apply the loop reduction shown on
Figure 12.9. This reduction follows from parallel edge reduction (R1). Indeed, insert
an additional vertex of different color to the loop using (M3), then uncontract this
vertex into an edge using (M2), and apply parallel edge reduction (R1). Let us call
a network without loops loopless.

H@%%

Yo Y1Y2

Ficure 12.9. Loop reduction

Leaf removal: We can also easily get rid of all leaves in a plabic network, except
the leaves connected to boundary vertices. (Let us call these special unremovable
leaves the boundary leaves.) Indeed, if a leaf u is attached to a vertex v of the same
color then we can just contract the edge (u,v) using move (M2). If colors of u
and v are different, then we can remove the edge (u,v) using leaf reduction (R3) if
deg(v) > 3. (If degv = 2 then we can remove v using (R2) and if deg(v) = 1 then
we can remove it by dipole reduction (R3).) Then similarly treat all newly formed
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leaves, etc. Let us call a network leafless if it has no leaves, except the boundary
leaves.

Contraction: Any plabic network can be transformed into a network that has no
unicolored edges, no non-boundary leaves, and no vertices of degree 2. Indeed, first
remove all non-boundary leaves, then contract all unicolored edges, then remove all
new vertices of degree 2, then contract all new unicolored edges, etc. Let us call
such networks contracted.

Making the graph trivalent: On the other hand, we can first get rid of non-
boundary leaves and vertices of degree 2, and then uncontract all vertices of degree
> 3 by replacing them with trivalent trees. We obtain a network with all triva-
lent internal vertices (expect boundary leaves). Let us call such plabic networks
trivalent.

Corollary 12.4. Any plabic network can be transformed (without changing the
boundary measurements) into a loopless contracted network. On the other hand, it
can also be transformed into a loopless trivalent network.

Definition 12.5. Let us say that a plabic network (or graph) is reduced if it
has no isolated connected components and there is no network/graph in its move-
equivalence class to which we can apply a reduction (R1) or (R2). A leafless reduced
network/graph is a reduced network/graph without non-boundary leaves.

We will see that reduced networks are exactly the networks without isolated
component with the minimal possible value of E — V = F — ¢ — 1 in its move-
reduction-equivalence class, where V. E| F c as in Section 11.

Note that if a network has no isolated components then all its move-equivalent
networks have no isolated components, so there is no chance to apply dipole reduc-
tion (R3). In many cases it will be more convenient to use leafless reduced networks,
to which we can easily transform any reduced network by the leaf removal proce-
dure as described above. An arbitrary reduced network can obtained from a leafless
one by uncontracting vertices into trees of the same color, then maybe inserting
vertices of different color in the middle of new edges, then maybe uncontracting
some of them into trees, etc. So that we can grow a bicolored tree of special kind
at each vertex.

Since we can never perform a leaf reduction (R2) in a leafless graph, we obtain
the following claim.

Lemma 12.6. A leafless plabic graph without isolated components is reduced if and
only if it is impossible to transform it by the moves (M1)—(M3) into a graph where
we can perform parallel edge reduction (R1).

The next claim is the main result on reduced plabic graphs.

Theorem 12.7. Let G be a reduced plabic graph. Then G is perfectly orientable and
the map Measq : RZBG)A — SR gives a subtraction-free rational parametrization
of the corresponding totally nonnegative Grassmann cell S*. In particular, the

dimension of ST equals |F(G)| — 1.

For any cell SY* there is a reduced plabic graph G such that Measg is a parametriza-
tion of ST

Any two different parametrizations Mease and Measc: of the same cell Sor can
be obtained from each other by the moves (M1)—-(M3).
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We will prove this theorem in Section 16.

Remark 12.8. For a non-reduced plabic graph G without isolated components, the
map Measg is either undefined (when G is not perfectly orientable) or this map
is not injective. Indeed, if we can do a reduction (possibly after performing some
moves), then we can decrease the number of needed parameters.

13. TRIPS IN PLABIC GRAPHS

In this section we give a criterion when a plabic graph is reduced and describe
move-equivalence classes of reduced graphs. The results of this section can be
related to Thurston’s work [Thu] on triple diagrams (see Remark 14.5).

For an (undirected) plabic graph G, a trip is a directed path T" in G such that

(1) T either joins two boundary vertices (one-way trip) or it is a closed cycle
that contains none of the boundary vertices (round-trip).

(2) If T arrives to an internal vertex v with incident edges e, ...,eq (in the
clockwise order) though the edge e;, then it should leave v through the
edge €;_coi(v). (Here indices i in e; are taken modulo d.) In other words, T
obeys the following “rules of the road”: turn right at a black vertex, and
turn left at a white vertex; see Figure 13.1.

A - N F/
N\ -7 NN
( \
|I I|
Vi Hy

F1GURE 13.1. Rules of the road for trips in plabic graphs

Note that these trips in undirected plabic graphs have nothing to do with paths
in directed networks that we used in the definition of the boundary measurements.

If two trips pass along the same edge in the same directions then they should be
identical. If a trip passes along the same edge twice in the same direction then it is
a round-trip. Thus each edge of G belongs to exactly two trips or to one trip with
a self-intersection at this edge.

Each plabic graph G with n boundary vertices defines the trip permutation mg €
Sp, such that 7o (i) = j whenever the trip that starts at the boundary vertex b;
ends at the boundary vertex b;.

The following claim is established by direct examination.

Lemma 13.1. Let a plabic graph G’ is obtained from G by one of the moves (M1)—
(M3). Then g = wgr. In other words, each one-way trip in G is transformed
into a one-way trip in G' with the same end points. Also each closed trip in G is
transformed into a closed trip in G'.

Note that reductions (R1)—(R2) (unlike the moves) change the trip permutation.
For an edge e with vertices of different colors, we say that two trips (resp., one
trip) that pass(es) through the edge e in two different directions have/has an essen-
tial intersection (resp., essential self-intersection) at this edge e. All other (self)-
intersections are called inessential. Note that in an inessential (self)-intersection
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the trips do not cross but rather touch each other. We can can always remove an
inessential (self)-intersection by performing edge contraction/uncontraction moves
(M2).

Let us say that two trips 71 # T% in G have a bad double crossing if they have
two essential intersections at edges e; and es such that both trips 77 and T» are
directed from e to es.

The following theorem gives a criterion when a plabic graph is reduced.

Theorem 13.2. Let G be a leafless plabic graph without isolated connected com-
ponents. Then G is reduced if and only if the following conditions hold

(1) G has no round-trips.

(2) G has no trips with essential self-intersections.

(3) G has no pair of trips with a bad double crossing.

(4) If 7g(i) =i then G has a boundary leaf attached to the boundary vertex b;.

Note that condition (1) implies that G' contains no isolated connected compo-
nents.

Definition 13.3. A decorated permutation © = (m, col) is a permutation = € S,
together with a coloring function col from the set of fixed points {i | 7(i) = i}
to {1,—1}. That is a decorated permutation is a permutation with fixed points
colored in two colors.

Suppose for a moment that we have already established Theorem 13.2. Then we
can decorate the trip permutation wg of a reduced plabic graph G by coloring each
fixed point 7g(7) = ¢ to the color col(i) := col(v), where is v is the boundary leaf

attached to the boundary vertex b;. This gives the decorated trip permutation m
of G.

Theorem 13.4. Let G and G’ be two reduced plabic graphs with the same number
of boundary vertices. Then the following claims are equivalent:

(1) G can be obtained from G’ by moves (M1)—(M3).
(2) These two graphs have the same decorated trip permutation T = Tg, .

Since any reduced plabic graph can be transformed into a leafless graph by moves
(M2) and (M3), it is enough to prove Theorem 13.4 for leafless reduced graphs.
We will also need the following auxiliary claim.

Lemma 13.5. Let G be a reduced plabic graph such that g has no fized points.
Let i < j be two indices such that mq(i) = j or 7g(j) = i and there is no pair
i',j € i+ 1,5 — 1] such that ng(i’) = j'. Then one can transform G by moves
(M1)—-(M3) into a graph with a square face that is attached to the boundary interval
[bi, bit1] and has two other internal vertices u and v; see Figure 13.2.

Moreover, if ng(i) =i+ 1 and 7g(i + 1) =4, and if G is leafless and has no
vertices of degree 2, then the boundary vertices b; and b;+1 are connected in G by
an edge.

Note that, for any pair ¢ < j such that 7(i) = j or 7(j) = ¢, either this pair itself
satisfies the condition of Lemma 13.5 or there is another pair inside the interval
[i, 7] that satisfies the condition of this lemma.

Proof of Theorems 13.2 and 13.4. We will prove Theorem 13.2, Theorem 13.4, and
Lemma 13.5 all together by induction on the number faces in G.
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bi bit1

.<

FIGURE 13.2. Square boundary face

Let us assume that G is a leafless plabic graph with 1 face and without isolated
connected components. Then G consists of trees attached to the boundary ver-
tices. Since G cannot have non-boundary leaves, that means the G contains only
of boundary leaves attached to all boundary vertices. All such graphs are reduced
because it is impossible to further reduce them and clearly they satisfy conditions
in Theorem 13.2. Theorem 13.4 and Lemma 13.5 are also trivial in this case. This
gives the base of induction.

Let us now assume that G is a leafless plabic graph with > 1 faces and without
isolated components. By the induction hypothesis we have already established
Theorems 13.2, and 13.4, and Lemma 13.5 for all graphs with fewer number of
faces than in G.

If a graph G is not reduced then after performing some moves (M1)-(M3) we
should be able to reform a parallel edge reduction (R1); see Lemma 12.6. It is easy
to see that right before the reduction one of the conditions (1)—(4) in Theorem 13.2
fails. Indeed, suppose that we get a pair of parallel edges between two vertices u
and v of different color. Then contract all unicolored edges and consider several
cases: if deg(u) = 2 or deg(v) = 2 then (1) fails; if deg(u) = 3 or deg(v) = 3 then
(2) or (4) fails; if deg(u),deg(v) > 3 then (3) fails. Note that moves (M1)-(M3)
can never remove a failed condition (1)—(4). Since moves (M1)—(M3) are invertible,
that means that in the original graph G we also get a failed condition (1)—(4). This
proves Theorem 13.2 in one direction.

Let us prove Theorem 13.2 in the other direction. Suppose that one the condi-
tions (1)—(4) in Theorem 13.2 fails. Let us show that it is possible transform the
graph G by the moves (M1)-(M3) to a graph where we can perform reduction (R1).

In all cases a segment of a problematic trip 77 (or a pair segments in a pair
of trips Ty and T3) surrounds an area A that consists of some faces in G. Let
us assume that A is the area between closest essential (self)-intersections so that
there are no other essential (self)-intersections of the T;’s inside A. Let us show
that we can always undo all inessential (self)-intersections of the T;’s using moves
(M2). Let us first contract all unicolored edges in G. Let v be a vertex, say, with
col(v) = 1 and with incident edges eq,...,eq (in the clockwise order). Suppose
we have an inessential (self)-intersection of the trip(s) 7; at v. That means that
one of these trips arrives to v through the edge e; and then leaves through e;_;
(according to the “rules of the road”) and then (the same or the other) trip arrives
to v through e; and leaves through e;_;. Note that all edges e;, ej_1, 1, ¢;—1 should
be different. (Otherwise we get an essential intersection.) We might get some other
pairs of edges at the vertex v corresponding to other passages through this vertex.
Since all these pairs of edges (ej,ej_1), (e, €1—1), ...are disjoint, we can always
uncontract the vertex v into a trivalent tree such that all these segments of paths
no longer intersect. This argument shows that we may assume that the area A is
homeomorphic to a disk.
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Let us remove all vertices of degree 2 from G and contract all unicolored pairs
of edges on the boundary of the disk A so that colors of vertices now alternate as
we go around the disk A. Remind that we assume that G is leafless.

Suppose that the area A contains only one face. Let us consider several cases.

I. Suppose that A is surrounded by a round-trip, say, a clockwise round-trip. If
there is a white vertex v on the boundary of A, then all edges incident to v should
lie inside A. Thus there is a tree attached to v, which is impossible because we
assume that G is leafless. So v should have degree 2, which is again impossible
because have removed all such vertices from G. That mean that there is no white
vertices on the boundary of A. Thus there is only one black vertex on the boundary
of A. So we get a loop; see Figure 12.9. This loop can be transformed into a pair
of parallel edges. Then we can apply reduction (R1), as needed. Similarly, if A
is surrounded by a counterclockwise round-trip, there is no black vertices on its
boundary and thus A is again formed by a loop.

