IMRN International Mathematics Research Notices
2000, No. 14

Littlewood-Richardson Coefficients via Yang-Baxter Equation

Oleg Gleizer and Alexander Postnikov

1 Introduction

This paper presents an interpretation for the Littlewood-Richardson coefficients in terms
of a system of quantum particles. Our approach is based on a certain scattering matrix
that satisfies a Yang-Baxter-type equation. The corresponding piecewise-linear transfor-
mations of parameters give a solution to the tetrahedron equation. These transformation
maps are naturally related to the dual canonical bases for modules over the quantum
enveloping algebra U, (sl,). A byproduct of our construction is an explicit description
for Kashiwara’s parametrizations of dual canonical bases. This solves a problem posed
by Berenstien and Zelevinsky. We present a graphical interpretation of the scattering ma-
trices in terms of web functions, which are related to honeycombs of Knutson and Tao.

The aim of this paper is to further investigate the Grothendieck ring Ky of poly-
nomial representations of the general linear group GL(N). Let V), be the irreducible repre-
sentation of GL(N) with highest weight A. The structure constants cy , of the Grothendieck
ring in the basis of irreducible representations are given by

Va@ V=) c,Vu.

We also mention several alternative interpretations for the numbers cy,. These numbers
are
e the structure constants of the ring of symmetric polynomials in the basis of
Schur polynomials;

e the coefficients of the decomposition into irreducibles of representations of
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symmetric groups induced from parabolic subgroups;

e the structure constants of the cohomology ring of a Grassmannian in the basis

of Schubert classes.

The celebrated Littlewood-Richardson rule (see, e.g., [8]) is an explicit combi-
natorial description of the coefficients cy,,. Several variations of this rule are known,
including Zelevinsky pictures and Berenstein-Zelevinsky triangles [2].

In this paper we present a new interpretation of the Grothendieck ring Ky and the
Littlewood-Richardson coefficients c3,. Our construction is based on the scattering ma-

trix R(c) that acts in the tensor square of the linear space E with the basis eg, e;, ez2,... by

ey+c®ex—c ifCZX*U,
R(c):ex ®ey —
0 otherwise.

(We assume that e, = 0 whenever x < 0.) We denote by Ry;(c) the operator acting on E®™
as R(c) on the ith and jth copy of E and as an identity elsewhere. The tensor product of
two irreducible representations V) and V|, can be written as a certain combination of
the operators Ri;(c).

Using the operators Ryj(c) we define a new bilinear operation “+” on the tensor
algebra T(E) that corresponds to the operation of the tensor product of representations
of GL(N). It is straightforward that a Pieri-type formula holds for the *-product of any
basis element in T(E) with ey. The proof of the statement that tensor product V, ® V,, is
given by the x-product easily follows from this fact and the fact that “x”is an associative
operation.

The associativity of the x-multiplication is obtained from the following Yang-
Baxter-type relation for the scattering matrices. The operators Rz (ci2), Riz(c13), and

Ru3(cy3) acting on E®3 satisfy the relation

Ra3 (c23)Riz(c13)Riz2(c12) = Riz(c12 )Rz (c3)Ras (ca3),

where c;2, c13, and cp3 are arbitrary parameters and c;,, c{5, and cj, are given by the

following piecewise-linear formulas:
o
Cjp =min (Clz €13 — Czs),
!/
C13 = Ci12 + Ca3, (1.1)
I
Cp3 = INax (C23 ,C13 — Clz).

Surprisingly, the same piecewise-linear transformations arise in the theory of

dual canonical bases for the modules over the quantum enveloping algebra Uq(sl,)
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(see [3], [4]). For a fixed reduced decomposition of the longest element w, in the sym-
metric group S,, elements of the dual canonical basis (also known as the string basis)
are parameterized by (121)—tup1es of integers (strings) that belong to a certain string
cone (Kashiwara's parametrization). Two parametrizations that correspond to reduced
decompositions related by a Coxeter move are obtained from each other by the formu-
las (1.1).

The string cone was described in [3] for a certain reduced decomposition of w.
The core of our construction lies in an explicit description of the string cone for any
reduced decomposition. Thus we solve a rather nontrivial problem posed in [3].

We also present a graphical (or “pseudophysical”) interpretation of the scattering
matrices and their compositions in the language of web functions and “systems of quan-
tum particles.” Web functions are closely related to honeycombs of Knutson and Tao [7]
and Berenstein-Zelevinsky triangles [2]. Itis shown in [7] that integral honeycombs are in
one-to-one correspondence with Berenstein-Zelevinsky patterns. We establish a simple
“dual” correspondence between integral web functions and Berenstein-Zelevinsky pat-
terns. This reveals the “hidden duality” of the Littlewood-Richardson coefficients under
the conjugation of partitions.

We briefly outline the structure of the paper. In Section 2 we give some back-
ground on the representation theory of general linear groups, the Littlewood-Richardson
coefficients, and the combinatorics of symmetric groups and reduced decompositions.
In Section 3 we define the scattering matrices Rij(c) and formulate our rule for the
Littlewood-Richardson coefficients. Section 4 is devoted to the Yang-Baxter-type rela-
tion for the scattering matrices. In Section 5 we define and study principal cones for any
reduced decomposition of a permutation. In the case of the longest permutation, these
cones are exactly the string cones of parametrizations of dual canonical bases. The as-
sociativity of the x-product is deduced in Section 6. In Section 7 we define web functions
and establish their relationship with the scattering matrices and Berenstein-Zelevinsky
patterns.

2 Preliminaries

In this section we remind the reader of the basic notions and notation related to sym-

metric groups and representations of general linear groups.

2.1 Representations of general linear groups

Let us recall the basics of the representation theory of the general linear group GL(N).
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The general linear group GL(N) is the automorphism group of the N-dimensional
complex linear space CN. A complex finite-dimensional linear representation V of GL(N)
is called polynomial if the corresponding mapping GL(N) — Aut(V) is given by polyno-
mial functions. An arbitrary holomorphic finite-dimensional representation is obtained
by tensoring a polynomial representation with a determinant representation g — detk(g)
for suitable negative k.

An irreducible polynomial representation of GL(N) is uniquely determined by
its highest weight A = (A1,...,An), which can be any integer element of the dominant
chamber given by A; > Ay > --- > Ay > 0. We denote by V, the irreducible representation
with highest weight A. Its degree is A\| = A; + -+ + AN.

The collection of polynomial representations of GL(N) equipped with the op-
erations of direct sum and tensor product has the structure of an abelian category.
Let Kn = K(GL(N)) be the Grothendieck ring of this category. Degree of representa-
tions provides a natural grading on the ring Ky. Slightly abusing notation, we identify
a representation with its image in the Grothendieck ring Ky.

The irreducible representations V, form a Z-basis of Ky. Our primary interest is
in the structure constants of Kn. In other words, we investigate the coefficients cy,, of
the expansion of the tensor product of two irreducible representations into a direct sum

of irreducibles:
Va®Vy=) X, Vo
v

The weights wy = (1,...,1,0,...,0) (with k ones) are called the fundamental
weights. By convention, wg = (0, ...,0). Every dominant weight A can be written uniquely
as a sum of fundamental weights A = wy, +-- -+ wy,,,1 <x; < -+ < xyy < N.Actually, the
numbers x; are just parts of the partition A’ conjugate to A;thatis, A’ = (X, Xm—1,.-.,%1)-

The fundamental representation V,,, is the kth exterior power of the tautological
representation of GL(N). Pieri's formula gives an explicit rule for the tensor product

of V,, with an irreducible representation V;.

