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Abstract

()

We first study the hypersequences (an r € Np, of an arbitrary sequence

)nEN ’
(an)nen,- Then we apply the results to four difg’erent sequences, namely the constant
sequence a, = 1, n € Ny, the characteristic function of {1}, the Fibonacci sequence
and the Lucas sequence. In the last two cases we obtain some new results on the
hyperfibonacci and hyperlucas numbers. After that we investigate weighted sums
of the type ZZ:O k‘ea,(:), ¢ € Ny, and derive a recurrence relation and its solution.
This solution depends on the expression > ;" ((—1)*(7")(k + n + 1)*. We derive
some old and new properties of the generalized expression Y ;- (—=1)* () (kz + y)*
and apply the results to the four sequences as above. In this way we obtain known
and new formulas for the sums of powers of the first n consecutive positive integers
and for weighted Fibonacci and Lucas sums.

1. Introduction

Let (ap)nen, be an arbitrary sequence (of real or complex numbers). Then its
hypersequence of the rth generation is defined recursively for all n,r € Ny as

ag) = Zag_l), and a%o) = ap.
k=0

For r = 1, we have al) = Y27_ al” = S™"_ aj and this is the sequence of partial
sums of (ap)nen,; for r = 2, ag) =Y ag) =30 (Z?:o aj) is the sequence
of partial sums of (aﬁP)neNO; and so on.

By this definition we obtain an array (a,(f)), where r € Nj is the row and n € Ny is
the column of this array (see Table 1). It is a special case of the “tableau de sommes”
of Lucas (see [19, pp. 7-12]) with equal initial values a{"” = a{?) = --- = a{” = ay.
The array has recently been studied by Dil and Mezg [10].
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r\n | O 1 2 3
0 ap ai a2 as
1 ao a0+a1 a0+a1+a2 ao—i—al—i—ag—i—ag
21 ay 2a9+ar 3ag + 2a1 + as 4dag + 3a1 + 2as + as
3| ay 3ag+a 6ag + 3a1 + as 10ag + 6a1 + 3as + a3
4 | ag 4dag+ar 10ag +4a; +as 20ag + 10aq + 4as + as
5| ay Sag+ai 15ag+ bay +as 3dag + 15ay + Has + ag

Table 1: Terms of hypersequences (ag))neNO

In this paper, we first mention a formula that gives the hypersequence of the
rth generation of an arbitrary sequence (an)nen, as the partial sums of another
sequence and apply the results to four special sequences, namely the constant se-
quence a, = 1, n € Ny, the characteristic function of {1}, the Fibonacci sequence,
and the Lucas sequence. In the last two cases we obtain some new results on the
hyperfibonacci and hyperlucas numbers.

Then, using Abel’s summation by parts, we study the weighted sums of the type
ZZ:O kea,(:), £,n,r € Ny, and derive a recurrence relation and its solution. This
solution depends strongly on the expression ¢y, (n) := YL (=1)* () (k +n + 1)*
and shows that the weighted sums Y }'_, kfag) can be given as a linear combination
of the terms al ™", al ... al T 0 € Ny. We also derive some known and
new properties of ¢y, (n) and its generalization >, ((=1)¥ () (kz + y)¢, z,y € C.

Finally, we apply the results to the four special sequences defined above. We
obtain some known and new formulas for the sums of powers of the first n consecu-
tive positive integers, and for the weighted Fibonacci and Lucas sums, also known
in the literature as “Ledin and Brousseau’s summation problems”, since Ledin and
Brousseau [6, 18] started studying these sums in 1967. Since then several authors
have developed different methods to study these sums. We first mention the finite
difference approach for the more general sums Zi:o k‘Fy, s by Brousseau [6] and
the approach of Ledin [18], who showed that the weighted Fibonacci and Lucas
sums can be expressed in the form Zi:o K'Ey, = E,Pi(6,n) + Fp1 Po(£,m) + C(0)
and Y4 _ k'L = LyPy(£,n) + L1 Po(¢,n) + K (€), where Pi(¢,n) and Py(¢,n)
are polynomials in n of degree ¢, and C(¢), K(¢) are two constants depending
only on the degree ¢. For these polynomials, Ledin [18] gave the expressions
Pi(t,n) = 8 (=1)7 (ﬁ)Mi,jnf_j, i = 1,2, where M; ; and M, ; are integer se-

§=0
quences, which were later determined by Zeitlin [26, Equations (6.1) and (6.2)] as
M;;=3"7_0 k!{i}FkH, i =1,2. Finally, we mention the recent works of Ollerton

and Shannon [22, 25], Dresden [11], and Adegoke [1].

A completely different approach was given by Gauthier [12]. His method involves
the differential operator z(d/dx) and gives the same non-constant terms (depending
on n) as our method, but the constant term has no obvious relation to the non-
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constant terms. In our method, the constant term is obtained by evaluating the
non-constant terms at n = 0.

2. Hypersequences

The first expression of the next theorem is well-known (see, for example, [10, Propo-

sition 2] for the special case a(()i) = ag for all i € {1,2,...,k}), whereas the second

one follows from the fact that & € {0,1,...,n} if and only if n — k € {0,1,...,n}.

Theorem 1. Let (an)nen, be an arbitrary sequence (of real or complex numbers)

and (agf))neNo, r € Ny, be its hypersequence of the rth generation as defined before.
Then for all r € N and n € Ny,

) _ " ntr—1—k _ k-1
a,, —Z( r_1 ak—z A Ap— - (2.1)

k=0 k=0

Throughout the paper, we follow the definition of the binomial coefficients (}),
r € R, k € Z, given in [14, Definition (5.1)], namely () = w itk>0,
and (1) = 0if k < 0.

The array (ag)),r, n € Ny, has the following property (see [10, Equation (1)]).

Theorem 2. For all r,n € Ny, we have

al i = al ) +all)). (2.2)

This theorem says that ag:f)

the value above it.

is calculated by adding the value to its left and

Remark 1. Equation (2.2) is a recurrence relation to calculate the (n+1)st column
of the array, once the nth column is known, n € Ny. For example, by definition we
have agT) = ag. Hence, by Theorem 2 for n = 0 we have aY-H) = a(lr) + aérH) =

agr) + ag with the initial value a(lo) = a;1. The solution of this first-order recurrence
relation is given by a(lr) = ay + agr, v > 0. Similarly, aérﬂ) = aér) + aY‘H) =

aér) + a1 + ap(r + 1) with the initial value aéo) = a9. The solution of this first-order
recurrence is given by agr) =as+ a; (;) + ag (Tgl), r > 0, and so on. Note that the
second expression of (2.1) gives the general term of the nth column.

2.1. Examples

We now consider four examples.