I1. Suppose that A is surrounded by a segment of a trip with an essential self-
intersection, say, a clockwise segment. Again in this case there is no white vertices
on the boundary A, except the white vertex that belongs to the essential self-
intersection. So the boundary of A has at most two vertices, one black and one
white. That means that we either get a loop or get a pair of parallel edges. In both
cases, we can perform reduction (R1).

III. The case when the area A is surrounded by a segment of the trip that starts
and ends at the same boundary vertex b;, is exactly the same as the case II.

IV. Suppose that A is surrounded by a pair of segments S; and Sy of two trips
between a bad double crossing; cf. Figure 13.3. Assume that the segment Sp is
directed clockwise, then Ss is directed counterclockwise. The same argument as
above shows that there are no white vertices on S7 and similarly there are no black
vertices on S3. That means that S; consists of a single black vertex and S5 consists
of a single white vertex. Again the boundary of A is formed by a pair of parallel
edges, so that we can perform reduction (R1).

Let us now assume that A has more that two faces. Let 51, ... ,Z;T be the vertices
on the boundary of A (in the clockwise order) that have incident edges inside the
area A. Using uncontractions (M2), we can transform the vertices b; into trivalent
vertices, i.e., for each b; there is now exactly one incident edge that lies inside of A.
Then we obtain a smaller a plabic graph G (with at least one trip) inside the area
A. If G is not reduced then so is G. Assume that G is reduced. By the induction
hypothesis we have already established all needed claims for the graph G.

Let ms € S, be the trip permutation of the graph G. Note that G has no
boundary leaves, because we assumed that G is leafless. Thus the trip permutation
7 has no fixed points.

If A is given by one segment of a trip, then all b;’s have the same color (all white if
the segment is clockwise, and all black if the segment is counterclockwise). For each
pair b; and 514_1, the graph G has one vertex of the opposite color between these two
vertices. By the induction hypothesis Lemma 13.5 holds for the graph G. So we
can transform the graph G to a graph G’ that has a square face f attached to some
boundary segment [bl, bl+1] Furthermore, in the case of a trip with an essential
self-crossing we may assume that the boundary segment [bl, bl+1] does not contain
this self-crossing. (Just label the vertices b; so that the self-crossing is between b,
and 51) In the graph G, the face f includes 5 vertices (because there is one extra



54 ALEXANDER POSTNIKOV

vertex of G between b; and Bl+1). Note that, as we go around f, the colors of the 5
vertices cannot change more than 4 times. That means that we can always merge
at least two vertices of f together by move (M2). If the colors of vertices change
less than 4 times, that means that we can transform a graph G into a graph where
we can perform a reduction (R1). If the colors change exactly 4 times, then (after
some uncontractions for vertices that are not trivalent) we can perform a square
move for the face f. In the obtained graph G’, the corresponding face now lies
outside the area A’ formed by the corresponding trip. Thus the number of faces in
A’ is strictly less than the number of faces in A. Then we can repeatedly apply the
same procedure until we get a graph where a problematic trip surrounds exactly
one face. This case was already considered above.

If the area A is given by two segments Sy (clockwise) and Sy (counterclockwise)
of two trips with a bad double crossing, then the b; that belong to S; are white
and the Ej that belong to Ss are black; see Figure 13.3. Suppose that there are two
vertices Ei and Z;j that both lie on the side S; or both lie on S5 such that they are
connected by a trip in G. We may assume that they are closest such vertices, so
that the condition of Lemma 13.5 holds. Thus again we will can transform G to a
graph that contain a square face attached to a segment in S; or in So. Then we can
decrease the number of faces inside A as above. Otherwise all trips in G that start
at S should end at Ss, and vise versa. (In particular, both S; and Sy contain the
same number of vertices.) Let bs be the last vertex in S, and be the first vertex in
55+1; see Figure 13.3.

Ifl =ma(s+1) #sorl = wél(s + 1) # s, then the pair (I,s + 1) satisfies
condition of Lemma 13.5. Thus again we can transform the adjacent face adjacent
to [by, bi+1] into a square and then apply square move (M1) and reduce the number
of faces inside of A, as above.

In the remaining case we have 75(s) = s + 1 are mz(s + 1) = s. According to
the second part of Lemma 13.5, in this case the vertices 05 and 9541 are connected
by an edge e. Thus the graph G contains a square face below the edge e, so again
we can perform a square move (M1) at this face and reduce the number of faces
inside A. Thus in all cases we can repeatedly decrease the number of faces in A
until we get an area with one face. This finishes the inductive step in the proof of
Theorem 13.2.

F1GUrE 13.3. A bad double crossing with a graph G inside

Let us now prove Theorem 13.4 and Lemma 13.5. In one direction Theorem 13.4
is straightforward because the moves (M1)—(M3) never change the decorated per-
mutation 7. Let us assume that G and G’ two reduced graphs such that 7, = 7.
Also assume that |F(G)| > |F(G’)|. We will show that the graphs G and G’ can
be obtained from each other by the moves (M1)-(M3). By Theorem 13.2 (which is
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already proved for G and G’) all fixed points in 7g should correspond to boundary
leaves in the graphs G and G’, which should be located in the same positions and
should have same colors (given by the decoration in the decorated permutation 7).
Thus, without loss of generality, we may assume that mg has no fixed points.

Let us pick a pair ¢ < j satisfying the condition of Lemma 13.5. Let us assume
that 7 (7) = j. (The other case is completely analogous.) By Theorem 13.2 the
trip T' in G from b; to b; has no essential self-crossings, and we can eliminate
inessential self-crossings by the moves (M2), as above. This trip T subdivides the
graph G into two smaller graphs G; and G5, where G is the graph containing the
boundary segment (b;, bi+1,...,b;). We may assume that the graph G satisfies the
property that G has the smallest possible number of faces for all graphs in the
move-equivalence class of G. (Otherwise transform G to such graph by the moves.)
Let us remove vertices of degree 2 from G and contract unicolored edges in T

Let g, be the trip permutation for the graph G;. The trip permutation 7¢,
contains no fixed points. (They would correspond to boundary leaves in Gy, but
we assume that G is leafless.) If there is a trip in G; that starts and ends at T,
then using the same argument as above, we can transform (7 into a graph that has
a square face attached to a segment of T', then apply the square move at this face,
and decrease the number of faces in G1, which contradicts to our assumption of
minimality of Gy. This means that all trips in G that start at a (black) vertex on
T should end at one of the vertices b;11,...,b;_1, and vise versa. Let b7+1, .. bj 1
be the black vertices on T' as we go from b, to b;.

If the trip of G that starts at b;;1 ends at a vertex b, #* Z~7i+1 or the trip that
ends at b; 11 starts at a vertex Bl #+ IN)¢+1, again by Lemma 13.5 we can transform G
to a graph that has a square face attached to [51_1, Bl], then perform a square move,
and thus reduce the number of faces in G1, which contradicts to minimality of G.
Thus vertices b;+; and BiJrl are connected by 2 trips in both ways. By Lemma 13.5,
this implies that b; 1 and 1~)7;+1 should be connected by an edge. Let us remove this
edge and apply the same argument again to show that the vertices b;12 and Z;i+2
are also connected an edge in G, etc. There should be a white vertex in T' between
two adjacent black vertices bl, bl+1 in T'. If needed, we can also insert white vertices
between b; and bl+1 and between bj 1 and b;, and then make all white vertices in
T trivalent. (So now G might contain one or two leaves.) Therefore we may assume
that the trip 7" in the graph G goes along the boundary and has the form as shown
in Figure 13.4. Note that if T" has this boundary form, then the trip permutation
ma, of the graph G2 that lies outside of this boundary strip is uniquely determined
by the trip permutation 7 of G.

- by

FIGURE 13.4. Boundary trip from b; to b;

We can also transform by the moves the second graph G’ (with 7¢r = 7g) to
the form where the trip 7" from b; to b; has exactly the same boundary form as
in Figure 13.4. Thus its part G5 outside the boundary strip has exactly the same
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trip permutation g, = 7, as G2. By induction hypothesis, this implies that G
and GY are move-equivalent. Then G and G’ are move equivalent. This finishes the
inductive step for Theorem 13.4.

In order to prove Lemma 13.5, notice that in the above boundary trip from b;
and b; shown on Figure 13.4 the boundary segment [b;, b;11] is adjacent to a square
face. This proves the first claim of Lemma 13.5.

Now assume that 7g(i) =i+ 1 and wg(i + 1) = i. Again we can transform G
so that the trip T" from b; to b;41 has the boundary form as above. Let us remove
leaves and vertices of degree 2. The trip T contains at most one vertex — a white
vertex v. If T contain a vertex v, then the other trip T from b;11 to b; goes away
from T at this vertex and then returns back to T' at the same vertex v. Let A be
the area surrounded by the part of 75 between two visits of v. Applying the same
argument as above in proof of Theorem 13.2 (the case of trip with a self-crossing),
we can reduce the number of faces inside A one by one until there is only one face
left. Now all other (possible) vertices on the boundary of A can be contracted into
a single black vertex. So the graph contains a pair of parallel edges and we can
perform reduction (R1), which is impossible because we assume that G is reduced.
Thus there is no vertex v on the trip 7', that is b; and b;;1 are connected by an
edge e. By performing moves (M1)-(M3) we can only insert middle vertices into e
and grow some trees at these vertices. But since we assume that the original graph
G is leafless and has no vertices of degree 2, the edge e should be present in G.
This proves the second claim of Lemma 13.5. This finishes the inductive proof of
Theorem 13.2, Theorem 13.4, and Lemma 13.5. U

Let us say that a singleton is an isolated connected component with a single
vertex and no edges.

Lemma 13.6. Any plabic graph G can be transformed by moves (M1)—(M3) and
reductions (R1)—(R3) into a reduced plabic graph possibly together with some sin-
gletons.

Proof. Let us first apply the leaf removal procedure to G. If the obtained graph has
a non-singleton isolated component, then there is a round-trip 7" in this component.
We can decrease the number of faces inside 7" and then apply a reduction as in the
above proof. Repeatedly applying reductions we end up with a reduced graph
possibly together with some singletons. O

14. ALTERNATING STRAND DIAGRAMS
One can transform reduced plabic graphs into the following objects.

Definition 14.1. An alternating strand diagram consists of n directed curves,
called the strands, which are drawn inside a disk and connect pairs of the boundary
vertices by, . . ., b, such that the following conditions hold:

(1) For any boundary vertex b;, there is exactly one strand that enters b; and
exactly one strand that leaves b;.

(2) No three strands can intersect at the same point.

(3) There is a finite number of pairwise intersection points of the strands. All
intersection points are transversal, i.e., the tangent vectors to the strands
at the intersection points are independent.
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(4) Let S be astrand, and let v1 = bj, va,...,v = b; be all points on C' where it
intersects with other strands S1,...,.5; as it goes from v; to vj. (The same
strand might occur several times in this sequence.) Then the orientations
of the strands S1,...,S; at the points vy, ..., v; alternate. In other words,
if, say, S is oriented at v; from left to write (with respect to S) then S is
oriented at vy from right to left, S35 is oriented from left to right, etc.

(5) A strand has no self-intersections, except the case when the strand is a loop
(clockwise or counterclockwise) attached to a boundary vertex b;.

(6) If two strands have two intersection points v and v, then one of these strands
is oriented from w to v and the other is oriented from v to w.

Needless to say that alternating strand diagrams are considered modulo homotopy.

Each alternating strand diagram D has the decorated strand permutation i,
such that 7},(¢) = j whenever D has a strand from b; to b; and if there is a
counterclockwise (resp., clockwise) loop attached to b;, then the fixed point i is
colored in black col(i) =1 (resp., white col(i) = —1).

b1 b1

bs by

b4 b3

FIGURE 14.1. A reduced plabic graph and the corresponding al-
ternating strand diagram

The right side of Figure 14.1 displays an example of alternating strand diagram
D with the strand permutation 7p(i) = ¢ + 2 (mod 5). Note that the diagram
where the points b; and by (;) are connected straight chords is not an alternating
strand diagram.

Faces of an alternating strand diagram are the regions on which the strands
subdivide the disk. There are 3 types of such faces: clockwise (whose boundary
is directed clockwise), counterclockwise (whose boundary is directed counterclock-
wise), and alternating (where directions of the strands alternate when we go around
the face. All boundary faces, i.e., faces adjacent to a segment of the boundary of
the disk, are alternating. For a clockwise or counterclockwise face, all its adjacent
faces are alternating. On the other hands, an alternating face is adjacent to both
clockwise and counterclockwise faces (in an alternating order).

