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GENERALIZED PARKING FUNCTIONS, DESCENT NUMBERS, AND
CHAIN POLYTOPES OF RIBBON POSETS

DENIS CHEBIKIN AND ALEXANDER POSTNIKOV

ABSTRACT. We consider the inversion enumerator I, (gq), which counts labeled trees or,
equivalently, parking functions. This polynomial has a natural extension to generalized
parking functions. Substituting ¢ = —1 into this generalized polynomial produces the num-
ber of permutations with a certain descent set. In the classical case, this result implies the
formula I,(—1) = E,, the number of alternating permutations. We give a combinatorial
proof of these formulas based on the involution principle. We also give a geometric inter-
pretation of these identities in terms of volumes of generalized chain polytopes of ribbon
posets. The volume of such a polytope is given by a sum over generalized parking func-
tions, which is similar to an expression for the volume of the parking function polytope of
Pitman and Stanley.

1. INTRODUCTION

Let 7, be the set of all trees on vertices labeled 0, 1, 2, ..., n rooted at 0. For T' € 7,,
let inv(T") be the number of pairs ¢ > j such that j is a descendant of ¢ in 7. Define the
n-th inversion enumerator to be the polynomial

In(Q) = Z qinv(T).

TeT,

Another way to define this polynomial is via parking functions. A sequence (b1,bs,...,b,)
of positive integers is a parking function of length n if for all 1 < j < n, at least j of the b;’s
do not exceed j. A classical bijection of Kreweras [3] establishes a correspondence between
trees in 7,, with k inversions and parking functions of length n whose components add up
to (”;1) — k. Hence we can write

L= qUa)htemte
(b1,..,bn)EPn
or
Z qb1+b2+~--+bn—n _ q(’;) 'In(q_l),
(b1,e.,bn)EPY
where P, is the set of all parking functions of length n. Cayley’s formula states that
|T.| = |Pn] = (n+ 1)1, hence I,,(1) = (n + 1)"" L.

Key words and phrases. Labeled trees, tree inversions, parking functions, descent sets of permutations,
chain polytopes, ribbon posets.
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Here we focus on the formula

where FE, is the n-th Fuler number, most commonly defined as the number of permu-
tations o109...0, of [n] = {1,2,...,n} such that o1 < 09 > 03 < 04 > ..., called
alternating permutations. This formula can be obtained by deriving a closed form expres-
sion for the generating function ) -, In(q)z"/n! and showing that setting ¢ = —1 yields
tanx + secz = Y. -, En,2™/n! (see the paper [I] by Gessel or Exercises 3.3.48-49 in [2]).
A direct combinatorial proof was given by Pansiot [6]. In this paper we give two other ways
to prove this fact, one of which, presented in Section 2] is an involution argument on the set
of all but E,, members of P,. This involution is a special case of a more general argument
valid for a broader version of parking functions, which we now describe.

Let @ = (a1,a9,...,a,) be a non-decreasing sequence of positive integers. Let us call a
sequence (b1, ba, . .., b, ) of positive integers an d@-parking function if the increasing rearrange-
ment b < b, <--- < bl of this sequence satisfies b; < a; for all i. Note that (1,2,...,n)-

parking functions are the regular parking functions of length n. These d@-parking functions
are (ai,as — ai,as — ag, ... )-parking functions in the original notation of Yan [10], but the
present definition is consistent with later literature, such as the paper [4] of Kung and Yan.
Let Pz be the set of all d-parking functions, and define

@ T T
(b1,....bn)EPg

(this is the sum enumerator studied in [4]). For a subset S C [n — 1], let 3,(S) be the
number of permutations of size n with descent set S. In Section 2] (Theorem 2.4]) we prove
the following generalization of ({):

|0, if a1 is even;
(3) Ha(-1)] = { Bn(S), if ay is odd,
where
(4) S = {z € [n—1] ‘ ajtq is odd}.