Example 1. Let a,, = 1, n > 0, be the constant sequence 1 (the sequence A000012
in the OEIS [21]). Then we get the array Ap.(r,n) (see Table 2) called by Lucas
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(see [19, p. 83]) “le carré arithmétique de Fermat”. According to (2.1) the general
term of this array is given by

" in+r—1-k n+r
AFe(Tan):Z( S ):( . ), r,n € No, (2.3)
k=0
where we have used the well-known formula (see [14, Table 174, p. 174]),

i(ktizl):(njr) (2.4)

k=0

r\n |0 1 2 3 4 5 6 7 8 9 10
0|1 1 1 1 1 1 1 1 1 1 1
111 2 3 4 ) 6 7 8 9 10 11
211 3 6 10 15 21 28 36 45 55 66
3/1 4 10 20 35 56 84 120 165 220 286
411 5 15 3 70 126 210 330 495 715 1001
5|11 6 21 56 126 252 462 792 1287 2002 3003
6|1 7 28 84 210 462 924 1716 3003 5005 8008
711 8 36 120 330 792 1716 3432 6435 11440 19448
811 9 45 165 495 1287 3003 6435 12870 24310 43758

Table 2: “Le carré arithmétique de Fermat” Ap.(r,n)

Example 2. Let a,, = (n = 1),n € Ny, be the characteristic function of {1}, where
(S) is Iverson’s convention meaning 1 if the statement S is true and 0 if it is false.
It is the sequence A063524 in [21], also called the “Dirichlet sequence” because it is
the identity function for Dirichlet multiplication. In this case we obtain the array
Api(r,n) (see Table 3). According to (2.1) the general term is given by

n+r—2
r—1

Api(r,n) = < ) r,n € N. (2.5)

Note that we have Ap.(r,n) = Ap;(r+ 1,n+ 1) for all r,n € Ny.

Example 3. Let a, := F,,n > 0, be the Fibonacci sequence (the sequence
A000045 in [21]) defined recursively by

Fo = O, F1 = 1, Fn+2 = Fn+1 + Fn7 n Z 0. (26)

This sequence generates the array Fff) (see Table 4). According to (2.1) the general
term is given by

) _ “n+r—1-k _ r+k—1
Fn)_Z( . Fr=>Y" L Frp. (2.7)
k

k=0 =0
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7 8 9 10 11
0 0 0 0 0
1 1 1 1 1
4 5 6 7 8 9 10 11
6 10 15 21 28 36 45 55 66
10 20 35 56 84 120 165 220 286
15 3 70 126 210 330 495 715 1001
21 56 126 252 462 792 1287 2002 3003
28 84 210 462 924 1716 3003 5005 8008
36 120 330 792 1716 3432 6435 11440 19448
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Table 3: Dirichlet’s array Ap;(r,n)

3 4 5 6 7 8 9 10
2 3 ) 8 13 21 34 95
4 712 20 33 54 88 143
7T 14 26 46 79 133 221 364
11 25 51 97 176 309 530 894
41 92 189 365 674 1204 2098
22 63 155 344 709 1383 2587 4685
29 92 247 591 1300 2683 5270 9955
37 129 376 967 2267 5950 11220 21175
46 175 551 1518 3785 9735 20955 42130

<
—
S
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Table 4: Hyperfibonacci numbers F,(LT)

The sequence (FT(LT))neNU is known as the hyperfibonacci sequence of the rth gen-
eration. It was introduced in 2008 by Dil and Mez [10] by studying a symmetric
algorithm for hyperharmonic, Fibonacci and other integer sequences. In 2014 Bahsi,
Mezd, and Solak [2] provided further refinements to this topic. A number of other
authors have studied this sequence; we mention in particular Cristea, Martinjak,
and Urbiha [9]. Besides the first equality of (2.7), they also gave three other dif-
ferent representations of £ (see [9, Theorem 3, Theorem 5, and Corollary 6]).
Finally, alternative representations have been given by Belbachir and Belkhir [3,
Theorem 8] and Komatsu and Szalay [16, Theorem 1].

We now derive a new representation of the hyperfibonacci numbers F,(f).

Theorem 3. Let r,n € Ng. Then we have

r—1
- n+k—1
Fr(L ) — Fryor — E ( k )FQ(rk)- (28)
k=0

Proof. We use induction on 7 > 0. When r = 0, the right-hand side of (2.8) is equal
to F,, and the left-hand side is equal to FT(LO). Therefore, the assertion is true for
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r = 0. Let us now assume that (2.8) is true for some r > 0. Then, by the induction

assumption, and since FO(T)

r—1 .
Fr+D ZF(r) Z(F’H?T 7 Z <k +j - 1) FQ(r—j))

k=1 j=0

Sr SE )0

J

7§%Ek—§:F%—§f(§5<k+§_1>>&“J>

7=0 k=1

=0, r € Ny, by applying (2.4) we obtain

r—1 .
n -+
= Fuyorie — Fo — (Forg2 — F) — E (j + i)F2(rj)'
j=0

With j =k —1, k€ {1,2,...,r}, it follows that

" n+k-1 n+0-1
FT(Lr—s—l) = Foio(r4+1) — Z ( & >F2(rk+1) - ( 0 )Fz(r+10)
k=1

(r+1)—1
n+k—1
= Foio(r4+1) — E ( f )F2(r+1—k)7
k=0

which is Equation (2.8) if r is replaced by r + 1. O
By equating (2.7) and (2.8) we obtain the following result.
Corollary 1. For all r,n € Ny, we have

n r—1
n+r—1—k n+k—1
Foior ZZ( r1 )Fk-i-Z( A >F2(rk)

k=0 k=0
r—1
r+k— n+k—1
_z( )+z( ; )Fw_k).

The Fibonacci sequence (F),) satisfies the second-order linear homogeneous re-
currence relation (2.6). Cristea, Martinjak, and Urbiha [9] proved by a combinato-
rial argument that the hyperfibonacci numbers of the rth generation also satisfy a
second-order linear inhomogeneous recurrence relation.

Theorem 4. ([9, Lemma 2]) For all r € Ny, we have

A7 =0, F" =1, FD,=F +F" + <:f+ T), n=0. (29
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In [9, p. 4] the authors noted that Theorem 4 provides an equivalent definition of
the hyperfibonacci sequence. In contrast to the recurrence relation (2.2), where the
hyperfibonacci numbers of two neighboring generations are involved, the recurrence
relation (2.9) in Theorem 4 involves only the nth hyperfibonacci number of the rth
generation and its two predecessors of the same rth generation.

