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QUANTUM SCHUBERT POLYNOMIALS

SERGEY FOMIN, SERGEI GELFAND, AND ALEXANDER POSTNIKOV

In this paper, we compute Gromov-Witten invariants of the flag manifold using a
new combinatorial construction for its quantum cohomology ring. Our construction
provides quantum analogues of the Bernstein-Gelfand-Gelfand results on the coho-
mology of the flag manifold, and the Lascoux-Schiitzenberger theory of Schubert
polynomials. We also derive the quantum Monk’s formula.

1. INTRODUCTION

Let F'l,, be the manifold of complete flags in the n-dimensional linear space C™.
The cohomology ring H*(F1,, ,Z) can be described in two different ways. An al-
gebraic description due to A. Borel [5] represents it canonically as a quotient of a
polynomial ring:

(1.1) H*(Fl,, ,Z) = Zlxy, ..., 0] /In ,

where I, is the ideal generated by symmetric polynomials in z1,...,x, without
constant term.

Another, geometric, description of the cohomology ring of the flag manifold is
based on the decomposition of F'l,, into Schubert cells. These are even-dimensional
cells indexed by the elements w of the symmetric group S,, . The corresponding co-
homology classes o, , called Schubert classes, form an additive basis in H*(Fl,, , Z).

To relate the two descriptions, one would like to determine which elements of
Z[x1,...,x,)/I, correspond to the Schubert classes under the isomorphism (1.1).
This was first done in [2] (see also [8]) for a general case of an arbitrary complex
semisimple Lie group. Later, Lascoux and Schiitzenberger [22] came up with a
combinatorial version of this theory (for the type A) by introducing remarkable
polynomial representatives of the Schubert classes o,, called Schubert polynomials
and denoted G, .

Recently, motivated by ideas that came from the string theory [31, 30], math-
ematicians defined, for any Kéahler algebraic manifold X, the (small) quantum co-
homology ring QH*(X,Z), which is a certain deformation of the classical cohomol-
ogy ring (see, e.g., [28, 19, 14] and references therein). The additive structure of
QH" (X ,Z) is essentially the same as that of ordinary cohomology. In particular,
QH*(Fl, ,Z) is canonically isomorphic, as an abelian group, to the tensor prod-
uct H*(Fl,,,Z) ® Z[q1,. - ., qn-1], where the ¢; are formal variables (deformation
parameters). The multiplicative structure of the quantum cohomology is however
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deformed compared to the classical cohomology ring H*(Fl, ,Z), and specializes
to it in the classical limit ¢ = -+ = gq,—1 = 0. The structure constants for the
quantum multiplication are the 3-point Gromouv-Witten invariants of genus 0. In-
formally, these invariants count equivalence classes of certain rational curves in the
algebraic variety Fl, .

The quantum analogue of Borel’s theorem was recently obtained by Givental
and Kim [15, 16, 17, 18] and Ciocan-Fontanine [7]. They showed that there is a
canonical ring isomorphism

(1.2) QH*(Fl,,,Z) 2 Z|q1, - - -, Gn-1][71, - - -, xn) /T,
where I is the ideal generated by the coefficients ET, ..., E}' of the characteristic
polynomial
(1.3) det(1+AGp) = > EPX
i=0

of the matrix

1 ¢ 0 - 0
-1 X9 q2 . 0
(1.4) G, = 0 -1 23 -~ 0
0 o 0 - =z,
This result specializes to Borel’s theorem in the classical limit ¢; = -+ = ¢,_1 = 0,
since in that case EI* specializes to el = e;(z1,...,x,), the elementary symmetric

polynomial of degree i. We call E* the i’th quantum elementary polynomial in the
variables z1,...,x, .

In what follows, Z[q] stands for Z[q1, ..., qn—1]. Analogously, Z[q, 2] abbreviates
Zlgi,. .. qun-a][z1, ..., @)

The next natural problem arising in the theory of quantum cohomology of the flag
manifold is that of finding an algebraic/combinatorial method for computing the
structure constants of quantum multiplication in the basis of Schubert classes (the
Gromov-Witten invariants). Since the general structure of the quantum cohomology
ring is given by (1.2) , a solution to this problem can be obtained from an algebraic
description of the elements of the quotient ring Z[g, z]/I2 that represent Schubert
classes under the isomorphism (1.2). In other words, one would like to express a
given Schubert class in terms of the generators z; using the quantum cohomology
operations.

In this paper, we solve these problems, thus obtaining a quantum analogue of the
Bernstein—Gelfand—Gelfand result. Our solution is essentially combinatorial, and
only relies on few properties of the quantum cohomology, which can be expressed
in elementary terms (see Properties 4.1-4.4).

The main question can be stated without mentioning Schubert classes. Suppose
a cohomology class c is written as a polynomial in the generators z; in the ordinary
cohomology ring of the flag manifold. How can ¢ be expressed in terms of the z;
using the quantum cohomology operations? In other words, one would like a direct
algebraic description of the quantization map defined by the following commutative
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diagram:
H*(Fl,) @ Zlq] = Zlg,x]/1n
(1.5) ! | quantization map
QHY(Fl.) = Zlg]/I}

In this diagram, the horizontal maps correspond to the ring isomorphisms (1.1) and
(1.2); the left vertical arrow represents the tautological Z[¢]-linear map.
In order to state our main results, we need some notation. Let

(1.6) eiy.in, = 6516’122 el = e, (1) e (@1 ,22) - €ip_ (X1, ,Tn-1) ,

7;7171
where we assume 0 < i, < k for all k; by convention, elg = 1. Similarly, let

1 ;2 n—1
(1.7) Ei..i,_, = ELE? .- E|

Loevin in—1 '

where each Efk is a quantum elementary polynomial in x1, ...,z , as defined above
by (1.3)-(1.4). It is not hard to show (see Section 3) that the cosets of the poly-
nomials e;, ;. _, (respectively, E;, ;. _,) form a Z|[g]-linear basis in the quotient
space Z|q, x]/I,, (respectively, Z[q,z]/I2).

Theorem 1.1. The quantization map is the Z|[q]-linear map Z[q, x]/ I, — Z[q, x] /I
that sends each coset of e;,. ;. _, to the corresponding coset of E;, i . .

The quantization map can also be described in terms of a certain family of
commuting difference operators (see Section 5).

In the language of Schubert polynomials, Theorem 1.1 can be restated as follows.
For w € S, , write the uniquely defined expansion &, = > ;. i, _,€iy..4,_, » With
integer coefficients vy, .. 4, , . Define the quantum Schubert polynomial &% by

9 — E . . . .
6w - a'Ll...’LnflE'Ll...’Lnfl

Theorem 1.2. The quantum Schubert polynomial &% | as defined above, repre-

w ?
sents the image of the corresponding Schubert class o, under the canonical isomor-
phism QH*(Fl,) — Zlq,x]/I2 .

Thus the structure constants of the quantum cohomology ring QH*(F,,) with
respect to the basis of Schubert classes (i.e., the corresponding 3-point Gromov-
Witten invariants) are equal to the structure constants of the ring Z[q, z|/I¢ with
respect to the basis of quantum Schubert polynomials.

An alternative approach to describing the structure of the quantum cohomol-
ogy ring involves an explicit rule for the expansion of the quantum product of
an arbitrary Schubert class o, by a two-dimensional class o5, where s, denotes
the transposition (rr 4 1). To state this rule, we need some extra notation. For
1<a<b<n,letty = (adb) €5, denote the transposition of a and b. Also, let

dab = 4aqa+1 """ qb—1 -

Theorem 1.3 (Quantum Monk’s formula). For w € S, and 1 <r < n, the quan-
tum product o, * oy, of the Schubert classes os, and oy, is given by

(1.8) Os, ¥ Ow = Z Twtqy T Z GedOwtcq »

where the first sum is over all transpositions tap such that a <r < b and £(wtep) =
L(w) + 1, and the second sum is over all transpositions t.q such that ¢ <r < d and
U wteq) = L(w) — L(teq) = L(w) — 2(d — ¢) + 1.
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In the classical limit ¢; = -+ = g,—1 = 0, equation (1.8) becomes the classical
Monk’s formula [26] (see Theorem 2.8).

We present below the general outline of the paper. In Section 2, the necessary
background is reviewed, including basic facts from the theory of classical cohomol-
ogy of the flag manifolds, ordinary Schubert polynomials, quantum cohomology,
and Gromov-Witten invariants. In Section 3, we study the polynomials e;, . ;, and
their quantum counterparts F;, . ;,, . This allows us to derive some basic properties
of the combinatorially defined quantum Schubert polynomials &% , and describe a
method for their computation. Section 4 is devoted to the proof of Theorem 1.2.
The crucial ingredient of this proof is the orthogonality property, whose combina-
torial proof is postponed until Section 6. This proof relies on a description of the
quantization map that involves a family of commuting difference operators, which
is given in Section 5. Section 7 contains the proof of the quantum Monk’s for-
mula. In Section 8, we review our main results. Following that, we discuss in
Section 9 the problem of axziomatic characterization of the quantum Schubert poly-
nomials. Our particular choice of polynomial representatives of Schubert classes is
uniquely determined by the stability property discussed in Section 10. The quan-
tum complete homogeneous polynomials are studied in Section 11. In Section 12,
we apply Grobner basis techniques for efficient computation of k-point Gromov-
Witten invariants of the flag manifolds. Sections 13 and 14 contain the tables of
Gromov-Witten invariants for the flag manifolds Fl3 and Fls, and the tables of
quantum Schubert polynomials for Sy, Ss, and Sy .

Among the many open problems in the field, we will only mention a few. The
first natural task is to extend the theory to the case of an arbitrary root system,
thus providing a quantum analogue to the corresponding result in [2]. It would be
interesting to find a combinatorial construction for the quantum Schubert polyno-
mials for other classical series (cf. [4, 11, 27]), and to compute the Gromov-Witten
invariants of partial flag manifolds! (cf. [1, 16]).