Indeed, for @ = (1,2,...,n) we have S = {2,4,6,...} N [n — 1], so that (,(S) counts
alternating permutations of size n. The formula (3] arises in a more sophisticated algebraic
context in the paper [5] of Pak and Postnikov.

In Section B] we obtain a geometric interpretation of these results by considering gen-
eralized chain polytopes of ribbon posets. Given a subset S C {2,3,...,n — 1}, define
uUg = ULU2 ... Uy_1 to be the monomial in non-commuting formal variables a and b with
u; = aifi ¢ S and u; = bif i € S. Let ¢(S) be the composition (1,01,09,...,0k_1)
of n, where the §;’s are defined by ug = a® b®?a% b% .... For example, for n = 7 and
S = {2,3,4} we have ug = abbbaa = ab®a?, so ¢(S) = (1,1,3,2). Now define the
polytope Zg(dy,ds, ..., dy), where 0 < dy < dg < -+ < dj are real numbers, to be the set
of all points (z1,22,...,x,) satisfying the inequalities x; > 0 for j € [n], 1 < d;, and

L)+ 0o+ +0i 141 T Lo +8+46;, 142 T+ Loy tootetotl < dig1
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for 1 <i < k—1. Thus to the above example corresponds the polytope Zg(dy,ds,ds,dy) in
R;O defined by
x1 < dy;
x1 + xg < dy;
To + 3 + x4 + x5 < dg;
x5 + xg + x7 < dy.

We require 1 ¢ S here to ensure that §; # 0, but there is no essential loss of generality
because the chain polytope of the poset Zg is defined by the same relations as Z},, _1_g.

For a poset P on n elements, the chain polytope C(P) is the set of points (z1,z2,...,x,)
of the unit hypercube [0, 1]" satisfying the inequalities xp,, + xp, + -+ + z,, < 1 for every
chain p; < py < --- < pgin P; see [9]. Hence Zg(1,1,...) is the chain polytope of the ribbon
poset Zg, which is the poset on {z1,29,...,2,} generated by the cover relations z; > z;41
if i € S and z; < zj11 if i ¢ S. The volume of C(P) equals 1/n! times the number of linear
extensions of P, which in the case P = Zg naturally correspond to permutations of size n
with descent set S. Our main result concerning the polytope Zg is a formula for its volume.
For a composition v of n, let K, denote the set of weak compositions a = (v, aa,...) of n,
meaning that o can have parts equal to 0, such that ay +as+---+a@; > y1+y2+---+-; for
all 7. Define @(y) to be the sequence consisting of 1 1’s, followed by 7, 2’s, followed by 3
3’s, and so on. Then « is in K, if and only if o is the content of an d@(y)-parking function.
(The content of a parking function is the composition whose i-th part is the number of
components of the parking function equal to i.) In Section [8] (Theorem [B1I]) we show that

(5) nl-Vol(Zs(dy, do, ..., dy)) = > [T-v¥ds,| =

(b1,5--,6n) EPg(c(5)) =1

— Z Z . (_1)a1+03+a5+--- . d{féldgz o dgk 7
aEKC(S)
where (1) = ﬁ'lak' and k = ¢(c(S)) is the number of parts of c¢(S). For example, for
n=>5and S = {4}, we have
Kes) = Kag) = 1(1,3,1),(1,4,0),(2,2,1),(2,3,0),(3,1,1),(3,2,0),
(47 07 1)7 (47 17 0)7 (57 07 0)}7
so we get from (B that
51+ Vol(Z(1y(d1, da, d3)) = 20d1d3ds — 5dyds — 30didsds + 10d3d3
+20d3dyds — 10d3d3 — 5dids + 5dids — dS.

Setting d; = ¢! in (B)), where we take ¢ > 1 so that the sequence di, da, ... is non-
decreasing, and recalling (2] gives

nl - Vol(l, q, (]2, o ) _ Z (_q)b1+b2+n.+bn—n _ ‘I[i(c(S))(_QM )
(b1,.-,bn)EPa(c(5))
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Specializing further by setting ¢ = 1 yields the identity

[ Lage(s)) (—1)] = Bu(S).

