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Abstract

An experimental and theoretical identification of hydrodynamic
equilibrium for sediment transport and bed response to wave motion are
considered. The comparison between calculations and the results of labo-
ratory experiments indicates the linear relation between sediment trans-
port rate and the thickness z, of bed layer in which sediments are in
apparent rectilinear motion. This linear relationship allows to use the first
order “upwind” numerical scheme of FDM ensuring an accurate solution
of equation for changes in bed morphology. However, it is necessary to
carry out a decomposition of the sediment transport into transport in on-
shore direction during wave crest and offshore direction during wave
trough. Further, the shape of bed erosion in response to sediment trans-
port coincides with the trapezoid envelope or with part of it, when some
sediments still remain within it. Bed erosion area is equal to the one of
a rectangle with thickness z,,.
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1. INTRODUCTION

In the coastal zone there is a strong impact of waves and currents on the bed
resulting in almost permanent movement of sediment closely related to the
variability of bed shape. The importance of the sediment movement within
the coastal areas emphasizes the need for mathematical description of sedi-
ment transport and bed morphology. Cyclic erosion and accumulation proc-
esses, due to the volume of transported sediment, induce dynamic equili-
brium of the local seabed. Thus, to describe the bed morphology changes, it
is possible to use conservation laws concerning transport of sediments and to
use numeric models in order to determine the prediction of changes in the
spatial variation of sediment transport within the coastal zone. Hence, mor-
phological models of the coastal zone are essential to predict changes in
bathymetry within the coastal zone. They also allow for the analysis of
changes in bed elevations in areas in the vicinity of hydraulic structures at
the stage of design, construction and use.

Changes in the elevation of the bottom level can be determined by the
solutions of the commonly used equation of conservation of mass (Exner
equation, e.g., Yalin and da Silva 2001) for bed sediment transport. For the
one-dimensional case this can be written as follows:

ai+ 1 aq(x)_
o 1-n, oOx B
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where z, is the bed level elevation [m], x is a horizontal coordinate [m], # is
time [s], n, is the sediment porosity [-], and g is the sediment transport rate
[m?*/s] towards x.

To solve Eq. 1 it is required to use various numeric schemes (Callaghan
et al. 2006, Chiang and Hsiao 2011, Johnson and Zyserman 2002, Long et
al. 2008). As shown, among others by Johnson and Zyserman (2002), the
numerical schemes used to solve Eq. 1 generate spatial numerical oscilla-
tions. These oscillations of morphological models appear as a result of non-
linear relation between sediment transport rate g, and the elevation of the
bed level z,. The sediment transport rate is also determined on the basis of
non-linear, complex hydrodynamic relations. These non-linear relations and
numerical errors of the particular sub-models can generate instability and
uncertainty of the results of calculation, especially because the nature of the-
se relations is still poorly understood. These models are therefore unable to
carry out the exact (physical) prediction of bathymetry in coastal areas, espe-
cially in long-term simulations (Johnson and Zyserman 2002).

Over the last few decades, a few techniques, that should improve the sta-
bility and accuracy of solutions incorporated into models of bathymetric
changes, have been proposed. As shown by Long et al. (2008), many of the
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latest calculation models contain numerical paradigms which smoothen os-
cillations between results describing the evolution of the seabed morpholo-
gy. In order to ensure adequate, long-term simulation of bathymetric changes
caused by interactions between waves and currents near the seashore, a cal-
culation model should enable to control spatial oscillations and guarantee the
accuracy of results. Simultaneously, it should reflect the physical aspects of
these changes.

In recent years, several morphological models have been verified with
respect to the control of oscillations. Callaghan et al. (2006) reviewed a few
numerical schemes and concluded that the Lax-Wendroft’s schemes and all
their subsequent modifications are unstable with respect to long-term simu-
lated bathymetric changes. It is therefore necessary to expand these schemes,
for example by adding such information as artificial viscosity, which will
prevent numerical oscillations generated by these methods. Besides, Calla-
ghan et al. (2006) emphasized the difficulties with describing the bed form
propagation phase speed as a vital parameter responsible for the stability of
the reviewed numerical schemes.

The stability of numerical schemes is typically referred to the require-
ment concerning the Courant number condition: C.=C,At/Ax<1, where C,

stands for the bed form propagation phase speed. Thus, it is possible to im-
prove the stability of numerical models by shortening the duration of simula-
tion. It will, however, demand a greater computational power of computers.
If the diffusion term is correctly removed from the transport equation, the
boundary value of the Courant number can be exceeded (Chiang and Hsiao
2011). This is attainable through the introduction of diffusion constants,
which are chosen according to the actual environmental conditions (Cayocca
2001, Chiang et al. 2010, Kuroiwa et al. 2004, Struiksma et al. 1985,
Watanabe 1988).