A reduced plabic graph G can be easily transformed into an alternating strand
diagram D¢ as follows:

(1) Remove all non-boundary leaves and contract all unicolored edges in G.

(2) Draw a dot in the middle of each edge connecting two internal vertices, and
also draw dots at the boundary vertices by, ..., b,.

(3) For any black internal vertex v, connect the dots dy,...,d; (in clockwise
order) on the incident edges by new edges (do,d1),...,(d;,di—1),(d1,d;)
oriented counterclockwise.
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(4) Similarly, for any white internal vertex v, connect the adjacent dots dy, . .., d;
by new edges (di,ds),...,(di—1,d;), (d;,d1) oriented clockwise.

(5) We obtain a new directed graph where all internal vertices (internal dots)
have degree 4 and all boundary vertices b; have degree 2. The strands
are directed paths in this graph connecting the boundary vertices b; and
intersecting each other at the dots.

Theorems 13.2 and 13.4 (upon some observation of Figure 14.1) imply the fol-
lowing result.

Corollary 14.2. The diagram D = Dg constructed from a reduced plabic graph G
as above is an alternating strand diagram. The map G — Dg is a bijection between
reduced plabic graphs (without non-boundary leaves and unicolored edges) and al-
ternating strand diagrams. Trips in G are transformed into strands of D. Thus
diagram D has the same decorated strand permutation m, = mg as the decorated
trip permutation of G.

Black (resp., white) vertices in G correspond to counterclockwise (resp., clock-
wise) faces of D. Faces of G correspond to alternating faces of D.

Two alternating strand diagrams have the same decorated strand permutation if
and only if they can be obtained from each other by the moves shown in Figure 14.2.

In alternating strand diagrams weights are assigned only to alternating faces.
These weights are transformed as shown on Figure 14.2, where the subtraction-free
transformation (yo, ..., ys) — (¥4, .- -, ys) is given by (12.1).

Y1 Y1
n Y2 v ><yé I
KA —
Yo — y(l) >< Y2 Y2
Y4 Y3 yi U3

Y1 Y1
TS
Y2 Y2

FIGURE 14.2. Moves of alternating strand diagrams

A special kind of alternating strand diagrams corresponds to Thurston’s triple
diagrams [Thu]. Triple diagrams defined below are Thurston’s minimal triple dia-
grams. Note that this definition is slightly different from the one given in [Thu].

Definition 14.3. Consider a disk with 2n boundary vertices by, b, ba, b5, ..., by, b,
(in the clockwise order) on its boundary. A triple diagram is a diagram with n
directed strands drawn inside the disk such that

(1) Each strand starts a boundary vertex b; and ends at another vertex b;.
For each boundary vertex b; (resp., b}) there is exactly one strand starting
(resp., ending) at this vertex.

(2) Only triple intersections of strands are allowed inside the disk such that
the directions of the six rays at this point alternate (as we go around the
intersection point).

(3) Strands have no self-intersections.

(4) If two strands intersect each other at two points v and v, then one of these
strands is directed from u to v and the other strand is directed from v to w.
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The strand permutation mp € S, of a triple diagram T is given by mr(i) = j
whenever T' contain a strand from b; to b;-.

The map T +— D from triple diagrams to alternating strand diagrams is quite
simple: Slightly deform each triple crossing of the strands in T and replace it
by 3 simple crossings so that the boundary of newly created triangle is oriented
clockwise, then merge all pairs of boundary vertices b; and b}.

We will call faces of a triple diagram the chambers. A triple diagram has two
types of chambers — the dark chambers whose boundary is oriented counterclock-
wise, and the light chambers with clockwise boundary. Figure 14.3 below shows a
triple diagram with dark chambers colored in a darker shade.

Let us transform a triple diagram 7' into an alternating strand diagram D and
then into a plabic graph G, as above. We have the following correspondences:

{dark chambers of T'} < {counterclockwise faces of D} < {black vertices of G}
{triple crossings in T'} < {clockwise faces of D} « {white vertices of G}
{light chambers of T'} « {alternating faces of D} < {faces of G}.

Figure 14.4 shows the plabic graph G associated with the triple diagram 7T on
Figure 14.3.
The following claim is straightforward.

Lemma 14.4. The above map identifies triple diagrams with alternating strand
diagrams D such that all clockwise faces of D are triangles and D has no clockwise
loops attached to boundary vertices. FEquivalently, triple diagrams correspond to
reduced plabic graphs (without non-boundary leaves and unicolored edges) such that
all white vertices are trivalent and all boundary leaves are black.

Remark 14.5. Thurston [Thu] proved that any two triple diagrams with the same
strand permutation can be obtained from each other by certain moves. These moves
can be related to the moves of alternating strand diagrams on Figure 14.2.

Thurston [Thu, Theorem 1] showed that, for each permutation = € S, there is a
triple diagram T with strand permutation 7 = 7. Let us give another construction
of a triple diagram T with a given strand permutation 7, which is different from
the construction in [Thu]. Note that both constructions are quite simple.

We will arrange the vertices by,b},ba,5,...,b,, b, on the x-axis in the zy-
coordinate plane. We will draw a triple diagram in the half-space below the z-axis.
Each strand will be a continuous curve (x(t), y(t)), ¢ € [0, 1] such that z(¢) is mono-
tonically increasing or monotonically decreasing function. Let us call such special
triple diagrams monotone.

For a strand S from b; to b;, we say that S is rightward if i < j (because it is
directed from left to right), and we say that S is leftward if i > j. Let S; denotes
the strand starting at b; and S denotes the strand ending at b’ (so each strand has
two labels).

We will draw all strands in T by adding little pieces to them as we go from left to
right. Start with the vertices b; and b}. If m(1) = 1, then draw a (very short) strand
from by to b}. Otherwise draw initial segments of the strands S; and Sj attached
to the vertices by and b}, so that we get two strands with loose ends. Then proceed
to the pair of vertices by and bj. If w(2) = 2 then draw a short strand from by to bj.
If 7(2) = 1 then attach the loose end of S| to be. If 7(1) = 2 then draw the initial
segment of Sy, add a triple crossing of the strands Sy, S7, S2 and attach the loose
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end of S to b,. Otherwise draw two initial segments of So and 5%, so that we get
4 loose ends of strands. Then proceed to the pair of vertices b, b5, etc. Note that
a each moment we have some number of loose strands with alternating directions
(right, left, right, left, ...) as we list them from the bottom. So between an adjacent
pair of rightward loose strands there is exactly one leftward loose strand, and vise
versa. This means we can always switch two adjacent rightward (resp., leftward)
loose strands by adding a triple crossing. Suppose now that we process the pair of
vertices b;, b,. If w(i) = i, we just draw a short strand S; = S.. If 7(i) = j < i, then
we extend the (already drawn) loose end of S;- all the way up by these “adjacent
transpositions” and connect it with b;. Similarly, if 771(i) = j < i, then we extend
the loose end of S; all the way up and connect it with b}. Otherwise we just add
two new strands S; and S; with loose ends. When we finish processing all boundary
vertices, all loose ends should be attached to the corresponding vertices, and we
obtain a triple diagram. Notice that any pair of rightward strands (or a pair of
leftwards strands) will not intersect more than once. (A leftward and a rightward
strands can intersect many times but this is not prohibited.) Figure 14.3 shows a
monotone triple diagram obtained by this procedure for the permutation 7 = 24513.

by b, by by by by by by bs bl

F1GURE 14.3. A triple diagram 7" with strand permutation 7p = 24513

b1 bg bg b4 65
e, .o ¢
VWY NG

FIGURE 14.4. The plabic graph G corresponding to the triple di-
agram T (with a perfect orientation of edges)

Lemma 14.6. For each permutation w € S,, there is a monotone triple diagram T
with strand permutation mp = 7.

Corollary 14.7. For any decorated permutation 7 there is a reduced plabic graph
G with trip permutation Ty = .

Remark 14.8. Note that monotone triple diagrams are quite similar to double wiring
diagrams of Fomin-Zelevinsky [FZ1]. Such triple diagrams are obtained by su-
perimposing two usual wiring diagrams formed by all rightwards strands and by
all leftward strands. These two wiring diagrams are shown in blue and red col-
ors on Figure 14.3. Actually, double wiring diagrams from [FZ1] are exactly the
monotone triple diagrams in the case when n = 2m and = : [m] — [m + 1,2m],
m: [m+1,2m] — [m].
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We will need the following property of monotone triple diagrams constructed
above. For a permutation 7 € S,,, we say that i € [n] is an anti-ezceedance of m if
77 1(i) > i. Let I(m) C [n] be the set of all anti-exceedances of 7.

Recall Proposition 11.7 that combinatorially describes the matroid corresponding
to a perfectly orientable plabic graph G as the matroid Mg of source sets of perfect
orientations of G.

Lemma 14.9. Let T be a monotone triple diagram with strand permutation 7, and
let G be the associated reduced plabic graph. Then G is perfectly orientable and
I = I(r) is the lexicographically minimal base of the matroid Mg.

Any other base of Mg is obtained from I by replacing some entries iy, ...,is € I
with some j1,...,Js such that j1 > 11, ..., js > is.

Proof. Define the nose of a dark chamber C in T as its rightmost point, i.e., the
point with the maximal z-coordinate. The monotonicity of a triple diagram implies
that each dark chamber has a unique nose. Notice that ¢ € I(r) if and only if b
is not the nose of the dark chamber adjacent to the boundary segment [b;,b;]. In
the triple diagram shown of Figure 14.3, the elements of I(7) = {1,3} correspond
to the targets of the leftward strands (shown in red).

Let us direct edges in of the plabic graph G, as follows. For each black vertex u
of G (which corresponds to a dark chamber C in T') the only outgoing edge from u
goes to the white vertex at the nose of C'. Each white vertex v of G (triple crossing
in T') is adjacent to three dark chambers C7,Cs, C5 such that v is the nose of Cj.
Then the 3 edges incident to v are directed away from C; and towards Cy and Cj;
see Figure 14.4. That means that this orientation of edges is perfect, which proves
perfect orientability of G.

Notice that, for this orientation of edges, the boundary source set I is exactly
the index set I(m) of the “noseless” boundary vertices bl.

Any other perfect orientation of G is obtained from the constructed one by
switching edge directions in a family of noncrossing directed paths joining pairs of
boundary vertices; see Lemma 11.10. A directed path P : b; — b; in this digraph
G correspond to a sequence of dark chambers C1,...,C; in T such that C; and C;
are adjacent to the boundary segments [b;, b}] and [b;, b}], and Cy41 is adjacent to
the nose of Cj, for i € [l — 1]. For each 4, the nose C;1; is located strictly to the
right of the nose of C;. That means that j > ¢ for any directed path P : b; — b;.

In other words, when we switch to any other perfect orientation of G, we replace

some sources i1,...,%s by other sources ji,...,Js such that 573 > i1, ..., js > 1.
This implies that I = I(G) is the lexicographically minimal source set of a perfect
orientation of G, i.e., the lexicographically minimal base of M, as needed. O

Corollary 14.10. Any reduced plabic graph is perfectly orientable.

Proof. Let G be a reduced plabic graph. We may assume that it has no boundary
leaves, so that the trip permutation m¢ has no fixed points. Let G’ be a reduced
plabic graph coming from a monotone triple diagram as above such that G’ has
the same trip permutation mgr = mg. By Lemma 14.9, G’ is reduced and by
Theorem 13.4 G’ is move-equivalent to G. Since the moves never change perfect
orientability, the graph G is also perfectly orientable. O

Remark 14.11. Note that not all plabic graphs are perfectly orientable. For exam-
ple, if a a graph has a singleton (isolated component with a single vertex), then
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it is not perfectly orientable. Essentially this is the only obstruction for perfect
orientability. Indeed, any graph can be transformed into a reduced graph possibly
together with some singletons; see Lemma 13.6. Such graph is perfectly orientable
if and only if it has no singletons.

15. MUTATIONS OF DUAL GRAPHS
16. FROM MATROIDS TO DECORATED PERMUTATIONS

Definition 16.1. A Grassmann necklace is a sequence Z = (I, ..., I,) of subsets
I, C [n] such that, for ¢ € [n], if i € I; then ;11 = (I; \ {i}) U{j}, for some j € [n];
and if ¢ & I, then I,11 = I;. (Here indices i are taken modulo n.) In particular, we
have |I1]| = --- = |I,,].

