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Abstract

A novel derivation of XcClelland’s estimate (1) is provosed,
based on the finding of the maximum of the functional &,

eq. (2), with consbtrzints (6) and (/). licClelland’s arproxi-
mation (5) for total pi-electron enerzy is demonstrated to

be closely relzted with the assumption that the KO eners:
levels are distributed in a uniform manner, ea. (13). 4
theoretical derivation of the empirical constant C.92 in
eClelland s formuls (5) is offered.

In a paperl published in 1971, ilcClelland reported the
first upper and lower oounds for the Hll0 total pi-electron
energy of conjurated molecules. In varticular, he showed

that for a conjuzabed hydrocarbon of the formula cnﬁin—2m’

: 5 172
dg(a n n)



Here n is the number of carbon atoms and m the number of

carbon-carbon bonds. & denotes the HNMO total pi-electron
energy2 of the pertinent conjuzated system (expressed, as
usual, in beta units).

If X1sXopeeesX are the eigenvalues of the molecu-

n
lar graphj, then E is defined as

pel

E=Z 8y ¥y (2)

i=1
with 84 being the occupation number of the i-th molecular
orbital. Here and later we will assume that the eigenva-
lues x; are labelled in non-increasing order. Then in the
case which will be considered in the present paper, nanely
a neutral closed-shell conjuzated hydrocarbon in ground
electronic state, the occupation numbers conform to the

following relations:

8y =2 for i 1,2400030/2
and (3)

n/2+l, 0/242,44.40

gl = 0 for 1

and

n
E ‘;i =n {”‘)
i=1



In Ref. 1 the approximate formula
% =0.92 (2 mn)/? ()

was also proposed, the multiplyer 0.92 being determined by
least-squares fitting.

The discovery of the estimate (1) was followed by a
number of papers“, examining various more sophisticated
upper and lower bounds for E and also for other HNC react-
ivity indices’.

The approxinate topological formula (5) predicts equal
total pi-electron enersy for all isomers having the formu-
la anEn—am’ what is in contradiction with observed experi-
mental factese. Therefore improvments of licClelland’s for-
mula (%) were necessary. Some attempts alons these lines
were prorosed elsewhere7. On the other hand, the right-
-hand side of the expression (5) correctly reproduces the
cross part of 4 (some 955 or more). This also means that
tae main topological invariants which deteramine £ are n
(= the number of vertices of the molecular graphB) and m
(= tne numcer of edzes of the molecular craphﬁ).

‘“he results of the present wor« are based on the fol-
lowing two relations, which hold for the eigzenvalues of

all schlicht zraphs.



Il
_in=0 (6)

Il
2. x2=2n (7

Both identities (6) and (7) are well-known in graph spect-
ral theory5 and can be easily deduced either by matrix-theo-
retical£ or by graph-theoretical reasoningB.

Bgs. (6) and (7) can be understood as certain informa-
tion about the distribution of the graph eigenvalues. On
the other hand, according to eq. (2), © is a function of
the graph eigenvalues and must obviously be sensitive to
their distribution. This stimulated us to pose the follow-
ing
Problem, Which is (A) the maximum and (B) the mini-
mum possible value of & if the graph eigenvalues are con-
strained to fulfil the conditions (6) and (7) and only these

conditions?

£ Note that

n

D (F = BT 5 k= L2

i=1 )
where A is the adjacency matrix of the molecular graph”8

and Tr stands for the trace of a matrix.
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The answer to the problem (A) is obtained using vari-

ation calculus. From (2) follows

n

Z [T_,i :Xi = 0 (8)

i=1

0]

o

e

because E is required to be maximal. In addition, from (&)

i&xi = 10 (9

xiax. = 0 (10)

fultiplying eq. (8) by -L and eq. (9) by ! and adding then

to eq. (10), we ootain

n
E (xi - Lg;+ I:.Z)gxi = O
i=1
i.e.
X5 - L gy + K= 0 Por mll d = 1424050

The multiplyers L and ¥ are now readily determined. From

(4) ana (&) »

Iy = I
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i.e.
Xy = L(g:L - 1)
Because of (3), the above equality implies

=L for i

Xy 1,250404n/2
and (11)

X. = =L for i = n/2+1, n/2+2,...,n

i

Finally, from (11) and (7),

=2 m

L = (2m/n)1/2

Thus we reached the following result,

Theorem 1. The eigenvalue distribution which gives

a maximum value for I and which simultaneously fulfils the

relations (6) and (7) is

xl S Xg = eses = Xn/a = (2121/11)1/2

1/2
Xnsosl = Xnpogp = *00 = Xy = —(2m/n) 4
The meximum value for & is then

o _ 1/2 A
Bax = (2 m n) (12)



3Zg. (12) implies, of course, lecClelland’s inequality
(1). In fact, Uheorem 1 can be understood as an explanati-
on of the orizin of the estimate (1). It is an interest-
ing and by no means obvious finding that formula (1) beco-
mes an equality only under the assumption that all bonding
F0’s have equal energies (and alsc that all antibonding E0°s
have equal energies). Whenever not all bonding energy le-
vels are mutually equal, the total pi-electron enerzy will
be necessarily less than (2 m n)l/‘g.

The solution of the (RB) part of the above problem is
more or lesc evident. We present it in a form which is com-

plerentary to Theoren 1.

Theoren 2. Ihe eizenvealue distribution which gives

a minimum value for = and wnich simultaneously fulfils the

relations (&) and (7) is

X = (I:L)]"/'2

}CE:Xj:---_ n_l=0
B oo i)

x, = =(n)

Dre minimum value for i is then

= 73(31)1/2

“nin T



Hote that the eigenvalue distribution described in
Theorem 2 really occurs in the case of stars (i.e. graphs
having a vertex of degree n-1 and n-1 vertices of deg-

ree one).

In order to design further topological formulas for
total pi-electron energy, one may try to assuwmne other, no-
re realistic, distributions of the sraph eigenvalues, A
particularly attractive trial of this kind is the hypothe-

sis that the eigenvalues are uniformly distributed, i.e.
Xy = X3, =D (13

with D being a constant, independent of i, i=1,2,...,n-1.

From (13) follows straightforwardly that
X3 =% - (1 -1)D (14)

1

for i = 1,2,...,0. Substituting (14) back into (6), one

cones to the conclusion that

D=2x/(n~-1) (15)
Combining (14), (15) and (7), the relation

x) = (6 m(a - l)/(n2 + n))l/2

is obtained after arpropriate alszebraic transformaticns.
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The above results can be summarized in the following man-

ner.

Theorem 3, The uniform eigenvalue distribution (13)

which simultaneously fulfils the relations (6) and (7) is

6 m

¥; = (n + 1 -21) for' 4 & 152, veeni
i ;a?r:’;; =T} ]

The correspording expression for = is then
B = F(n)e(2 n n)t/2

with

Fla) = g"5/<n2 i 7

The function F(n) for some chemically relevant values

of n is ziven as follows.

n M(n)

4 C. 394
6 C.R78
3 C.873
10 C.B87C
14 C.86%
12 C.8a67
22 C.367

P : ﬁ = 1.2 \ .
Te linit of Mn) is, of course, (3/4)'/% = C.266C. e



see that F(n) varies within quite narrow ranges and that its
value is rather close to 0.92 - the empirical constant in
the formula (5). Hence we may conclude that keClelland’s

semiempirical topological formula (5) is in a certain sense

related to, and a consequence of the assumption of a uniform

distribution of the molecular orbital energy levels.
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