Proposition 2.1 (Pieri's formula). For A = wy, + -+ wx,,, 1 <x3 <xz <+ <xpp <N,

we have

Vi, @ Va =)V, (2.1)

where the sum is over all p = wy, + -+ + wy, ,, satisfying the following interlacing

conditions:

0<y1 <x1 <yY2<x < <Ym <xm <Ym41 <N,
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yr—x1+tyz—x2+- +Ym —Xm + Ym41 =k O

The Grothendieck ring Ky is generated by the fundamental representations V,, .

This implies the following statement that is handy afterward.

Lemma 2.2, Suppose that © is a bilinear associative multiplication operation on the
linear space Ky such that for any fundamental weight wy and any dominant weight A
the product V,,, ® Vi is given by Pieri's formula (2.1) and V(o .. o) is the identity element.
Then © is the usual multiplication in Ky, which is the tensor product of representations.

U

Proof. We show that V), ® V, = Vj ® V,, by induction on the degree |A| of V,. First,
,,,,, 0) © V. =V, by the condition of the lemma. Suppose that the statement is true for

any Vi with |A| < d. For [A| = d, we can express V), via the generators V,,, as YV, @ Wy,
where the Wy are degree d — 1 elements of Ky. Then, by the inductive hypothesis,

Vo V= (Y Ve, oW oV,
=2 Vo, @ (W0 V)
= Vi, ®Wie @V,
—Vy® V.. n

2.2 Symmetric group

Our constructions rely strongly on the combinatorics of reduced decompositions in the
symmetric group S,. This section is devoted to a brief account of this theory.

Let sq € S, be the adjacent transposition that interchanges a and a + 1. Then
S1,...,Sn_1 generate the symmetric group S,,. The generators s, satisfy the following

Coxeter relations:

2
sg =1,

SaSb = SbSa, forla—bl>2 (2.2)
SaSa+18a = Sa+1SaSa+1-

For a permutation w € S,, an expression w = sq, Sq, - - - Sq, of minimal possible

!
length 1 is called a reduced decomposition, and 1 = {(w) is the length of w. The corre-
sponding sequence a = (a;, ds,...,a;) is called a reduced word for w. Let R(w) denote
the set of all reduced words for w. A pair (i,j), 1 < i < j < m, is called an inversion
in wif w(i) > w(j). By I(w) we denote the set of all inversions of w. The number |I(w)| of

inversions in w is equal to its length {(w).
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Let w, be the longest permutation in S, given by w,(i) = n + 1 — 1. Then I(w,) is
the set of all pairs 1 <1i < j < n.A total ordering “<” of inversions (i,j) in I(w,) is said

to be a reflection ordering if for any triple i < j < k we have either

Li) < Bk <(G,k)  or  (j,k) < (L, k) < (L))

Also, for any w € S, we say that a total ordering of inversions in I(w) is a reflection
ordering if it is a final interval of some reflection ordering of I(w,).

The set of all reflection orderings of I(w) is in one-to-one correspondence with
the set of reduced decompositions of w (cf. [6, Proposition 2.13]). Explicitly, for a reduced
decomposition w = sq, Sq, - - Sq,, the sequence of pairs (i1,j;1) < --- < (i1,j1) such that
i = SaySar, " Sary, (ar) @nd jr = $q;Sa, ;" " Sa,,, (ar + 1), T = 1,...,1, is a reflection
ordering of I(w). Moreover, every reflection ordering of I(w) arises in this fashion.

Graphically, we represent a reduced decomposition by its wiring diagram, which
is also called a pseudoline arrangement. For instance, the reduced decomposition

s3 S2 51 Sz of an element in S, is depicted by the diagram in Figure 1.

23 52
S1
12 So
14 S3
\4

3 2 4 1

Figure 1

The nodes of this diagram correspond to the adjacent transpositions. On the other hand,
eachnodeis a crossing of ith and jth pseudolines, where (i, j) forms an inversion. Reading
these pairs in the wiring diagram from bottom to top gives the corresponding reflection
ordering of the inversions. In the example of Figure 1, the associated reflection ordering
is (1,4) < (1,2) < (1,3) < (2,3).

Applying the Coxeter relations to reduced decompositions results in the local

transformations that are called 2- and 3-moves. Namely, 2-moves correspond to the
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second equation in (2.2) and 3-moves to the third equation in (2.2). Two reduced de-
compositions of the same permutation are always connected by a sequence of 2- and
3-moves. Graphically, 2- and 3-moves can be represented by the local transformations

of wiring diagrams in Figures 2 and 3, wherei <j <k <1.

2-move
.

Figure 2
i j k i j k
3-move
\4 \ 4
Figure 3

3 Scattering matrix
Let E be the linear space with a basis ey, x € Z,. We always assume that e, = 0 for x < 0.
Definition 3.1. For ¢ € Z, the scattering matrix R(c) is the linear operator that acts on

the space E ® E by

e ®ex_ ifc>x—uy,
R(c)iex@e, — 4 0 ° ‘ _ (3.1)
0 otherwise.

The space E can be viewed as the space of states of a certain quantum particle. The

basis vector e, corresponds to a particle with energy level x. We think of the scattering
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matrix R(c) as the result of the interaction of two particles with energy levels x and y.
Pictorially, we can represent it by the following “Feynman diagram” in Figure 4.
Notice that the energy conservation law holds in our model, since the sum of

energies of particles after the interaction (y + ¢) + (x — c) is the same as before the

interaction.
ex ey X Y
R(c) or simply A
€x—c €y+c X—c y+c

Figure 4 Operator R(c).

By Ryj(c) we denote the linear endomorphism of E®™ = E ® --- ® E which acts
as the transformation R(c) on the ith and the jth copies of E and as an identity operator
on other copies. Let a = (a,...,a;) be a reduced word for w € S,,, which is associated
with the reduced decomposition w = sq, Sq, - Sq,, and let (i;,j1) < -+ < (i,j1) be the
corresponding reflection ordering of the inversion set I(w). For a collection C = (cyj),
(i,j) € I(w), of integer parameters, we define an endomorphism R,(C) of E®™ as the

composition of scattering matrices

Ra(C) = Ri,j, (€, 5, )Rizj, (Cipjp ) -+ Riyyy (€ )- (3.2)

It is clear that Rij(cij) commutes with Ry (ck) provided that all i, j, k, and 1 are distinct.
Thus the composition Rq(C) stays invariant when we apply a 2-move to the reduced
word a.

For positive integers m and n, let w(m, n) be the permutation from S, ., given by

1 2 m m+1 m+2 --- m+n
n+1l n+2 -+ n4+m 1 2 n '

All reduced decompositions of the permutation w(m,n) are related by 2-moves (cf. the
diagram in Figure 5). Thus the map Ry(C) does not depend upon any particular choice of
a reduced word a for w(m, n). We denote by Ry, n) (C) this endomorphism of E®™ @ E®™.
It depends upon the collection of mn parameters C = (¢ci5), 1 <i<m<j<m+n.

Let T(E) denote the tensor algebra of the linear space E. We define a new bilinear
operation M : T(E) ® T(E) — T(E) whose restriction My, ,, : E®™ @ E®™ — E®(M+n) g
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X1 X2 X3 Xz Y1 Y2 Y3z

21 Z2 Z3 Z4 Zs Zg Z7

Figure 5 Operator R(4, 3).

given by

Mmn =) Rimm(C), (3.3)
C

where the sum is over all collections C of nonnegative integer parameters cij, 1 < i <

m < j < m+n, such that
cij > cx1 Wheneverk <i<j <L (3.4)

We use the notation A x B for M(A,B), where A;B € T(E), and occasionally call this
multiplication operation *-product. Although the sum in (3.3) involves infinitely many
terms, only a finite number of them are nonzero in the expansion for A  B.

