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COMBINATORIAL GELFAND MODELS

RON M. ADIN, ALEXANDER POSTNIKOV, AND YUVAL ROICHMAN

ABSTRACT. A combinatorial construction of a Gelafand model for the sym-
metric group and its Iwahori-Hecke algebra is presented.

1. INTRODUCTION

A complex representation of a group or an algebra A is called a Gelfand model
for A, or simply a model, if it is equivalent to the multiplicity free direct sum of
all A-irreducible representations.

Models (for compact Lie groups) were first constructed by Bernstein, Gelfand
and Gelfand [6]. Constructions of models for the symmetric group, using induced
representations from centralizers, were found by Klyachko [I1], 12] and by Inglis,
Richardson and Saxl [9]; see also [4] [16] [2] [T, B]. Our goal is to determine an
explicit and simple combinatorial action, which gives a model for the symmetric
group and its Iwahori-Hecke algebra.

1.1. Signed Conjugation. Let S,, be the symmetric group on n letters, S -
the set of simple reflections in S,,, I, - the set of involutions in S, and V,, :=
spang{Cy | w € I,} be a vector space over Q spanned by the involutions.

Recall the standard length function on the symmetric group
£(m) := min{l| m = 54,54, - 54, , (Vj)si; € S},
the descent set
Des(r) :={s € S| £(ws) < £(m)},

and the descent number des(m) := #Des(7).

Define a map p: S — GL(V,,) by
(1) p(8)Cy = sign(s; w) - Csuws (Vs e Sywe l,)
where
I T
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Theorem 1.1.1. p determines an Sy -representation.
Theorem 1.1.2. p determines a Gelfand model for S,,.

1.2. Hecke Algebra Action. Consider the Hecke algebra of the symmetric
group Sy, Hy(q), generated by {T;| 1 < i < n} with the defining relations
(Ti+g)(Ti—=1)=0 (Vi)
TlTJZT]TZ if |Z—]|>1
LT = Ty T 1<i<n-1).
In order to construct an extended signed conjugation, which gives a model for
H,(q), we extend the standard notions of length and weak order. Recall that

the (left) weak order on S, is the reflexive and transitive closure of the relation
w < wsif s €S and £(w) + 1 = {(sw).

Definition 1.2.1. Define the involutive length of an involution w € I, with
cycle type (1"~2k2F) gs

{(w) = min{l(v)| w = vs1 5352510 '},
where £(v) is the standard length of v € Sy,.

Define the involutive weak order on I, <r, as the reflezive and transitive
closure of the relation w <, sws if s € S and {(w) + 1 = {(sws).

Define a map p, : S — GL(V,,) by

—qCy if sws = w and s € Des(w)

Cuy if sws = w and s &€ Des(w
(3)  plT)Cw = ()

(1=¢q)Cy + qCsws w <L sWS

Csws if sws < w,

where Des(+) is the standard descent set and <, is the left involutive weak order.

Theorem 1.2.2. For generic q, pq is a Gelfand model for Hy(q); namely,
(1). pq is an Hy(q)-representation.
(2). pq is equivalent to the multiplicity free sum of all Hy,(q)-irreducible rep-
resentations.

The proof involves Lusztig’s version of Tits’ Deformation Theorem [I3]. For
other versions of this theorem see [7] §4], [8, §68.A] and [5].

J
Let oo = (p1, p2, - - -, 1) be a partition of n and let a; := »_ p,;. A permutation
i=0
m € Sy, is p-unimodal if for every 0 < j < ¢ there exists 1 < d < aj4; — a; such
that

Taj4+1 < Ta;+2 << Taj+d > Taj4d+1 > Taj4d+2 > > Tajiq-

The character of p, may be expressed as a generating function of the descent
number over p-unimodal involutions.
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Proposition 1.2.3.
Tr (pg(T)) = > (—q)*e)
{wel,| w is p-unimodal}

where T, :=T\Ty - Ty 1Ty 41+~ Thi .. 4pe—1 18 the subproduct of Th\Ts - - - T; 1
omitting Ty, 4...qp, for all 1 < i <t