Such necklaces are in bijection with decorated permutations. For a Grassmann
necklace Z, we construct the decorated permutation 7°(Z) = (7, col) such that

(1) if Lipy = (L \ {i}) U{j}, j # i, then m(i) = j;
(2) if I;11 = I; and i & I; then 7(i) = 4 is colored in black col(i) = 1;
(3) if I;4+1 = I; and i € I; then 7(i) = ¢ is colored in white col(i) = —1;

where the indices i are taken modulo n. Notice that as we transform I; to I, then
to I3, and so on until get get back to I3, we can remove an element ¢ at most once
(at the i-th step); and thus we can add an element j at most once. This shows that
m is indeed a permutation in S,,. Note that black fixed points of 7 are exactly the
elements i € [n] that belong to none of the subsets I, ..., I, and white fixed points
are exactly the elements j € [n] that belong to all subsets Iy, ..., I,.

Let us describe the inverse map from decorated permutations to Grassmann
necklaces. For a decorated permutation 7 = (, col) of size n, we say that i € [n]
is an anti-exceedance of 7 if 7=1(i) > i or m(i) = i and col(i) = —1. (That is we
regard white fixed points as anti-exceedances.) Let I(7*) C [n] be the set of all anti-
exceedances in 7. For r € [n], let us also define the shifted anti-exceedance set I.(7*)

as the set of indices i € [n] such that i <, 7=1(i) or (7(i) = i and col(i) = —1),
where <, is the cyclical shift of the usual linear order on [n]: r <, (r+1) <, --- <,
n <,<1< - < (r—1),ie., I,(7) is the anti-exceedance set with respect to

the linear order <,. In particular, I (7*) = I(7*). Let Z(7') = (I1,..., 1), where
I, = I.(7), for r € [n].

Lemma 16.2. The maps © — Z(n') and Z — 7' (Z) are inverse to each other.
They give a bijection between decorated permutations 7 of size n and Grassmann
necklaces T of size n.

The proof of this lemma is quite straightforward (an exercise for the reader).
We can graphically present decorated permutation n* by arranging the vertices

b1, ..., by clockwise on a circle, drawing straight directed chords [b;, by (;)], whenever
7(i) # i; drawing a counterclockwise loop at b; for each black fixed point col(j) = 1;
and drawing a clockwise loop at b; for each white fixed point col(l) = —1.

For example, Figure 16.1 shows the decorated permutation 7* with m =315426
with two fixed points 4 and 6 colored col(4) = 1 (black) and col(6) = —1 (white).
This decorated permutation has the following shifted anti-exceedance sets [ =
{1,2,6}, I, ={2,3,6}, Is = {3,6,1}, I, = {5,6,1}, I = {5,6,1}, Is = {6,1,2}.
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bg
bs b1

by b

b3
FIGURE 16.1. A decorated permutation 7

For a matroid M C ([Z]) of rank k on the set [n], let Zpq = (I1,...,I,) be the
sequence of subsets in [n] such that, for i € [n], I; is the lexicographically minimal
base of M with respect to the shifted linear order <; on [n].

Lemma 16.3. For a matroid M, the sequence Iy is a Grassmann necklace.

Proof. Let Z(M) = (I1,...,I,). By the cyclic symmetry, it is enough to check that
I, = (I, \ {1}) U {j} for some j, or Iy = I . The subset I = {i; < --+ < i} is the
lex minimal base of M (with respect to the usual order on [n]). If i3 # 1 then I is
also the lex minimal base with respect to the order <5, and thus Iy = I;. Assume
that i9 =1 and I = {j1 < --- < jx} # 1. Let r be the index such that js = is41
forall s <r and j, &€ I. Then j, € [i,+1,ir41—1] (or j, € [ir+1,n] if r = k) and
M has a circuit (minimal dependence) involving i1, j, and some of the j1, ..., j—1.
That implies that, for any (k —r)-element subset S C [j, +1,n], {i1,...,4,}US isa
base of M if and only if {ji,...,J-}US is a base. Because of the lex minimality of
I and Iz, we have i, = j; for all ¢ > r. Thus Ir = (I \ {1}) U {j+}, as needed. O

‘Recall that, for a plabic graph G, the image of the boundary measurement map
Measc belongs to a totally nonnegative Grassmann cell ST where M = Mg; see
Proposition 11.7.

Proposition 16.4. Let G be a reduced plabic graph, and let M = Mg be the
associated matroid. Then the Grassmann necklace Lpnq of the matroid M equals the
necklace I(mi,) corresponding to the decorated trip permutation of G.

Proof. Black boundary leaves of G correspond to isolated boundary sinks in directed
network, which correspond to zeros of the matroid M, i.e., the elements i € [n]
which do not appear in any base of M. These elements never appear in the necklace
Zam. They give black fixed points of the decorated permutation 7°(Z ), as needed.
Similarly, white boundary leaves of G give cozeros of M, i.e., the element i € [n]
that appear in all bases of M. They give white fixed points in 7 (Z ).

Thus we can remove all boundary leaves and assume that the reduced plabic
graph G has no boundary leaves. Then the trip permutation mg has no fixed
points.

According to the cyclic symmetry (Remark 3.3) it is enough to show that the
anti-exceedance set I(m¢g) equals the lexicographically minimal base I of M. Let
G’ be the plabic graph with the same trip permutation obtained from a monotone
triple diagram as shown in Section 14. Then by Theorem 13.4 the graphs G and
G’ can be obtained from each other by moves (M1)-(M3). These moves never
change the trip permutation 7¢ and never change the matroid Mq (because they
do not change the image Image(M¢) C S%). Thus the needed claim follows from
Lemma 14.9. (]
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Now we can finally prove Theorems 12.1 and 12.7.

Proof of Theorems 12.1 and 12.7. Let N and N’ be two perfectly orientable plabic
networks with graphs G and G’ such that Meas(N) = Meas(N'). According to
Lemma 13.6, we can transform these networks by the moves and reductions into
networks with reduced graphs and maybe some singleton components. If there are
singleton components then the graph(s) are not perfectly orientable. Thus we may
assume that the plabic graphs G and G’ are reduced.

The boundary measurement map sends N and N’ into into the same cell SY5".
Thus, by Proposition 16.4, the graphs G and G’ have the same necklaces Z(7};) =
I(mg) = Zm. Thus by Lemma 16.2, the decorated trip permutations 7y and 7, are
the same. According to Theorem 13.4, the graphs G and G’ are move-equivalent.

We know that for any cell S there is a plabic graph G” such that Measc
is a subtraction-free parametrization of ST". Indeed, we can take the I-diagram
associated with S%" (see Theorem 6.5) and transform it into a plabic graph. The
graph G” must be reduced. (Otherwise, we can kill some parameter and the map
Measg» would not be a parametrization; see Remark 12.8.) Thus again G” has the
same decorated trip permutation 7, = 7, and is move-equivalent to G and G'.

Note that every time when we perform moves (M1)-(M3), the face variables y;
are transformed by invertible subtraction-free rational maps. Thus for the graph G
(and any other graph obtained from G” by the moves), the map Measg is obtained
from Measc by a sequence of these reparametrization maps, and thus Measc is
also a subtraction-free rational parametrization of ST

So any two networks with the same graph G that maps into the same point in
the Grassmannian must be equal to each other. That means that if we transform
the network N’ by the moves into a network with the graph G we will get the
network N. Thus the networks N and N’ are move-equivalent. O

Corollary 16.5. For any perfectly orientable plabic graph G (not necessarily re-
duced) that corresponds to the cell S3&*, we have

Meas(;( F(G) 1) = Sf\r}tn,

that is the image of Measq is the whole cell Ston.

Proof. For a reduced graph G this follow from Theorem 12.7. Other graphs can be
transformed into reduced ones by the moves and reductions (Lemma 13.6), but the
moves and reductions do not change the image of the map Meas¢. O

17. CIRCULAR BRUHAT ORDER

In this section we show that each nonnegative Grassmann cell S%" is an inter-
section of n Schubert cells. Then we combinatorially describe the partial order on
the cells S by containment of their closures.

Let us use notation of Section 16. Let us say that a decorated permutation 7* has
type (k,n) if 7 has size n and it has k anti-exceedances. Also say that a Grassmann
necklace has type (k,n) if it consists of k-element subsets in [n]. Clearly, the types
of corresponding decorated permutations and Grassmann necklaces are the same.

Theorem 17.1. The map S — 7 (Za) is a bijection between nonnegative Grass-

mann cells S C Gri®™ and decorated permutations of type (k,n). Equivalently,
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the map ST — Ta is a bijection between nonnegative Grassmann cells in Gri®
and Grassmann necklaces of type (k,n).

Proof. By Theorems 12.7 and 13.4, all reduced plabic graphs with the same deco-
rated trip permutation 7 correspond to the same nonnegative Grassmann cell S45".
By Propositions 11.7 and 16.4, we have m° = 7 (Zpq). Thus, two reduced plabic
graphs with different trip permutations correspond to different Grassmann cell. [

Recall that QY := w(Q)), for w € S, are the permuted Schubert cells; see
Section 2. Let us also use the subset notation for these Schubert cells

OF :={V € Grgy | I is the lex minimal base of My with respect to <4},

where <,, is the linear order on [n] given w(1) < w(2) < -+ < w(n), cf. Section 2.3.
The cells Qf are exactly the cells QY labelled by subsets rather than partitions.
Each matroid strata Sy is an intersection of several permuted Schubert cells; see
Remark 2.1. For a nonnegative Grassmann cell ST only n Schubert cells are
needed. Let ¢ = (1,...,n) € S, be the long cycle.

Theorem 17.2. Let SY5" C Gri®® be a nonnegative Grassmann cell, and let Ty =
(I1,...,I,) be the Grassmann necklace corresponding to M. Then

n
i—1
S =9 NG
i=1

Moreover, for any arbitrary collection of k-subsets Iy, ..., I, C [n], the intersec-
tion in the right-hand-side is nonempty if and only if (I1,...,I,) is a Grassmann
necklace.

Proof. Note that <.i-1 is exactly the shifted order <; on [n]. By the definition of
T, the cell ST belongs to the intersection of Schubert cells in the right-hand-
side. Suppose that this intersection contains an element of another cell St%. Then
I = I, so the cell S1 corresponds to the same decorated trip permutation
7 (Zpm) = 7 (Zaqr), which is impossible by Theorem 17.1. The second claim follows
from Lemma 16.3. (]

Let ST C Gria® denotes the closure of the cell S{" C Gris*. Define the
partial order < on nonnegative Grassmann cells such that S%" < S%" if and only
if Syt C S'57. Recall that the cell S is given in the Pliicker coordinates by the
conditions Ay > 0 for I € M, and A; =0 for J € M; see Section 3. Thus, for two
nonempty cells, we have ST < ST? if and only if M C M.

Recall that the partial order on the Schubert cells by the containment has a
simple combinatorial description Q) C Q, if and only if A C u (meaning the
inclusion of Young diagrams); see [Fult].

Recall the standard bijection A — I(\) between partitions A\ C (n — k)*¥ and
k-subsets I C [n]; see Section 2. Let I — A(I) be the inverse bijection.

Lemma 17.3. Let S be a nonnegative Grassmann cell. Let I be the lexicograph-
ically minimal base of M. Then, for any other base J € M, we have \(J) C \(I).

Proof. According to Theorem 17.1, Lemma 14.6, and the second part of Lemma 14.9,
any base J of M is obtained from I by switching some entries iq,...,is € I with
some ji,...,Js such that j; > 41, ..., js > is. But this exactly means that for the
corresponding partitions we have A\(J) C A([). O
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Let Zypq = (L1, ...,I,) be the Grassmann necklace corresponding to a matroid
M C ([Z]). Let us also denote Ay = (A1), ..., A(n)) the sequence of partitions
iy = M (1)), for i € [n]. In other words, the partitions A(;) are chosen so

Ci—l _ Ci—l
that Q7 = QM) .
Proposition 17.4. Let S, ST be two cells in Grin®, Ay = (M), -+ -5 An)) and

Ay = ()\’(1), ce )\’(n)). Then S < S'O7 if and only if X;y C )\’(i), for all i € [n].

Proof. If Xy C A, for all i € [n], then Stor < SR, by Theorem 17.2. On
the other hand, suppose that ST < ST?. Then M C M’. In particular, the
lexicographically minimal base I of of M is also a base of M’. By Lemma 17.3,
this implies that A\;) C /\'(1). Taking cyclic shifts and using the cyclic symmetry of
the construction, we get A¢;y C /\’(i), for any ¢ € [n]. O

Let us now describe the partial order on the cells S%" in terms of decorated

permutations.