Let us remark that a collection C of nonnegative integers that satisfy (3.4) is
usually called a rectangular-shaped plane partition.

The composition of scattering matrices R, ») can be represented by the wiring
diagram shown in Figure 5 (for m = 4 and n = 3). The summation in (3.3) is over all
collections of nonnegative integer parameters ci; that weakly decrease downward along

the pseudolines of this diagram.

Theorem 3.2. The space T(E) equipped with the multiplication operation M is an asso-

ciative ring. O

Recall that w;,...,wN are the fundamental weights of GL(N). By convention,

(,U():O.
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Theorem 3.3. The projection py : T(E) — Ky defined on the basis elements by

PN ex, ®"'®exm

Vi, A=Wy, + -+ wy,, providedx; <xz <--- <x;m <N,

—
0, otherwise,

is a homomorphism from the ring (T(E), M) to the Grothendieck ring Ky of polynomial
representations of GL(N). In other words, if pn(A) = V) and pn(B) = V,,, then pn (A*B) =

VA ® V,,, the tensor product of representations. d

Summarizing the above assertions and definitions, we can formulate a rule for the
Littlewood-Richardson coefficients. Let us denote by ey,...x,, the elemente,, ® - -®ey, €
T(E).

Corollary 3.4. LetA = wy, + - +wx, , U= Wy, + - -+wy, ,andv = w,, + - -+w,, . ,where
X1 < <xm,y1 < <yp,and z; < < zign. The Littlewood-Richardson coefficient
(:}(PL is equal to the number of collections C of nonnegative integers cij;, 1 < i < m,
m+ 1 <j<m-+n, such that

cij > ck, fori<k<1<j;

and

Rimn) (C) * (Exyxm @ €yyooyn) = €zpezpnin- O

Proposition 3.5. (1) We have ey,...x,, ¥€y,..y, =0unlessx; <--- <xpandy; <--- <yn.

(2) The product ey,...x,, * €y,..y, involves only terms e,,. with z; < ... <

“Zm+4n

Zm+n- O

Proof. (1) First, we show that applying Ri3(c13)R23(c23) to ex, ® ex, ® ey, always results
in zero, provided cz3 > c;3 and x; > x,. Indeed, we have Ry3(c13)R23(C23) - (ex, ® ex, ®
ey, ) = Rig(c13) - (ex; ® €y, +cps @ €x,—cyy ) (OT zero). This expression is nonzero only if
c13 > X1 — (x2 — C23), that is, c;3 — ca3 > X; — X2, which is a contradiction.

In general, suppose that, say, x; > x; 1. The composition of operators R, ») (C)
with C satisfying (3.4) involves the fragment Riijm+1(Cit1m+1)Rim—+1(Cim+1), where
Cit+lm+1 = Cim+1. By the above argument, applying these operators gives zero.

(2) This statement follows by induction on m from Proposition 3.6. [ |

Let us verify the statement of Theorem 3.3 for the *-product of e, with an arbi-

trary ey,...x,, . This product is given by the following Pieri-type formula.



LR Coefficients via Yang-Baxter Equation 751

Proposition 3.6. For 0 < x; < --- < x4, we have

€x * €x).xyy — Z €y Ymi1)
where the sum is over all y;,...,ym1 satisfying the following interlacing conditions:

0<y:r <x1 <Yz <x2 <+ <Ym < Xm < Ymsi, (3.5)
.5
Y — X1ty —%X2+--+Ym — Xm + Ym+1 = X. O

Proof. By definition,ex*ey, ..x,, =D Rim+1(Cm)Rim(cm—1)- - Riz(c1) (ex®ex, ®: - -®ex,, ),
where the sum is over ¢; > ¢, > --- > ¢,y > 0. Each nonvanishing summand in the
previous sum is equal to ex_¢, ® ex, yc,—c, @ Cxytcr—cs @ D €xi 1 tem 1—cm @ Cxmtems
provided ¢; > x —xy1, c2 > (x1 +¢1) — %2, €3 > (x2 + ¢c2) — x3, and so on. Let us denote
Yy =X—C1,Y2 =X1+C€1—C2,Yz3 =X2+C2—C3,...,Ym =Xm-1+Cm-1—Cm, Ym+1 = Xm +Cm.

Then all the above inequalities are equivalent to the interlacing conditions (3.5). [ |

Due to Lemma 2.2 and Proposition 3.6, Theorem 3.3 and Corollary 3.4 would
follow from Theorem 3.2, which says that M is an associative operation. The proof of
associativity given in Section 6 is based on a Yang-Baxter-type relation for the scattering
matrices Rij(c) (see Section 4) and on the construction of certain polyhedral cones in the

space of the parameters ci; (see Section 5).

4 Yang-Baxter equation and tetrahedron equation

As we mentioned before, for distinct i, j, k, and 1, the endomorphism Rj;(cij) commutes
with Ryi(ck1). Thus Ry (C) does not change when we apply a 2-move to the reduced word a.

The relations that involve 3-moves are less trivial.

Theorem 4.1. The operators Riz(c12), Riz(c13), and Rz (ce3) acting on E®? satisfy the

relation
Rz (c23)Riz (€13)Riz (€12) = Riz (c12)Riz (c13)Ras (c23), (4.1)
where ¢z, ¢13, and cy3 are arbitrary parameters and c{,, ci5, and c), are given by

¢i; =min (c12,c13 — C23),
Ci3 = Ciz + C23, (4.2)

CéS = Imax (C23 ,C13 — C12).



752 Gleizer and Postnikov

Moreover, for fixed c;2, c13, and cy3, the collection c{,, c{5, and c;, defined by (4.2) is a

unique collection of parameters such that (4.1) holds identically. O

In Figure 6, the two wiring diagrams related by a 3-move illustrate the statement

of the theorem.

X1 X2 X3

C12

C13 _—
C23

Y
Ys Yz Yi

!/ !
Y1 = X3 +C13 = X3 +C23 +C12,
!/ i !/
Y2 =Xz +C12 —C13 +C23 = X2 —Cy3 +Cy3 —Cyy,

!
Yz = X1 —C12 —C23 =X1 —Cy3.

Figure 6

Remark 4.2. If c¢;3 = ci2 + c23, then ¢{, = c12, ¢j3 = ci13, and cj; = cz3. In this case,
equation (4.1) becomes the famous quantum Yang-Baxter equation with two parameters,
which is well known in the form R;; (1)Ry3 (u + v)Rzs (V) = Raz (V)Riz (w4 V)Riz (u).

Proof of Theorem 4.1. The operator Ras (c23)R13(c13)R12(c12) maps the basis vector ey, ®

Ex; @ €x, either to €xz ey ® €xptery —cis +eam O €xp—ciz —cas if

Ci2 = X1 — Xz,

c13 > (x2 4 ¢c12) — X, (4.3)
a3 > (x1 —c12) — (x2 + 12 — c13)

or to zero otherwise. Likewise, the operator Rz (ci, )Riz(ci3)R23(Cj3) maps ey, @ey, @ ey,

either to ey, 1cj +c/, @ €x,—cy, +el, —cf, © €x,—cf, if

/
Cy3 = X2 — X3,

/ /
ez 2 x1 — (x2 —cg5),

Cip = (XZ —Cg3 + C{B) - (X3 *Cés)
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or to zero otherwise. These two operators are equal if and only if

’ ’
C13 = Cyp + Ca3,
’ ’ ’
Ci2 —C13 +C23 = —Cg3 + Cj3 — Cqg, (4.5)

’
Ci2 +C23 =Cy3

(the second identity is the difference of two others), and for any x;,x2,x3 the condi-
tion (4.3) is equivalent to the condition (4.4). We can write these two sets of inequalities

in a more compact form as

min (c12,¢23 +2¢12 —€13) > X1 — X2,

C13 — C12 > X2 — X3,
/ /
C13 _ng Z X1 — X2,

which is equivalent to
min (cj;,c12 +2¢)3 —C{3) > X2 — X3.