2. PRELIMINARIES

2.1. Flag manifold. We begin with reviewing the basic results on the classical
cohomology of the flag manifold. Details can be found, e.g., in [13, Chapter 10].
Let Fl, be the flag manifold whose points are the complete flags of subspaces

(21) U,Z(U1CU2C"'CUn=(Cn), dimUiZi,
in the n-dimensional linear space C™. The space Fl, comes equipped with the flag
of tautological vector bundles 0 =& C & C -+ C E,-1 C &, = C™; the fiber of
&; at the point (2.1) is U; .

Consider the ring homomorphism

(2.2) 7w Zlxy, ..., xn] — HY(Fl,,7Z)

given by m(z;) = —c1(E;/Ei—1), where ¢1(€;/Ei—1) € H2(Fl,,,Z), i = 1,...,n, is
the first Chern class of the line bundle &;/&;—1 . Let I,, C Z[z1, ..., z,] be the ideal
generated by all symmetric polynomials without constant term—or, equivalently,
by the elementary symmetric polynomials e;(z1,...,z,), for i = 1,...,n. The
following classical result is due to A. Borel [5].

L Note added in proof. The latest developments in “quantum Schubert calculus” are reviewed
and unified in W. Fulton’s recent note “Universal Schubert polynomials”.
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Theorem 2.1. The kernel of the homomorphism = is I, . The induced map
Zlxy,...,x,) /I, — H*(Fl,,Z)
is an isomorphism.

A geometric description of H*(F1,, ,Z) is based on a decomposition of Fli,, into
even-dimensional cells indexed by the elements of the symmetric group S,, . These
cells are described in terms of a relative position of a flag U, with respect to a fixed
reference flag V. € Fl,, , as follows.

Let vq,...,v, be the standard basis in C", and let V}, denote the b-dimensional
subspace spanned by v,4+1-p,...,v,. For w € S, , define the dual Schubert cell
Q2 as the set of all flags U. € Fl,, such that, for all a, b € {1,...,n},

dim(U, NVy)=#{1<i<a,n+1—w() <b}.

Let €, be the closure of ¢ (the corresponding Schubert variety). The (real)
dimension of €, is n(n — 1) — 2I, where | = ¢(w) is the length of w (the number of
inversions). Let [Q,] € Hy(n—1)—2:(Fln , Z) be the fundamental cycle of €2, . Define
the Schubert class

ow = [Q]* € H2(FL,, ,7)

as the cohomology class corresponding to the fundamental cycle [Q,,] under the
natural isomorphism H,,(,—1)—o(Fly ,Z) = H2(Fl, ,Z). The following result of
C. Ehresmann [9] is classical.

Theorem 2.2. The Schubert classes oy, , w € Sy, form an additive basis in the
free abelian group H*(Fl,, ,Z). Thus the rank of H*(Fl,, ,7Z) is n!.

In particular, H?(Fl,,Z) is spanned by the classes o5, = m(z1 + -+ 2;), i =
1,...,n— 1, where 7 is defined by (2.2).

2.2. Divided differences and Schubert polynomials. In [2], Bernstein, Gel-
fand, and Gelfand suggested a procedure, based on divided difference recurrences,
that can be used to compute the elements of the quotient ring Clzy,...,x,]|/In
which correspond to the Schubert classes. Explicit combinatorial representatives
called the Schubert polynomials were then discovered by Lascoux and Schiitzen-
berger [22]. In this section, we review the main definitions and basic facts of this
theory. For more details see, e.g., [25].

In the symmetric group S, , let s; denote the adjacent transposition (i ¢ + 1).
For a permutation w € S,, an expression w = s;,;, ---$; of minimal possible
length [ is called a reduced decomposition, | = ¢(w) is the length of w, and the
sequence i1,19,...,4 is called a reduced word for w. For example, the transpo-
sition ?;;, 4 < 7, that interchanges 7 and j has a reduced decomposition t;; =
SiSi41 " 8j—25j-18j—2" " Si4+1S;, among others.

Let f = f(x1,...,2,) be a function of z1,...,2,. For w € S,,, denote w f =
f(@y-1(1)s -+ Tw-1(n)) - The divided difference operator 0; is then defined by

O0if = (f —sif)/(wi — wiy1) -
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Obviously, Z[z1,. .., x,] is invariant under 9;, ¢ = 1,...,n — 1. The operators 9;
satisfy the following relations:

81'83‘ :83-81- for |Z—j| >1,
(2.3) 0i 0i410; = 0i41 0; 0i11
9?2 =0.

For any permutation w, define the operator 0,, by 0, = 0;,0;, - -- 0;, , where w =
Siy Siy + -+ Si, 18 a reduced decomposition. It follows from the relations (2.3) that J,,
does not depend on the choice of such reduced decomposition.

The following properties of the divided differences will be used in the sequel.

Proposition 2.3 ([25, 2.7]). Let v and w be permutations. Then
0,0, — { Ovw  if L(vw) = £(v) + £(w),

0 otherwise.

Proposition 2.4 ([25, (2.2), 2.13] “Leibniz formula”). 1. For any polynomials f
and g and any 1,

(2.4) 0i(fg) = 0i(f) - g+ (5:f)(9ig) -

In particular, 0; commutes with multiplication by any polynomial which is symmet-
ric in x; and Tiyq -
2. For a linear form f =5 \iz;, we have

(25) aw(fg) = w(f)awg + Z()\z - Aj)awtijg )
where the sum is over all i < j such that {(wt;;) = £(w) — 1.

Let § =6, = (n—1,n—2,...,1,0) and 2° = 2" *z}~2...2, ;. For a per-
mutation w € S, , the Schubert polynomial &,, of Lascoux and Schiitzenberger
is defined by &, = w*lwoxﬁ, where w, is the longest element in S, , given by
wo (1) = n+ 1 —i. Equivalently,

(2.6) Cuw, = 2% and Cuws, = 0;6,, whenever f(ws;)=~L(w)—1.
The following fundamental result is an immediate corollary of [2].

Theorem 2.5. The Schubert polynomials represent Schubert classes, i.e., in the
notation of (2.2) and Theorem 2.1, 1(&y) = 0y -

An—1

Let L,, denote the Z-span of the monomials z*---z,"7" satisfying 0 < aj <
n—k. It is easy to see that L, is invariant under each of the operators 01, ...,0,_1 .
This leads to the following result.

Proposition 2.6 ([22, 25]). The space Ly, is complementary to the ideal I, . The
Schubert polynomials S, , for w € S, , form a linear basis of L., .

We will also need the following properties of the Schubert polynomials.
Corollary 2.7 ([25, (4.2)]). Let v,w € S,,. Then

Suo-r  if L(wv™h) = L(w) = £(v),
0,6y = .
0 otherwise .
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Theorem 2.8 (Monk’s formula [26, 25]; cf. also Chevalley [6]). We have
65T6w == Z thi]‘ )

where the sum is over all transpositions t;; such that i < r < j and l(wt;;) =
l(w) + 1.
Note that G5, =z1 +--- 4+ 2.

The Schubert polynomials have the following orthogonality property (see, e.g.,
[25, (5.4)]). For a polynomial f, define

(2.7) (f) = (0w, (f))(0,...,0) ;
observe that
(2:8) O, () = D_(=1) " hwf - [ (i =)™

Theorem 2.9. For u,v € .S,,

(2.9) (6,6,) = {

1 if v =wou;

0 otherwise.

Geometrically, (f) is the coefficient of o, in the expansion of 7(f) € H*(Fl,) in
the basis of Schubert classes oy, ; here 7 denotes the canonical homomorphism (2.2).
Theorem 2.9 can be restated as saying that the bases {o,,} and {04, w} are dual to
each other with respect to the Poincaré pairing in H*(Fl,,).

2.3. Gromov-Witten invariants and quantum cohomology. In this section,
we reproduce the definitions of the Gromov-Witten invariants and the quantum
cohomology ring of the flag manifold. See [1, 3, 7, 10, 14, 15, 16, 17, 19, 20, 24, 28]
for details, and for various approaches to the subject.

The homology classes [Qy.s,], ¢ = 1,...,n — 1, of two-dimensional Schubert
varieties form a linear basis in Ha(Fl,,Z). An algebraic map f : P! — Fl,
has multidegree d = (di,...,dp—1) if fi]P] = Y di[Qu,s,].- The moduli space
M(PL, Fl,,) of such maps is a smooth algebraic variety of (complex) dimension

(2.10) D= (Z) +2§di .

For a subvariety Y C FI,, and a point ¢t € P!, let us denote

(2.11) Y(t) = {f € My(P',FL,) | f(t) €Y}.
The codimension of Y (t) in M4(P!, Fl,,) equals the codimension of Y in Fl,,.

Let wy,...,wy € S,. The Gromov-Witten invariant of genus 0 associated to
the classes oy, ,...,0u, is defined as follows. Let gi,...,gn be generic elements
of GL,,, and let t1,...,ty be distinct points in P'. Define
(2.12)

number of points in ((g;Qw,)(t:) if > €(w;) =D,
<0w1,...,awN>d:{ .
0 otherwise.
These cardinalities are finite and independent of the choice of points t; € P! and
generic elements g; € GL,, .
Informally, the Gromov-Witten invariant (o, ,...,0uwy), of the flag manifold
Fl,, counts rational curves in Fl,, which have multidegree d = (dy,...,d,—1) and
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pass through Schubert varieties Q,,,, ..., Qy, - The condition Y ¢(w;) = D ensures
that this cardinality is finite.

We will now define the (small) quantum cohomology ring QH*(Fl,, ,7Z) of the
flag manifold F'l,,. As an abelian group,

(2.13) QH*(Fl,,Z) =H"(Fl,,,Z) @ Z[q1, - - - , Gn—-1] ,
where qi,...,qn_1 are formal parameters. The multiplication in QH*(F,, ,Z) (the
quantum multiplication) is a linear over Z[g] = Z[q1, . .., qn—1] binary operation x*
defined by
(2.14) Oy * 0y = Z qu (Ous Oy Ow) g Cwow »
weS, d

where where we denote ¢ = q‘li1 . -qi[’ll for d = (di,...,dn—1).

Quantum multiplication is commutative and—miraculously—associative [28, 24].
The specialization ¢ = --- = g,—1 = 0 recovers the ordinary cohomology ring

H*(Fl, ,Z). Indeed, an algebraic map P* — FI,, of multidegree (0,...,0) is con-
stant, so the Gromov-Witten invariants (o, 0, crw>(0’___)0) are the usual intersection

numbers.