Example 4. Let a,, := L,, n > 0, be the Lucas sequence (the sequence A000032
n [21]) defined recursively by

Lo=2 Li=1, Lpis=Lny1+L, n>0. (2.10)

This sequence generates the array Ly (see Table 5). According to (2.1) the general
term is given by

- —1- - -1
Lgpzz(”” ! ’“)Lk:ZC“; )Lnk. (2.11)
.
k

k=0 =0

r\n |0 1 2 3 4 5 6 7 8 9 10
012 1 3 4 7 11 18 29 47 76 123
112 3 6 10 17 28 46 75 122 198 321
212 5 11 21 38 66 112 187 309 207 828
312 7 18 39 77 143 255 442 751 1258 2086
412 9 27 66 143 286 541 983 1734 2992 5078
512 11 38 104 247 553 1074 2057 3791 6783 11861
6|2 13 51 155 402 955 2029 4086 7877 14660 = 26521
712 15 66 221 623 1578 3607 7693 15570 30230 56751
8|12 17 83 304 927 2505 6112 13805 29375 59605 116356

Table 5: Hyperlucas numbers Lgf)

The sequence (LSIT))H €No is known as the hyperlucas sequence of the rth gener-
ation. It was first introduced in 2008 by Dil and Mezé [10]. In 2014 Bahsi, Mez§,
and Solak provided more properties of the hyperlucas numbers, for example the
first expression of (2.11) [2, Corollary 2.4].

As for the hyperfibonacci numbers F,(f), we can give another representation for

the hyperlucas numbers L{".

Theorem 5. Let r,n € Nyg. Then we have

r—1
i, n+k
L;) = Lpyor — E < k )LQ(T—k’)—l' (212)
k=0

Proof. We use induction on r > 0. When r = 0, the right-hand side of (2.12) is
equal to L,, and the left-hand side is equal to L%O). Therefore, the assertion is true
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for r = 0. Let us now assume that (2.12) is true for some r > 0. Then, by the
induction assumption and applying (2.4), we obtain

L+ = Z L Z (Lk+2r - Z (k jj) Lor—j)- 1)

k=0 7=0
= Z Lk:+2'r - Z (Z ( j>L2(r 3)— 1)
= imoNimo N
n+2r 2r—1 n .
k+
=S eSS () e
k=0 J
—(n+j+1
- Ln+2r+2 - Ll - (L2r+1 - Ll) - Z ( . 1 >L2(r—j)—1
N I
/n+k
- Ln+2r+2 - L2T+1 - Z ( k >L2(r—k+1)—1'

k=1

With j =k —1, k€ {1,2,...,r}, it follows that

. " (n+k n
L’EL +1) _ Ln+2(7“+1) — L2r+1 - Z ( k )LQ(rk+l)1 + (O) L2("’+1*0)71

k=0
(r+1)—1
n+k
- Ln+2 r+1) Z ( >L2(r+1—k)—17
k=0
and this is Equation (2.12) for r + 1 instead of r. O

By equating (2.11) and (2.12) we obtain the following result.

Corollary 2. For all r,n € Ny, we have

n r—1
n+r—1-—%k n+k
Ln+2T:§ < — )Lk+§ ( & )L2(rk)1
k=0

k=0
n r—1
r+k—1 n+k
= Z ( k >Lnk + Z < k )LQ(r—k)—l'
k=0 k=0

The Lucas sequence (L) satisfies the second-order linear homogeneous recur-
rence relation (2.10). The next theorem shows that the hyperlucas numbers of the
rth generation also satisfy a second-order linear inhomogeneous recurrence relation.

Theorem 6. For all r € Ny, we have

2
L =2, 1 =2r 41, L), =10, 410+ 222 <n+r

>0. (2.13
n+2 r—1)’ n 20 (213)
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Proof. We show that Lg) =370 (THI:*l)Ln_k satisfies the recurrence relation

(2.13). The first initial value is equal to

0
r r+k—1 r—1
Ly’ =3 ( . )Lo_k—( . )Lo—Lo—z

k=0

while the second one is equal to

1
r r+k—1 r—1 r
Lg>_z( ’ )Ll_k—< . >L1+<1)L0—27‘+1~

k=0

Let 17, be defined as follows: 17, := L), — L) — L\, Then

n+2 n+1 n
- r+k—1 r+k—1 r+k—1
I = Z( i )Ln+2k_ Z( i >Ln+1k —Z( p )Lnk

" rt+k—1
= ( k )(Ln+2k - Ln+17k - Lnfk)
k=0
r+n+1-1 r+n+2-1 r+n+1-1
+< n+1 >L1+< n+2 )LO_( n+1 )LO
r+n+1 r+n 2(r+n+1)! (r+mn)!
:2 _— f— J—
n+2 n+1 (n+2)!(r—=1)!" (n+Dlr—-1)!
_n+2r (n+r
 n+2 r—1
because L,1o_ — Lyt1—k — Ln—k = 0. This completes the proof. O]

n
3. Weighted Sums of the Type Z kla,(cr), £,n,r € Ny
k=0
n n
Let to(n) := Z k‘a, ¢ € Ny, or more generally, for > 0, ty)(n) = Z k;za,(:). In
k=0 k=0

this section, we will study these sums and show that ty)(n) can be expressed as a

linear combination of agﬂ), ang'Z), Calrte, Obviously, téo)(n) = t¢(n), and

to(n) = Z klay, = Zak =al), (3.1)
k=0 k=0

Furthermore, by (2.1) for r = 2 we have

n

a?) = Z(n—f— 1—k)ar = (n+ 1)§n:ak - En:kak.
k=0 k=0

k=0
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Solving for t1(n) = >, _, ka, we obtain
ti(n) = Z kap = (n+ 1)al) — a®.
k=0

Similarly, by (2.1) for r = 3 and since (”*37}6)

we have

(n+2)(n+1)

10

(3.2)

= L(n+2)(n+1)— 2n+3)k+k?),

n n n n
n+2-—k 2n+3 1
=3 (7 s R e B Y k3

k=0

Solving for t2(n) = >, _, k*ay and using (3.2), we obtain
ta(n) = Z kap = (n+1)%a) — (2n + 3)a? + 243,
k=0
Similarly, for r = 4, we obtain
tz(n) = Z Eap = (n+1)3a) — (3n2 4+ 9n 4 7)al® + 6(n + 2)al® — 6a,
k=0
and so on.

The last formulas can be written in matrix form as follows:

(1)

to(n) Qan
t1(n) a'?)
t2(n) | = o) - | o |,
l3 (n) a$l4)
where C'(n) is the infinite matrix given by
1 0 0 0
n+1 -1 0 0
C(n) = (n+1)> —(2n+3) 2 0

(n+1)2 —Bn>+9n+7) 6n+12 —6

From these few cases, it is possible to guess some patterns for £ =0,1,2,.. ..
e The matrix C'(n) is a lower triangular matrix.
e {y(n) contains ¢ + 1 terms.

e The coefficients in ty(n) alternate in signs.

(3.4)
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e The coefficient of % in te(n) is (n + 1)¢ and that of alf™ is (=1)¢e.

e Let £ > 0. Then the sum of the coefficients of t,(n) is equal to n’. This implies
that for each £ > 0, the sum of the ¢th row of C(n) is equal to n.

We will prove these and other properties of the matrix entries of C(n) later. In
addition, and this turns out to be very important, Equations (3.1), (3.2), (3.3), and
(3.4) can be seen as special cases of Abel’s summation by parts (see, for example,
[24, Theorem 3.41]), which we state for convenience.