Thus
: ! /
min (c12,C23 +2¢12 — €13) = Ci3 — Cg3,
13 — €1z = min (cy3,c12 + 2¢53 — C{3).
These two identities together with (4.5) are equivalent to the relations (4.2). [ |

It follows for Theorem 4.1 that, for i < j < k, the operators Ri;(ci;), Rik(cik), and

Rjk(Cjk) acting on E®n satisfy therelation Rjk(Cjk)Rik(Cik)Rij (Cij) = Rij (C{j )Rik(c{k)Rjk(Cj/k))

where
, .
Cij = min (Cij , Cik — Cjk),
/
Cix = Cij + Cjk, (4.6)

! f— . . — .
¢ = max (¢, Cik — Cyj ).
. . PR o .
The inverse transformation (c{;, ¢y, ¢ji) — (¢, Cik, ¢jk) is given by similar formulas

¢y = max (cfj, ¢fy — ¢y,
Cik = ¢fj + ¢y, (4.7)

_ . / / /
C]'k = min (Cjk,Cik - cij)‘
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We denote by Z!™) the set of all collections of integer parameters C = (c,,4) with
(p,q) € I(w), p < g. Fori < j < ksuch that (i,j), (i,k), j, k) € I(w), we denote by Ti;x the

local transformation of parameters

Tijk : ZI(W) — ZI(W) y

Tijk : (Cpq) — (C{jq),

where the ¢/, are given by formulas (4.6) for p, q € {i,j,k} and ¢}, = cpq otherwise.

For any two reduced words a,b € R(w) of a permutation w € S,, we define a
transition map TP : Z!™) — Z!) as a composition of local transformation maps Tijk.
fa=(..,a,b,...)and a’ = (...,b,qa,...), la —b|] > 2, are two reduced words for w
related by a 2-move, then T;‘/ is the identity map. If a = (...,a,a + 1,q,...) and a’ =
(...,a+1,a,a+1,...) are two reduced words related by a 3-move, then the corresponding
reflection orderings of I(w) differ only in three places: --- < (j,k) < (i,k) < (i,j) < ---
and --- < (i,j) < (i,k) < (j, k) < --- for certain i < j < k. In this case, we define T%' = ik
and TS, = Tgi In general, we choose a chain of reduced words a, al, a?,...,a*, b € R(w)
that interpolates between a and b such that any two adjacent words are related by a 2-
or 3-move. Then we define T = TP, -- Tgf T

It follows from the uniqueness part of Theorem 4.1 that the transition map T
does not depend upon a choice of path of 2- and 3-moves joining the reduced words a and
b. Let us remark that this property amounts to verifying that the local transformation

maps Tijx satisfy the following tetrahedron equation.

Theorem 4.3 (Tetrahedron equation). Let w, be the longest element in S4. The following

identity for the compositions of maps Z!(We) — ZI(we) holds:

Ti23 Ti2a T13a Toza = T234 T134 Ti2a Tios . O

It is left as an exercise for the reader to verify directly that the local transforma-
tion maps Ti;x satisfy the tetrahedron equation.

Recall that Rq(C) is the composition of scattering matrices defined by (3.2). It is
immediately clear from Theorem 4.1 that Rq(C) = Rq/(T®'(C)) if a and a’ are related by

a 2- or 3-move. Thus, in general, we have
Ra(C) =Ry (T2(C)) (4.8)

for any two reduced words a and b for w and any collection of parameters C € Z!("W)
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5 Principal cones

Let a be a reduced word of a permutation w € S;,. In this section we construct and study
a certain polyhedral cone C, in the space Z'™) . In the case when w = w, is the longest
permutation in S,,, the cone G4 is exactly the cone of Kashiwara’'s parametrizations of
dual canonical bases for U4 (sl ). It is the string cone in the terminology of Berenstein
and Zelevinsky [3]. The explicit description of G, gives an answer to a question posed
in [3].

5.1 Rigorous paths and statements of results

Let us fix a reduced word a € R(w) and an integer 0 < s < n. We construct an oriented
graph G(a,s) from the wiring diagram corresponding to a as follows. Denote by v;; the
vertex of the wiring diagram which is the intersection of the ith and jth pseudolines. The
vertex set of the graph G(a, s) is composed of the vertices vi; together with 2n boundary
vertices: Uy,..., Uy, which mark the upper ends of pseudolines from left to right, and
Li,...,L,, which mark the lower ends of pseudolines from left to right. Notice that U; is
the upper end of the ith pseudoline. We orient downward the s pseudolines of the wiring
diagram whose lower ends are labeled L;,...,Ls, and we orient upward the remaining
n — s pseudolines whose lower ends are labeled Ls,4,...,L;,. Two vertices are connected
by an edge in the graph G(a,s) if they are adjacent vertices on the same pseudoline.
Directions of edges in G(a,s) agree with directions of the corresponding pseudolines.
For example, the graph G(121, 2) is shown in Figure 7.

G(121,2) Vi3

Figure 7
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An oriented path in the graph G(a, s) is a sequence of vertices vy, ..., v connected
by the oriented edges vo — vi1,vi — va,...,vi—1 — v;. Notice that the graph G(a,s) is
acyclic; that is, there is no closed oriented cycle in the graph. Thus there are finitely many
oriented paths in G(a, s). We say that an oriented pathvy — v; — -+ — vy is rigorous if it
satisfies the following condition: There are no three adjacent vertices vq — vgi1 — Vai2
in the path such that vq, vq11, and v, belong to the same ith pseudoline, v, is the
intersection of the ith and jth pseudoline,and eitheri < j and both ith and jth pseudolines
are oriented upward, or i > j and the ith and jth pseudolines are oriented downward. In

other words, a path is rigorous if and only if it avoids the two fragments in Figure 8.

Figure 8

In Figure 8, the thick lines show path fragments and the thin lines show the pseudolines
they intersect.

For example, in the graph G(121, 2) shown in Figure 7 all paths connecting bound-
ary vertices are rigorous except the following two paths: L3 — v;3 — vy3 — [ and
Uz — viz — vo3 — L.

LetP = (vp = v — --- — v) bearigorous path connecting two boundary vertices
vo and v;. Suppose that the edge v,_; — v, is on the i,th pseudoline, forr=1,...,1. We

denote by cp the expression

Cp =Ciip, T Ciyiy + -+ Ciy_; ipy (5.1)

where we assume that ci; = 0 and for i > j the coefficients cy; are given by ci; = —cj;.

Definition 5.1. For a reduced word a € R(w), we define the principal cone C, as the
polyhedral cone in the integer lattice Z!™) of collections C = (ci;) given by the inequal-
ities cp > 0 for all rigorous paths P in the graph G(a,s) from the vertex L4 to Lg, for
1<s<n—1.

Theorem 5.2. For any two reduced words a,b € R(w), the transition map T? bijectively

maps the cone Cq to the cone Cy. O
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U, U Us U, U U;
/
C12 C23
C13 C13
/
C23 C12
L Ly L L L L3
Ci21 ={c12 >0, c13 > cg3 > 0} Ca12 ={cy3 >0, cj3 > ¢y, >0}
Figure 9

Example 5.3. To illustrate Definition 5.1 and Theorem 5.2, we describe in Figure 9 the
principal cones for two reduced decompositions of w, in S3. Indeed, for a = 121 we have
the rigorous paths L, — vo3 — Ly, L3 = viz — vo3 — Ly, and Lz — viz — vip — vz — La.
Analogously, for a = 212 we have the rigorous paths [, — vy — va3 — viz — Ly,
Lo —» v — vz — L1, and L3 — vi2 — L,. One can easily verify that the transformation

map Ti,3 maps the cone C;2; into the cone Cy;5.