Note that (o, 0y, 0w), vanishes unless £(u)+£(v) = l(wow)+2> d; (cf. (2.10)
and (2.12)). Thus quantum multiplication respects the grading defined by deg(o )
= {(w) and deg(g;) = 2.

The following description of the quantum cohomology ring of the flag manifold
was given by Givental and Kim [15], and further justified by Kim [16, 17] and
Ciocan-Fontanine [7]. Let IZ be the ideal in the ring Z[q, ] that is generated by
the coefficients E7, ..., E of the characteristic polynomial (1.3) of the matrix Gy,
given by (1.4).

Define the Z[g]-linear ring homomorphism

7wl Zlg,x] — QH"(Fl,, ,Z)
by setting 7%(x1 + -+ 4+ x;) = 0, .
Theorem 2.10 ([15, 16, 17, 7]). The kernel of n? is IZ . The induced map
(2.15) Zlg,2]/1¢ — QH*(Fl, ,Z)

is a ring isomorphism.

3. QUANTIZATION VIA STANDARD MONOMIALS

3.1. Straightening. Let e = e;(x1,...,7x) be the i’th elementary symmetric

polynomial:
k _
e = E Ty * Ty
1<r<--<r; <k

By convention, elg =1 for k> 0, and ef =0 unless 0 <7 < k.
The polynomials e¥ satisfy the obvious recurrence

(3.1) ef = el ekl

7

Lemma 3.1. For k # [, we have alef = 0. Moreover, O; commutes with multipli-

cation by e¥ , provided k # 1. Also, Opel = ef__ll .

Proof. The proof follows from Proposition 2.4, part 1. O
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Lemma 3.2. Fori,j,k > 1, the following relations hold:

k+1 _ kY K k41 _ k) k
(32) (e 7 —ei)ej 1 = (e —ej)eiq,
bk — oh+lgh k41 k ko k+1
(3:3) €; €; it E et e — E €i—1€5{1 -
>1 >1
k+1 _ kY ok k k41 kY k
Proof. By (3.1), we have (e; ™' —eF)ek | =z 1ef jef | = = (e;7 —ej)ei . Equa-
tion (3.3) follows from (3.2) by induction on i:
k(k k1Y _ ke b+l ok
€5 (€z+1 —ei1) =€ (ej+1 - €g+1)
k+1 k k1 k ko k+1
e’L ej+1 eg+1 ) +eg+l(e ei )
— okt1 Kk k+1 K ekl ok
=6 €166 +§ €i— z€g+1+l j+1+lei—l)
1>1
— k+1 k k1 k
= Z( Cir1-165+1 — €j11€ eiy1-) - O
1>1
For iq,..., %, such that 0 < i <k, let
1
(3.4) €ievsiy = €4, " €l -

We will call e;, ;. a standard elementary monomial. (These polynomials were
originally introduced in [22], and were denoted Py there.) In other words, a standard
elementary monomial is any product of the e¥ without repetitions of upper indices k.
Note that appending zeroes at the end of the sequence i1, ...,1,, does not change
the standard elementary monomial.

Proposition 3.3 (Straightening). The standard elementary monomials form a lin-
ear basis in the ring Z[x1,x2,...] of polynomials in infinitely many variables.

Proof. We will first show that every polynomial f € Z[xy,x2,...] belongs to the
span of standard elementary monomials. Note that x; = e} — ei_l hence f is a
linear combination of some monomials in the e¥ . Choose such a linear combination
and apply to it the following straightening algorlthm.

Suppose that some monomial in this linear combination is not standard. Assume
it contains ekeﬁ, with the smallest possible value of k. Then replace e; e”C by
the right-hand side of (3.3). Because of our choice of k, we will not create a
new repetition of upper indices with a smaller k. If there still are nonstandard
monomials, repeat the same procedure. This process will terminate, since the total
degree of the polynomial does not change. As a result, we will express f as a linear
combination of standard elementary monomials.

Now let us show that all standard elementary monomials are linearly indepen-
dent. For suppose not. Find a nontrivial linear relation R with terms of minimal
possible degree. Let k be the minimal index such that some e¥, i > 0, appears in
bome monomial in R. By Lemma 3.1, J annihilates every monomlal not containing

,i >0, whereas Ogefef ™! .. = ef” fef“ <. Hence applying dy, to R results in a
nontrwlal linear relation with terms of smaller degree. This contradicts the choice
of R. 0

Proposition 3.3 can be used to prove the following basic result. Recall that I,

denotes the ideal generated by the polynomials ef, ..., e .
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Proposition 3.4 (see [22], [23, (2.6)—(2.7)], [25, (4.13)]). Each of the following
form a Z-linear basis in Zlxy, ..., x,]/1,

o the monomials x{* - - -xZ"_’ll such that 0 < ap <n — k;
o the standard elementary monomials €i iy i, 1 ;
o the Schubert polynomials &, for w € S, .

Moreover, each of these families spans the same vector space L,, C Z[x1,...,zy],
which is complementary to I, .

Proof. In view of Proposition 2.6, we only need to show that the standard elemen-
tary monomials e;,;,. ;. _, are linearly independent (this is true by Proposition 3.3)
and span the same space as the monomials z{* - - -z 7" satisfying 0 < ay < n — k.
Indeed, each e;;,. i, , is obviously a linear combination of such monomials, and

the result follows by a dimension argument. O

3.2. Quantum elementary polynomials. Recall that the quantum elementary
polynomial E’Z”C is defined as the coefficient of \* in the characteristic polynomial
det(1 4+ AGy) of the matrix Gy, given by

xl ql O e O
-1 22 q 0
Go—| 0 -1 o 0
0 0 0 -

By convention, EF = 0 unless 0 < i < k.

The quantum elementary polynomials E¥ have the following combinatorial in-
terpretation. Let us view each variable z; as a singleton {j}, 1 < j <k, and each
¢ as a “dimer” {r,7 +1},1 <r < k — 1. Then EF is the sum of all monomials
in the z; and ¢, which correspond to disjoint collections of singletons and dimers
covering exactly i distinct nodes. The number of monomials in Ef is thus equal to
the k’th Fibonacci number. Also immediate from this description is the recurrence
(see [15])

(3.5) Ef = Ef 7'+ an B + e EBE Y
for any 1 < ¢ < k, where we assume ¢y = 0.
The polynomials EF are homogeneous with respect to the grading deg(z;) = 1,

deg(q;) = 2, and specialize to the ¥ in the case ¢ = -+ = g,—1 = 0.
The following analogue of (3.2) can be used for “quantum straightening.”
Lemma 3.5. Fork>j>0,k>17>0,
(3.6)  EfEM| +E[ Ef + qE[E} = EJEY + Ef L Ef + g BV EF
Proof. By (3.5), one has
Ef(Ef] - Ejpy) = Ef(ten B} + Ej))
and
Ef(Ef—:_ll - Ef+1) = Ef(zk—HEf + QkEf—_ll) .

Subtracting the second equation from the first, we obtain (3.6). O
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By analogy with (3.4), we define a quantum standard elementary monomial by

(3.7) Ei.q, =E - E" |

1e:tm Tm

where 0 <ip < kfork=1,...,m.
The following quantum analogue of Proposition 3.4 can be proved in the same
way as the latter, using a straightening procedure based on Lemma 3.5.

Proposition 3.6. Fach of the following form a Z[q]-linear basis in Z[q,z)/I2 :

e the monomials x$* - 22" " such that 0 < ap, < n — k;

o the quantum standard elementary monomials E; iy. 4, , -

Moreover, each of these two families spans the same vector space LY C 7Z|q,x]
complementary to I .

Quantum straightening can be used to compute the expansion of a product of
several quantum standard elementary monomials in the basis {F; i, i, _,} of the
ring Zlg, z] /1% .

3.3. Quantum Schubert polynomials. Let us recall the combinatorial definition
of the quantum Schubert polynomials &% given in the introduction. By Proposi-
tion 3.4, one can uniquely expand an ordinary Schubert polynomial &,,, w € S, ,
as a linear combination of standard elementary monomials, with integer coefficients:
Sw =>4, i _1€ir..in_, - We then define

(38) 63} = Zai1~~~in71Ei1minf1
Propositions 3.4 and 3.6 immediately imply the following result.

Proposition 3.7. The quantum Schubert polynomials &% for w € S, , form a
Z[q]-linear basis in the space LY spanned by the monomials x{* - - -z 7' satisfying
0 <ar <n—k. The Il-cosets of these quantum Schubert polynomials form a
Z[q]-linear basis in Z[q, x|/ 11 .

The expansions of Schubert polynomials for S, in terms of the standard monomi-
als can be computed recursively top-down, starting from &,,, = e12..n—1. Namely,
use the basic recurrence (2.6) together with the rule for computing a divided
difference of an elementary symmetric polynomial (Lemma 3.1), the Leibniz for-
mula (2.4), and the straightening procedure from Section 3.1. For example, in Sy
we have:

G321 = Gy, = €123 ,
_ _ _ 1_
B3421 = 0164321 = O1€123 = €g2301€1 = €p23

G3412 = 0363421 = D3€023 = €02003€3 = (€3)? = epa2 — €013 -

The corresponding quantum Schubert polynomials & are then obtained by replac-
ing each standard elementary monomial by its quantum analogue. For instance,

G4s = Eo22 — Eois
= (mize + q1)(z122 + 2123 + T223 + 1 + ¢2)
—(z1 + x2)(x12223 + G123 + G21)

= zixd +2qmiws — i+ @G+ qge
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2
riT2 + 171

2
122 + Q1 T —q1

x1 r1 + 22

1
FI1GURE 1. Quantum Schubert polynomials for S

In Section 14, we provide the tables of quantum Schubert polynomials for Ss
Ss (cf. Figure 1), and S;. For each permutation w, we also give the expansion
of the Schubert polynomial &,, as a linear combination of standard elementary
monomials.

Proposition 3.8. &% is a homogeneous polynomial of degree £(w), with respect to
the grading defined by deg(z;) =1 and deg(q;) = 2. Specializing ¢ = - -+ = gn—1 =
0 yields 64 = S, , the classical Schubert polynomials.