Definition 17.5. The circular Bruhat order C By, is the partial order < on the set
of decorated permutations of type (k,n) such that, for two decorated permutations
7 and o’ corresponding to the cells ST and ST} in Gri™", we have 7* < o* if and

kn >
only if ST < ST

Lemma 17.6. The circular Bruhat order C By, has a unique top element given by
the decorated permutation Ty : 4 — i+ k (mod n), fori € [n] (for k=0, all fized
points of mop are colored black, and for k = n all fized points of Ty are colored
white). The circular Bruhat order CBy, has (2) minimal elements corresponding
to the identity permutation permutation with some k fized points colored in white
and remaining (n — k) fized points colored in black.

tnn

Proof. The top element of C' By, corresponds to the top cell St C Gri®*, where
M = ([Z]) is the complete matroid of rank k& on [n]. By Lemmas 16.2 and 16.3,
this matroid corresponds to the Grassmann necklace Zyq = (I1,...,I,) with I; =
{i,i+1,...,i+ k}, for i € [n] (elements are taken modulo n); and this necklace
corresponds to decorated permutation mop @ @ = 1 4 k.

On the other hand, minimal elements of C'By,, correspond to 0-dimensional cells
S%r. These cells are fixed points of the torus action on the Grassmannian Gry,,.
In other words, they correspond to matroids with a single base M = {I}. Under
the correspondence M +— 7°, the k elements of I give k white fixed points of 7 and
n — k elements of [n] \ I give n — k black fixed points of 7. O

For a,b € [n], define the cyclic interval [a,b]Vc as {a,a + 1,...,b} if a < b,
and as {a,a +1,...,n,1,...,b0— 1} if a > b. In other words, a cyclic interval
is a sequence of consecutive numbers arranged on a circle in the clockwise order.
For a decorated permutation 7 and a pair a,b € [n], let us define the number
rap(7) as the number of shifted anti-exceedances i of 7 with respect to the shifted
order <, such that ¢ € [a,b]®°. In other words, if Z(n") = (I1,...,I,), then
rap(m) = |IoN{a,a+1,...,b}|. In particular, for a decorated permutation of type
(k,n), we have rq o—1(7") = k, for any a € [n]. (Here we take indices a,b modulo

Corollary 17.7. For two decorated permutations ' and o* of the same type, we
have 7 < o if and only if rap (7)) < rap(o’) for all a,b € [n].
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Proof. Follows from Proposition 17.4 and the fact that, for two partitions A, u C
(n — k)*, we have A\ C y if and only if |[I(X\) N [b]]| < |I(p) N [b]| for any b € [n]. O

Recall, that we presented each decorated permutation 7 by a chord diagram; see
Figure 16.1. Also recall crossings, alignments, and misalignments from Section 5.
This notions can be adapted for decorated permutations, as follows.

Let 7 be a decorated permutation, and let (b, by(;)) and (bj, b)), @ # j, be a
pair of chords (or loops). We say that this pair is a crossing if w(j) € [¢, w(i)]<v¢
and j € [n(4),i]°°. We say that this pair is an alignment if 7(i) € [i,7(5)]°Y® and
j € [m(4),4]°v¢; if w(i) = 4 then ¢ must be colored col(i) = 1 (counterclockwise loop),
and if 7(j) = j then j must be colored col(j) = —1 (clockwise loop); see Figure 17.1.
Note that in a crossing the vertex b; is allowed to coincide with by (;), and the vertex
b; is allowed to coincide with b, ;). But a loop can never participate in a crossing.
On the other hand, two chords in an alignment never have common vertices, but
the vertex b; can coincide with b ;) and form a counterclockwise loop, and similarly
(bj, br(;y can form a clockwise loop. In particular, any counterclockwise loop forms
an alignment with any clockwise loop.

b; br(s) bi N bri)
b; br i) b; K br(s)

crossing: alignment:

FIGURE 17.1. A crossing and an alignment

Let us say that a crossing as above is a simple crossing if there are no any
other chords (1,7 (1)) such that I € [j,4]?¢ and #(l) € [7(j),n(¢)]°¥¢. Similarly, a
simple alignment is an alignment such that there are not other chords (I, 7(1)) such
that | € [4,4]°¢ and #(l) € [w(i),7(4)]Y°. In other words, simple crossings and
alignments should have no other chords that start on the left between b; and b;
and end on the right between b ;) and b, ;). Notice if 7° has a crossing/alignment
then it should also have a simple crossing/alignment. (Just pick the one where b;
and b; are closest to each other.)

For two decorated permutations 7', ¢ : of the same type, let 7° < ¢* denotes the
covering relation in the circular Bruhat order.

Theorem 17.8. In the circular Bruhat order C By, we have 7w < ¢’ if and only if
the chord diagram 7 is obtained from the chord diagram of o° by replacing a simple
crossing with the corresponding simple alignment as shown on Figure 17.2.

Note again that we allow i = o(j) and/or j = o(¢). In this case 7 should have
a counterclockwise loop at b; = by (;) and/or a clockwise loop at b; = b(;). In the
case when ¢ = 0(j) and j = (i), we can also switch ¢ and j and get the decorated
permutation clockwise loop at b; and counterclockwise loop at b;, which is also
covered by o°.

Proof. One directly verifies that for any pair 7* and ¢ related by “undoing a cross-
ing” as above, we have 74, (7)) < rgp(o’) for any a,b € [n]. Thus we have ©° < o'.
One the other hand, let Z(7*) = (I1,...,I,) and Z(c*) = (I1,...,I}). Then the

relation 7 < o° mean that I; is obtained from I} by moving some elements “to the
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b Nbxi) b bo ()
b bxi) by bo(s)

T o’
FIGURE 17.2. A covering relation 7° < ¢ in the circular Bruhat order

right” (with respect to the linear order <; on [n]). We may assume that I; # I].
(Otherwise cyclic shift all elements using the cyclic symmetry of the construction.)
Suppose that I; is obtained from I by switching the elements i1, ...,is € I] with
J1y--+,Js, Where ji > i1, ..., js > is. Let a = 7 1(i1) and b = 77 1(j;). Then
a < ip and b > j; because j; belongs to the anti-exceedance set of 7« and i
does not belong to this set. Note that for i € [b+ 1,a]%, the set I; contains j;

and does not contain 1. Let (I{,...,I”) be the Grassmann necklace such that
I = (I; \ {j1}) U {i1}, for i € [b+ 1,a]?¢, and I}/ = I; otherwise. Let p' be the
decorated permutation corresponding to (I{,...,I”). Then we have 7 < p' < o'
and 7' is obtained from p' by undoing a crossing. ([

In Section 18 we will explicitly describe how the cells are glued to each other,
which will explain where these “undoings of crossings” are coming from.

Let us define the alignment number A(r*) of a decorated permutation as the total
number of pairs of chords (or loops) in 7* forming an alignment. The following claim
is obtained by an easy verification.

Lemma 17.9. Suppose that 7 is obtained from o' by undoing a simple crossing as
shown on Figure 17.2. Then A(m') = A(o’) + 1.

Notice that the maximal element 7, in C By, has no alignments. On the other
hand, all minimal elements 7* € CBy,, have k(n — k) alignments; see Lemma 17.6.
Also notice that the dimension of the top cell in Gri®® is k(n — k). As we go
down from the top element 7., to a minimal element in C'By,, by undoing simple
crossings, the alignment number A(7°) increases by 1 at each step. On the other
hand, dimensions of the corresponding cells should drop by at least 1 at each step.
Since the dimension of the top cell is the same as the number of steps, we obtain
the following claim.

Proposition 17.10. For the decorated permutation ©° € C By, associated with a
cell SR, we have dim SY" = k(n — k) — A(x’). The circular Bruhat order is a
ranked poset with the rank function rank(w) = k(n — k) — A(r7").

Let us now explain the reason why we call the partial order C' By, the circular
Bruhat order. Actually, one can embed the usual (strong) Bruhat order on the
symmetric group Sy (and also the product of two copies of the Bruhat order) into
CBy, 21, as a certain interval.

Let S{" be a cell in Gry’s, such that [k],[k + 1,2k] € M. Such cells are
exactly the double Bruhat cells of Fomin-Zelevinsky, see Remark 3.11. Then the
corresponding Bruhat necklace Zyq has the entries Iy = [k] and Ij.+1 = [k + 1, 2k].
This means that the corresponding permutation m = w(Zxq) satisfies the following
condition: 7 : [k] — [k + 1,2k] and 7 : [k + 1,2k] — [k]. (Such permutations
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have no fixed points so there is no need to decorate them.) In other words, = can
be subdivided into two permutations from Sy, as follows. For two permutations

u,v € S, let 7 = 7(u,v) be the permutation in Soy, given by 7(i) = u(i) and
7(i) =v(i) fori =1,...,k, where i =2k +1 —i.

Proposition 17.11. For two permutations 7(u,v) and w(u',v"), where u,v,u’,v" €
Sk we have m(u,v) < w(uw,v’) in the circular Bruhat order CBy ok if and only if
u < v and v < v in usual Bruhat order on Sy. The interval [w(1,1), Top] in
CBy, 21 1s isomorphic to the direct product of two copies of the usual Bruhat order
on Sk.

Proof. For permutations of the form m(u,v), the description of the circular Bruhat
order from Corollary 17.7 is equivalent to the well known description of the usual
Bruhat order on Si: w < w' if and only if [{i € [a] | w(i) € [b]} = |{i € [a] |
w' (i) € [b]}| for any a,b € [k]. The second claim follows from the fact that any
element element 7 which is greater than 7(1,1) in CBy ok should have the form
m = 7(u,v). O

18. GLUING OF CELLS

In this section, we will explicitly describe how the nonnegative Grassmann cells
Stor are glued to each other using the network parametrization Measq of the cells.

Let G be a plabic (undirected) graph and let O be a perfect orientation of
its edges. Denote by G' = (G, Q) the corresponding directed graph. According
to Theorem 12.7 (or Theorem 4.11), for each cell S{" C Grim* there is a a di-
rected graph G’ as above such that the boundary measurement map Measg maps

]RE(()G,) /{gauge transformations} onto S%". By a slight abuse of notation, we will

E(G)

also denote by Measgs the map RS,

— Stop.

Lemma 18.1. The map Measg: : RE(()G,) — Gri™ uniquely extends to the contin-
uous map Meascy RE(()G ) Grimn,

This claim is trivial for an acyclic graph G’. But we allow G’ to have cycles.
Proof. The uniqueness is clear because RSE)G) is a dense subset in Rg(()G ). We
need to check that Measg: does not have have poles as some of the edge vari-
ables z. approach 0. This follows from Lemma 4.4, which says that the boundary
measurements M;; are well-defined functions on R}ZEBG ) O

Clearly, the image of the map Measg: belongs to the closure ST®. Moreover,
this image consists of the union of some cells S'%%. Indeed, these are the cells that
correspond (as in Theorem 4.11) to all directed graphs H' obtained from G’ by
removing some edges.

Let us show that the opposite is true. For any fixed (perfectly orientable) plabic

graph G' and any point p in the closure S%" of the corresponding cell, there exists
a directed graph G’ obtained by a perfect orientation of edges of G such that
p € Image(Measg).

Let p € S%". Let us pick the graph G’ = (G, O) for some perfect orientation O of
G. Then we can find nonnegative functions z.(t) :]0, 1] — Rx¢ on edges e of G’ such
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that lim;_,g Measg: ({z.(t)}) = p and each z.(¢) is of the form z.(t) = t™« f(¢),
where m. € R and f.(t) is real-valued analytic function such that f.(0) > 0.

Lemma 18.2. For any collection of edge functions x.(t) as above one can ap-
ply gauge transformations at vertices and switch edge directions along some paths
and/or closed cycles as in Section 10 to transform the x.(t) into functions x.(t)
that have no poles at t = 0, for all edges e.

Proof. Let M = min(m,.). We may assume that we have already transformed the
edge functions by gauge transformations and switching edge directions so that M
is a big as possible and the number of edges e such that m, = M is as small
as possible (for this M.) If M > 0 then the x.(f) have no poles. Assume that
M < 0. For any directed edge e = (u, v) such that m. = M, where v is an internal
vertex, there should be an outgoing edge €’ from the vertex v such that my = M.
Otherwise, mer > M for all edges €’ outgoing from v, and we could apply a gauge
transformation ¢, = t~¢ at this vertex so that m. increases by € and the m,, decrease
by —e. For a sufficiently small € > 0 this would make the number of edges with
me = M smaller, which is impossible by our assumption. Similarly, there should
be an edge e” incoming to the vertex u such that m.» = M. This means that we
can always find a directed path P in G’ joining two boundary vertices (or a closed
cycle O) such that for all edges e in this path/cycle we have m, = M. Let us switch
directions of edges in P (or C) and invert the edge functions x.(t) for these edges;
see Section 10. This switch would transform the m, = M into —M for all edges
in the path/cycle, so again this would make the number of edges with m, = M
smaller, which is impossible by our assumption. Thus we should have M > 0, as
needed. O

According to Lemma 18.2, the graph G’ and the edge functions z.(¢t) can be
chosen so that the z.(¢) have no poles at ¢ = 0. That means that the point
p = limy_o Measq: ({z.(t)}) = Measg/{z.(0)} belongs to the image of Measg:.