Observe that this identity is consistent with (3]). Indeed, the first part of ¢(S) is positive,
and thus the first element of @(c(S)) = (a1, ag,...,a,) is 1, i.e. an odd number. Comparing
the sequence (ay,as,...,ay,) with the letters of the word b ug we see that a;+; = a;+1 if the
corresponding letters of ug are different, and a;11 = a; otherwise; in other words, changes
of parity between consecutive elements of (a1, as,...,ay,) correspond to letter changes in
the word bug. (The extra b in front corresponds to the first part 1 of ¢(5).) For example,
for n = 7 and S = {2,3,4}, we have ¢(S) = (1,1,3,2), bug = bab?a?, and d(c(S)) =
(1,2,3,3,3,4,4). It follows that the subset constructed from a@(c(S)) according to the rule
@) of an earlier result is S, so the results agree.

Considering once more the case S = {2,4,6,... } N[n — 1], let us point out the similarity
between the formula (B]) and the expression that Pitman and Stanley [7] derive for the vol-
ume of their parking function polytope. This polytope, which we denote by I1,,(c1, co, ..., ¢p),
is defined by the inequalities z; > 0 and

rit+aro+--t+x;<cptettg

for all i € [n]. The volume-preserving change of coordinates y; = ¢, +¢p—1+ -+ Cpp1-i —
(1 4+ o + -+ + x;) transforms the defining relations above into y; > 0 for i € [n], y; <
c1, and y; — yiy1 > ¢ for i € [n — 1], and these new relations look much like the ones
defining Z(546,..1(c1,¢2,...,¢): in essence we have here a difference instead of a sum.
This similarity somewhat explains the close resemblance of the volume formulas for the two
polytopes, as for II,(cq,ca, ..., c,) we have

nl-Vol(Iy(er o, ye)) = > ﬁcbi: Zf[(Z)ca

(b1,...,bn)EPp =1 acKyn i=1
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2. AN INVOLUTION ON @-PARKING FUNCTIONS

The idea of the combinatorial argument presented in this section was first discovered by
the second author and Igor Pak during their work on [5].

Let @ = (a1, a2, ...,a,) be a non-decreasing sequence of positive integers. As a first step
in the construction of our involution on d-parking functions, let Yz be the Young diagram
whose column lengths from left to right are a,, an_1, ..., a1. Define a horizontal strip H
inside Y3 to be a set of cells of Y; satisfying the following conditions:

(i) for every i € [n], the set H contains exactly one cell o; from column 4 (we number the
columns 1, 2, ..., n from left to right);
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(ii) for i < 4, the cell o; is in the same or in a lower row than the cell ;.

For a horizontal strip H, let us call a filling of the cells of H with numbers 1, 2, ..., n
proper if the numbers in row ¢ are in increasing order if 4 is odd, or in decreasing order if ¢
is even (we number the rows 1, 2, ..., from top to bottom). Let Hz denote the set of all
properly filled horizontal strips inside Y.

For an d@-parking function b = (by, by, . . ., by), define H(b) € Hz in the following way. Let
I; C [n] be the set of indices ¢ such that b; = j. Construct the filled horizontal strip H (b)
by first writing the elements of I; in increasing order in the |I1| rightmost columns in row 1
of Yz, then writing the elements of I5 in decreasing order in the next |I2| columns from the
right in row 2, then writing the elements of I3 in increasing order in the next |I3| columns
from the right in row 3, and so on, alternating between increasing and decreasing order.

-,

Lemma 2.1. A sequence b is an d-parking function if and only if the horizontal strip H(b)
produced in the above construction fits into Yz.