Theorem 7. (Abel’s Summation by Parts)
If (an)nengs (bn)nen, are two arbitrary sequences (of complex numbers), then we
have the identity

Zakbk =aMby1 + Za (br — brg1)-

In fact, if we choose by, := k, k € {0,1,...,n}, then by Theorem 7 we obtain
Equation (3.2):

Zkak (n+ 1)al —|—Z = (n+1)aV) —a?.
k=0

(r)

In general, using ay,’ instead of a,,, by Theorem 7 we obtain

Zka%) = (n+1)alr+) — Zag-ﬂ) = (n 4 1)alr+V) — q(r+2),
k=0 Py

Similarly, if we choose by := k%, k € {0,1,...,n}, and use (3.2), then we obtain

n

Zkzak— (n+1)? +Za(1) —(k+1)?%) = (n+ 1% =3 a2k +1)

k=0
= (n+1)? QZka Za,(cl)

=0
= (n+1)%a) —2. ((n +1)a® — aﬁf’)) —a?

(r)

and this is Identity (3.3) after simplification. Again, using ay,’ instead of a,, by

Theorem 7 we obtain
n
Z kQa,(g) =(n+ 1)2a§f+1) —(2n+ 3)a517"+2) + 2a51r+3).

In general, we have the following theorem.
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Theorem 8. For all ¢,r,n € Ny, we have

-1
T ‘e T
t7(n) = (n+1)fal ™D -3 (j)t§. T (n) (3.5)
j=0

with the initial value tér) (n) = Z k:oag) = a(r Y,
k=0

Proof. By Theorem 7 we obtain for b := k* and a,(:) instead of ay,
tér)(n) _ Z kéal(er) =(n+ I)Za%ﬂrl) + ZCLECT—H) (k£ —(k+ 1)[)'
k=0 k=0

o o RINY =1 [0\
The binomial theorem implies that & — (k+1)" = k*=37_ )k = — 32,2, (j) .
Consequently,

n -1
tér)(n) =(n+ 1)2a5f+1) + Z a,(crﬂ) ( — (j) kj>
k=0

j=0
{—1 n

r l i (r+1

— (1)l =Y (J) S Kol
j=0 k=0

by changing the order of summation. This is the assertion, since by definition we

have Y7 kja,(fﬂ) = t;”l)(n). O

We note that ty) (n) as given in Theorem 8 is calculated recursively (with respect

™) (1) = ar*V

to £), i.e., starting with ¢ we obtain for

(=1: 17 (m) = (n+ a1V (0) = (n+ al Y —al ),

(=2: t0(n) = (m+1%a ™ = Q)tg ) - () )
= (n+1)%a ™ —al ™ =2 ((n+1)a ™ — o[ ™Y)
= (n+1)%al™ — (2n + 3)a+? 4 243,

and so on.
Equation (3.5) can also be written as

ty) (n) = (n+1)%al™ + Z kéa,(fﬂ) — Z(k + 1)6(1,(:“)
k=0 k=0

_ (n + 1)Za£:‘+1) + tyH)(n) _ Z(k + 1)€a§:+1)7
k=0
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or, equivalently,
n—1

) =17 () = 3k + 1)ay Y. (3.6)
k=0

Furthermore, from (3.5) we get Zﬁ;é (ﬁ)tyﬂ)(n) = (n+ 1)ea$f+1) - ty) (n).
Adding tyﬂ)(n) to both sides of this equation and using (3.6) we obtain

¢
> (6) £ () = (n+ )%+ + 67 () — 17 (n)

=0 M
n—1
— (TL+ 1)€a£:'+1) + Z(k + 1)£al(€"“+1)’
k=0

that is,
)4 / n
+1 +1
3 (£)s e = 300k
3=0 k=0
The next theorem gives the solution of the recurrence relation given in Theorem
8. This solution can be expressed by means of

m
Com(n) = Z(—l)k (?) (k4+n+1) ¢,m,nec N,
k=0
and by the Stirling numbers of the second kind { gl } defined as the number of ways
of partitioning a set of j elements into exactly m nonempty subsets, 0 < m < j.

Theorem 9. Let {,n,r € Nyg. Then the solution of the recurrence relation for

t?) (n) is given by

n 4
1 (n) =Y ke’ = com(nal Y. (3.7)
k=0 m=0
Alternatively,
V4 ) J .
TROEDY () ( > <1>mm!{§l}as+m“>) (n+1)'7. (38)
§=0 m=0

In particular, for r = 0, we have the following result.

Corollary 3. Let {,n € Ng. Then we have
¢

ti(n) = Y com(n)al™t
m=0
l

E() (el

j=0 m=0
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In order to prove Theorem 9, we need four propositions concerning the expression
ce,m(n), £,m,n € Ny, which we will formulate for the slight generalization

= m
Pem (T, y) = kZO(M(k) (kz+y)", =z,y€C, (3.9)
an expression also studied recently by Katsuura [15], Boyadzhiev [4], and Miceli
[20]. In fact, for z =1 and y = n + 1, Equation (3.9) reduces to ¢, (n), that is,

Cé,m( >_p€m1n+ Z k(?)k’—i—n—l—l)é

k=0

3.1. Properties of pym(x,y)

Proposition 1. Let z,y € C.
(i) (Boyadzhiev [4, p. 254]) Let £,m € Ng. Then we have

Pem (2, y) "m! Z < >{ } =, (3.10)

(ii) (Katsuura [15, pp. 275-276]) Let ¢,m € Ny. Then we have

0, for0<l<m-—1,
m(T,y) = - 3.11
Pom(9) { o, V=t (3.11)
Notice that Equation (3.11) means that P(z,y) := (prm(z,¥)),, _o, 1 an

infinite lower triangular matrix that depends both on x and y. Consequently,
C(n) := (C&m(n))e’m:&l)m is also an infinite lower triangular matrix that depends
on n. Note also that the case £ = m in (3.11) is particularly noteworthy, since the
right-hand side does not depend on .