In the case when a € R(w,) is a reduced word for the longest permutation in S,

there are two alternative descriptions of the principal cone C,.

Theorem 5.4. For a reduced word a € R(w,), the principal cone C, is the set of all
collections C = (ci;) € Z'™°) such that, for any reduced word b € R(w,), all entries cij

of the collection C’ = (c{;) = T2(C) € Z'™) are nonnegative. O

For areduced word b € R(w,), let low(b) denote the pair (i,j), 1 <i<j <n,such
that the lowest node of the wiring diagram of b is the crossing of ith and jth pseudolines.
(It is clear that j =i+ 1.) For example, low(121) = (2, 3) and low(212) = (1, 2).

The principal cone can be described by a weaker set of conditions as follows.

Theorem 5.5. For a reduced word a € R(w,), the principal cone € is the set of all col-
lections C = (cij) € Z'™°) such that, for any reduced word b € R(w,), the lowest entry

Clow(wy Of C' = (cf;) = T¢(C) is nonnegative. O

Remark 5.6. Inthe case of w,, we can choose either of the descriptions from Theorems 5.4
or 5.5 as the definition of the principal cone. Then Theorem 5.2 would become trivial.

But this would obscure the fact that the principal cone is actually a polyhedral cone.
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Before we proceed, let us consider several examples of principal cones.

Example 5.7. Let a, = (1,2,1,3,2,1,...,n—1,n—2,...,1) € R(w,) be the lexicographi-
cally minimal reduced word for the longest permutation. By Definition 5.1, the principal

cone Cq, is given by the inequalities

Ci12 2 Oa

€13 > c23 >0,
(5.2)
Ci4 > Coq > C34 >0,

Ci5 > Co5 > C35 > Ca5 > 0,....

Indeed, in this case all inequalities cp > 0 in Definition 5.1 are of the form c¢s; > 0 and

Csi—Csi1i > 0fori>s+1.

Berenstein and Zelevinsky [3] studied the string cone of Kashiwara's parametriza-
tions of dual canonical basis for Uq4(sl,). This is a cone Cq in the (3)-dimensional space
of strings C = (cy;) that depends upon a choice of reduced word a € R(w,) for the longest
permutation. It follows from the definitions that if a and a’ differ by a 2- or 3-move, then
Cas = T&'(€4). Thus string cones Cq transform according to the transition maps TP. The
string cone was explicitly calculated in [3] for the lexicographically minimal reduced
word a,. In this case Cq, is given by the inequalities (5.2). Theorem 5.2 and Example 5.7

imply the following statement.

Corollary 5.8 (String cones). For a reduced word a € R(w,), the principal cone Cq is

exactly the string cone C,. O

Definition 5.1 gives an explicit description of the string cone Cq. This settles the

problem of describing the string cones for any reduced word a € R(w,).

Example 5.9. This example is related to our construction of the x-product in Section 3.
Recall that the permutation w(m,n) : i — i+ n (modm+n) in S;+n has a unique
reduced decomposition up to 2-moves. For example, for m = 4 and n = 3 we have the
wiring diagram in Figure 10.

By Definition 5.1, the corresponding principal cone C, ) = C,4 is given by the
inequalities —cix+ci5 > 0fori <m <j <k, cim4n > 0,and cjx—cix > 0fori<j<m<k.
These are exactly the conditions (3.4) on the parameters in the sum (3.3). Thus the *-

product in T(E) can be written as the sum

€x, - xm * €y yn = Z Rimn) (C) « (x; - ooxm @ €y, oy )
CGC(m)n)
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Us Ug Uy

Le Ly

Example 5.10. Let us also illustrate the definitions by the example in Figure 11 for the

reduced decomposition s; s; s3 s3 s2 51 of the longest element w, € Sy.

Figure 11

Rigorous paths

Lz — V23 — V34 — Vo4 — ]_1

Lz — V23 — Vo4 — L]

I_3 — V23 — Lz

L4 — Vig — V13 — V12

— V24 — V23 — L3

I_4 — V14 — V13 — V34

— V23 — I_3

L4 — Viga — V13 — V34

— V24 — V23 — Lg

L4 — V1ga — V34 — V23 — I_3

Inequalities
s=1
C3a >0
€3z +c20 >0
s=2
€23 >0
s=3
€12 >0

Ci3 +¢32 >0

C13 +C34 +ca2 >0

Cia +C43 +C32 20
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In more conventional notation the inequalities defining the cone C;232; can be

written as
ci2 >0
Ci3 >c23 >0
C212321 = { c13 4 Caa > Cos > Co3

C14 = C23 +Caq

c34 >0

To prove Theorems 5.2,5.4, and 5.5, we need some extra notation. For two bound-
ary vertices B and E in {Uy,..., Uy, Ly,..., Ly}, let

Mgt = Mg t(C) =mincp

be the minimum of expressions (5.1) over all rigorous paths P in the graph G(a,s) from
the vertex B to the vertex E, here C = (c;;). (Note that there are finitely many such paths.)
If there are no rigorous paths from B to E in G(a, s), then we set Mp§ = +oo0.

Using this notation, Definition 5.1 of the principal cone can be written as
Co={CezZ'™ |M{* | (C)>0,fors=1,...,n—1}. (5.3)

Theorem 5.2 is an immediate corollary of the following more general statement.

Theorem 5.11. For any two reduced words a,b € R(w,), an integer 0 < s < n, and two
boundary vertices B and E, we have Mg 1 (C) = M%‘SE(C’), where C’ = T2(C). In other

words, the expressions M&$ (C) are invariant under the transition maps TY. O

5.2 Proofs

Proof of Theorem 5.11. Let us first verify the statement of the theorem for the symmetric
group S3. In this case we have only two reduced words 121 and 212 for w,. There are four
possible cases: s =0,s =1,s =2,and s = 3.

Let us start with the case s = 3 when all pseudolines are oriented downward. The
graphs G(121,0) and G(212,0) are given in Figure 12. We also give the transition maps

TZ2)? and its inverse T)Z for a quick reference (cf. (4.2) and (4.7)).
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U, U, Us; / . U, U, Us
c;, =min(ciz,c13 + C32)
/
Ci3 =Ci12 +C23
/
C12 v Cy3 = max(Cs3,Ca1 + C13)
C13
— / / !
Ca3 Y C12 = max(c{,,C{g +C5,)
/ !
C13 = Cjp 1+ Co3
4 ! i A
Cag = min(cgs, ¢y + C13)
L, L, Ls
Figure 12

Enumerating rigorous paths in these graphs, we obtain

Mluzllfl Mlljzllfz Mluzll"ii Ci2 +C23 min (Clz ,C13 + Csz) 0
Mhzzlfl Mhzzl,tsz Mhzzlf’g = ~+o0 C21 +C13 +C32 c21 |»
MR MR MR\ oo o e
M%lllz)fl M%lllz,fz M%Jllz,f’s Ci3 €12 0

MEZE MRZE, MRZE | = [ +oo cgs ey +efp min(egy,ch +c5))
MES e MUY, MU +o00 +00 ciz + 3

It is immediate from the formulas for the transition maps T2 and T}2] that these two
matrices are equal to each other.

In the next case (s = 2) the pseudolines with the lower ends L, and L, are oriented
downward, and the pseudoline with the lower end L3 is oriented upward as shown in
Figure 13.