Proof. Let (b},b),...,b),) be the increasing rearrangement of b. Then the cell of H(b) in the
i-th column from the right belongs to row b}. Thus the condition of the lemma is equivalent
to b, < a; for all 4. O

Clearly, the filling of H (5) from the above procedure is proper, and hence b H (B) is
a bijection between Pz and Hz. We will describe our involution on a-parking functions in
terms of the corresponding filled horizontal strips.

Let H be a properly filled horizontal strip in Hz. In what follows we use o; to refer to
both the cell of H in column ¢ and to the number written in it. Let r(o;) be the number
of the row containing ¢;. We begin by defining the assigned direction for each of the o;’s.
For the purpose of this definition it is convenient to imagine that H contains a cell labeled
On+1 =n+ 1 in row 1 and column n + 1, that is, just outside the first row Yz on the right.
Let

e = sgn(o; — oip)(—1)77),

where sgn(z) equals 1 if x > 0, or —1 if < 0. Define the assigned direction for o; to be up
if ¢, = —1 and down if ¢; = 1.

Let us say that o; is moveable down if the assigned direction for o; is down, o; is not the
bottom cell of column ¢, and moving o; to the cell immediately below it would not violate
the rules of a properly filled horizontal strip. The latter condition prohibits moving o; down
if there is another cell of H immediately to the left of it, or if moving o; down by one row
would violate the rule for the relative order of the numbers in row r(o;) + 1. Let us say
that o; is moveable up if the assigned direction for ¢; is up. Note that we do not need any
complicated conditions in this case: if o; has another cell of H immediately to its right, or
if o; is in the top row, then the assigned direction for o; is down.

It is a good time to consider an example. Figure [Il shows the diagram Yz and a properly
filled horizontal strip H € Hg for @ = (3,3,6,7,7,7,8). The horizontal strip shown is H (b),
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where b = (5,7,2,5,1,5,2) € P;. Moveable cells are equipped with arrows pointing in their
assigned directions. Note that the assigned direction for o7 = 5 is down because of the
“imaginary” og = 8 next to it, but it is not moveable down because the numbers 7, 3, 5
in row 2 would not be ordered properly. The assigned direction for o3 = 4 and o4 = 6 is
also down, but these cells are not moveable down because moving them down would not
produce a horizontal strip.

FIGURE 1. A properly filled horizontal strip with assigned directions for its cells

The validity of the involution we are about to define depends on the following simple but
crucial fact.

Lemma 2.2. Let o; be a moveable cell of H € Hgz, and let H' € Hz be the horizontal strip
obtained from H by moving o; by one row in its assigned direction. Then

(a) o; is moveable in the opposite direction in H';
(b) if j # i and oj is moveable in H, then o; is moveable in the same direction in H';

(c) if o; is not moveable in H, then it is not moveable in H'.
Proof. Follows by inspection of the moving rules. O

Let Hz be the set of all H € Hg such that H has at least one moveable cell (up or down).
Define the map ¢ : Hz — Hgz as follows: given H € Hgz, let 1)(H) be the horizontal strip
obtained from H by choosing the rightmost moveable cell of H and moving it by one row
in its assigned direction. In view of Lemma [2.2] 1 is an involution.

—. —.

For b= (by,bs,...,by) € Pz and H = H(b), define s(b) = s(H) := by + by + - - + b, — n.

—. —.

Observe that s(b) is the number of cells of Yz that lie above one of the cells of H(b). In

—.

the example in Figure [I, we have s(b) = s(H) =6+4+4+4+1+1+0 = 20. Clearly,
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s(H) = s(y(H)) £ 1 for H € Hgz. Since 1 is fixed-point free, it follows that

Z (_1)S(H) = 07

HG'F(&'

and that

(6) Li(-1)= > (-1

(cf. @)). It remains to examine the members of Hgz — Hz in order to evaluate the right hand

side of ([@)).