Remark 2. As noted by Boyadzhiev [4], Identity (3.11) is not entirely new. In
fact, it is a special case of Euler’s Finite Difference Theorem [23, p. 68], which
states that if f(t) = ag + ait + --- + ast’ is a complex polynomial of degree ¢ and
m a nonnegative integer, then

>ty ) 10 = {0’ ostemeho g

(=D)™a;,m!, for{=m

Proposition 2. Let z,y € C and ¢, m € Ny.
(i) If y = z, then

Pem(z,7) = (—1)™m! {2111} 3 (3.13)
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In particular, if © =1, then

- (+1
m m(1,1) = k+1)"=(-1)"m! . .14
cun®) =pin (1) = S ()1 = oL
(ii) If x = 0, then
p[,m(oa y) = OZ : yZ. (315)
In particular, pe.m(0,1) = 0° and pe ., (0,0) = 0°- 0™,
(iii) If y = 0, then

14
Po.m(2,0) = (—1)mm!{ }xf. (3.16)
m
In particular, if © =1, then
Pms1m(1,0) =D (-1 ( )kmﬂ = (—1)m%(m+ 1), (3.17)
k=0

(iv) Let x = —1 and y = m. Then

Prm(—1,m) = i(l)’“(@j) m -1y =mi{ |} (3.18)

k=0

In particular, if 0 < £ < m—1, then pgm(—1,m) = 0; if £ =m, then pp.m(—1,m) =
m!; and if £ =m+1, then pmy1,m(—=1,m) = F(m+ 1)\
(v) (Carlitz [7, (3.8)]) Let x =1 and y =n+ 1. Then we have

m

com(n) = Z(—l)’“@) (k+n+1) = (_1)mm!{ bt 1} JRECED)

Pt m+n+1 "

Proof. (i) Let y = . Then by applying (3.10), we obtain

w2} =121

since (see [14, Identity (6.15)])
SO0 20

This proves the assertion (3.13). Identity (3.14) follows immediately by setting
z =1in (3.13).
(ii) Let « = 0. Then by (3.9) and using the well-known formula (see [14, p. 163])

Em:(—l)k (Z) =(1-1m=0m, (3.21)

k=0
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we get pe.m (0,y) = Z (CZ) (=1)*y* = 0™ - 4. This proves the assertion (3.15).
k=0
(iii) Let y = 0. Then by (3.9) and using Identity (see [14, Identity (6.19)])

Son(E)e-corefl)

we get pgm(z,0) =zt Z(—l)k (m) Kt = (—1)mm!{ ¢ }xe and this proves (3.16).
= k m

Finally, (3.17) is obtained by applying (3.16) and noting that {" "'} = (") (see
[4, p. 253]).
(iv) If x = —1 and y = m, then by (3.9)

(L) = > (1) (ZL) (m— k) = m!{ri}

k=0

(see [23, Identity (9.21)]) and this proves (3.18). If 0 < ¢ < m—1, then pg ., (—1,m) =
0; if £ = m, then p;,n(—1,m) = m!{z} = m!; and if £ = m + 1, then we get
pem(—1,m) = m!{™ M = ml (™) = 2 (m + 1)! since {1} = ("F).

(v) Rewriting Equation (32) from [5] (with n + 1 instead of , £ + n + 1 instead of
n, and m + n + 1 instead of m), we obtain

{:zir;ill}nﬂ = é (j) {731}0@ +1)7 (3.22)

Jj=m

Substitution of + = 1 and y = n + 1 into Equation (3.10) reveals that the right-
m(1, 1 m . .

hand side of (3.22) is equal to pem(Lin+ 1) = % (n) , and this proves Identity
(=1)™m! (=1)™m!

(3.19). O

Remark 3. Note that {:’Z}T are the “r-Stirling numbers of the second kind” first
introduced by Broder [5] as the number of set partitions of {1,2,...,m} into n
nonempty, unordered parts so that 1,2,...,r are in distinct parts. Identity (3.22)
gives a relation between the r-Stirling numbers of the second kind and the ordinary
Stirling numbers of the second kind. It was derived by Carlitz [7], who introduced a
generalization of the Stirling numbers (of the first and second kind) called “weighted
Stirling numbers of the first and second kind” [7, 8], which turned out to be equiv-
alent to the r-Stirling numbers (of the first and second kind).

Proposition 3. Let x,y € C and ¢, m € Ny.
(i) If m =0, then
peo(z,y) =y (3.23)
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In particular, if £ =0, then poo(z,y) = y° = 1.
(ii) If m = 1, then

pealz,y) =y — (@ +y)". (3.24)
(iii) If m = 2, then
pea(r,y) =y" —2(x +y)" + (22 +y)". (3.25)
(iv) If m = £ — 1, then
pre—r(a,y) = (1) 12t (y + £; 1$>~ (3:26)
(v) If m = £, then
Pl y) = (10, (3.27)
(vi) If £ = 0, then
pom(@,y) = (1) (’;:) —om. (3.28)
k=0

(vii) If £ € Ny, then the Lth row sum is given by

¢
> pem(zy) = (y— )" (3.29)
m=0
Proof. (i) Inserting m = 0 into (3.9) we obtain (3.23).
(ii) Identity (3.24) follows from (3.9) by substituting m = 1.
(iii) Similarly, if we replace m = 2 in (3.9), we get (3.25).
(iv) By (3.10) for m = £ — 1 and noting that {Zfl} = (é), we get

o= (e (9, ))

= (=D — 1)t (y + £ ; 1z).

This proves (3.26).

(v) Equation (3.27) is exactly the second expression of Identity (3.11).

(vi) Equation (3.28) is exactly Identity (3.21).

(vii) Equation (3.10) and the binomial theorem (noting that {7} = 0 for j < m)
imply that

£ e

m=0 j=m

Il
~
N
SN
N~
~
]~
|
—
S—
33
——
3 <
H,_/
~—
8
.
<
~
d,
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where we have used the following identity

né)(—l)mm!{jl} — (1, <t

a special case (z = —1, j instead of n and noting that (—1)& = (—1)kk!) of [14,

(6.10)]. O

Remark 4. If y = z is inserted into (3.29), then the following resut is obtained:

anzo pe.m(2,2) = 0. In particular, if + = 1, then by using (3.13) and (3.14) we
get

‘ ‘
+1 p

cem(0) = —1)"m! =0 3.30

POLHIDESD SE I MY (3.30)

Remark 5. Equations (i)-(iii) in Proposition 3 can also be obtained by noting that

by (3.9) the sequence (pg,m (¥, y))men, is the binomial transform of ((ma+y)*)

and that ((ml‘ + y>€)m€No
That is (see [14, (5.48)])

(ma +y)" = Xm:(—l)’“ @)m,k(az, y)-

k=0

meNy’
is the inverse binomial transform of (pgm (%, ¥y))men,-

In fact, for m = 0 we obtain y¢ = 22:0(—1)’“(2)194,;@(30@) = pro(x,y), and this is
Equation (3.23). For m = 1 we obtain

1

(a4 0) = 301 (et = profs) = (o)

k=0

Solving for p, 1 (x,y) and using (3.23), we obtain py 1 (z,9) = y* — (x +y)*, and this
is Equation (3.24). Similarly, for m = 2, we get

(20 +y)f = S (- 1)F (,i)pe,m,y) = peo(,9) — 201 (2,9) + peale,y).
k=0

Solving for pyo(z,y) and using (3.23) and (3.24) we obtain
pea(e,y) =y" =20z +y)" + (22 +y)",
and this is Equation (3.25).