In the authors’ approach, it is assumed that due to the shear stress impact
on the bottom, the sediment is pulled off directly from the bottom, which is
understood as an averaged response of the bed to the particular hydrodynam-
ic conditions in time A¢ and from the area with a length Ax. The entire sedi-
ment moving in saltation motion above the bottom originates exclusively
from the bottom (e.g., Bialik 2013, Moreno and Bombardelli 2012). In hy-
drodynamic equilibrium conditions, the stream of sediments picked up from
the bed with a length Ax, averaged in time A¢, is equal (at each level) to the
stream of sediments falling onto the bed. No restrictions are imposed on both
Ax and At values. The only requirement is that the sediment stream g, pass-
ing through the selected profile (1-1 in Fig. 1a) has a constant value. The
sediments have been picked up from the bed with a length Ax, over the time
At before they pass through the selected profile. Usually, the Ax value is of
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Fig. 1. Scheme of the sediment transport in hydrodynamic equilibrium conditions:
(a) sediment stream passing through the 1-1 profile and equilibrium between sedi-
ment transport in the bed layer of the thickness z,, and the one above the bottom, and
(b) the saltation impulse of sediment grains resulting in transport g, > ¢,; and caus-
ing bed erosion of the thickness z,, > z,,.

the order of 0.05-0.10 m in numerical modelling against laboratory experi-
ments (e.g., van Rijn er al. 2005, Walstra et al. 2005), while 5-10 m in nu-
merical modelling versus field measurements (e.g., Kaczmarek et al. 2004).

The time Atz is expected to be correlated with the duration of an erosion
process from the bed with a length Ax caused by sediment transport g, pass-
ing through the vertical profile (Fig. 1). It is postulated (see Kaczmarek et al.
2004) that erosion depth zy,, should not exceed the value of 0.015-0.030 m
in order to satisfy the requirement that the sediment transport has a constant
value in time Af¢. This means that the time interval Af can attain relatively
great value when the erosion process caused by sediment transport is not in-
tensive.

2. FORMULA FOR THE PROBLEM
2.1 Theoretical background

The movement of the sediment in the layer above the bottom with the aver-
age speed of

B L”UCdz
U==— )
L Cdz

implies a kind of sediment apparent rectilinear motion which takes place in
the bed, in the layer with the thickness z,, (Fig. 1). Wherein H determines
water depth, C is the volumetric concentration, averaged in time d¢, and U
means the sediment velocity, averaged in time dr. The thickness z, means
a thickness of z, xdxx1 cell, which is eroded in time df as a result of the
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transport ¢, of sediments passing thorough the transverse profile. This thick-
ness is described by the following relation:
1 gt

) ®

where ¢, means the sediment transport rate in the conditions of hydrody-
namic equilibrium, while 7, is the porosity of sediments.
Cell erosion of the thickness z,, proceeds at the forward speed of U L

dx

v, =%, 0
while
g _

1

Conditions of the hydrodynamic equilibrium assume that sediment
transport rate g, which takes place in the bed layer of the thickness z, and
which results from Eq. 3 in traditional (e.g., van Rijn 1984) form:

q,=(1-n,)U,z, (6)

is equal to the sediment transport above the bottom (Fig. 1). The sediment
transport above the bed is described by the following relation:

H H
g, =U [Cdz=U, x [Cdz (7)
0 0
from which one can obtain:
H
(1—np)zm=;<jcczz. ®)
0

The essential role in initiating the motion of sediment is performed by
grain saltation (e.g., Bialik and Czernuszenko 2013, Bialik et al. 2012,
Wiberg and Smith 1985) (Fig. 1a). Figure la shows that a saltation impulse
moves a total number of sediment grains in a jump over the length dx. Thus,
the saltation impulse (Fig. 1b) of sediment grains resulting in transport
gw > ¢ causes in time df the erosion of the seabed of the thickness
Zm2 > Zm1 , in a cell of the length dx. This means that under the hydrodynamic
equilibrium the thickness z, is a function of the sediment transport rate
whereas forward speed U, , described by Eq. 4, does not depend on the said

rate. In other words, under hydrodynamic equilibrium condition, the sedi-
ment transport above the bed is equal to the one inside the bed for any length
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dx and time dr as long as the forward speed U, does not depend on sedi-

ment transport rate ¢, and coordinate x. Consequently, a grain jump above
the bottom with any trajectory height, which corresponds to an apparent
stroke of a layer inside the bed, is defined by Eq. 7 also for any length dx and
time df. The only requirement is that the sediment transport has a constant
value in time df and along the entire length dx.

These conclusions coincide with what Einstein proposed in 1950. Based
on experimental observations, Einstein (1950) assumed that the averaged
distance travelled by a sand particle between erosion and subsequent deposi-
tion, is simply proportional to the grain diameter and independent of the hy-
draulic conditions and the amount of sediment in motion. It means that every
jump of any length is equally probable at every x point. As a result, any x
point is the origin of different jumps, altogether resulting in sediment
transport ¢,. In that case, the stream of sediments picked up in time df from
every x point along the distance dx is equal to the stream of sediments fol-
lowing onto the bed. Figure 1 shows the simplified case, when all considered
jumps are defined by one particular length. In addition, for any value of dkx,
the saltation motion of sediment grains with the transport rate of, respective-
ly, g,1 and g, will trigger (after the sufficiently long times #, and #,) the ero-
sion of the bed with the same thickness z,,x, so from Eq. 3 it results that:

9ol = 4qah :<1_np)zmaxdx : ©)

The thickness z,,,x is therefore also the value which is independent of the
sediment transport rate ¢, and it should be determined on the basis of exper-
iments.