In this case we have

M{PZE MPE2 M2 0 min (ci2,c13 + C32) 12 +C23

{izzl,ﬁl Mhzzl,‘l_zz Mhzzl,’l_zl = | c21 0 C23 ,
M%f;,ﬁl M{[231,fz M%iz;,'l_zl c31 min (032 ,C31 + C1z) €31 +Ci2 +Co3
MEZE MESS MBS 0 ¢l ¢l
MEZG, MESE, MUY | = [ min(es e +eg) O min(cg,cq +cfs)

212 2 212 2 212 2 / / / / / /
Us, U, Mus L2 Mus L1 C3p +Cap C32 C3p +Cp +Cy3

Again, it is clear that these two matrices are equal to each other.
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The cases s = 0 and s = 1 are completely symmetric to the cases s =3 and s = 2,
respectively.

We can now verify the statement of the theorem for an arbitrary n. This general
statement reduces to the case of S3 (n = 3) as follows. Clearly, it is enough to prove
the statement for two reduced words a and a’ related by a 3-move. The corresponding
reflection orderings of inversions differ only in three terms: --- < (j, k) < (i,k) < (i,j) <

cand --- < (i,j) < (i,k) < (j,k) < --- for some i < j < k. The transition map T2 is the

/
ij>

map Tij¢ that transforms cyj, cik, and ¢y, into c{;, ¢/, , and cj’k according to formulas (4.6)
and does not change other variables.

The intersection points of the pseudolines labeled i, j, and k form a subdiagram S
in the wiring diagram of a (resp.,a subdiagram S’ in the wiring diagram of a’) isomorphic
to a wiring diagram for S3. Let us add six auxiliary vertices u;, uz, uz and 1y, 1y, 13 to the
graph G(a,s) (resp.,in G(a’,s)) that mark the upper and lower ends of the pseudolines
i,j, and k in this subdiagram.

If a path P in the graph G(a, s) does not pass through any of the vertices vi;, v,
and vjk, then the expression (5.1) for cp does not change under the transformation map
Tgl. Otherwise, the path P arrives to the subdiagram S via one of the six auxiliary points
u,...,lz and leaves the subdiagram via another of these six points.

Let us fix two vertices b and e of the six auxiliary vertices and two rigorous paths
P1 (from B to b) and P, (from e to E). And let M%% ., (C) (resp., M& 5, 1, (C')) be the
minimum of the expressions cp over rigorous paths P in G(a, s) (resp.,in G(a’,s)) which
are obtained by concatenation of the path Py, a rigorous path in S (resp.,in S’) from b to

e, and the path P,. Then, by our definitions,

— !’ — !
M%: = min M and ¢ = min M® S .
B,E b.e.P, P, b,e,P;,P; B,E,s b.e.Pr P, b,e,P1,Ps
U, U, Us; U, U, Us
C12 Y
Ci13
C23 A
L Lo L3

Figure 13
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It follows from the case of S; considered above that M¢ . (C) = M&, , 1 (C).
Therefore, Mp'% (C) = Mg'f(C’). This proves the theorem. |

Proof of Theorem 5.5. Suppose that low(b) = (i,j), the lower end of ith pseudoline is
Ls11, and the lower end of jth pseudoline is L. (In the case of w, we have i = n — s and
j =n —s + 1.) Then there is only one rigorous path in G(b,s) from Ls;; to L, namely,
Ls41 — vij — Lg. In this case M{* | (C’) = cf;. Thus M{* | (C) = Mp® | (C') =
C{j = Clow(v)» Where C’ =T2(C).

Foranys =1,...,n—1, thereis a reduced decomposition b of the longest permu-
tation w, such thatlow(b) = (n—s,n—s+1).Thus the inequality M{"* | (C) > 0is equiv-
alent to saying that, for any reduced word b € R(w,) such that low(b) = (n—s,n—s+1),

the lowest entry cj ) of C' = T2(C) is nonnegative. The statement follows. |

Proof of Theorem 5.4. We deduce this theorem from Theorem 5.5. Let us fix a € R(w,).
It is enough to show that if C = (ci;) has a negative entry, then there is a reduced word
b € R(w,) such that the lowest entry ), of C' = T2 (C) is negative.

Suppose not. Let us pick a reduced word b such that C’ = TY(C) has a negative

/
Pq

correspond to the lowest crossing in the wiring diagram of b. Thus (possibly, after sev-

entry ¢/, < 0 located on the lowest possible level. The pair (p,q) # low(b) does not

eral 3-moves that do not affect c),,) we can make a 3-move transforming three entries

(cijycixr €fi) — (cff, ey, ¢ii) by the rule (4.6) such that (p, q) € {(i,j), (i,k), (j, k)}, but (p, q)

is not the lowest pair (j, k) among these three. By our assumption, c;, is nonnegative.
/ /

0o Y . " . .
Then c{j = min(c{;, ¢{, —cjx) is negative, and c{j is located on a lower level in the resulting

wiring diagram than the level of c;,, in b. This is a contradiction. [ |

6 Associativity

In this section we prove Theorem 3.2, which claims that the x-product defined by (3.3)

is an associative operation.

Proof of Theorem 3.2. We need to verify that

(Exyxm * €yyoooyn ) * €2y ez = Exyooxn * (€yy oy * €242, ), (6.1)

for any positive m,n,kand x; <--- <%,y <+ <yn,z; < <z

Let Idy be the identity permutation in Sy. The permutation w(m,n) xIdy € Sy ¥
Sx is canonically embedded into Sy, k. Likewise, the permutation Id,,, xw(n,k) € Sy, x
Snik is canonically embedded into Sy n+x. Then w(m+n, k) - (w(m,n) x Idx) = w(m,n+

k) - (Idy, xw(n,k)). We denote this permutation by w(m, n, k).
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Note that the permutations w(m + n, k) and w(m,n) x Idx have unique (up to
2-moves) reduced decompositions. Let a' be a reduced word for w(m,n, k) obtained by
concatenation of reduced words for w(m+mn, k) and w(m, n) x Idy. Analogously, let a? be
a reduced word for w(m, n, k) obtained by concatenation of reduced words for w(m, n+k)
and Id,, xw(n,k).

The inversion set I(w(m,n,k)) of the permutation w(m,n,k) is the union of the
following three sets of pairs: [1,m] x [m+ 1,m +n], [1,m] x [m+n+ 1, m+n + k], and
[m+1,m+n]x [m+n+1m+n+Xk|, where [a,b] ={a,a+1,...,b}.

By the definition of x-product, the left-hand side of the expression (6.1) is equal to
the sum 3 Rgi (C) - (ex, ...x,, @€y, .y, @€z, ...z, ) over all collections C = (cy;) € ZIwmmk)

with nonnegative integer entries such that

Cij > Cpq Whenever 1 <p<i<m, m+1<j<qg<m+n,

Cij > Cpq Wheneverl <p<i<m+n m+n+1<j<g<m+n+k

(cf. (3.4)). These are exactly the inequalities defining the principal cones C,: (cf. Exam-
ple 5.9). Thus the left-hand side of (6.1) can be written as

Z Rai (C) - (exy oxm ® €yy iy @ €2,z )
CeCh

Analogously, the right-hand side of (6.1) can be written as

Z Rgz (C) - (€xyooxm ® €yy oy ® €2,z )
CeCp2

The equality of these two expressions follows from (4.8) and Theorem 5.2.
This proves Theorem 3.2 and thus completes the proof of our main statement

concerning the x-product (see Theorem 3.3). [ |

7 Web functions, Berenstein-Zelevinsky triangles, and hidden duality

In this section we give a geometric interpretation of the scattering matrix (3.1) in terms
of certain web functions as well as a “physical” motivation for it. Then we establish a
relationship between integral web diagrams and fillings of Berenstein-Zelevinsky tri-
angles. We also discuss the “hidden duality” of the Littlewood-Richardson coefficients

. . o, . . v _ ‘V,
under conjugation of partitions: ¢y, = ¢/,
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7.1 Web functions

It is convenient to use the baricentric coordinates in R?. Namely, we represent a point
in R? by a triple («, 3,v) such that « +  + v = 0. We say that a line in R? is of the first
(resp., second, or third) type if its first (resp., second, or third) baricentric coordinate is
fixed. We denote by (aq, %, *) the first-type line given by {(«,B,v) | «+ B +v =0, x = a}.
Analogously, we denote by (x,b,*) and (x,x*,c) the lines of the second and third types
given by {(e, B,v) | x+B+v =0, B =b}land {(«, B,v) | x+p +v =0, v = c}, respectively.
Each of the two pictures in Figure 14 represents a union of three rays of first, second,

and third type originating at the same point.