The first few entries of the matrix P(z,y) are:

1 0 0 0
Y —T 0 0
—z(z + 2y) 222 0
Plz,y) =

2
Y
v} —wx(2? 4+ 3zy + 3y?) 2223w +3y) —62°
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Proposition 4. Let x,y € C.
(i) For all £ € Ny, we have

pf,O(‘T,y) = yl’ pl,m—‘—l(xvy) = pZ,m(xay) 7pl,m(xax + y)a m > 0. (331)
ii) For all ¢, m € Ny, we have
(ii)

£

/ L
Pem(zzty) =3 (j.)pj,m(x,y)xf g (3:32)
j=m
(iii) For all ¢, m € Ng, we have
=1, A
Pemt1(2,y) = — (j)pj,m(x,y)w“~ (3.33)
j=m

(iv) For all m € Ng, we have
Po.m (,y) = 05 pryrm (@) = ypem (2, y) —mapem—1 (2, 2+y), £>0. (3.34)
(v) For all ¢, m € Ny, we have poo(x,y) =1 and

Peitm+1(2,y) = ((m+ D)o+ y)pemr1(2,y) = (m + Dapem(@,y).  (3.35)

(vi) Let £ € N and m € Ng. Then

1 0
@ y) = = - Zpp e, 3.36
Pe-1m(@,y) = 5 ay"" (z,y) (3.36)
and, conversely,
(vii) for all ¢;m € N, we have
pem(2,y) = (mx +y)pe—1,m (2, y) — Mmrpe—1,m—1(2,y). (3.37)

Proof. (i) The initial value is given by (3.23). Furthermore, by (3.9) and using the

recurrence relation of the binomial coefficients, noting that (") = 0, we have

m—+1 m+1
TRCTIED M (g ()

k=0
= 7:2_::(_1)’“ (’Z) (kz +y)" + 7:2_5:(—1)’“ (kT 1) (kx4 )"

- zm:(‘”k(@ (ke +9)" - %1(—1)’“‘%&) (k=141 +y)"

k=0
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The first term on the right-hand side is ps ., (x,y), while the second term is equal
to pem(z,z + y) by means of the transformation ¥’ = k — 1 and noting that by

definition we have (1") =0, m > 0. This proves the recurrence relation (3.31).

1
(i) From the binomial theorem we have (kz +z +y)¢ = 3¢ (f) (kx+y) z°~7 and

j=0
so by changing the order of summation we obtain

Pom(e,a+y) =3 (<1 (Zj) (ho+ 2+ )"

k=0
- () (5 C)aw)

This is Equation (3.32), since by (3.11) we have p; n,(z,y) = 0 for j < m.
(iii) Equation (3.33) follows immediately from (i) and (ii).
(iv) The initial value is given by (3.28). Furthermore, by definition, we have

Perim(z,y) = Zm:(—l)’“k (7:) (kz + )" +y i(—l)’“ (7:) (kz + )"

k=0 k=0

By (3.9) the second term on the right-hand side is equal to ypsm(z,y). By using
the formula k:(’:) = m(’;;:ll) the first term on the right-hand side is equal to

i m—1 U _ m—1 ¢
mx’;)(—l)k<k_l>(kx+y)é:mx;(—l)k 1+1<k_1>((k—1+1)x+y)

m—1

=-mz Y (-1 (mk_, 1) (Kz+x+y),

k=0
and the last expression is by definition equal to —mapg m—1 (2, +Yy), where k' = k—1
and (m__ll) =0, m > 0. This proves (3.34).
(v) By Equation (3.34), using m + 1 instead of m, we obtain

De1,m+1(2,Y) = Ype.m+1(2,y) — (M + D)apem(x, x4+ y),

and by (3.31) it follows that pe ., (z, 2 +y) = pe,m (T, Y) — Pe.m+1(x, y). Inserting this
expression into the above equation we get (3.35).
(vi) The partial derivative of ps ,,(x,y) with respect to y is given by

3% i(—l)k (7:) (kx+y)' =t i(—l)’“ (TZ) (kx +y) "t =L pe—1m(z,y),

k=0 k=0
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and this proves (3.36).
(vii) Equation (3.37) is precisely Equation (3.35) for £ instead of /+1 and m instead
of m + 1. The proof of the proposition is complete. O

For z =1 and y = n + 1 it follows from (3.36) and (3.37) the corollary.

Corollary 4. Let {,m € N. Then

1 d
¢ dn

Remark 6. Equation (3.36) shows how to calculate the entries of the (£ — 1)st row
of the matrix P(z,y), once the entries of the fth row are known, and conversely,
Equation (3.37) shows how to calculate the entries of the ¢th row, if the entries of
the (¢ — 1)st row are known. The same holds by Corollary 4 for the entries of the
matrix C'(n). Note also that the second equation of (3.38) together with ¢ o(n) =1
is a recurrence relation for ¢y ., (n).

co—im(n) = ——cem(n), com(n) = (m4n+1)ci—1 m(n)—mee—1 m—1(n). (3.38)

3.2. Proof of Theorem 9

We are now able to prove Theorem 9.

Proof of Theorem 9. We need to show that Z o Ce m(n)aglr+m+1) solves the recur-
rence relation (3.5). The proof is by 1nduct10n on K > 0. By Equation (3.28), we have

com(n) = 0. Consequently, ¢{ Z 0™-a ™+ = 71 and this is exactly

the initial value of (3.5). Let Z ¢jm(n)al"*™+) be a solution of the recurrence
m=0

relation (3.5) for j € {0,1,...,£—1}. Then tyﬂ) Z ¢jm(n)alT D We

-1
14
now consider the right-hand side of (3.5), namely (n+ 1)+ — Z (]) t;rﬂ) (n).
=0
Substituting the previous equation into this expression, we obtain

£—1

(’I’L+ 1)2 (r+1) Z( ) Z ij (r+1+m+1) (339)

7=0

Let DS be the double sum of the above term. Then
DS = ()enoma ™ + () (crotmai* + s a(myay+)
+ (3) (0270(")%”2) + e (n)al ™) 4+ Cz,z(”)aw‘l)) o

+(,5) (CE*LO(")GWQ) +erm1a(n)all ™+ 4 CLLZ—l(”)agMﬂ))‘
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(r+2) (r+€+1)

Collecting the terms with the same factor a, "7/, ..., an , respectively, we ob-
tain
DS = ((()eoo(n) + (% o)+ + (£ )er-10(n) a2
#((Dena) + Geaalm) 4o+ (L )erra ()l ™ 4o

(13 2) et—2.0-2( )+(zf1)cé—1,é—2(”)> T+ (L) eer o1 (n)al Y.

That is,
-1
DS = ( ) a(r+2) + Z (r+3) 4.
7=0
-1
+ ( )eje—al( )alrth 4 Z Ve, gy (n)al D
j=0—2 j=01
= —co1(n)alt? = cpa(n)al™ — oo = ey 1 (n)altO — o p(n)alr D),

where the last equality follows from (3.33) for x = 1 and y = n + 1. Substituting
this term into (3.39), and since by (3.23) for y = n + 1 we have (n + 1)¢ = ¢y 0(n),
it follows that

(n+ 1)Za£f+1) — DS = Cz,o(n)ag*l) + Ce,1(n)a£f+2) + ce,g(n)ag*?’) T

+c“ 1(n)al ™ + e e(n)alHHD
= Zwm a{ ™D =7 (n).