2. PrROOF OF THEOREM [I.1.1]

2.1. First Proof. This proof relies on a variant of the inversion number, which
is introduced in this section. Recall the definition of the inversion set of a per-
mutation 7 € S,
Inv(m) :={ (4,5): i <jand w(z) > 7(j)}.
Definition 2.1.1. For an involution w € I, let Pair(w) be the set of 2-cycles of
w. For a permutation m € S,, and an involution w € I, let
Inv,, () := Inv(r) N Pair(w),
and
inv,, () := #Inv, (7).
Define a map ¢ : S, — GL(V,) by

(4) Y()Cyp = (1) ™ (VreS,,wel,).
Note that for every Coxeter generator s € S and every involution w € I,,,

v () 1 if sws =w and s € Des(w)
v ($) =
0 otherwise.

Thus, ¢ and p coincide on the Coxeter generators. In order to prove that p is an
Sp-representation it suffices to prove that ¢ is a group homomorphism.
Indeed, for every pair of permutations o, 7 € S;, and every pair 1 <i < j<n

x{om(i) > om(4)} = x{w(i) > 7(j)} - x{o(n(i)) > o (7 (5)),
where x{ event } =1 if the event holds and —1 otherwise. Hence, for every pair
of permutations o, 7 € S, and every involution w € I,

(_1)invw(0'7r) _ (_1)invw(7r) . (_1)invﬂwﬂ,1(0)

)

and thus
Y(om)Cyp = (—l)inVW(gﬂ')'Cgﬂ-w(gﬂ-)—l _ (_l)invw(w)_(_1)invﬂw",1(o)cg(ﬁwﬂ71)071

= (o) (=)™ - Crppr1) = (o) (¢ () Cup).
This proves that 1 is an S),-representation. Since ¥ and p coincide on the Coxeter
generators, the proof of Theorem [[.1.1]is completed.
O
We summarize
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Corollary 2.1.2. p and ) are identical Sy, -representations.

2.2. Second Proof. In order to prove that p is an S,-representation it suffices
to verify the relations:

p(s)*=1 (Vs € S)
p(s)p(t) = p(t)p(s)  if st=ts

p(s)p(t)p(s) = p(t)p(s)p(t)  if sts = tst.

We will prove the third relation. Verifying the other two relations is easier and
left to the reader.

Let s = (4,4 4+ 1) and t = (i + 1,7 + 2). For every permutation 7 € S, let
Supp(w) = {i € [n] | (i) # i}. Denote the order orbit of an involution w under
the conjugation action of (s,t) - the subgroup generated by s and t - by O(w).
Since w is an involution O(w) # 2; hence there are three options O(w) = 1, 3, 6.

Case (a). O(w) = 1. Then sws = w and twt = w. Furthermore, in this
case Supp(w) N {47+ 1,4 + 2} = 0, so that sign(s,; w) = sign(¢; w) = 1; thus
p(s)p(t)p(s)Cw = p(t)p(s)p(t)Cuy = Clu.

Case (b). O(w) = 3 (this happens, for example, when w = s). Then there
exists an element v in the orbit such that

(5) v, tvt, stvts  are distinct elements in the orbit,
and
(6) svs =v and t(stvts)t = stuts.
Thus
z 0 0
p(s)=10 0 1
0 10
and
010
p(t)y=11 0 0],
0 0 =z

where = sign(s; v) and z = sign(t; stvts). p(s)p(t)p(s) = p(t)p(s)p(t) holds if
and only if z = z, which holds if and only if

(7) s € Des(v) <=t € Des(stuts).

To prove this, observe that for every w € S, and s € S the following holds :
(A) sws =w and s & Des(w) if and only if Supp(w) N Supp(s) = 0.
(B) sws = w and s € Des(w) if and only if w = us, where Supp(u) N
Supp(s) = 0.