Proof. The proof follows from the corresponding properties of quantum elementary
polynomials. O

Proposition 3.8 implies that the transition matrices between the bases {64} and
{&,} are unipotent triangular, with respect to any linear ordering that is consistent
with the length function ¢(w).

To conclude this section, we formulate the quantum analogue of the orthogo-
nality property (2.9) of the Schubert polynomials. Similarly to the classical case,
orthogonality of Schubert classes is a trivial consequence of the quantum cohomol-
ogy definitions (cf. Property 9.4 below). At this point, however, we have not proved
yet that our combinatorially defined quantum Schubert polynomials &% represent
Schubert classes g, in the quantum cohomology ring. Moreover, the proof of this
fact given in Section 4 depends on a combinatorial proof of the orthogonality of
the &Y .

For F' € Zq,z]/ I, let {F') € Z][q] denote the coefficient of &, in the expansion
of F in the basis of quantum Schubert polynomials (cf. Proposition 3.7). Equiva-
lently, (F) is the coefficient of the staircase monomial % = 27tz ~2.
the monomial expansion of F'.

The following result is the quantum analogue of Theorem 2.9. Its proof is post-
poned until Section 6.

cTp—1 in

Theorem 3.9 (Orthogonality). For u,v € S, ,

1 ifv=wou;

3.9 6169 =
(3.9) (&4 &%) {O otherwise.
4. PROOF OF THEOREMS 1.1 AND 1.2

We begin with an outline of the proof. Let {Q,,} be the “geometric” quantum
Schubert polynomials, i.e., the elements of the quotient Z[g, z]/I2 which represent



QUANTUM SCHUBERT POLYNOMIALS 577

the Schubert classes under the isomorphism (2.15). Theorem 1.2 can be reformu-
lated as saying that the Q,, coincide with the cosets of the combinatorially defined
polynomials &% .

To prove Theorem 1.2 (thus Theorem 1.1), we will need four particular proper-
ties of the elements Q,, (see Properties 4.1-4.4). The first three of these properties
easily follow from the definition of quantum cohomology; the fourth one is a theo-
rem of Ciocan-Fontanine [7]. We will use these properties of the Q,, , in conjunction
with several properties of the polynomials &4 (most notably, their orthogonality,
Theorem 3.9), to demonstrate that the Q,, coincide with the cosets of the &% . As
a byproduct, this will immediately imply that Properties 4.1-4.4 uniquely deter-
mine the @, . The issue of axiomatic characterization of the quantum Schubert
polynomials is discussed in Section 9.

In this section, we work in the quotient ring Z[g, z]/IZ. All polynomials should
be understood as representing cosets modulo I .

Property 4.1 (Homogeneity). Every Q., is homogeneous of degree £(w), assum-
ing deg(z;) =1 and deg(q;) = 2.

Proof. See the remark following (2.14). O
Property 4.2 (Classical limit). Specializing 1 = -+ = ¢n—1 = 0 yields Q. =
Gy -

Proof. This reflects the fact that this specialization converts the quantum cohomol-
ogy of Fl, into the usual one. O

Properties 4.1 and 4.2 imply that the Q,, form a Z[qg-linear basis in Z[q, x]/IZ,
and the transition matrices between any two of the bases {Q,,}, {6%}, and {&,,}
are unipotent triangular, with respect to any linear ordering consistent with £(w).

The next property is a reformulation of the fact that the Gromov-Witten invari-
ants are nonnegative integers.

Property 4.3 (Nonnegativity of structure constants). The structure constants of
the ring Z[q, x] /I, with respect to the basis {Qu}, are polynomials in qu, ..., qn—1
with nonnegative integer coefficients.

Let Z [g] be the set of all polynomials in the g; whose coefficients are nonnegative
integers. Let QH, be the set of all linear combinations of the Q,, with coefficients
in Z[q]. By Property 4.3, QHY, is a semiring, i.e., is closed under addition and
multiplication.

As a corollary, {(Qu, < Qu, ) € Z4[q], for any wy,...,w, € Sy, where {---) is
defined as in Section 3.3. Indeed, {Qy, - - Quw, ) is equal to the coefficient of Q,,,
in the expansion of this product in the basis {Q,}, since the transition matrix
between {Q,,} and {&,,} is unipotent triangular.

It is well known that the ordinary Schubert polynomial &,, for a cycle w =
Sk—i+1- Sk is the elementary symmetric polynomial e¥. The following result,
which is a restatement of formula (3) in [7], provides a quantum analogue to this
fact.

Property 4.4 (Quantum elementary polynomials). For a cycle w = Sg—j+1 -+ Sk
€ S, , the polynomial Q,, is EF , the quantum elementary polynomial.

In our proof of Theorem 1.2, we will only need the following corollary of this
property: every quantum elementary polynomial Ef belongs to the semiring QHY, .
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It then follows by Property 4.3 that every quantum standard elementary monomial
belongs to QHY .

We are now prepared to give a proof of Theorem 1.2. Fix a nonnegative in-
teger | < ¢(w,). By Proposition 3.4, the polynomials &,,, {(w) = I, are related
to the e;, 4, ,, 41 + -+ +in—1 = [, by a nondegenerate linear transformation.
Moreover, each e;,. 4, , iS a nonnegative integer combination of the &, , since
€:,...i,_, is a product of Schubert polynomials e?k , and the classical structure con-
stants are nonnegative. Every &,,, £(w) = [, should enter the expansion of at least
one e€;, i, .54 + -+ in—1 =1 Therefore

E €itiin_1 — E Oéu)Gw ’
i1+t tin 1=l L(w)=l

with certain positive «,, . Using the definition (3.8) of the quantum Schubert poly-
nomials and the fact that E;, ;. _, € QHY , we obtain:

(4.1) > 0,8 € QHY .
L(w)=l
By Properties 4.1 and 4.2, each &4 is equal to Q,, plus a Z[g]-linear combination
of some Q,, with ¢(v) < £(w). It follows that
Z a4, 64 = Z vy Qu + (linear combination of @, with £(v) < £(w)) ,
L(w)=l L(w)=l
and (4.1) yields

(4.2) 3 (69 - Q,) € QHY .
L(w)=l
Let j1,...,jn—1 be such that
(4.3) g1t g1 > l(w) — 1.

Since Ej, . j._, € QH , Property 4.3 implies that, for any w,
(4.4) (Ejr.jnr Qu € Zyq] -

Likewise, (4.2) gives (Ej,..j,_, > p(u)=i @w(6% — Qu)) € Zi[q]. Using orthogo-
nality (Theorem 3.9) and (4.3), we rewrite the last statement as

(4.5) - Z O‘w<<Ej1mjn—1 Qw>> € Z-‘:—[Q] :

L(w)=l

Recall that the o, are strictly positive. Comparing (4.4) with (4.5), we conclude
that (Ej,.. ;. ,Quw) =0, for any [, any w of length [, and any ji,...,j,—1 satisfy-
ing (4.3). Therefore (&Y, Q) = 0 for any v € S, satisfying £(v) < £(w). Once
again using orthogonality, we conclude that the expansion of Q,, in the basis {&2}
contains no terms with ¢(v) < ¢(w), meaning that Q,, = &% , as desired.

5. COMMUTING DIFFERENCE OPERATORS

Recall that the quotient Z[q, z]/I,, is isomorphic, as a vector space, to the quan-
tum cohomology of the flag manifold (cf. (2.13)). In this section, we construct a
family of commuting difference operators acting in Z[q, x]/I, , which will later be
shown to correspond to the operators of multiplication by two-dimensional classes
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in the ring QH*(Fl,,Z). These operators will be an essential tool in our proof of
the orthogonality property, needed for the proof of Theorem 1.2.

Let us identify each polynomial f € Z|q, 2] with the operator of multiplication
by f. It will be convenient to denote ¢;; = giqi+1---¢j—1 for i« < j. Note that
9ij 95k = qik - Also let
(51) 8 (ij) = 8,5” =0 8l+1 8j_28j_18j_2 s 81'4_181'
be the divided difference operator corresponding to the transposition ¢;; , i < j.

Define the difference operators X , for k =1,...,n, by

(5.2) X = a1 — Z qikOgiky + Z ki O(kj) -
1<i<k k<j<n
Equivalently, for Ay,..., A\, € Z]q],

(5.3) Z/\iX Z)\ zi+ Y (= A)ai0)

1<i<j<n
Theorem 5.1. The operators Xy, ..., X, commute pairwise.
To prove this result, we will need the following lemma, in which [, ] stands for

the commutator: [A, B] = AB — BA.

Lemma 5.2. The following commutation relations hold (recall that we identify
the x; with the corresponding multiplication operators):

1. For a < ¢, we have [Oac), zp] = 0 unless a < b < c.

2. For a < b, we have [O(ap); Ta + Tay1 + -+ 23] = 0.

3. Fora <b and c < d, we have [O(qp), O(cay] = 0 unless b = c or a = d.

4. For a < b < c, we have [0(qc), Tv] + [O(ab), Otpey] = 0.

Proof. 1. Use (5.1) and the fact that multiplication by x; commutes with 0; unless
j=torj=1—1.

2. Follows from x, + - - - 4+ x being a symmetric function of xg, ..., xp.

3. By Proposition 2.3, 9, and 9,, commute whenever v and w do. Therefore,
O(apy and J(cq) commute if the numbers a, b, c,d are all distinct. This proves the
claim unless a = ¢ or b = d. In these cases, once again using Proposition 2.3, we
conclude that 8(ab)5(ad) = 8(ad)8(ab) =0 and 8(ad)8(cd) = 8(Cd)8(ad) =0.

4. From the “Leibniz formula” (2.5) with w = t4., we obtain:

Oacy (@b 9) = o Oac)d — Ot g + Otots g
= (249(ac) — O(ab)Obe) + Obe)O(ab) )9 - U

Proof of Theorem 5.1. By (5.2) and Lemma 5.2, we have, for a < b:

(Xa, X = [ilia, - Z‘h’ba(ib)} {Z Qaja(a])vxb} + qu Aia)s Vab))

i<a i<a
+ Z aj[O(ab) Objy] — Z qab[0(as) O(iv))
Jj>b a<i<b
= _Qab[xaa a(ab)] + qab [6(ab)7 l'b] + Gab Z [a(ab)a xl]
a<i<b

= qab[a(ab)v Tq + Tat1 + o+ xb]
= 0. O
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For a polynomial f € Z[q, x], we write f(X) to denote the operator f(X1,...,Xy);
this is well defined by Theorem 5.1. Accordingly, f(X)(g) will denote the result of
applying f(X) to a polynomial g.