(a,*, %)

(*, b, *)

Figure 14

Notice that in both cases we have a+ b+ ¢ = 0 and a’ + b’ + ¢’ = 0. We say
that these two types of sets are left and right forks. The central point of a fork is called
its node. The node of the left (resp., right) fork shown in Figure 14 is the point (a,b,c)
(resp., (a/,b’,c’)) in the baricentric coordinates. We say that a function f : R? — R is a
fork function (left or right) if there is a fork such that f is equal to 1 on three rays of the

fork, to 3/2 on its node, and zero everywhere else.

Definition 7.1. A web function is a function f : R? — R, such that for every point in R?
there exists an open neighborhood U of the point, for which the restriction f|y, is either
zero, or the characteristic function of a line of one of three types, or a fork function (left
or right), or a finite sum of several such functions. We say that a web function is integral

if all its lines are of the form (a, *, *), (*,b, %), or (x,*,c) with integers a, b, and c.

Geometrically, we represent a web function by a picture (called a web diagram)
composed of rays and line segments of one of three types, and left or right forks (possibly
doubled, tripled, and so on). See below for examples of web diagrams.

We say that a web function is generic if it only takes values 0, 1, and 3/2. In
other words, the diagram of a generic web function is composed of noncrossing rays,

line segments, and forks. An arbitrary web diagram can be obtained by degeneration of a
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generic web diagram, that is, by merging several lines, line intervals, and nodes together.
For example, in Figure 15 the diagram on the left-hand side presents a generic web
function. The diagram of a nongeneric web function on the right-hand side is obtained
by merging three nodes together. The double line shows the locus where the web function
is equal to 2.

=)

Figure 15

Each web diagram consists of several nodes, line intervals, semi-infinite rays, and/or
infinite lines. We are only interested in web functions whose diagrams have finitely
many nodes. We refer to semi-infinite rays in a web diagram as boundary rays. It is
possible that the boundary rays are doubled (as in the example of Figure 15), tripled,
and so on. The possible directions for boundary rays are North-West and South-East (for
type-1 rays), North-East and South-West (for type-2 rays), and West and East (for type-3
rays), as shown in Figure 16.

\ /

NW
6-point
w

compass

VAN

Figure 16
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Recall that we defined the scattering matrix R(c) by

e Qex_c ifc>x—vy,
R(c):ex ® ey — ye = e
0 otherwise

(see Definition 3.1). Here (unlike Section 3) we allow x, y, and c to be any real numbers.

The first-type line (—x, *, x) can be thought of as the trajectory of a certain left
particle of energy x. We denote this particle by 1(x). Analogously, the second-type line
(*,y, *) represents the trajectory of a right particle of energy y, denoted by r(y). In both
cases the trajectories go downward (from left to right for left particles and from right
to left for right particles). Then the scattering matrix R(c) represents an interaction of a
left particle of energy x with a right particle of energy y. The web diagram in Figure 17

visualizes the scattering matrix R(c). The horizontal segment in this diagram lies on the

r(x —c) l(y+c)

Figure 17

third-type line (*, *,c). Thus the interaction R(c) happens on the level c. The condition
¢ > x —y means that the interaction happens before the trajectories of the particles 1(x)
and r(y) cross each other.

Recall that in Section 3 we defined the operator R, n) ((cij)) as a composition of
the scattering matrices Rij(cij), 1 <i<m, m+1 <j < m+n. The operator R, ) ((cij))
applied to the vectorey, ®---®Qey, ®ey, ®- - -®ey, and producing thevectore,, ®---Qe,, .
can be represented by a web diagram, which is a combination of several pieces similar
to the one shown in Figure 17. In our pseudophysical lexicon, this diagram represents an
interaction of m left particles with n right particles. An example of such a web diagram
for m =4 and n = 3 is given in Figure 18.

In general, such a web diagram need not be as regular as the one shown in Figure 18.

The edge lengths can be arbitrarily deformed.
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I(x1) 1(x2) l(x3) 1(xa) r(y1) r(yz) r(va)

I‘(Zl) I‘(Zz) I‘(Zg) 1(Z4) 1(25) 1(25) 1(27)

Figure 18

This web diagram has the following boundary rays: North-West rays, corre-
sponding to incoming particles 1(x;),...,l(x;n); North-East rays, corresponding to in-
coming particles r(y;),...,r(yn); South-West rays, corresponding to outgoing particles
r(z1),...,r(zn); South-East rays, corresponding to outgoing particles 1(zn+1), ..., 1(zn+m);
and no East or West boundary rays. The ith left particle interacts with the jth right par-
ticle on the level ¢;j1m. In the web diagram, this interaction is represented by an interval
that lies on the line (*, %, ¢ij4+m). Such a web diagram is integral if and only if all x;, vuj,
zx, and cyj are integers.

Using the language of web diagrams, we derive the following statement from

Corollary 3.4.

Corollary 7.2. Let A = wy, +- -+ Wy, , L =Wy, +---+wy, ,andv =w,, +---+w, . be
three dominant weights in GL(N), where 1 <x; <-+- <% <N, 1 <y; <---<yn <N,
and 0 < z; <--- < zyyn < N. The Littlewood-Richardson coefficient c}\’LL is equal to the
number of integral web diagrams that have the following fixed boundary rays:

e the North-West rays (—xp, *, %), ..., (—Xm, *, %);

e the North-East rays (x,yi,*),..., (*,Yn, *);

e the South-West rays (x, z1, *), ..., (x,zn, *);

e the South-East rays (—zny1,*,%), ..., (—Zn+m, *, *);

e no East or West boundary rays. O

Independently of our work a notion of a honeycomb tinkertoy recently appeared
in [7] in relation to Klyachko's saturation hypothesis. It is similar, though not quite

identical, to our web diagram. (The origin of the term “honeycomb” should be clear from



LR Coefficients via Yang-Baxter Equation 769

Figure 18.) This tinkertoy is given along with a statement reminiscent of Corollary 7.2.

In our notation this statement can be reformulated in the following theorem.

Theorem 7.3 [7, Theorem 1]. Let A = (Ay,...,An), L = (H1,---,UNn), and v = (v, ..., VN)
be three dominant weights of GL(N). The Littlewood-Richardson coefficient c3,, is equal
to the number of integral web diagrams with the following fixed boundary rays:

e the North-West rays (A1, *,%),..., (AN, *, *);

e the South-West rays (x, py, ), ..., (*, un, *);

e the East rays (x,*,—Vvn),..., (*,%,—v1). O

In a sense, these two statements are dual to each other. The proof of Theorem 7.3
is based on a simple one-to-one correspondence (see [7, appendix]) between integral
honeycomb tinkertoys (in our notation, web diagrams satisfying the conditions of The-
orem 7.3) and Berenstein-Zelevinsky patterns [2]. This correspondence just assigns to
such a web diagram the triangular array filled by lengths of edges of the diagram.