COMBINATORIAL GELFAND MODELS 5

Assuming t & Des(stuts) implies, by (@) and (A), that Supp(stvts) NSupp(t) = 0.
Hence
stuts(i +1) =i+ 1.
On the other hand, assuming s € Des(v) implies, by (@) and (B), that there
exists u = vs with i + 1 ¢ Supp(u). Hence
stuts(i + 1) = stusts(i + 1) =i + 2.

Contradiction. Similarly, assuming s ¢ Des(v) and ¢ € Des(stvts) yields a con-
tradiction (to verify this, replace v by stvts and s by t). This completes the proof
of Case (b).

Case (c). O(w) = 6 (this occurs, for example, when w = (i,7)(¢ + 1, k) with
j,k # i+ 2). Then, for every element v in the orbit tvt # v and svs # v. It
follows that

p(8)p(t)p(s)Cw = Cstswsts = Crstwtst = p(t)p(s)p(t) Cu.
This completes the proof of the third relation .

3. CHARACTERS

3.1. Character Formula. The following classical result follows from the work
of Frobenius and Schur, see [10, §4] and [I8] §7, Ex. 69].

Theorem 3.1.1. Let G be a group, for which every complex representation is
equivalent to a real representation. Then for every w € G

Y xw) =#{ued |’ =uw},

XEG*

where G* denotes the set of the irreducible characters of G.

It is well known [I7] that all complex representation of a Weyl group are
equivalent to rational representations. In particular, Theorem [B.I.1] holds for
G = 5,,. One concludes

Corollary 3.1.2. Let m € S,, be of cycle structure 191292 ... ndn . Then

> x(m) =[] f(r.dn),
r=1

XESR*
where
0 if v is even and d, is odd
ifd. =0
f(r.d,) = (2)‘.1”?72) il /2 if r and d, are even
ldr/2]

kz (dw—2kl,i£,2,...,2) -k ifr s odd.
=0
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Proof. For every A C [n] let Sq := {m € S,| Supp(n) C A} - the subgroup of
permutations in S,, whose support is contained in A.

For every m € S,, and 1 < r < nlet A(m,r) C [n] be the subset of letters which
appear in cycles of length r. In other words,
A(m,r):={i€n] | Vj <r 7 (i) #i and 77 (i) = i}

For example, A(m,1) is the set of fixed points of .
Denote by 7, the restriction of m to A(m,7). Then 7|, may be considered as a
permutation in Sy x -

Observation 3.1.3. For every m € Sy,

{fue S, | v =n)= H{u € S | u? =T}

r=1

Observation 3.1.4. Let 7 € S,, be of cycle type r™/". Then

0 if ris even and n/r is odd
Slue Sy |u? =) = L(;/L/TT) -3 if v is even and n/r is even
n/2r

kz (n/r—27/l€{2r,2,...,2) -k if ris odd .
=0

Combining these observations with Theorem B.I.T] implies Corollary B.1.2]
O

3.2. Proof of Theorem [I.1.21 We shall compute the character of the repre-
sentation p and compare it with Corollary B.1.21 By Corollary 2.1.2]

(8) Tr(p(m) =y (=™,
wWE I, NSty (7)

where Sty (7) is the centralizer of 7 in S,.

Observation 3.2.1. Let w € S,,, w € St,(7) NI, and a; € Supp(w). Then one
of the following holds:

(1) (a1,a2) is a cycle in w and a1, az ¢ Supp(n).

(2) (a1,ar41)(a2,ar42) - - (ar,as;) are cycles inw and (a1, az, ..., ar)(ar41, -
are cycles in .
(3) (a1, am+1)(a2, ami2) - (am,a2m) are cycles in w and (ay,az,...,am)

is a cycle in 7.
It follows that

Corollary 3.2.2. For every w € S,, and every w € St, () NI, there is a unique
decomposition

w=w W (Vr,wr € Cs iy (M) N IS 40000 )5

..,azr)
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where A(m, ), 7|, and Sa(xy are defined as in the proof of Corollary [T 1.2
Then

Invy, (7) = Wy_; Inv,,, ((ﬂ-|7‘)7
disjoint union.
Hence, it suffices to prove that Tr(p(w)) is equal to the right hand side of
Corollary B2, for 7 of cycle type r/". Without loss of generality we may
assume that 7 = (1,2,...,7)(r+1,....,2r)---(n—r+1,n—r+2,...,n).