Lemma 5.3. For any polynomial f € Z[q,x], there exists a unique F € Z|q,x]
such that f = F(X)(1).

Proof. Let deg, denote the degree on Z][q, x] defined by deg, (z;) = 1 and deg,(¢;) =
0. We first prove existence by induction on deg,(f) = d. If d = 0, then f € Z[q]
and F = f. Suppose d > 0. Since each operator X; — z; lowers deg, , it follows
that f(x) — f(X)(1) is a polynomial of degree < d. By the induction assumption,
this polynomial can be expressed in the form ¢g(X)(1), for some g € Z[q, xz]. Hence
fl@) = (f +g9)(X)(1). To prove uniqueness, note that whenever h # 0, one has
deg, (h(#)(1)) = deg, () > 0, implying h(X)(1) # 0. O

As a corollary of the last lemma, commuting operators Xi,..., X, are alge-
braically independent over the ring Z[q].

By Lemma 5.3, we have a Z[g|-linear bijection ¢ : Z[q, ] — Z[q, x] given by
(5.4) Y f=F, f=FX)(1).
Our next goal is to find the polynomial F' = 9(f) for the special case f =e;, i, -
Proposition 5.4. We have EF(X)(g) = e g for any polynomial g € Zlq, x] which

is symmetric in the variables x1,...,x54+1, k < n, and also in the case g = 1,
k=n.

Proof. Induction on k. If k = 0, then EJ(X)(g) =€) g = g. Suppose k > 0. Then,
using the induction hypothesis, Lemma 3.1, (3.1), and (3.5), we obtain:

Ef(X)(g) (B 7HX) + GBS (X) + qua1 B (X)) (9)

= ef g+ (el g) + ak-1e) TSy

= e gt apellg - 10— 1ef g+ g€l

_ k—1 k—1
= e gtwke, 19

= efg. g

Theorem 5.5. For any m < n, we have E;, ; (X)(1) = €4,..4,, - In particular,
EF(X)(1) = €k for anyi <k <n.
Equivalently, ¥ (e, i,,) = Fi, i, and (k) = EF

1

in the notation of (5.4).
Proof. Repeatedly using Proposition 5.4, we obtain:
Ei i (X)(1) = By iy (X)(€7))

= B i (X)) = o = el el 0

im—1 tm

Corollary 5.6. For any w € Sy, , we have Y(6,,) = 6%, ie., 6L(X)(1) =6y .

Proof. The proof follows from the definition (3.8) of quantum Schubert polynomials.
O
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Lemma 5.7. The map ¢ defined by (5.4) bijectively maps the ideal I,, onto I7.

Proof. Every element in I, is of the form fiel +---+ fne?, for fi,..., fn € Z[q, ].
Denote F; = 9(f;). Note that each operator X; commutes with multiplication by
any polynomial which is symmetric in z1,...,2, (cf. Proposition 2.4 and (5.2)).
Using this observation together with Theorem 5.5, we obtain: (F;E)(X)(1) =
Fi(X)(el) = ef Fy(X)(1) = el fy. Hence $(fiel+--+ fuel) = FLEf +- -+ Fu Bl
proving the lemma. O

By Lemma 5.7 and Theorem 5.5, the map v induces a Z[g]-linear bijection
(5.5) Zlg, =)/ 1, — Zlg, x]/ I}
which sends the cosets of the e;,. ;. to the corresponding cosets of E;, ;.. .
Lemma 5.8. The operators X1, ..., X, leave the space I, C Z[q, x| invariant.
Proof. We have X;(fie} + -+ fnell) = et Xi(f1) + - + el Xi(fn) - O

Observe that the definition (5.4) of the map ¢ implies that &X;(g) = ¥~ (2;9(g))
for any polynomial g. In other words, v translates the action of X; into mul-
tiplication by x;. In view of Lemma 5.8, X; induces an operator in Zlq,z]/I, .
This operator corresponds via 1 to multiplication by z; in the ring Z[g,z]/I2 .
It follows that the X;, understood as operators acting in Z[q, z]/I, , satisfy the
relations Fj(X) = 0, and thus provide a representation for the ring QH(F1,,,7Z).

We conclude this section by a useful corollary of Theorem 5.5 and formula (2.7).

Corollary 5.9. Let F € Z|q,x]/I3. Then {F) is equal to the constant term of
Ow, (F(X)(1)). (The latter is well defined by Lemma 5.7.)
6. PROOF OF ORTHOGONALITY

In this section we prove the orthogonality property of the quantum Schubert
polynomials (Theorem 3.9). To this end, we will need the following lemmas. As
before, we identify polynomials with the corresponding multiplication operators.

Lemma 6.1. Letl < k <n. Then, for any i1,...,ix—1,
(6.1) Ouoel, el 001 O =0
Proof. Let us move 3y, ..., 0 to the left, one by one. By Lemma 3.1 and Proposi-

tion 2.4, 0, commutes with e unless m = a, whereas
m m—1
(6.2) e 0m = Omei(T1,. ., Tm—1,Tmt1) + €527 .

If 0, moves through e (the first term in the right-hand side of (6.2)), then it
can be moved all the way to the left, and the corresponding term vanishes since
Ow,0m = 0. Otherwise 9,, changes €] into eﬁ‘ll . The only term remaining in the
left-hand side of (6.1) upon moving 9y, ..., dk—1 will be

1 -1 -1 k—2 _ 1 -1 1-1 k-2 _
Bwoel-l e € gt eikil_lﬁk = Bwoakeil € € e = 0. O

Recall that L? denotes the Z[g]-span of the monomials x{* ---z" 7" such that
0 < a; <n —i for all . By Proposition 3.4, the polynomials e;, ;. , form a Z[q]-
basis of L . The following result is proved in exactly the same way as Theorem 5.5.
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Proposition 6.2. For any f € LY and any polynomial g which is symmetric in
X1, .., Tn, we have F(X)(g) = G(X)(f) = fg, where F = (f) and G = ¢(g), in
the notation of (5.4).

Let us fix an integer k£ such that 1 < k < n. It will be convenient to represent
the operators A, [ < k, in the form &; = 2?1 + ;(l, where
X =z — Zlea(jl) + Z @15 905)

j<l 1<j<k

Xi= a0 -

j>k

Let E¥(X) = E¥(Xy, ..., X,).

(6.3)

Proposition 6.3. For any polynomial f € Zlq, x|,
(6.4) EFX)(f)=el f -
Thus EF(X) coincides with the operator of multiplication by e¥ , provided g, = 0.

Proof. Let us denote Py = Z[q1,.--,qr—1][1,--.,2r]. The operator EF(X) does
not involve divided differences 0; with { > k. Therefore it commutes wi~th x>k,
and it suffices to prove (6.4) for f € Py . (Notice that in this case EF(X)(f) € Py .)

Let us expand f in the standard elementary monomials (possibly involving vari-
ables x; with [ > k). Let N be greater than the largest value of M such that some
eM enters one of these monomials. Then f € LY and, by Proposition 6.2, we have
EN(X)(f) = e f. The ideal Ji = (qk,qks1,---,Tht1, Tht2,--.) iS an invariant
subspace for all the X; and for the operators of multiplication by x;. Hence X; and
z; act on the quotient space, which is isomorphic to P . The corresponding actions
of EN(X) and el¥ on Py coincide with EF(X) and eF , respectively. This implies

7

EE(X)(f) = ek £, as desired. |
Lemma 6.4. For any k <n and any f,
(6.5) Owo€irip_y (B (X) — €l ) f=0.

Proof. Let us write Efk (X) as a polynomial in the X , [ < k, substitute X} = /fl—i—;(l
everywhere, and expand. The terms which only involve the truncated operators X;

will combine into the operator EF (X). By Proposition 6.3, (EF (X) — eF)f=0.
To prove Lemma 6.4, it therefore suffices to show that any composition of operators

of the form

(66) a’woeil...ik,1 /:gll Tt ‘fvl]‘ 8([777,) 3

with 1 <y <lp < --- <lj <1 <k < m, vanishes. In view of the definition
of O(im) , this claim will follow if we prove that

(6.7) 3w06i1...ik,1)?11 "'?’?ljaz"'ak =0

for 1 <l <lp <--- <l <1<k We will prove (6.7) by induction on j. If j =0,
then it coincides with Lemma 6.1. For j > 0, the only term in the expression (6.3)
for /'Ej that neither commutes with (9; - - - 9x) nor vanishes after composition with
(81 cee 8k) is qula(ljl) . We then note that

O,y (01 O) = Dy, -+ O2D—10—2 - O, (O~ Oy) = (D, -+ Op) Dy -~ Dy, -

J
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Using the induction assumption, we conclude that the left-hand side of (6.7) equals

ql]l (awoeil...ik71Xl1 e Ejflaljalj-‘rl e akl)al—Q e 6[] .

The parenthesized factor is an expression similar to the left-hand side of (6.7) with
J decreased by 1 and [ replaced by I; . By the induction assumption, it vanishes,
and Lemma 6.4 is proved. O

We will now complete the proof of Theorem 3.9. Let us first note that the only
nontrivial case is £(u) + £(v) > £(w,). Indeed, if deg(&4 &9) = L(u) + £(v) < £(w,),
then the monomial z° cannot appear in the expansion of %2 &%. In the case
2(u) + £(v) = £(w,), the only terms which can contribute to (&% &%) are those not
involving the ¢; , and (3.9) follows from its classical counterpart (2.9).

Since our quantum Schubert polynomials are linear combinations of quantum
standard elementary monomials of the same degree, it remains to show that

(6'8) <<E7;1~~~7;7171 Ej1~~~j7171>> = O
whenever
(6.9) 1+ Fin1+i+ A+ Ju1 >l w,) =n(n—1)/2.