Hence, 37 _, ¢jm(n)all ™™ s a solution of (3.5) also for j = £. Altogether, we
have shown that ¢ _ com(n)al ™™ s the (unique) solution of the recurrence
relation (3.5) and this proves (3.7).

To prove (3.8), we note that, by (3.10), for z =1, y = n + 1 we have

coem(n) = pem(l,n+1) Ml Z ( ){ } L1yl

and thus,
¢ ¢ . j
Z ce (n)a(T-i-m-i-l) Z (Z <j)(_1)mm, m}(n+ 1)£ ) (r+m-+1)
m=0 m=0 “j=m

I
S
o
N
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This is the alternative representation (3.8) since {gﬂ} =0 for j <m. O

4. Application to the Four Examples

Example 1. Let a, = 1, n > 0. Then by (2.3) we have all) = = ("1") and therefore
Qlrtmt — (") By (3.7), (3.8) and (3.19) it follows that

kzi;)ke(kjr) - i%m(n)<n+rﬂ;m+1)

EO (Gl oo

7§:(_1)mm' (+n+1 n+r+mtl
_m:0 m+n+1), ., n )

The special case r = 0 gives the following representations for the sums of powers of
the first n consecutive positive integers:

kznjzoke: icz’m(n)<n+:+1>

or, alternatively,

Zk/ Z_ 1)) l+n+1 n+m+1
lm+n+1), ., n '

m=0

Example 2. Let a, be the characteristic function of {1}, already defined at p. 4.
Then by (2.5) we have al) = ("+?) and armt - (’”‘:iz_l). By (3.7), (3.8)
and (3.19) it follows that

Zk[(k—&-r ) ZCem (n-l—:j:?nl—l)
(ST

m=0

_ (—1)™m! {+n+1 n+r+m-—1
- \Im4+n+1 — r+m ’
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For r = 0 we have (2:?) = (k= 1) and the left-hand side of (4.1) is 1. Hence, the

second identity of (4.1) gives
SRS e

By using the following identity

St (1) 0

(see [14, Identity (6.12)]), we get another representation of the sums of powers of
the first n consecutive positive integers.

Corollary 5. For alln € N, m € Ny, the following identity holds:

Seforaflil) e

Proof. From (4.3) and by changing the order of summation, we get

=y o))

J

S )

=0

.

This proves the corollary (writing & instead of j on the right-hand side), since the
second sum in the last equation is equal to ("‘”) by (2.4). O

Note that Identity (4.4) is different from the formula given in [4, p. 265]:

” m_m n+1\[m
k;k _,§<k+1>{k}k!'

Example 3. Let a,, := F,,, n > 0, be the Fibonacci sequence. Then by (2.8) we
have F,(LT) =Fyyor — Z;é (nJrk 1)F2(T %) and

o mtk—1
FT(LT+m+1) = F7L+2(7'+m+1) - Z ( k )F2(7'+7n+1—k)'
k=0

By (3.7) we have

Z kZF(T) Z Com F(T+m+1)
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For » = 0 this means that
n 4 L m n+ E—1
kz—:okEFk = n;)CZ,m(n)Fn+2(m+1) - mz::o%m(n) kZ—O ( i )FQ(m+1k)- (4.5)

We will prove later that the double sum on the right-hand side of (4.5) does not
depend on n and it is equal to the first sum taken at n = 0. That is,

l m n+ E_1 l
Z Cf’m(n) Z ( k )FQ(m+l—k) = Z cé,m(O)FQ(m+1). (46)
m=0 k=0 m=0
We can therefore state the following theorem for weighted Fibonacci sums.
Theorem 10. For all ¢, n € Ny, we have
n 14 4
Z ksz = Z cz’m(n)Fn_‘_Q(m_,_l) - Z C@,m(O)F2(m+1). (47)
k=0 m=0 m=0

Moreover, since by (3.14) we have ¢, (0) = (—1)mm!{7ifl}, we conjecture that

the constant term in (4.7) can be expressed as follows.
Conjecture 1. For all £ € Ny, we have

i(_l)mm!{iill}&(mﬂ) = (-1)* zé: m!{i}FmH.

m=0 m=0

Note that the unsigned sum on the right-hand side (the sequence A000557 in
[21]) is exactly the sequence Mo ; (see [26, Equation (6.2)] for ¢ instead of j7).

Example 4. Let a,, := L,, n > 0, be the Lucas sequence. Then by (2.12) we have

L) = Lo = Yy ("5F) Lagr—iy—1 and
r+m
, n+k
LT = Lygogriminy = ( k >L2(T+m+1k)1.
k=0

By (3.7) we have
n L
S L) = S oy
k=0 m=0

For » = 0 this means that

4 14

ZkeLk = z co.m (M) Ly yo(me1) — Z cem(n) Z ( 3 >L2(m+1—k)—1- (4.8)
k=0

m=0 m=0 k=0
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As in the case of the Fibonacci numbers we will prove that the double sum on
the right-hand side of (4.8) does not depend on n and is given by the first sum taken
at n = 0. That is,

1 m L m
Z ce,m(n) Z (n —l: k) Lotm+1-k)—1 = Z ce,m(0) Z Lom+1-k)-1,
m=0 k=0

k=0 m=0
and this is equal to anzo ce,m(0)Lo(m41) — Lo - 0¢ by the well-known formula
ZLQ(mH,k),l = ZL%“ = Lo(m+1) — Lo and (3.30). Therefore, we can state
k=0 k=0

the following theorem for weighted Lucas sums.

Theorem 11. For all ¢, n € Ny, we have

n 4 14
D KL= ctam(mLntaimin) = X ctan(OLominy + Lo~ 0% (49)
k=0

m=0 m=0

Furthermore, since by (3.14) we have ¢g,,(0) = (—1)™m! ﬁ:rll}, we conjecture
that the constant term in (4.9) can be expressed as follows.

Conjecture 2. For all £ € Ny, we have

i(—l)mm!{iill}LQ(m+l) — (-1 f: m!{:l}LmH.

m=0 m=0

Note that multiplying the term on the right-hand side by (—1) results in the
sequence A263968 in [21].
In the next subsection we will prove Theorem 10 together with Theorem 11.

4.1. Proof of Theorems 10 and 11
In order to prove Theorem 10 and Theorem 11 we need two lemmas.
Lemma 1. For all m, n, k € Ny, we have
k )
—k-1 Mk —j—-1
(“*m ):Z(_UJ() (”+m ’ ) (4.10)
m = j m—j

Identity (4.10) is a version of Identity 3.49 in [13, p. 28] for j instead of k, k
instead of n, n — 1 instead of » and n + m — 1 instead of .