Fact 3.2.3. (1) Foreveryr andi, w = (i+1,i+r+ 1)(i+2,i+r+2)--- (i+
ri+2r)andrm=(G+1,i4+2,...,i+7r)GE+r+1,...,94+2r)

(_1)invw(ﬂ') =1,

(2) Ifr =2m is even, w = (i+1,i+m+ 1)(i+2,5+m +2) - -- (i+m,i + 2m) )
and = (i+1,i+2,...,i+71) then

(_l)invw(ﬂ-) - _1.

Lemma 3.2.4. For every odd r and a permutation = (1,2,...,7)(r+1,...,2r)--- (n—
r+1l,n—r+2...,n)

|n/2r|
() = "y i
> )M =g LSt = 3 <n/r—2k2 ’2> .

wEI,,NSty, () k=0 g Ly Ly oo

Proof of Lemma [B.2.4L The first equality follows from Fact B.2:3(1). The
second equality follows from Observation B2ZT](1)-(2).
|

Lemma 3.2.5. For every even r and 7™ as above

Z (= 1)) — 0 ) if n/r is odd
(Qn/TQ) -r2e  if n/r is even.

.....

wEI, NSty ()
Proof of Lemma[3.2.4. Consider the following two set of elements in I, NSt,, ()
{weStp(m) : (k—Dr+1,(k—1r+2,...,kr ¢ Supp(w)},
and

{w € St,(n) : (4, g +1) € Pair(w) for (k—1)r <i < (k— 1)r +r/2}.
Clearly, these two sets are of the same cardinality. By Fact B.2.3(2), their signed
contribution is the opposite. We are left with involutions in St,, (), for which all
2-cycles are of second type in Observation 321l Lemma follows.

O
Lemmas [3.2.4] and [3.2.5] complete the proof of Theorem [[.1.2
O
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4. THE HECKE ALGEBRA CASE

4.1. A Combinatorial Lemma. Recall Definition[I.2.1l In order to prove The-
orem [[.2.2] we need the following combinatorial interpretation of the involutive
length £.

Lemma 4.1.1. Let w € S,, be an involution of cycle type 281" ~2F. Then

(9) U(w) = Z i+ %inv(wwupp(w)) — (%;— 1) — g

i€Supp(w)

Proof. Denote the right hand side of @) by f(w). Let u and v = s;us; be
involutions in S,, with ¢(v) = ¢(u) + 1. Then |{i,i + 1} N Supp(uw)| > 0. If
i, i+1}NSupp(u)| =1then | >3 i— > i = =%l and inv(v|gupp(v)) =
1€Supp(v) 1€Supp(u)
inv(u|supp(uy). If [{i,4 + 1} N Supp(u)| = 2 then > i = > i and
1€Supp(v) i€Supp(u)
| iV (V|supp(v)) — NV (Usupp(u))| € {0, £2}. Thus in both cases |f(v) — f(u)| < 1.
This proves, by induction on #, that for every involution w, flw) < E(w)
On the other hand, if w is an involution with f(w) > 0 then either Y~ i >
1€Supp(w)
ZEH) or i = (**1) and inv WiSupp(w)) > k. In the first case there
2 2 |Supp(w)
iESupp(w)
exists ¢ + 1 € Supp(w), such that ¢ € Supp(w). Then f(s,ws;) = f(w) — 1. In
the second case there exists an ¢ and k > j > i+ 1 such that one of the following
holds: (4,7) and (i 4+ 1,k) € Pair(w), then f(sit1wsiy1) = f(w) — 1; or = (i,k)
and (i + 1, ) € Pair(w), then f(s,ws;) = f(w) — 1. We conclude that for every
involution w, {(w) < f(w).
O

4.2. Proof of Theorem The proof consists of two parts. In the first part
we prove that p, is an H,(q)-representation by verifying the defining relations
along the lines of the second proof of Theorem[[.I.1l In the second part we apply
Lusztig’s version of Tits’ deformation theorem to prove that p, is a Gelfand
model.