Lemma 2.3. If ay is even, then Hz — Hz = @. If aq is odd, then Hz — Hgz consists of all
filled horizontal strips H in Yz such that the cell o; of H is at the bottom of column i for
all i € [n], and the permutation oy, ...o901 has descent set

S = {z € [n—1] ‘ ajt1 18 odd}

(cf- )-

Proof. Let H € Hz, and consider the cell g, in H. Since 0, < 0,41 = n+ 1, it follows that
oy, is moveable up if (o) is even, or moveable down if r(oy,) is odd, unless in the latter
case o, is at the bottom of column n. Thus if a; is even, that is, if the rightmost column
of Yz has even height, o, is always moveable and Hz = H;.

Suppose that a1 is odd, and let H € Hz — Hz. Then no cells of H are moveable, and
hence the assigned direction for every cell is down.

First, let us show that all cells of H are at the bottom of their respective columns.
Suppose it is not so, and choose the leftmost cell o; of H such that the cell immediately
below it is in Yz. Our choice guarantees that o; does not have another cell of H immediately
to its left, so the only way o; can be not moveable down is if o;_1 is in column 7 — 1 one
row below o; and sgn(o;_1 — ;) = —(—1)"(?=1)_ But in this case the assigned direction for
0;_1 is up — a contradiction.

Now let us compute the descent set of 0,01 ...01. We just proved that r(o,+1-;) = a;
for all ¢ € [n]. For i € [n — 1], we have

1= en—i = sgn(0p—i — Opy1-3)(—1)"71),

and hence o,+1_; > 0,—;, that is, 0,0,-1 - 01 has a descent in position 4, if and only if
r(op—i) = a;j+1 is odd. O

Note that from Lemma 23] it follows that for all Hz — Hz, the value of s(H) is the same,
namely, a; + ag + - -+ + a, — n. Combining with (Gl), we obtain the following theorem (cf.

@))-
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Theorem 2.4 (cf. [5]). For a non-decreasing sequence @ = (aq,az, ... ,ay,) of positive inte-
gers, we have
|0, if a1 is even;

I[i(_l) = { (_1)a1+...+an—n . ﬁn(S% Zf al 8 Odd;

where S = {z € [n—1] ‘ Qi1 1S odd}, and (3, (S) is the number of permutations of [n] with
descent set S.

3. GENERALIZED CHAIN POLYTOPES OF RIBBON POSETS

In this section we prove the formula (Bl of Section [k

Theorem 3.1. For a positive integer n, a subset S C [n — 1] such that
C(S) = (17 617 527 oo 75k—1)7

and a sequence 0 < dy < do < --- < dj, of real numbers, we have

n!-Vol(Zs(di,da,...,dy)) = (—1)1+oetout > [0,
(bly---ybn)epa(c(s)) i=1

(7) — (_1)1+62+64+~~ Z <Z> '(_1)a1+a3+o¢5+.._ 'd?l---dzk.
CVGKC(S)

Proof. First, note that the expression in the right hand side of (7)) is obtained from the
middle one by grouping together the terms corresponding to all (Z) a-parking functions of
content «a; each of these terms equals

a1+2az+3ag+-- o5 Qe a1toz+as+--- o5 le7%
(—1) Sdyt - dyt = (1) sdyt e dy

In what follows we prove the equality between the left and the right hand sides of (7). For
i€ k], let py =1+ +02+ -+ d;—1. The volume of Zg(dy,ds,...,d;) can be expressed
as the following iterated integral:

di pde—x1  pd2—z1—T2 do—x1—T2——Tpy—1
(8) / / / . /
0 0 0 0
/dg—xp2 /dg—xm—xﬂﬁl /dg—xm—mp2+1—m—mp31
0 0 0

de=Tpp_y LR o1 ~Tpp_1+1 Ak =Tpj_1 ~Tpp_q+17"""Lpj—1
dx,, dx,—1 -+ dx1
0 0 0

(Similar integral formulas appear in [4] and in [8, Sec. 18].) Note that the assumption
di < dy < --- < dj validates the upper limits of those integrals taken with respect to
variables @2, Tp,11, Tps41s -+ -5 Tp,_,4+1: for 2 < i < k — 1, the condition

Tp41 < di — Lpi 141 = Lpj 42— """ — T,
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implies that
dit1 —xp41 >0,
and x1 < d; implies dy — x1 > 0.