The Berenstein-Zelevinsky interpretation of the Littlewood-Richardson coeffi-
cients, among its many other virtues, makes it clear that these coefficients are symmet-
ric with respect to the action of S3 by permuting the three weights. Nevertheless this
construction obscures the invariance of the Littlewood-Richardson coefficients under
the conjugation of partitions: ¢}, = c}\’f ,- This “hidden duality” can be observed from
another even simpler bijection between web diagrams and Berenstein-Zelevinsky pat-
terns, which is “dual” to the one given in [7, appendix]. To formulate the correspondence

we have to rigorously define these patterns.

7.2 BZ-functions and BZ-triangles

We say that BZ-lattice Lgz is the set ((1/2)Z x (1/2)Z)\ (Z x Z). Using the baricentric
coordinates we can describe Lpz as the set of points («, 3,v), a+ p +7v = 0, such that 2«,
23, and 2y are integers but at least one «, 3, or v is not an integer.

Every integer point (a,b,c), a + b + ¢ = 0, has six neighbours in Lg; that form

the vertices of the hexagon in Figure 19.

Definition 7.4. A functionf: Lpz; — {0,1,2,...}is called a BZ-function if for any hexagon,

as in Figure 19, it satisfies the following hexagon condition:

f(A) 4+ 1(B) = f(D) + f(E),
f(E) + f(F),
f(C) + (D) = f(F) + f(A).

2
g
+
=
\$)
I
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A=(a,b—1/2,c+1/2) B=(a—1/2,b,c+1/2)
F=(a+1/2,b—-1/2,¢) C=(a—1/2,b+1/2,¢)
E=(a+1/2,b,c—1/2) D=(a,b+1/2,c—1/2)

Figure 19

Proposition 7.5. Integral web functions are in one-to-one correspondence with BZ-func-
tions. This correspondence « is given by restricting a web function f : R2 — R, to the
BZ-lattice Lgy:

k : {integral web functions}, — {BZ-functions},

K:fr— fleg,. O

Proof. Restrictions of first-, second-, and third-type lines and of left and right forks to a

hexagon are in Figure 20. It is clear that all five functions in Figure 20 satisfy the hexagon

1 0 0 1 0 0 1 0 0 1
0 1 1 0 0 0 1 0 0 1

Figure 20

condition. It is also not hard to verify that any nonnegative integer function on a hexagon
that satisfies the hexagon condition is a linear combination of these five functions with
nonnegative integer coefficients. Thus restrictions of integral web functions to the BZ-
lattice are BZ-functions, and every BZ-function can be obtained in such a way. On the
other hand, an integral web function is determined by its values on Lpz. For example, the
values in the center of the hexagon are equal to 1 for the first three functions in Figure

20 and equal to 3/2 for the remaining two functions. [ |

Let us fix an integer N > 1. The BZ-triangle Ty is the triangular subset in Lgy
given by the inequalities « > —N, § > 0, and y = —a — 3 > 0. A Berenstein-Zelevinsky
pattern (BZ-pattern) of size N is the restriction of a BZ-function to the triangle Ty.



LR Coefficients via Yang-Baxter Equation 771

For example, a BZ-pattern of size 4 is an array of nonnegative integer numbers
a,...,arg (arranged in a triangle as shown in Figure 21) such that the numbers in any

of the three hexagons satisfy the hexagon condition.

ax az as Qg as de
Figure 21 BZ-triangle T,.

For a BZ-pattern of size N, let a;,...,asn_2 be the number in the lower row, let
b1,...,ban_2 be the numbers on its left side, and let cq,...,con_2 be the numbers on its
right side (in all cases we count the numbers from left to right). For the triangle in Figure
21,b; = ai,by = a7,bz = ajo,bs = ai4,bs = ai,bs = aig, and ¢; = azg,c2 = a17,c3 =
ai5,C4 = a13,C5 = Ag,Ce = Up-

Berenstein and Zelevinsky [2] found the following interpretation of the

Littlewood-Richardson coefficients in terms of BZ-patterns.

Theorem 7.6 [2]. Let A, i, and v be three dominant weights for GL(N) such that [A|+|u| =
fvland A =l w; +-- -+ lnwn, L=myw; +- -+ Mywp, and v =nyw; +- - -+ nywy. Then
the Littlewood-Richardson coefficient c3, is equal to the number of BZ-patterns of size

N with the following boundary conditions:

l; =b; + by, lo =bz +by,..., In—1 = ban—3 +ban—2,
m; =c¢; +Ca, my =c3 +Cq,..., mN-1 =C2N-3 + CaN—2,
n; = a; + az, ny2 =az +ag,..., NN-1 = d2N-3 + Q2N-2. O

Proposition 7.5 says that web functions are essentially BZ-patterns of infinite
size. Let us fix a set of boundary rays that satisfy the conditions of Corollary 7.2. Then

an integral web function with these boundary rays is determined by its restriction to
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Tn, which is a BZ-pattern. The conditions on the rays of such web functions transform
into the boundary conditions for the BZ-patterns from Theorem 7.6. Thus Corollary 7.2

is equivalent to Theorem 7.6.

Proposition 7.7. Let A, i, and v be three dominant weights for GL(N) such that [A|+ |u| =
Iv|. The integral web functions that satisfy the conditions of Corollary 7.2 are in one-to-
one correspondence with the BZ-patterns of size N that satisfy the boundary conditions
of Theorem 7.6. This correspondence ky is given by restricting a web function f : R? — R
to the BZ-triangle Ty:

KNZf'—)ﬂTN. O

Figure 22 illustrates the statement of Proposition 7.7. It shows a web diagram
and the BZ-triangle T;;. In this case the corresponding BZ-pattern has 1's at the points

that belong to the web diagram and it has 0's everywhere else.

Figure 22 Web diagram and corresponding BZ-pattern.

8 Remarks and open questions

There are several questions that remained outside the scope of this paper. We briefly
mention them here, and they will be properly illuminated in subsequent publications.
First of all, an open problem of interest is to describe explicitly the transforma-

tion maps TY for any two reduced words for w (see Section 4).
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There is an analogy between piecewise-linear transformations T;; given by (4.6)
and the transformations for Lusztig's parametrization of the canonical basis in U/ (sl,).
Lusztig's transformations were thoroughly investigated in [1]. The combinatorial essence
of this work lies in a certain chamber ansatz. It would be interesting to find analogues
of the results of [1].

In a recent paper [5], Berenstein and Zelevinsky investigated string cones and
relations between Lusztig’'s and Kashiwara's parametrizations. It would be interesting
to find a relationship between our combinatorial description of the string cone in terms
of rigorous paths and their construction.

Following [1], it is possible to formulate the transition maps Tij, and T? in the
language of the tropical semiring—a kind of algebraic system where one is allowed
to add, multiply, and divide, but not subtract. Taking the presentation of the tropical
multiplication by the usual addition, tropical division by the usual subtraction, and
tropical addition by the operation min, we can recover piecewise-linear combinatorics.
On the other hand, taking the more natural presentation of the tropical multiplication
by the usual multiplication, tropical division by the usual division, and tropical addition
by the usual addition, we can move to the area of rational mathematics. Hopefully, the
rational expressions corresponding to the piecewise-linear transition maps TY can be
presented by some determinant-like creatures.

Knutson and Tao [7] defined honeycombs as certain embeddings of certain graphs
into R?. They used honeycombs in the proof of Klyachko’s saturation conjecture. Our web
functions are related to honeycombs, but they are defined in a different way by means
of local conditions. Sometimes this definition is more convenient. It is possible to give
a proof to the saturation conjecture in terms of web functions which is simpler than

Knutson and Tao's proof.
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