Part 1: Proof of Theorem [1.2.2(1). First, consider the braid relation
T, Ti1T; = Ti1T3T; 1. To verify this relation observe that there are six possible
types of orbits of an involution w under conjugation by (s;, s;+1) - the subgroup
in S, generated by s; and s;11. These orbits differ by the action of w on the
letters 4,7+ 1,72+ 2 :
1. 4,5+ 1,i+ 2 & Supp(w).
2. Exactly one of the letters 4,4 4+ 1,7+ 2 is in Supp(w).
3. Exactly two of the letters 7,4 4+ 1,4 + 2 are in Supp(w) and these two
letters form a 2-cycle in w.
4. Exactly two of the letters i,7 + 1,4 + 2 are in Supp(w) and these two
letters do not form a 2-cycle in w.
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5. 4,44 1,44+ 2 € Supp(w) and two of these letters form a 2-cycle in w.
6. 4,7+ 1,7+ 2 € Supp(w) and no two of these letters form 2-cycle in w.

Note that an orbit of the first type is of order one; orbits of the second, third
and fifth type are of order three; and orbits of the fourth and sixth type are
of order six. Moreover, by Lemma 11| orbits of same order form isomorphic
intervals in the weak involutive order (see Definition [[L2Z1]). In particular, all
orbits of order six have a representative w of minimal involutive length, such
that the orbit has the form :

S§i8i418;WS;Si4+154
/ N\
S§iSi+1WSi+154 Si4+15;WS;Si+1
(10) ! |
Si4+1WS4+11 S; WSy
N\ Ve
w

All orbits of order three are of a linear form :

(11) w <[ SWS; <[ Si+18;WS;Si+1,
or
(12) W <[ Si+1WSi+1 <L SiSi+1WS;4+15;-

Thus the analysis is reduced into three cases.

Case (a). An orbit of order six. By @) and (), the representation matrices

of the generators with respect to the ordered basis Cy, Csws;s Csiyisiwsisiirs

CS¢S¢+1S¢U}S¢S¢+1S¢7 Csi+lwsi+1u CSiSi+1wSi+1Si are :

1—q ¢ 0 0 0 0
1 0 0 0 0 0
N 0 0 1—q ¢ 0 0
PT=1"06 o 1 0 o0 o
0 0 0 0 1—q ¢
0 0 0 0 1 0

and
1—gq 0 0 0 g¢q 0
0 1—-q g 0 0 0
0 1 0 0O 0
Pao(Tiv) = | 0 000 1
1 0 0 0 O 0
0 0 0 g 0 1—g¢q

It is easy to verify that indeed

0q(T3) pg(Tit1)pg(Ti) = pg(Tiv1)pq(Ti)pg(Tiv1)-
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Case (b). An orbit of order three. Without loss of generality, the orbit is
of type (), (the analysis of type ([I2)) is analogous). Then s;41ws;4+1 = w
and $;(8i+18iw8;8i4+1)8;i = Si+18iws;Si+1. By ([@), si+1 € Des(w) if and only if
s; € Des(8;+18;ws;8;+1), see proof of Proposition ?7?.

Given the above, by (@), the representation matrices of the generators with
respect to the ordered basis w <, s;ws; < Sit+15,Ws;S;+1 are

1—-q q O
pe(T3) = 1 0 0
0 0 x
and
x 0 0
pe(Tit1)=[0 1—q qf,
0 1 0

where x € {1, —q}. These matrices satisfy the braid relation.

Case (c). An orbit of order one. Then s;ws; = w and $;41ws;+1 = w and
si, Sit1 & Des(w). By @), pg(T3)pq(Ti1)pq(T3)Cw = pq(Tit1)pq(Ti) pg(Tiv1)Cuw =
Cy, completing the proof of the third relation. The proof of the first two relations
is easier and left to the reader.