We have proved the following result.

Theorem 18.3. For a cell S, pick any (perfectly orientable) plabic graph G such
that Measc maps onto SY". Then the closure of this cell equals

Str= | Mease RE) c arip,
G'=(G,0)

where O ranges over all perfect orientations of G.

Assume that G is a contracted plabic graph. (That is G is without unicolored
edges, non-boundary leaves, and vertices of degree 2). For each G’ = (G,0), we
have ) )

Meascr (RES) = ) Meas i (REST),
P

where the union is over directed graphs H’ obtained from G’ by removing some
edges (but keeping all vertices). If we remove a directed edge e = (u,v) where u
is a black vertex and v is white, then u will be an internal sink and v will be an
internal source in the obtained graph. Instead of removing such edge e, we could
remove all incoming edges to the vertex u (and get a graph with the same image
of Measp). Thus in the above union it is enough to take only graphs H’ obtained
from G’ by removing some white-to-black directed edges e = (u,v), i.e., u is white



TOTAL POSITIVITY, GRASSMANNIANS, AND NETWORKS 71

and v is black. Notice that such graphs H' will be perfectly oriented graphs with
the same coloring of vertices as in the graph G.

For a contracted plabic graph G, let us say that a plabic graph H is a subgraph
of G, and write H C G, if H is obtained from G by removing some edges while
keeping all vertices in G. When we remove a nonleaf edge e = (b;,v) attached
to a boundary vertex, we need to create a new boundary leaf at b;, whose color
is opposite to v. When we remove an edge e = (b;,b;) between two boundary
vertices, we need to create two boundary leaves at b; and b; of different colors. (So
there are two different ways to “remove” such edge.) We are not allowed to remove
boundary leaves. Note that each perfect orientation of a plabic subgraph H C G
uniquely extends to a perfect orientation G. (Just direct all removed edges from
white vertices to black vertices.)

Let us call a plabic graph almost-reduced if it consists of a reduced graph possibly
together with some dipoles (isolated components with a single edge and a pair of
vertices of different colors).

Theorem 18.3 and the above discussion implies that the closure ST is the union
of Image(Méas ) over all perfectly orientable plabic subgraphs H C G. Let us show
that it is enough to take only almost-reduced plabic subgraphs H.

Lemma 18.4. Let G be a perfectly orientable contracted plabic graph. Then G has
an almost-reduced plabic subgraph H C G such that boundary measurement maps

Measc and Measy have the same images in Gri®®.

Note that if we remove the edge from a dipole, then we would create a graph
with a singleton (isolated component with a single vertex), which is not perfectly
orientable. This is why we need to consider almost-reduced subgraphs (and not
just reduced ones).

Proof. Suppose that G is not almost-reduced. Let us pick its perfect orientation
G’ and transform this (directed) graph by the moves (M1)—(M3) into a (directed)
graph G, where we can apply a reduction (R1) or (R2); see Section 12. Then we
can find an edge é = (u,v) in G directed from a white vertex u to a black vertex v
such that by removing € from G we will not change the image of Meass. (We need
to check 3 possible directions of edges in (R1); for (R2) there is only one possible
direction of edges; see Figures 12.4 and 12.5.) Let us transform G back to G’ by
moves (M1)—(M3) and keep track of the “marked for removal” edge é. In all cases
when we perform a move G” — G and G has a white-to-black marked edge e”,
one can find a white-to-black edge ¢”” in G’ such that the maps Measg\ (e} and
Meas i (o1 have the same image. The only case that needs a special attention
is square move (M1). Note that transformations of edge weights on Figure 12.7
involve only weights of the four edges in the square. Thus, if €” is not one of these
four edges, then we can just keep this edge ¢/ = €”. If €” is one of the four edges
in the square, the we can pick e’ to be the edge opposite to e” in the square.
This shows that in the (directed) graph G’ we can always find a white-to-black
edge ¢’ whose removal does not change the image of the map Measg. Thus in
the undirected graph G we can find an edge e whose removal preserves perfect
orientability and does not change the image of Measc. If the graph G\ {e} is still not
almost-reduced then we can repeatedly remove its edges using this procedure until
we get an almost-reduced graph with the same image of the boundary measurement
map. O
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We proved the following result.

Theorem 18.5. For a cell S'8", and any reduced contracted plabic graph G asso-
ciated with this cell, we have
S = |J Measy (RESD ™),
HCG

where H ranges over all almost-reduced plabic subgraphs H C G.

Note that each term in the right-hand side of this expression is a certain cell

St inside the closure S'5". Each map Meas gives a parametrization of this cell.

Remark 18.6. Let us describe bases of the matroid M using Theorem 18.5. Any
almost-reduced subgraph H C G should contain at least one edge incident to each
internal vertex v of G. (If we remove all edges incident to v then we would get a
graph, which is not perfectly orientable.) Thus minimal almost-reduced subgraphs
are the subgraphs containing exactly one edge at each internal vertex. These are
partial matchings of GG, discussed in the end of Section 11. Each minimal subgraph
H C G gives a cell St that consists of a single point and M’ contains a single
base I = {i | b; connected to a white boundary leaf}. For any base of M, there is
a minimal subgraph of this form. We obtain the description M equivalent to the
matching matroid M@ from Lemma 11.10.

Remark 18.7. There is an analogy between the usual Bruhat order on a Weyl group
W and the circular Bruhat order C By,,, as follows. The cells S}&n are analogues of
Weyl group elements w € W; plabic graphs G are analogues of reduced decompo-
sitions w = s;, - - - s;,; plabic subgraphs H C G are analogues of reduced subwords
in a reduced decomposition. Then Theorem 18.5 corresponds to the following well-
known description of the Bruhat order on W. For w = s;, ---s;,, all elements u
such that v < w (in the Bruhat order) have reduced decompositions obtained by
taking subwords in s;, - - - s;;.

This analogy can be made more precise. Each type A reduced decomposition w =
Siy ---8i; € Sy is graphically represented by a wiring diagram. We can transform
the wiring diagram into a reduced plabic graph G with n = 2k boundary vertices
by replacing each crossing with a pair of trivalent vertices as shown on Figure 18.1.
The trip permutation of Gis 7 : i — 2k+1—w(i), fori € [k] and 7 : i — 2k+1 —14,
for i € [k + 1,2k]. Subgraphs H C G obtained by removing some vertical edges of
G correspond to subwords in the reduced decomposition.

Remark 18.8. Note that two different subgraphs of H C G might correspond to
the same cell in the closure S%". (Similarly, to the situation when different two
subwords in a reduced decomposition give the same Weyl group element.) That
means that possibly there are some nontrivial identifications of components in the
right-hand side of expression in Theorem 18.5. This why the description of the

geometrical structure of the closure ST is a nontrivial problem. Conjecturally, the
closure S%" is homeomorphic to an open ball.

Let us now describe the covering relation < in the circular Bruhat order using
tnn

Theorem 18.5. Suppose that the cell S covers S'7. Let us pick a reduced
contracted plabic graph G such that S%* = Image(Measi) and G has no leaves
and vertices of degree 2. By Theorem 18.5, there is an almost-reduced subgraph

H C G such that S8 = Image(Measy). Note that if H is obtained from G
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X — X

FIGURE 18.1. Transforming a wiring diagram of w = s1 82537 into
a plabic graph G

by removing two or more edges, then it number of faces drops by at least 2. By
Proposition 17.10, the circular Bruhat order C By, is a ranked poset with the rank
function equal dim ST?. Thus the codimension of % in S%" should be 1, that is
H is obtained from G by removing a single edge. In this case we cannot create a
dipole, so H should be reduced.

Let us call an edge e in a reduced contracted plabic graph G removable if G\{e} C
G is a reduced plabic graph. By Theorem 18.5, removable edges in G are in one-
to-one correspondence with the cells covered by ST = Image(MéasG).

Let G be a reduced contracted plabic graph with the decorated trip permutation
7' = 7'(G). For an edge e, let T} : by — br(;y and T3 : bj — br(;) be the two trips
in G that contain e (and pass this edge in two different directions).

Lemma 18.9. The edge e is removable if and only if the pair (i,7(i)) and (j,7(5))
is a simple crossing in the decorated trip permutation 7 . In this case the decorated
trip permutation of G\ {e} is obtained from 7 by replacing this simple crossing
with the corresponding alignment; see Figure 17.2.

Since we have already described covering relations in Theorem 17.8, this lemma
follows. We can also easily deduce it from the reducedness criterion in Theo-
rem 13.2.

Proof. The trips of G \ {e} are exactly the same as the trips of G, except that we
need to switch tails of 77 and 75 at the their (essential) intersection point at e.
According to Theorem 13.2, the graph G \ {e} is reduced if and only if the trips
Ty and T5 have only one essential intersection at e; and there is no any other trip
T3 that intersects the part of T} before e and then the part of Ty after e; and vise
versa. The means that the pair (¢,7(7)) and (4, 7(j)) is a simple crossing in 7. On
the other hand, for a simple crossing in 7*, the corresponding pair of trips should
intersect only once. Otherwise, if they intersect > 3 times, then there is another
trip T3 that passes through, say, the second intersection point of 77 and T5. This
trip cannot intersect the tails of 77 and T3 (after all their intersection points). Thus
T3 should end at a boundary point between by ;) and br(;). (Here we assume that
the vertices are arranged on the circle as in the crossing on Figure 17.1 and the word
“between” means “between in the clockwise order”.) Similarly, T3 should start at
a boundary point between b; and b;. So the crossing in 7' would not be simple.
Also if there is a trip T4 that first intersects with the initial part of 77 before e and
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then intersects with the part of T3 after e, then again the trip T4 would form an
obstruction for a simple crossing. O

Corollary 18.10. For a cell S and a reduced contracted plabic graph G such
that ' = Tmage(Measg), the cells S that are covered by S are in one-
to-one correspondence with removable edges e of G. They have the form S'&} =
Image(MéasG\{e}).

tnn tnn

Let us show how to glue such adjacent cells Si* and Sy} together. For a
reduced plabic graph G and a removable edge e € G, pick a perfect orientation O
of G\ {e}. Let G’ be the graph obtained by directing edges of G so that the edge
e is directed from a white vertex to a black vertex and other edges are directed as
in O.

Let E = E(G') and V = V(G"), be the edge and vertex sets of G’. Let R x
R>¢ be the space of edge weights {xf}¢ep(qr) such that xy > 0, for f # e, and
T > 0. Then

—|vi-1

(RE;¢ x Rxo)/{gauge transformations} ~ RLEO‘ X R>o.

Corollary 18.11. The map Measg: : ]Rgo — ST induces the bijective map

|E|-|V]-1 tnn
R>O X RZO — S./\/l .

The restriction of this map to the subset given x. > 0 is a parametrization of S{"

and the restriction of this map to the subset x. =0 is a parametrization of S{.

19. I-DIAGRAMS AND BRUHAT INTERVALS

Rietsch constructed cellular decomposition of the totally nonnegative part of
G/P; see [Riel, Rie2, MR]. In this section we show that Rietsch’s cells are in
one-to-one correspondence with the cells ST

Let us fix the pair (k,n) as before. Recall that a permutation w € S, is
called Grassmannian if w is the minimal length representative of a left coset
(S X Sp—k)\Sn. In other words, w is a Grassmannian permutation if w(l) <
w(2) < - <w(k) and wk+1) <wk+1) <--- <wn).

In case of the Grassmannian Gry,, Rietsch’s cells are labeled by pairs of permu-
tations (u,w) in W = S, such that v < w in the Bruhat order on W and w is a
Grassmannian permutation. Let us construct a bijection between such pairs and
J-diagrams.