In view of Theorem 557 Eilmin—l (X)Ejl»»»jn—l (X)(l) = Eil---in—l (X)(ejlmjn—l)' By
Corollary 5.9, formula (6.8) is equivalent to

(610) (awo (Eil---infl(X)(ejl---jnfl)))(07 s 70) =0.

Suppressing (X) to avoid cumbersome notation, let us write

Busus = Bl B = (e (8L =) ) o (enh + B2t - i)
and prove that for each term T in the expansion of this product we have
(6.11) (Ow,T(ejy..5,-1))(0,...,0)=0.
If T =el ---el”!  then (6.11) follows from (6.9). Any other 7" is of the form

T=el el V(B —ef T

Tk—1 N\ tk ik

for some k <n—1, and (6.11) follows from Lemma 6.4 with g = T"(e;, .. j,_, ). This
completes the proof of Theorem 3.9. O

Define a bilinear form (, ) in Z[q, z]/I by setting
(6.12) (F,6%) = (F &) -
The following result is a reformulation of Theorem 3.9.

Theorem 6.5. With respect to the scalar product(6.12) in Z[q, x] /I, the quantum
Schubert polynomials &4 , w € S, , form an orthonormal basis.

w !
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7. QUANTUM MONK’S FORMULA

In this section, we prove the quantum Monk’s formula (Theorem 1.3). Let us
first reformulate this formula in the language of quantum Schubert polynomials.

Theorem 7.1 (Quantum Monk’s formula). For w € S, and 1 <r <mn,
(7.1) 61 8L =(z1 4+ +2,)6L=> &L +> ¢Sl ,

where the first sum is over all transpositions tap such that a <r < b and £(wtyp) =
(w) + 1, and the second sum is over all transpositions teq such that ¢ <r < d and
U wteq) = L(w) — L(teqg) = L(w) —2(d — ¢) + 1.

More generally, for any linear form f =73 \jx;, one has

(7.2) F8L=>"(Aa=M)8L + > (A — Aa)qeaBly,

where the sums are over a < b and ¢ < d such that l(wte) = L(w) + 1 and
U(wteq) = L(w) — L(teq), Tespectively.

Proof. By the classical Monk’s formula (Theorem 2.8), the definition of &% , and
Theorem 5.5, the equation (7.2) is equivalent to

f(X)(Gw) = f : 6w + Z()\c - )\d)quG’wtcda

summed over all ¢ < d such that l(wteq) = €(w) — £(t.q). The latter follows from
Corollary 2.7. O

Notice that formulas (7.1) and (7.2) hold on the level of polynomials, not just
for cosets (classes), as in Theorem 1.3.

8. QUANTIZATION MAP

At this point, let us review our main results, now that all of them are proved.

In view of Theorems 1.1, 5.5 (cf. also (5.5)) and 7.1, we now have four differ-
ent descriptions of the quantization map Zlg, z|/I, — Z[q,z]/I$ defined by the
commutative diagram (1.5). Geometrically, this is the map that sends a coset
that corresponds to a given class in the ordinary cohomology of Fl, to the coset
corresponding to the same class as an element of the quantum cohomology ring.
Algebraically (or combinatorially), this map is defined by its action on standard
elementary monomials:

I T S D

n—1 °

The quantization map can also be defined in terms of the operators X} given

by (5.2). Namely, the quantization image F' of f is uniquely determined by
f=FX,..., X)) .

Yet another description can be obtained from the quantum Monk’s formula. It is
not hard to see that this formula can be used to recursively obtain the quantum
Schubert polynomials, starting with & = 1. The quantization map is then defined
by

Gy — &I
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9. AXIOMATIC CHARACTERIZATION
In Section 4, we have actually proved the following characterization theorem.

Theorem 9.1. Let {Qy }wes, be a family of elements of Z[q, x] /14 satisfying Prop-
erties 4.1-4.4. Then the Q. are the cosets of the quantum Schubert polynomi-
als &, .

It is natural to ask exactly which properties are essential to uniquely determine
the elements Q,,. In particular, does one really need Property 4.4, which is the
only property in Theorem 9.1 that does not immediately follow from the definition
of the quantum cohomology of Fl, ?

Proposition 9.2. In the case of Ss (or Fls), Properties 4.1-4.3 uniquely deter-
mine the Q,, (which hence coincide with the cosets of the &% ).

Proof. We certainly know that Q; = 1, Q,, = 1, and Q,, = =1 + 2. Assume
that Qg s, = 6%, +a and Qs,s, = &1, +b, where a and b are, by Properties 4.1

S281
and 4.2, some linear combinations of ¢; and g2 . Then direct computations (with or

without a computer) give ( Qs,s, (Qs,)* Qs, ) = a and { Qs,s, (Qs,)° Qsy ) = b,
implying that both a and b are nonnegative linear combinations of ¢; and g (we
will simply write @ > 0 and b > 0). On the other hand,

Qsl QS2 = 1’1(1‘1 + x2) = 6?152 + 6?251 = Qs152 + Qszs1 + (_a — b) .

Hence —a — b > 0 and therefore a = b = 0, as desired. The remaining case of
Qu, is treated in analogous fashion. Assume Q,, = &% + c6? + d&%,. Then
(QuoQsise ) = (Qu, 6%, ) =c and (Qu,Qsys, ) = ( Qu. %, ) = d, implying
¢ >0 and d > 0. On the other hand, Qs, Qs,5, = &g, = Qu, — €Qs, — dQs, .
Hence —c¢ > 0 and —d > 0, and therefore ¢ = d = 0, as desired. (|

Similar but more involved considerations allowed us to verify, with the help of
a computer, that the result analogous to Proposition 9.2 holds for n = 4. It is
tempting to conjecture that this holds for every n. This would be a very nice result
(perhaps too nice to be true), since it would mean that it suffices to use the basic
properties of quantum cohomology to uniquely determine the polynomials &Y .

Conjecture 9.3 (Strong version). The quantum Schubert polynomials are unique-
ly defined by Properties 4.1-4.3. In other words, they are the only elements of
Z(q, x|/ I which are homogeneous with respect to the grading deg(x;) = 1,deg(g;) =
2, specialize to the ordinary Schubert polynomials in the classical limit ¢y = --- =
gn—1 = 0, and whose structure constants are polynomials in the q; with nonnegative
integer coefficients.

A weaker conjecture (cf. Conjecture 9.7 below) would extend the defining set
of axioms by additional properties of the elements Q,,, which can be directly de-
rived from the their geometric definition. The first of these extra properties is
orthogonality (cf. Theorem 3.9).

Property 9.4. For u,v € S, ,

1 ifv=wou;

0 otherwise.

(9.1) (Quu) = {
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Proof. By definition, {Q,, Q. ) is the coefficient of Q,,, in Q, Q. , which is equal to
the coefficient of the Schubert cycle o, in the quantum product o, * o, . In view
of (2.14) and the Ss-symmetry of the Gromov-Witten invariants, this is the same
as the coefficient of oy, in o, * 01 = 0, , which obviously equals the right-hand
side of (9.1). |

The Sa-symmetry of the type A,,—1 Dynkin diagram has as a consequence the
invariance of the quantum (and, in particular, the ordinary) cohomology of the
flag manifold with respect to the involutive ring automorphism w : QH*(Fl,) —
QH*(Fl,,) defined by w(os,) = 0s,_, and w(qr) = ¢n—k for k =1,2,...,n— 1.
Since 9, = ng =x1+ - +x, and 1 + .-+ x, € I7, we can alternatively
define w as the ring automorphism of Z[q, z]/I2 given by

(9.2) w(zy) = ~Tnt1-k, w(k) = gk -
Property 9.5. For any w € Sy, , one has w(Qy) = Quoww, -

The involution w is studied in Section 11.1. In particular, Property 9.5 can be
proved combinatorially (cf. Corollary 11.6).

Property 9.6. If u and v belong to the parabolic subgroups generated by s1,. .., Sk
and Sk41,--.,Sn—1, respectively, for some k, then Qu, = Qu Q. .

Conjecture 9.7 (Weak version). The quantum Schubert polynomials are uniquely
defined by Properties 4.1-4.3 and 9.4—9.6.

10. STABILITY

The quantum Schubert polynomials have an important stability property that
justifies their choice as specific polynomial representatives of the corresponding
cosets modulo the ideal I¢. Consider the natural embeddings of the symmetric
groups S1 C Sa C S5 C ---; viz., S, permutes the set {1,...,n}.

Theorem 10.1 (Stability). Let w € S,,. The quantum Schubert polynomial & is
the unique polynomial in Z[q1, ..., qn-1][x1,...,%s] which has the following prop-
erty: for every N > n, the polynomial &% represents the Schubert class oy, , in the
quantum cohomology ring QH*(Fly) = Z[q1, . ..,qn-1][z1, ..., zN] /I -

Proof. Tt is immediate from our definition that the quantum Schubert polynomial
&4, for w € S, , does not change if w is regarded as an element of Sy, for any
N > n. Hence the property in question follows from Theorem 1.2. To prove
uniqueness, it suffices to show that if a polynomial f € Z|q1, ..., qn—1][x1, ..., Tx]
vanishes modulo the ideal I3, , for all N > n, then it vanishes identically. Indeed, f
belongs to the Z[qi, . . ., gn—1]-span of the monomials 2{* - - - 23" ', 0 < ax, < N—k,
for N > n + deg,(f). Therefore, by Proposition 3.6, f = 0if f € I},. O

Several properties of the quantum Schubert polynomials &Y are peculiar to the
particular choice of coset representatives that we made. The proofs of the following
statements are left to the reader:

e the quantum Schubert polynomials &% , for w € S , where Soo = |J S, , form
a Z[q1,qa, - . - ]-linear basis of the polynomial ring Z[q1, go, . . . ][x1, Z2, .. .];

e to multiply &% and &Y in the quotient ring Z[g, z]/I (which is equivalent
to computing the quantum product o, * o, of the corresponding Schubert
classes), expand 6% &9 in the basis {&%} of the ring Z[g1, 2, - - . |[71, T2, - . . ]
and drop all terms containing &% with w not in S, ;
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e GI does not involve g,_1 ;
e ifwesS, but wé¢ S,_1, then 8L € I .