Part 2: Proof of Theorem [1.2.2)(2). Consider the Hecke algebra H,(q) as
the algebra spanned by {T,| v € S,,} over Q[¢'/?] with the multiplication rules

ToTyw = Tou L(vu) = L(v) + £(u)

and
(Ts+q)(Ts —1) =0  (¥s€S).
By Lusztig version of Tits’ deformation theorem [I3, Theorem 3.1], the group

algebra of S, over Q[¢/?] is embedded in H,(g). In particular, every element
w € S, may be expressed as a linear combination

w = Z mv,w(ql/Q)Tva

vES,

where m,, ,, is a rational function in ql/ 2,
It follows that p, may be considered as an S, representation, via

pq(w) := Z mv,w(ql/Q)Pq(Tv)'

vES,

The resulting character p,(w) is thus a rational function in ¢'/?. By discreteness

of the S,, character values, the character is constant in “small” generic neighbor-
hoods and thus constant whenever it is defined.
On the other hand, by Theorem [LT.2, pj,—; = p is a model for the group
algebra of S,,. This completes the proof.
O
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4.3. Proof of Proposition Let SYT,, be the set of all standard Young

tableaux of order n, and let SYT(A) C SYT,, be the subset of standard Young

tableaux of shape A. For each partition A of n, fix a standard Young tableau

P, € SYT(A). By [I5, Theorem 4], the value of the irreducible H,,(¢)-character,
)\ .

Xq» at T), is

Xq(T) = > (=)=,
{w—(Px,Q)| w is p-unimodal and Q € SYT(A)}

where the sum runs over all permutations w € S, which are mapped under RSK
correspondence to (Py, Q) for some @ € SYT(A). By [I8 Lemma 7.23.1], the
descent set of w € S, which is mapped under RSK to (P, @), is determined by
Q. Hence

Tr pg(T) = Z X?(Tu)) = Z Z (—q)dcs(w)
A

A {w—(Px,Q)| w is p-unimodal and Q € SYT(N)}

-y )y (gt

A {w—(Q,Q)| w is p-unimodal and Q € SYT(\)}
_ Z (_q)dcs(w) — Z (_q)dcs(w).
{w—(Q,Q)] Q € SYT,, and w is y-unimodal} {wel,| w is p-unimodal}
The last equality follows from the well known property of the RSK correspon-
dence: w — (P, Q) if and only if w™! — (Q, P) [I8, Theorem 7.13.1]. Thus w is
an involution if and only if w — (Q, Q) for some @ € SYT,,.
]

5. REMARKS AND (QUESTIONS

5.1. Classical Weyl Groups. Let B,, be the Weyl group of type B, S& - the

set of simple reflections in B,,, I” - the set of involutions in D,, and V,? :=

spang{Cy | w € IP} be a vector space over Q spanned by the involutions.
Define a map p? : S8 — GL(V,) by

(13) pP(5)C = sign(s; w) - Cyus (Vs € S w e ID)
where, for s = sy the sign is

-1 if = d D

(14) sign(so: w) = if sws . w and sg € Des(w)
1 otherwise.

For s # sq the sign is

—1 if sws = w and s € Des(Jw|)

(15) sign(s; w) := {

1 otherwise.
Here w = (Jw(1)],..., |w(n)|) € Sy.
Theorem 5.1.1. p?® is a Gelfand model for B,.
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A proof will be given elsewhere.

Models for classical Weyl groups of type D,, for odd n were constructed in [4[3].
These constructions fail for even n. A natural question is whether there exists
a signed conjugation (or a representation of type psCyp = aswCyw + bswClsws)
which gives a model for Ds,. It is also desired to find representation matrices
for the models of the Hecke algebras of types B and D which specialize at ¢ = 1
to models of the corresponding group algebra.

We conclude with the following questions regarding an arbitrary Coxeter group
w.

Question 5.1.2. Find a signed conjugation which gives a Gelfand model for W ;
Find a representation of the form psCy = a5,5Cw + bswCsws, which gives a
Gelfand model for the Hecke algebra of W.

Question 5.1.3. Find a character formula for the Gelfand model of the Hecke
algebra of W.
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