Lemma 2. For all k, £ € Ny, we have

k

(kH)eZ(];)j!{jii}. (4.11)

=0
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Proof. By applying (3.20) and noting that {?} = 0 for n < j, it follows that

(b= () o ({52 = G ()5 s

n=0 n=0
up over j from 0 to k£ and changing the order of summation, we get

(-5 0S 08-S 050}

Since k™ = Z?:o (’;)j'{;‘} (see [14, (6.10)]) we obtain Identity (4.11) by using the

binomial theorem. O
Now we prove Theorem 10 (and Theorem 11 as well).

Proof of Theorem 10. We have to prove Identity (4.6). First we consider the double
sum on the left-hand side of this equation which we refer to as LH.S for short:

LHS = coo(n) ("5 ) B + coa(m) (") Fa + (3) P2)
t+eoa(m) (") o+ (1) Fat ("3 F2) 4+
) (") Fageny + (D) For -+ ()R,
Collecting the coefficients of the same Fibonacci numbers we obtain
LHS = (ero(m)("5") + cea(n) ;) + cealm) (") + -+ ceem) (") ) o
+ (cm(n) (nal) +eep(n)(}) +ces(n) ("31) + -4 coe(n) (”jff))}g +oe
+ (@,eq(n) ("o1) + cee(n) (?)) Fao+ ce(n) ("5 Faern),s

that is,

¢ ¢ ¢
n+m-—k—1
s =YY Ce,m(n)( >F2<k+1> = ctul(0)Fagtn).-
k=0

m—k
k=0m=k

We must therefore show that the following applies for all 0 < k < £:

‘
n+m—~k—1 oy L+ 1
= = (=1)"K! 4.1
e (") 2o =0 @
where the second identity follows from (3.14).

We will prove (4.12) by induction on k > 0. The assertion for k£ = 0 follows from
the first identity of (4.2) since (—1)°0/{*t'} = (¢ +1 > 0) = (¢ > 0) = 1. Now
assume that the assertion (4.12) is true for 0,1, ...,k —1, and consider the sequence
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an = (n=j+1),n € Ny, j > 0, the characteristic function of {j+1}, 7 > 0. Then by
(2.1) we have all) = ("+T7T171(j+1)) = (”:ﬁ;ﬂf) and aly T = ("”jﬁ;jfl). For
r = 0, Theorem 9 implies that Y ,_, k* (Z:;:T) = Ziz:o com(n) ("I, The
left-hand side of this equation is equal to (j + 1)¢, because (’Z:i:f) =(k=j+1).
Therefore, using k instead of j, for all £ > 0, we get the remarkable formula

m

L
k+1)f=>" Cz,m(n)(n+m_k_ 1), (4.13)
m=0

which contains the first identity of (4.1) (for » = 0 and k = 0) as a special case.
By Lemma 1, changing the order of summation and by the induction assumption,

we obtain
(h+1)" = §Ce,m<n>§<—1)j @ (n . j : 1)
3o (5) S (1)
_ me_o (") = () WZZ_: cn (")
+(=1)F mzi:kcm(n) (n +ZZ:Z B 1)

Solving for the last sum on the right-hand side of the above equation and by the
induction assumption we get

N

-1

™

= |l
=)

(=1 (§)ees(0))

m—k

‘ oo (n n+m-—=~k—1 S ¢
mz_kz,mm( ) =0 ()

J

= (=" (k1) = D1V ($)ees (0)) + een(0),

<
Il

and the last expression is equal to ¢ ;(0). In fact, by Lemma 2 and noting that by
i (k i (k Pl B\ 210 :
(3.15) we have (—1)7 (j)c&j(()) = (—-1) (j)(—l)J]! JE = (j)]! jﬁ}, the term in
parentheses is equal to 0. Therefore, the assertion (4.12) is also true for k and this
proves Theorem 10 and Theorem 11 as well, since no properties of the Fibonacci

numbers were used in the proof. O
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5. Conclusion

In this paper, we first studied the hypersequences (ag)

)neNo’ r € Ny, of an ar-
bitrary sequence (a,)nen,- Then we applied the results to four different sequences,
namely the constant sequence a, = 1, n € Ny, the characteristic function of {1},
the Fibonacci sequence and the Lucas sequence. In the last two cases we obtained
some new results on the hyperfibonacci and hyperlucas numbers.

We then studied the weighted sums of the type Y ,_, k:ea,(:), {,n,r € Ny, and
derived a recurrence relation and its solution. It turned out that this solution
depends strongly on the expression > ;* (=1)*(7")(k + n + 1)*. We have de-
rived some known and new properties of this expression and its generalization
o (=1)R () (kxz +y)*, @,y € C, and applied the results to the four sequences as
above. In this way we obtained old and new formulas for the sums of powers of the
first n consecutive positive integers and for weighted Fibonacci and Lucas sums.

As noted by Koshy [17, p. 354] (see also Remark 6), knowing the coefficients of
S o ktFy and Y_)_, k*Ly, one obtains by the first formula of (3.38) the coeffi-
cients of Y 7_, k=1 Fy, and Yoro k*~1 L, respectively. However, it is not clear how
to calculate the non-constant term.

The second formula of (3.38) solves the inverse problem, namely knowing the
coefficients of > _;_, k"1 Fy and > ) _, k"1 Ly, how to determine the coefficients of
S o k*Fy and > _, k*Ly, respectively. This formula is a complete answer to the
statement made by Koshy [17, p. 354]:

“On the other hand, if we could use the coefficients of S(m — 1) to
determine those in S(m) it would be a tremendous advantage in the

study of weighted Fibonacci and Lucas sums. The same would hold for
T(m).

Note that Koshy employs the following definitions: S(m) := Y ;_,k™Fj and
T(m) := >, _ok™Lg. For example, let £ = 3. Then (see [17, (29.13) and (29.14)])

> KF=(n+1)*Fuys — (30° + 90+ 7)Fya + (60 + 12)Fpi6 — 6Fns
k=0

+ (F5 — 6F5 + 6F%),
where F5 — 6F5 4+ 6F7 = 50. Using the second formula from (3.38) we have

cso(n) = (n+1)*

)

(n) = (n+1)ecs0(n)
(n) = (n+2)ez1(n) — cz0(n) = —(4n® + 18n? + 28n + 15)
ca2(n) = (n+3)cg2(n) —2c31(n) = 12n2 + 48n + 50

(n) = (n+4)cs3(n) —(24n + 60)

(n) = (n+5)csa(n) 24.

(n)
n+4)cs3(n) — ez 2(n) =
— 403 3(71) =

)
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So by (4.7) for £ = 4, we obtain

D K'Fe = (n4 1) Fuya — (4n® 4 18n% + 280+ 15) Fy 4 + (120° + 48n + 50) F 6
k=0

— (24n + 60)F, 5 + 24F, 110 — (Fy — 15F, + 50Fs — 60F% + 24F}0)

and this is exactly the formula given in [17, (29.18)], since the last term in paren-
theses on the right-hand side is equal to 416.
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