Grassmannian permutations are in bijection with partitions A C (n — k)*. This
bijection can be described as follows. Rotate the Young diagram of shape A by 45°
counterclockwise and draw the wiring diagram with k wires going along the rows
of A and (n — k) wires going along the columns of A. Label both ends of the wires
by numbers 1,...,n starting from the bottom. This wiring diagram represents
a permutation w) such that the wires connect the indices 7 on the left with the
wy () on the right; see Figure 19.1. Using our earlier notation, we can describe this
permutation as wy = (ig,lg—1,..- 211, Jn—ks Jn—k—1, - - - ,71), where I(\) = {i; <
s <kt [RININ) = {j1 < -+ < Jn—k}, and ¢ := n + 1 — 4; see Section 2. It is
clear that the length £(w)y) (the number of inversions) equals |A|.

Let D be a J-diagram of shape A. Again rotate it by 45° counterclockwise.? For
each box of A filled with a 1 in D (shown by a dot), we replace the corresponding

2After rotation, it should be called >-diagram.



TOTAL POSITIVITY, GRASSMANNIANS, AND NETWORKS 75

>

I
=N WO U1 O~ 00 ©
=N WO OT O~ 00 ©

FIGURE 19.1. A Young diagram A = (5,5,2,1) and the cor-
responding Grassmannian permutation wy = 248913567 for
(k,n) = (4,9)

crossing in the wiring diagram of wy by an uncrossing, as shown on Figure 19.2.
The obtained “pipe dream” is a wiring diagram of a certain permutation in S,,,
which we denote by up € S,.

N WK Ot 3 0o ©
N WA OO 0 ©

FIGURE 19.2. A I-diagram D and the corresponding permutation
up =142735968

Theorem 19.1. The map D — up is a bijection between I-diagrams of shape A
and permutations u € S, such that u < wy in the Bruhat order on S,. The number
of ’s in D equals £(wy) — l(up).

Lemma 19.2. Marsh-Rietsch [MR, Lemma 3.5] Let w = s;, -+ $;, be a reduced
decomposition of a Weyl group element w € W. Then, for any u such that u < w
in the Bruhat order, there is unique subset J = {j1 < --- < js} C [I] such that

u = 8i; ---8i;, and (sj, 85, - 8; ) Si,, > 85,85 8, for all a € [l — 1], where
!

J1 o Js 12 Ta 11 “12
s;, = si; for j € J and sgj =1 otherwise.

Clearly, u = Sij, iy, should be a reduced decomposition.

It is well-known that for any u < w there is a subword in a reduced decomposi-
tion w = s;, - - - 8;, which gives a reduced decomposition of u; see [Hum]. However,
there are usually many such subwords. The above lemma describes one distin-
guished subword for each v < w. Remark that the subset J described in the
Lemma 19.2 is exactly the lexicographically minimal subset in [I] that produces a
reduced decomposition of u.

In type A case, the condition of Lemma 19.2 have a simple combinatorial de-
scription. A reduced decomposition of w corresponds to a wiring diagram ¥V where
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the wires are not allowed to cross more than once. Subwords in the reduced decom-
position correspond to diagrams W’ obtained from W by replacing some crossings
of with uncrossings (like we did above for w)). The condition of Lemma 19.2 says
that once two wires in W’ intersect with each other they can never intersect or even
touch each other again. Here “touch” means that the two wires participate in the
same uncrossing of W'.

For example, this condition fails for the wiring diagram shown on Figure 19.2.
Indeed, the two wires whose left ends are labeled by 4 and 6 intersect each other
and then arrive to the same uncrossing. However, if we take the mirror image of
the condition (with respect to the vertical axis) then we will get exactly what we
need.

Let MR(\) be the set of pipe dreams obtained from the wiring diagram of wy
by replacing some crossings with uncrossings so that the following conditions hold:

(1) Two wires can intersect at most once.
(2) If two wires do intersect at point P, then they cannot participate in the
same uncrossing to the left of P.
The set MR(\) corresponds to the subwords in a reduced decomposition of w) that
satisfy the (mirror image) of Marsh-Rietsch’s condition.

Lemma 19.3. The set MR(\) is ezactly the set of pipe dreams coming from -
diagrams, as described above.

Proof. Recall that I-diagrams D can be described as follows. For any box x filled
with a 0 in D, either all boxes above x or all boxes below x are filled with 0’s. Let
us translate this J-condition in the language of pipe dreams. It says that, for any
crossing of two wires at point P, at least one of these wires does not participate
in any uncrossing before P. So that one of these wires goes directly from the
boundary of A (from the North-West or from the South-West) to the intersection
point P without making any turns. Clearly, such pipe dreams belong to the set
MR(A). Let us now show the opposite inclusion. Suppose that the I-condition
fails at some point P. That means that both wires intersecting at P diverge from
the straight course before P. Let A and B be the points where the wires make
the last turns before arriving to P; see Figure 19.3. Let us consider the rectangle

A

FiGURE 19.3. A failed I-condition implies a failed MR-condition

R with the vertices A, B, P and another vertex C. Let us assume that our failed
J-condition was chosen so that the size of the rectangle R (say, its perimeter) is
a small as possible. Then any other wire that intersects with the side AP or BP
of R cannot make any turn in the rectangle R. Indeed, if it makes a turn then it
gives another failed J-condition with a smaller rectangle. Thus all other wires go
straight through the rectangle R as shown on Figure 19.3. Thus means that the
two wires that intersect at P should either intersect or touch each other at C. This
means that the condition describing the set MR(\) also fails. g
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This proves Theorem 19.1 and shows that our cells are in bijection with Rietsch’s
cells. This implies Theorem 3.8 saying that these two cell decompositions coincide.

20. FROM I-DIAGRAMS TO DECORATED PERMUTATIONS (AND BACK)

The cells S%" are in bijection with J-diagrams (Theorem 6.5) and also in bijec-
tion with decorated permutations (Theorem 17.1). In this section we discuss the
induced bijection between JI-diagrams and decorated permutations.

Let us pick a J-diagram D of shape A C (n — k)¥, transform it into I'-graph G,
and then transform this graph into a plabic graph G’;“bic (see Section 9). In other
words, we need replace 4-valent vertices of G, by pairs of trivalent vertices and
color the vertices as shown on Figure 20.1. Theorems 6.5 and 17.1, and Proposi-
tion 16.4 imply that the corresponding decorated permutation is the decorated trip
permutation of the obtained graph.

G

1 ! ﬁL
F1GUrE 20.1. Transforming I'-graphs into plabic graphs

Corollary 20.1. The map D — #(G%labm) is a bijection between I-diagrams of
shape A C (n — k)* and decorated permutations with the anti-exceedance set I(\).

The rules of the road for plabic networks (see Figure 13.1) translate into the
rules of the road for I'-graphs shown on Figure 20.2. So the decorated permutation
7 corresponding to a J-diagram D can be described as follows. The empty rows
(columns) or D correspond to white (black) fixed points of 7*. For other entries we
need to follow trips in the graph I'-graph GL,. Let us trace backwards the trip that
ends at a boundary vertex b; located on a vertical segment of the boundary. We
need to go from b; all the way to the left until we hit a I'-turn or a F-fork (the first
and the third segments shown on Figure 20.2), then turn down and go until the
first junction, then turn right and go until the first junction, then turn down, then
right, etc. We need to keep going in this zig-zag fashion until we hit the boundary
at a boundary vertex b;. Then we should have m(j) = i in the corresponding
permutation. The rule for trips that end on a horizontal segment of the boundary
is the symmetric to the above rule (with respect to the axis  + y = 0).

TT%?L

FI1GURE 20.2. Rules of the road for I'-graphs
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The above reformulation of the bijection D +— W:(G%l“bic) in terms of zig-zag
paths was found by Steingrimsson-Williams [SW]. They used it to investigated
nice properties of this bijection with respect to various statistics on permutations
and J-diagrams.

Let us give a simpler description of the bijection between JI-diagrams and deco-
rated permutations using the bijection D — up constructed in Section 19.

Let wyx = (wi,...,wn) = (lhylho1y- -1, In—ksJn—k—1,---,J1) be the Grass-
mannian permutation associated with A C (n — k)*, where I(\) = {i; < --- < i},
NI\ = {j1 < < jni},and i:=n+1—i.

Lemma 20.2. For a permutation u € S,,, we have u < wy in the Bruhat order if
and only if uy < wy, ..., up < Wk and Ugp1 > Wity .-, Uy > Wy

Proof. According to the well-known description of the Bruhat order on S,,, we have
u < wy if and only if {i € [a] | u(i) € [b]} < {i € [a] | wr(?) € [b]}, for any a,b € [n].
This translates into the needed inequalities. ([l
Let us now describe the map u +— 7 = 7'(u) from permutations u < wy to dec-
orated permutations 7 with the anti-exceedance set I(\). It is given by 77 1(i;) =
g, ..., ® (i) = @y (with fixed points colored in white), and 7=1(j1) = i, ...,
7 (jn—r) = tigs+1 (With fixed points colored in black).
Theorem 20.3. The map u — 7' (u) is a bijection between the Bruhat interval
{u | u < wy} and decorated permutations with anti-exceedance set I(\). The map
D — 7 (up) is the bijection between I-diagrams and decorated permutations, which
coincides with the above map D — m (GELAY),

Proof. The first claim follows directly from Lemma 20.2. The second claim is
obtained by comparing the constructions of up and W:(G’;“blc). O

21. CLUSTER PARAMETRIZATION AND CHAMBER ANZATZ
22. BERENSTEIN-ZELEVINSKY’S STRING POLYTOPES
23. ENUMERATION OF NONNEGATIVE GRASSMANN CELLS

Let Ni, be the number of totally nonnegative cells in the Grassmannian Gry,,.
Recall that the Eulerian number Ag, is the number of permutations w € S,, such
that w has k — 1 descents: #{1 € [n—1] |w() >w(i+1)} =k — 1.

Proposition 23.1. The numbers N, are related to the Eulerian numbers by N, =
S (")Ak,n,r, Their generating function is

r=0 \r
n
Y
1+ ) 2= Ny, = €™
n:
n>1,0<k<n

z—1
€T — ell(wfl) ’

Proof. According to Theorem 17.1, Ng,, is the number of decorated permutations
7w of size n with k anti-exceedances. If we remove black fixed points from 7* we
get a usual permutation with k anti-exceedances. It is well-know that the Eulerian
number count such permutations. The second claim is obtained from the known
generating function for the Eulerian numbers. t

The numbers N, appear in Sloan’s On-Line Encyclopedia of Integer Sequences
[Slo] with ID number A046802.
Let N,, = EZ:O Ngy, be the total number of decorated permutations of size n.
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k|0 1 2 3 4 5 6
0 |1

1 11

2 |1 3 1

311 7 7 1

4 |1 15 33 15 1

5 | 1 31 131 131 31 1
6 | 1 63 473 883 473 63 1

FiGURE 23.1. The numbers Ny, of nonnegative cells in Grtkrr‘bn

Proposition 23.2. The numbers N, satisfy the recurrence relation Ny, = n-Np_1+
1, No = 1. The exponential generating function for these numbers is - Nn% =

e®/(1—x).

The sequence N,, appears in [Slo] with ID number A000522.

Let Nin(q) = > q™5" be the generating function for the nonnegative cells
St € Grit™ counted according to their dimension. By Theorem 6.5, we have

Nkn(q) = ZQ‘D‘7
D

where the sum is over J-diagrams whose shape fits inside the rectangle (n — k),
and |D| denotes the number of 1’s in the diagram.
Williams gave a formula for the polynomials N, (¢) by counting JI-diagrams.

Theorem 23.3. Williams [W1, Theorem 4.1] We have

Nin(4) = i (n) AN (A S IE | g Ry A )

7

where [i]q =

For a partition A, let Fi(q) =>_p q'P!, where the sum is over J-diagrams D of
shape A.

The approach of [W1] is based on the following simple recurrence for the poly-
nomials F)(g). Let us pick a corner box x of the Young diagram of shape A. Let
AN AR AG) and A® be the Young diagrams obtained from A by removing, re-
spectively, the box z, the row containg x, the column containg x, the column and
the row containing z; see Figure 23.2.

] L] T | L]

* L1
X

[T [+
=
[T
[T
[T
[T

FIGURE 23.2. F)\ = qFy\a) + Fy@ + Fy\e¢) — Flo
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Lemma 23.4. [W1, Remark 4.2] F)(q) = q¢ Fx@) () + Fr» (¢) + Fio (@) — Fy@ (q)-

([W1] formulated the case when x is in the last row of \.)