For ¢ € [n], let J; denote the evaluation of the n + 1 — ¢ inside integrals of (&), that is,
the integrals with respect to the variables x,,, x,—1, ..., Ts.

Lemma 3.2. For i € [k], we have

Jp.+1 = (_1)5i+1+5i+3+5i+5+,..
E 1
. _1\yataztas+e 4 L0
(9) ( 1) oq! a2! - Pi dz+1dz+2
QEK(Ov61,6i+1,.4.,6k71)

Proof. We prove the lemma by induction on i, starting with the trivial base case of i = k,
in which we have J,, 1 = J,41 = 1. Now suppose the claim is true for some i. By
straightforward iterated integration one can show that for non-negative integers r and s,

(10) a pa—yr pa—Yr—Yr—1 e sl a"™s
10 // / / yi dyr o dy,, dy, = :
o Jo 0 0 Yr—1 7Y (r+s)!

Using (I0) to integrate the term of () corresponding to a particular o € Ko, 5, .6, 1)s
we get
/di_%il /di_w‘)il_m”ilJrl /di_%il_%i1+1—"'—$m1
; ; )
1
— a1 toaz+-- - al o
( 1) al ag! <o P d2+1d2+2 dxpi dwpifl'f‘l
i
— a1+az+-- 1 O41! (dz - ‘sz‘71) 1ton
B (_1) ' ! ! ‘ | dz+1dz+2
arl agl - G+ ar)!
1 j l‘p 1dm
= (e e (W
j,;) : a2! a3! A ]! m) i+1%42 "
j+m:6;71+a1
i 1
= +a1tagt-
1) B 2. (= i A

I ' m) | ...
Gm s jAm=t; 1 +aq, Jimi gl (3

(4,m,a9,a3,...)€
K(0»51‘71»51‘,m)

Observe that (j,m,ag,as,...) € K(0,5i71,5i7...) if and only if (aj,ao,...) € K(0’5i’5i+1’m),

where a; = j +m — 6;—1. Hence summing the above equation over all a € Ko 5, 5,,,,..), We
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get

in71+1

di=%p;_y  fdi=Tp; 3 —Tp;_1+41 di=Tp; _y —Tp;_y+1—""=Tp;—1
in+1 d$ﬁi d$ﬁi71+1
0 0 0

(— 1)5i+5i+2+5i+4+'”

Z (_1)j+a2+a4+-~- .

(4,m,ag,a3,...)
€K(0,8;_1.,84,.-)

1
Jlm! as! ag! -

L m g2 o3
l’pi,ldz di+1di+2 :

Note that the signs are consistent: taking into account the factor (—1)%+1+0+3+dipst-
omitted from (II), the total sign of a term of (I is

(_1)6i+1+6i+3+6i+5+"' . (_1)j+0¢1+a3+"' — (_1)6i+6i+2+6i+4+“' . (_1)j-|—0l2'i‘()czl‘i"“7
which is true because
artag+=0+041+ - =n—p,

and hence all the exponents on both sides add up to 2(n — p;) + 27, i.e. an even number. [

To finish the proof of Theorem Bl set i = 1 in Lemma B.2] and integrate with respect to
T

n!-J,

di
= ’I’L'/ Jl dl‘l
0

— (_1)51+53+55+~-- n

Z (_1)a2+a4+a6+~~- .

a€Kg,5;,55,...)

= (—1)51+53+"' Z (_1)a2+a4+---<

(a1+1,a9,a3,...)
€K(1,61,59,...)

1

+1
e T D gl aal A2 dge

n
) daga
a4+ 1, ag, as,...

and it is clear that (a1 + 1,a2,a3,...) € K5, 5, if and only if a € K(g 5, 5,,..)- g
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