11. MISCELLANEOUS

11.1. Quantum complete homogeneous polynomials. Let hf denote the sum
of all monomials of degree [ in the variables x1, ...,z (the complete homogeneous
symmetric polynomial). The following result is well known.
Lemma 11.1. For k+1 > n, one has h} € I, .

N
Proof. The statement follows from the formula hf = det (ef/1]). i
elements in the first row of this determinant belong to I,, . O

since all

The proofs of the remaining results in Section 11 are fairly straightforward, and
are omitted for the sake of brevity.

Theorem 11.2. The quantization map sends the coset of a complete homogeneous
N

polynomial hY to HF = det (Ejk:l_:f)z oy

Riyooiiny oy = h%1 B where iy <nm—k fork=1,...,n—1, is

in—1"7

(111) Hil...infl = H’Lll e H"n’_l :

In—1

More generally, the quantization of

Observe that if the condition i < n — k is not satisfied for at least one value
of k, then h;, 4, , € I,, by Lemma 11.1.

The quantum complete homogeneous polynomials Hf® will play a role in Sec-
tion 12.1 as elements of a Grobner basis for the ideal I . These polynomials can be
given a direct combinatorial interpretation in terms of families of nonintersecting
paths in a certain oriented graph.

11.2. Involution w. Let w be the involutive automorphism of the polynomial
ring Z[g, z] defined by w(xy) = —2pi1-x and w(gx) = gn-k, for k = 1,...,n
(cf. (9.2)).

Lemma 11.3. Both I,, and I are invariant subspaces for the involution w.
This shows that w has well-defined actions on both Z[q, z]/I,, and Z[q,x]/I% .

Proposition 11.4 (cf. [21]). In Z[q,z]/I,, the following rules for computing w-
images hold:

w(eilnjnfl) = hin71~~~7:1 ; w(hilujnfl) = 67;nflujl 5 W(Gw) = 6'Wou}u}o .
Proposition 11.5. Involution w commutes with the quantization map.

Corollary 11.6. In Z[q,x]/I, the following rules for computing w-images hold:
w(Eil---in—l) = Hin71---i1 ; w(Hil---in—l) = Ein—l»»»il ; w(GZ,) = 6]

WoWW, *

11.3. Quantization of square-free monomials. The combinatorial construc-
tion of Section 3.2 can be used to describe the image of any square-free monomial
Tq = Tq,Ta, - - under the quantization map. Consider the graph whose vertices
are the a; and whose edges connect a; and a; if |a; — aj;| = 1. Assign weight z,, to
the vertex a; and weight ¢,, to the edge (a;,a; + 1). Then every matching in this
graph (a collection of vertex-disjoint edges) acquires a weight equal to the product
of weights of its edges multiplied by the weights of remaining vertices. The sum of
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these weights, for all matchings, is the quantization of the monomial x, . A similar
rule for computing the inverse (“dequantization”) image X,, X, - - - (1) of a square-
free monomial z, can be obtained using Md&bius inversion. The only difference from
the quantization rule is in replacing each ¢; by —g; .

12. EXPLICIT COMPUTATION

12.1. Grobner bases. Recall that LI denotes the space, complementary to the
ideal IZ, which is spanned (over Z[g]) by the monomials z{*---z/" 7" satisfying
0 < ap < n — k. Another basis of L is formed by the quantum Schubert poly-
nomials &4 , for w € S,, (see Proposition 3.7). The problem of finding the unique
representative in LI of a given coset modulo I'? can be solved using Grobner bases
techniques. We refer the reader to [29, Chapter 1], which contains all definitions
and facts that we will need from the theory of Grébner bases.

Let us use the degree lexicographic order, induced from xy < x93 < -+ < x,,, on
the set of all monomials z{* - -- 2% . More precisely, we first order the monomials
by the total degree a; + --- + a, , and then break the ties using the lexicographic
order on the sequences (ay,...,a1). This allows us to introduce the normal form
of any polynomial with respect to the ideal I¢ and the monomial order specified
above. This normal form can be found by means of a reduction procedure versus
the corresponding reduced Grébner basis G of I . The following direct description
of this Grobner basis and the space of normal forms can be viewed as the quantum
analogue of [29, Theorem 1.2.7].

Proposition 12.1. The vector space L1 is the space of normal forms for the ideal

14 C Zlg, x] with respect to the degree lexicographic monomial order defined above.
The corresponding reduced Grobner basis G consists of the quantum complete

homogeneous polynomials H,?H_k ,k=1,...,n (see Theorem 11.2).

Proof. We already know that each coset modulo I contains a unique representative
from LY . Let us show that any monomial outside LY is congruent modulo I to
a sum of smaller monomials. Assume z® = 7' --- 2% ¢ LI, which means that
ar > n — k for some k. Then, by Lemma 11.1, h¥ € I, implying HE € I1.
Note that z}* is the largest monomial in the expansion of H, fk . Hence z}* can be
written, modulo I, as a linear combination of smaller monomials. Multiplying by
all the x* with ¢ # k, we obtain the desired expansion of z* into smaller terms.
The description of the Grobner basis G is then derived from the following two
facts: (i) the monomials outside LY are exactly those divisible by some monomial

of the form ¥ ,_, . and (ii) a leading monomial of HP P F s ak L O

To illustrate, for n = 3 the space of normal forms is the Z[q1, ¢2]-span of the
monomials 1,21, 2%, ¥, 7122, 2502 . The reduced minimal Grébner basis for I3
consists of

3
Hl =1 +2x9+ X3,

Hi =af+xim+23 —q1 — g2,
and

H} = a3} — 221q1 — 22q1 -
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12.2. Computing the Gromov-Witten invariants. Since the quantum Schu-
bert polynomials G4 represent Schubert classes, the structure constants of the
ring Z[q, ]/ I with respect to the basis {&%} are the generating functions for the
Gromov-Witten invariants (o, 0y, 0w), of the flag manifold (cf. (2.14)). Actually,
(2.14) generalizes to

(12.1) Oy %0 % Oy, = Z qu (Ows Twys -y Owg ) g Twow
weS, d

(see, e.g., [7]). This formula allows us to compute k-point Gromov-Witten invariants
for an arbitrary k.

Corollary 12.2. For any wy,...,wi € Sy,

(12.2) (8%, L) = auws s Ouw)a-
d
Proof. This is a consequence of (12.1) and the orthogonality property (3.9). O

Combining (12.2) with Corollary 5.9, we obtain the following formula for the
generating function of the Gromov-Witten invariants.

Corollary 12.3. For any wi,...,wg € Sy,

(12.3) qu<ow1,...7awk>d=< [Ies, (2., 20 (1)>,
d J

where (f) denotes the constant term of Ow,(f) (cf. (2.7) and(2.8)).

An efficient alternative to the last formula is provided by a method described
below, which is based on the Grobner bases techniques developed in Section 12.1.

Corollary 12.4. The expansion of an element F' € Z|q, x]/I% in the basis of cosets
of quantum Schubert polynomials &%, , w € Sy, , is given by F = ¢,6% mod I?,
where each c,, is the coefficient of the staircase monomial b = a:qf_larg_Q R N
in the normal form of the polynomial F&Y, ,, with respect to the degree lexicographic

monomial order described in Section 12.1.

Proof. In view of Theorem 3.9, ¢,, is equal to the coefficient of & in the expansion
of F&Y, ,, . By Proposition 12.1, the normal form of F'&Y ,, lies in L , and the

coefficient of &, in its expansion in the basis of quantum Schubert polynomials is
equal to the coefficient of x? . O

Theorem 12.5. A Gromov-Witten invariant (., , ..., 0w, )a of the flag manifold
is the coefficient of the monomial q*z° in the normal form, with respect to the
degree lexicographic order induced from x1 < x2 < x3 < ---, of the product of
quantum Schubert polynomials &, --- &% . This normal form can be found using
the reduction procedure versus the Grobner basis G = {HY, H;Z_l, s H2_ HLY.

Proof. The proof follows from Corollaries 12.2 and 12.4 and Proposition 12.1. O
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We remark that it is usually more efficient to alternate normal form reduction
with multiplication by &7, &1, ....

The cases k = 1,2 of Theorem 12.5 are not so interesting, since the only non-
vanishing values are (0w, )(,....0) = 1 and (0w, Ow,u)(0,....0) = 1, for any u € S, .
The case k = 3 is nontrivial and actually determines all other invariants, because
of the associativity property of quantum multiplication. Theorem 12.5 provides a
method to directly calculate the invariants (o, , .. ., 0w, )4 for arbitrary k, avoiding
the use of associativity. For example—just to show the practical efficiency of the

algorithms—one has, in Fly, (0w, ,---;0uw,)(15,19,14) = 385056 .
—— ——

17

13. GROMOV-WITTEN INVARIANTS FOR Fl3 AND Fl,

Using the method of Theorem 12.5, we calculated all 3-point Gromov-Witten
invariants (o, 0y, 0w), for the flag manifolds Fls3 and Fls. The results are given
in Tables 1 and 2, respectively. Since (oy, , 0y , 04 )q is invariant under permuting u,
v, and w, each relevant unordered triple (u, v, w) is listed only once. In view of the
definition (2.14) of the quantum product, Tables 1 and 2 contain all information
needed to construct the multiplication tables for QH(Fl3,7Z) and QH(Fl4,Z). For
example, we have os, * 0w, = 1055, + q19q2, Which is a particular instance of
the quantum Monk’s formula (1.8). Table 1 agrees with the data obtained by
P. di Francesco and C. Itzykson [10, Section 3.5] by a direct computation based on
the original geometric definition.