Proof. The sum Zq‘D | over J-diagrams of shape A such that the box z is filled
with a 1 equals ¢ Fy)(q). If D is a I-diagram such that the box z is filled with
a 0 then either all entries of D in the row of x are zeros, or all entries of D in
the column of x are zeros. By the inclusion-exclusion principle, the sum over such
J-diagrams equals Fy) (q) + Fs () — Fr (¢)- O

Steingrimsson-Williams [SW] studied various statistics on JI-diagrams. Corteel-
Williams [CW] investigated the relationship between I-diagrams and the asymmet-
ric exclusion process.

24. MISCEIJIANEOUS

Recall that a rook placement on some board is a way to place rooks so that no
rook attacks another rook.

Define a teuton as a chesspiece that can move only downwards and to the right. In
order to attack a piece, two teutons need to simultaneously charge from two different
directions in a wedge-shaped formation.> A teuton placement is a placement of
several teutons on a board such that no pair of teutons can attack another teuton.
In other words, a teuton placement is a subset S (possibly empty) of boxes on some
board (say, a Young diagram) such that for any three boxes a,b, ¢ in a I-shaped
pattern (as on Figure 6.1), if a,c € S then b & S.

For A C (n—k)k, let {i1 < --- < ir} =1I(N), {j1 < - < jni} = [n] \ I(N).
Define the skew shape k) = (n"‘k,;l, ... ,Ek)/(jl —-1,... ,jn_k — 1), where i
n+1—sq.

For a permutation w € S,,, the inversion graph G,, is the graph on the vertex set
[n] with edges (i, ) for any inversion i < j, w(i) > w(j). Let A,, be the hyperplane
arrangement in R™ that consists of the hyperplanes z; — x; = 0, for all inversions
i< g, w(i) > w(j).

Remind that wy € S, is the Grassmannian permutation associated with a par-
tition A C (n — k)*; see Section 19.

Theorem 24.1. For a partition X C (n — k)*, the following numbers are equals:

(1) The number of nonnegative cells SY* inside the Schubert cell Qy.

(2) The number of I-diagrams of shape A.

(3) The number of decorated permutations of size m with anti-exceedance set
I()N).

(4) The number of Grassmann necklaces (I, ..., In) with Iy = I(X).

(5) The number of permutations in the Bruhat interval {u € Sy, | u < wy}.

(6) The number of teuton placements on the Young diagram of shape A

(7) The number of rook placements with n rooks on the skew Young diagram of
shape K.

(8) The number of acyclic orientations of the graph G, .

(9) The number of regions of the hyperplane arrangement A, .

3According to Tacitus, the ancient Teutons arranged their forces in the form of a wedge (Ger-
mania, 6). Later this wedge-shape phalanx was known as svinfylking.
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The equality of (1), (2), (3), (4), and (5) is already proved bijectively in Theo-
rems 6.5, 17.1, and 20.3. Teuton placements on the Young diagram of shape A are
in a simple bijection with I-diagrams. Indeed, for a I-diagram D place a teuton in
each box x filled with a 1 such that all boxes above x or all boxes to the left of x
are filled with 0’s. This proves that the numbers (2) and (6) are equal. According
to Lemma 20.2, permutations u in the Bruhat interval {u | u < wy} are described
by certain inequalities. These inequalities mean that the corresponding rook place-
ment {(n + 1 —14,u(i)) | ¢ € [n]} belongs to the skew shape k). This proves that
the numbers (5) and (7) are equal. On the other hand, it is well-know (and trivial)
that the number of regions of a graphical arrangement equals the number of acyclic
orientations of the corresponding graph, which proves the equality (8) and (9). It
remains to show that, say, the number (2) of J-diagrams is equal to the number
(8) of acyclic orientations of the graph G, .

For a partition A C (n — k)¥, the graph G := Gy, C Kj,— is the bipartite
graph on the vertices 1,...,k and 1,..., (n — k)" with edges (4,j’) corresponding
to boxes (7, j) of the Young diagram of shape A.

Let xa(t) be the chromatic polynomial of the graph G,. By the definition, the
value of the polynomial y(¢) at a positive integer ¢ equals the number of ways to
color vertices of G with colors {1,...,t} so that any two vertices connected by an
edge have different colors. These are called t-colorings.

Lemma 24.2. Pick a corner boz x of the Young diagram of shape X, and let \(V),
A2 AG) XA be the partitions as in Lemma 23.4. Then we have

Xa(t) = xaw () =t (xa@ (1) 4+ xao (£) — xa (1)

Proof. 1t is enough to prove the identity for a positive integer t. Suppose that
x = (i,j), i.e., the corner box z lies in the ith row and the jth column of A.
Then the graph G, contains the edge (¢,5’). The vertex ¢ is incident to the
edges (i,1),(4,2),...,(i,5') and the vertex the vertex j’' is incident to the edges
(1,4),(2,4"),...,(i,5"). The graph Gy is obtained from G, by removing the
edge (4,7"). Thus xym (£) — xa(t) equals the number of t-coloring of G,y such that
the vertices 7 and j’ have the same color. Let é/\(z), é/\@), C~1'/\(4) be the graphs
obtained from G by removing, respectively, all edges incident to the vertex i, all
edges incident to the vertex j/, all edges incident to ¢ or j/. Then, for r = 2, 3,4, the
graph G A\ 1s isomorphic to Gy . Pick any t-coloring C of the graph G A\(@ minus
the vertices ¢ and j'. Suppose that the vertices 1,...,7 — 1 have ¢; different col-
ors and the vertices 1’; ..., (j — 1)’ have cq different colors in this coloring C. Note
that the graph G A0 contains the complete bipartite graph K;_; j_1 on the vertices
1,...,4—1and 1',...,(j —1). Thus all colors of the vertices 1,...,i — 1 must be
different from the colors of the vertices 1’,...,(j — 1)’. It follows that the vertices
1,...,i—1,1,...,(j—1)" have ¢; +co different colors. Clearly, the number of ways to
extend C' to a t-coloring of G \@ is t2, because there are t2 ways to pick colors of iso-
lated vertices 7 and j'. The number of ways to extend C to a t-coloring of the graph
C~1'/\(2) equals t(t—c1). Indeed, there are t ways to color the isolated vertex i and t—c;
ways to color the vertex j’ in a color which is different from all colors of adjacent
vertices 1,...,i—1. Similarly, there are ¢(t — co) ways to extend C to a t-coloring of
é/\(s). Also there are t — ¢; — ¢o ways to extend C to a coloring of Gya) where the
vertices ¢ and j’ have the same color. Indeed, there are t — ¢c; — co ways to pick a
color of these vertices, which should be different from colors of all adjacent vertices
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1,...,i—1,1,...,(j —1)". Now the identity, t(t —c1 —c2) = t(t —c1) +t(t — co) — t?
implies that t(x ) (t) — xa(t)) = xa@ (£) + xa@ (1) — xam (t), as needed. O

We can now finish the proof of Theorem 24.1. According to the well-known
Stanley’s result [Sta], the value (—1)"xx(—1) equals the number aoy of acyclic
orientations of the graph G,. Specializing Lemma 24.2 at ¢t = —1, we obtain
a0y = a0)(1) + a0y(2) + a0y — a0y . This is exactly the same as the ¢ = 1
specialization of the recurrence relation for F)(q) given in Lemma 23.4. The initial
condition Fp(1) = aoy = 1 is trivial. Thus F)\(1) = aoy, for any A, as needed.

Remark 24.3. The similarity of the recurrence relations in Lemmas 23.4 and 24.2
suggests that the polynomial F)(¢) and the chromatic polynomial x(¢) might
have a common generalization. It would be interesting to investigate the relation
between these polynomials. A first guess is that the polynomial F\(q) a certain
specialization of the Tutte dichromatic polynomial of the graph G. However, we
did not find an exact relationship with the Tutte polynomial.

The polynomials F\(q) and xx(t) have natural generalizations for any permuta-
tion w € S,,.

Let Fu(q) = > <w ¢"W) =) wwhere the sum is over permutations u less than
or equal to w in the Bruhat order. Then Fi(q) = F,,(q); see Theorem 19.1.
Also let ., (t) be the chromatic polynomial of the inversion graph G,,. The poly-
nomial ¢““)F,, (¢71) is the Poincaré polynomial of the complex Schubert variety
Xy = BwB/B in SL(n)/B. On the other hand, the polynomial (—#)"x,,(—t~1)
is the Poincaré polynomial of the complement to the complexified hyperplane ar-
rangement A,,, or equivalently, the Hilbert polynomial of the Orlik-Solomon al-
gebra of this arrangement. For example, for the longest permutation w, € S,
we have Fy, () = 1+ @)1 +q+¢*) - (1+q+¢*+ - +¢"1) and xu,(t) =
tl—-t)2—-t)---(n—1-1).

Let us say that a permutation w € Sy, is chromobruhatic if F,(1) = (—1)"xw(—1),
that is the number elements in interval [1,w] in the Bruhat order equals the num-
ber of acyclic orientations of G,,. According to Theorem 24.1, all Grassmannian
permutations wy are chromobruhatic. It is also clear that the longest permutation
wWo € 5, is chromobruhatic.

For two permutations w € S, and o € Si, we say that w avoids the pattern o if
there is no subset {i; < --+ < i} C [n] such that w(iy),...,w(ix) are in the same
relative order as o(1),...,0(k).

Conjecture 24.4. (1) A permutation w is chromobruhatic if and only if it avoids
the four patterns 4231, 35142, 42513, 351624.
(2) For any permutation w € Sy, we have (—1)"xw(—1) < Fy,(1).

We have verified this conjecture on a computer for n < 8. The numbers of chro-
mobruhatic permutations in S, forn =1,...,8 are 1,2,6,23,101,477,2343, 11762.

It would be interesting to find a common generalization of the polynomials F,(q)
and . (t) for chromobruhatic permutations w.

Remark 24.5. The conjecture implies that all 321-avoiding permutations are chro-
mobruhatic, all 231-avoiding permutations are chromobruhatic, and all 312-avoiding
permutations are chromobruhatic. Indeed, each of the four patterns in the conjec-
ture contains the patterns 321, 231, and 312.
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Remark 24.6. According to Lakshmibai-Sandhya’s criterion [LS], a Schubert variety
Xy 18 smooth if and only if the permutation w avoids the patterns 3412 and 4231.
Also, according to [Car], X,, is smooth if and only if its Poincaré polynomial is
palindromic: F,(q) = ¢"“ F,(¢~"). Conjecture 24.4 implies that all permutations
w with smooth Schubert varieties X, are chromobruhatic. Indeed, each of the
four patterns in the conjecture contains one of the two patterns from Lakshmibai-
Sandhya’s criterion. It would be interesting to elucidate a relationship between
chromobruhatic permutations w and the singular locus of the Schubert variety X,,.

Let us calculate the number of I-diagrams of the rectangular shape A = (n—k)~.
The Stirling number of the second kind S(k,c¢) is the number of ways to subdivide
the set [k] into a disjoint union of ¢ nonempty subsets.

Proposition 24.7. The number of I-diagrams of shape (n — k)* equals

k
Flopy (1) =Y (=1 (c+1)" "l S(k, ).
c=1
This number equals the number placements of n rooks on the n X n board with two

triangular shapes of sizes k —1 and n — k — 1 remowved from the opposite corners of
the board.

Proof. The second claim follows directly from parts (2) and (7) of Theorem 24.1. In
this case, the graph G, is the complete bipartite graph K} ,_;. Let us calculate
its chromatic polynomial xr, ,_, (t). The number of ¢-coloring of Ky, such that
the k vertices in the first part have c different colors equals (:) (t—c)" kel S(k,e).
Indeed, there are (f:) ways to pick a subset of ¢ colors, there are ¢! S(k, ¢) surjective
maps from [k] to the selected set of ¢ colors, and there are (t — ¢)"~* ways to pick
colors of vertices in the second part different from the selected ¢ colors. Thus the
chromatic polynomial xg, ,_, (t) equals

k

> @ (t—c)" "l S(k,e) =) tt—1)(t—2)--(t—c+1)(t—c)"* S(k,n).

c=1 c=1

Plugging in t = —1 and using Theorem 24.1(8), we get the needed expression for

F(n—k)’“(]-) = (_1)nXKk,n—k(_]‘)' 0
Theorem 24.8. The number of I-diagrams D of the triangular shape A = (n,n —
1,...,1) such that D contains no 1’s in the n corner boxes equals n!. The bijection

from this set of diagrams to permutations is constructed as follows. For i € [n],
let aj1 > a2 > -+ > aj, be the positions of 1’s in the i-th column of D. The the
permutation w € S, corresponding to D is given by the following product of cycles:

w = (n,a11,012,--.,01,% )0 — 1,a21,a22,...)(n — 2,as1,as2,...) -~ (1).
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