For each triple u, v, w € Sy, Table 2 provides reduced words for u, v, and w, and
gives the polynomial ), g% (04,00, 00) 4 unless it equals 0. For instance, the row

u | w
21| 2132 | 1321 | q142
in the table refers to the permutations u = s281, v = 82518382, and w = $1538251 ,
and should be understood as saying that the only nonvanishing Gromov-Witten
invariant (o, 0y, 0w), , for these u, v, and w, is <au,0v,ow>(1 1o =1

TABLE 1. 3-point Gromov-Witten invariants for Fl3

u v w Zd qd <Uu,(7v,(7w>d
1 wWo 1

1 S1 51 82 1

1 S9 52 81 1

S1 S1 S92 1

S1 S92 S92 1

S1 S1 Wo q1
S1 S281 | S251 | Q1
52 52 Wo qz
S92 S152 | S152 | 42
S1 wo Wo q142
52 wo Wo q142
S§182 | 8281 | Wo q142
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TABLE 2. 3-point Gromov-Witten invariants for Fly

u | v w u v w

o]0 123121 | 1 2 |13 213 1
6|1 12312 |1 2 |13 232 1
6|2 12321 |1 2 |23 121 1
6|3 21321 |1 2 |23 321 1
6|12 1231 |1 2 |32 213 1
6|21 1232 |1 2 |32 21321 | ¢
6|13 2132 |1 2 121 [1232 |
¢ |23 1321 |1 2 | 121 | 123121 | qige
6| 32 2321 |1 2 132 [2132 |
6| 123 |121 1 2 232 [1321 |
6| 132 |213 1 2 | 232 |123121 | gogs
¢ |321 |232 1 2 | 1232 | 12312 | gogs
11 1232 |1 2 | 1321 |21321 |qige
11 123121 | @1 2 | 12321 | 123121 | q1qoq3
1|2 1231 |1 3 |3 1321 |1
1|2 1232 |1 3 |3 123121 | g5
13 2132 |1 3 |12 121 1
1|12 123 1 3 |12 213 1
121 232 1 3 |21 132 1
121 12321 | @ 3 |21 232 1
113 132 1 3 |13 121 1
113 232 1 3 |13 132 1
113 21321 | ¢ 3 |13 12312 | g5
123 121 1 3 |23 121 1
1123 132 1 3 |23 12321 | g5
132 213 1 3 |32 321 1
132 232 1 3 1123 |1231 ¢
1121 1231 | 3 213 [1232 |g
1121 | 123121 qigo 3 232 [2321 |g
1[213 1321 | 3 232 | 123121 | gogs
1321 2321 | 3 1232 | 12312 | gogs
1[1321 | 21321 | qigo 3 | 12321 | 123121 | q1qoqs
1| 12321 | 123121 | q1goqs 12 | 12 13 1
2|2 1231 |1 12 | 12 1232 | o
2|2 2321 |1 12 | 21 23 1
2|2 123121 | ¢o 12| 21 123121 | q1go
213 1321 |1 12| 13 13 1
213 2321 |1 12| 13 23 1

2 | 12 213 1 12 | 32 2132 | ¢

2 | 12 12312 | ¢o 12121 | 232 %

2 | 21 123 1 12121 | 12321 | quge
2 | 21 232 1 12132 | 132 P

2 |13 121 1 12132 |232 P

2 |13 132 1 12321 | 21321 | quge

591
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u v w u v w

12 | 232 12312 | ¢aqs 13 [ 12312 | 12321 | qiqeqs
121232 1232 | qugs 13 | 12321 | 21321 | qiqogs
121321 1321 | quge 23 |23 1231 | g3
121321 2321 | quge 23 |23 2321 | g3
12 (2321 | 123121 | igogs 23 |32 123121 | g2q3
12 | 12321 | 12321 | qigags 23 | 123 213 e
12 | 123121 | 123121 | q1¢3qs 23 | 132 12312 | gags
21 | 21 1231 | 23 | 213 232 e
21 | 21 2321 | ¢ 23 | 232 12312 | g2q3
21|13 32 1 23 | 232 21321 | g2g3
21 | 13 1321 | q 23 1232 | 2132 | qogs
21 | 13 2321 | q 23 | 1321 | 123121 | q1gogs
21 | 23 32 1 23 | 2321 | 123121 | q1gogs
21 | 121 213 ¢ 23 | 12321 | 21321 | q1goq3
21 | 121 12312 | qig2 32 |32 1321 | ¢
21 | 121 21321 | q1g2 32 | 123 12312 | gogs
21 | 132 21321 | qiq2 32 | 121 132 0
21 | 213 321 a 32 | 121 232 @
21 11231 | 123121 | igogs 32 | 121 21321 | 1qo
21 11232 | 123121 | igogs 32 | 132 132 ¢
21 (2132 | 1321 | qige 32 | 232 12321 | gogs
21 | 12312 | 12321 | qiqags 32 11231 | 1232 | ogs
13|13 32 1 32 11231 | 123121 | qigogs
13|13 1232 | ¢ 32 11232 | 1232 | qogs
13|13 1321 | ¢ 32 | 1321 | 1321 | quge
13|13 123121 | q1g3 32 | 12321 | 12321 | qigoqs
13|23 1231 | ¢ 32 | 123121 | 123121 | q1¢2¢s
13|23 1232 | ¢ 123 | 132 1232 | gogs
13 | 32 32 1 123 | 321 123121 | q1goq3
13| 123 123 0 123 | 232 2132 | gogqs
13 | 121 121 ¢ 123 [ 1321 [ 12321 | qigogs
13 | 121 213 ¢ 123 [ 2321 [ 21321 | qigogs
13| 121 21321 | qiq2 121 | 121 1231 | qigo
13| 213 232 e 121 | 121 1232 | qigo
13 | 213 12321 | qigs 121 | 121 1321 | qigo
13 | 321 321 ¢ 121 | 121 2321 | q1qo
13 | 232 232 0 121 | 132 1321 | qige
13 | 232 12312 | gags 121 | 132 2321 | qigo
131231 [1231 | qugs 121 | 213 1321 | qigo
131232 1232 | qogs 121 | 321 2132 | 1o
131232 | 123121 | igogs 121 | 232 1232 | goq3
131321 | 1321 | qige 121 | 232 1321 | qigo
132321 [2321 | qugs 121 | 1231 | 12321 | qiqogs
132321 | 123121 | igogs 121 [ 1232 [ 12321 | qigogs
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u v w u v w

1212321 | 12312 | qiq2q3 232 232 1232 | qaq3
121 | 12312 | 123121 | q1¢3qs 232 232 1321 | gogs
132|213 | 123121 | qiqags 232 232 2321 | qogs
132321 [1321 | quge 232 1231 | 21321 | qigogs
132232 [1231 | qogs 232 1321 | 12321 | qigogs
132232 1232 | qogs 232 2321 | 12321 | qigogs
1321231 | 12321 | qiqegs 232 21321 | 123121 | q1¢2qs
1322321 | 12321 | qigags 1231 1231 [ 1321 | qigegs
132 | 12312 | 123121 | q1¢3qs 1231 1232 [ 1321 | qigegs
132 | 21321 | 123121 | q1¢2qs 1231|2132 [2321 | qigegs
213 [ 213 | 1231 | qugs 1232 1321 [ 2321 | qigegs
213 [ 213 | 2321 | qugs 1232|1321 | 123121 | q1¢3qs
213 | 213 | 123121 | q1gogs 1232 2321|2321 | qigegs
213 [ 232 | 1232 | qugs 1232 | 21321 | 21321 | q1¢3qs
213 [ 232 | 123121 | q1q0qs 1232 | 123121 | 123121 | q1¢2¢2
213 | 1231 | 21321 | q1goqs 2132|2132 | 123121 | q1¢2qs
213 | 1232 | 21321 | qigogs 2132 | 12312 | 21321 | qiq2gs
213 | 2132 | 12321 | qigogs 1321 | 12312 [ 12312 | qiq3qs
213 | 1321 | 12312 | qigoqs 1321 | 123121 | 123121 | ¢2¢2qs
213 | 2321 | 12312 | q1goqs 12312 | 12312 | 123121 | q1¢2¢2
321 [ 1231 | 12312 | qigogs 21321 | 21321 | 123121 | ¢?¢2¢s
321 [ 1232 | 12321 | qigogs 123121 | 123121 | 123121 | ¢2¢2¢3
232 (232 | 1231 | qugs

14. TABLES OF QUANTUM SCHUBERT POLYNOMIALS

n=2
w | red.word | &, | 6L
12 ¢ €0 1
2111 e1 x1
n=3
w red.word | G, &4
123 | ¢ €00 1
213 | 1 €10 T
132 | 2 €01 BT )
231 | 12 €o2 122 + Q1
312 | 21 enn —eo2 | 23 —q
321 | 121 e12 r1 (2172 + 1)
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n=4
w red.word | &,, G}
1234 ¢ €000 1
2134 | 1 €100 I
1324 | 2 €010 xr1 + T2
1243 | 3 €001 xr1 + 22 + a3
2314 | 12 €020 T1T2 + q1
3124 | 21 €110 — €020 J?% —q1
2143 | 13 €101 X1 (1‘1 + 22 + 1‘3)
1342 | 23 €002 122 + 123 + 223 + ¢1 + G2
1423 | 32 €011 — €002 2} 4 222 + 23 — 1 — @2
2341 | 123 €003 T1T2T3 + Q173 + q271
3214 | 121 €120 $1($1ZE2 + q1)
2413 | 132 €021 — €003 2239 + 1123 + 171 + Q120 — Qo1
3142 | 213 €102 — €003 rizo + iz + o — s
4123 321 €111 — €021 x% — 2(]1{E1 — 12
— €021 + €003
1432 | 232 €012 — €003 $%$2 + $%$3 + a:lx% + z12073 + a:%xg
+ gz + @2 — Qi3 + Q222
3241 | 1231 €103 z1(T1T223 + 13 + QQﬁtl)
2431 | 1232 €013 (x1 + x2)(x12223 + 123 + g21)
3412 | 2132 €022 — €013 x%x% + 2q1x1x2 — QQ(E% + (]% + q192
4213 | 1321 €121 — €022 30 + 123 — r1T2 — ¢ — 1 G2
+ €013 — €103
4132 | 2321 €112 — €022 — €103 (ﬂ:lil'g + 1’?%3 + qu% — q1T1T2
— 213133 — 1T23 — 4F — q1q2
3421 | 12312 €023 (122 + q1)(x1T223 + G123 + g21)
4231 | 12321 €113 — €023 (Ji% — ql)($1$2$3 + q1r3 + QQJ?l)
4312 | 21321 €122 — €113 131(217%13% + 2(]121312132 — QQ$% + qf + CI1CI2)
4321 | 123121 €123 $1($1ZE2 + ql)(J?leJ?g + q1x3 + QQxl)
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