A good empirical illustration of a motion of sediment under the hydro-
dynamic equilibrium is the flow of water over a box filled with sediment
(Fig. 1). If the bottom outside the box is made of concrete, then it is not dif-
ficult to image that all the sediment moving above the bottom originates
from that bed structure. It can be assumed that under determined water flow
conditions, the erosion of sediments from the box (Fig. 1a) is caused by the
simultaneous (along the entire length dx) grain strokes with the length dx and
with the total size z,, or by corresponding to them grain jumps with any tra-
jectory height. In such a case, the bottom sediment erosion is constant at the
entire dx length and it amounts to z,, (Fig. 1).

This picture is not exclusively approximated by situation with jumps de-
fined by one particular length dx. It is also simplified because of the fact that
the material is transported from the central part of the dx area and from only
one extreme area (Fig. 1a) at any moment and for every height of jump tra-
jectory. Indeed, the erosion of the bed is not constant over the entire dx
length. The middle part is eroded twice strongly than extreme areas. It is
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postulated, however, that the actual size of the bed erosion — in the entire ar-
ea of dx — is equal to the value calculated assuming a constant erosion along
dx.

2.2 Scope of the work

The main aim of this study is to demonstrate (on the basis of the results ob-
tained from laboratory experiments of “IBW PAN 1996 (Kaczmarek 1999)
and “IBW PAN 2010~ (Sawczynski 2012)) the postulate of sediment trans-
port in hydrodynamic equilibrium conditions. Measurements were carried
out in the wave flume of the Institute of Hydroengineering, Polish Academy
of Sciences (IBW PAN) in Gdansk in 2010 (Sawczynski 2012). The aim of
the experiment was to make measurements of the thickness of eroded bed
sediment (z,,). in the context of comparative analysis of the results of “IBW
PAN 1996” experiment, during which the measurements of cumulative
thickness (z,,), were carried out (Kaczmarek 1999). Within the frame of the
study, two tests, T4 and T5, were performed for the eroded thickness of the
sediment. The laboratory experiments T4 and T5 indicate that the bathym-
etry of erosion area coincides with the trapezoid envelope or with a part of it,
when a part of sediments still remains within it. In both cases the erosion
area is equal to the rectangle one with thickness (z,,). along the entire length
dx.

The results of the measurements are to be used as a confirmation of the
hypothesis of hydrodynamic equilibrium, i.e., the possibility to adopt the lin-
ear relation 6 between the sediment transport rate ¢, and thickness z, of a
bed layer where densely packed grains of the sediment participate in the ap-
parent translational and rectilinear motion. This motion is caused by the ac-
tual sediment grain flow over the bed, in the form of steps. This linear
relationship 6 gives the opportunity to use a numerical scheme of the first
order “upwind” the finite difference method (FDM). This method provides
an accurate solution of the equation describing the changes in bathymetry in
time and space (Kaczmarek et al. 2011, Sawczynski 2012):

0z 1 9q, _

ot o ax (10)

At the same time, the following relation is valid:
0z,

z,(x1+dt)=z, (x,t)+7dt ) (11)

Thus, as long as the sediment transport remains in the hydrodynamic

equilibrium conditions, the first order “upwind” numerical scheme of FDM
can be used to obtain an accurate solution of Eq. 10. However, as it is shown
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in Section 3, the decomposition of the sediment transport into the one in on-
shore direction during wave crest and offshore direction during wave trough
should be done.

In contrast to the proposal described above, numerical schemes based on
non-linear relation between the sediment transport rate g, and the elevation
of the bed level z,, used in Eq. 1 to describe changes in bathymetry, are un-
stable ones and generate oscillations in calculation results. It was shown in-
ter alia by Sawczynski (2012) and Szymkiewicz (1999).

It should be emphasized that the postulate of the linear relationship 4 be-
tween sediment transport rate g, and the thickness z, of layer in apparent
motion does not correspond to the postulate of a linear relationship between
the sediment transport rate g, and the elevation of the bed level z,. The last
relationship is still postulated as non-linear.

3. SEDIMENT TRANSPORT IN THE WAVE MOTION

The instantaneous velocities # and sediment concentrations ¢ in water flow
under surface waves can be written in the following form:

u=(U)+U , (12)

c=(C)+C, (13)

where <> =% J;T() dt means the averaged value in time of the wave pe-

riod (7), while U and C are the oscillating components of the velocity and
concentration, respectively.

The product of velocity and concentration is defined as the volumetric
stream related to the unitary area presented as follows:

(#)=(U)(c)+({0C)=U,(c). (14)

The velocity Uy, according to Plumb’s (1979) study, is a kind of La-
grange’s speed similarly to forward speed U, of the bed layer with the

thickness z,,, as determined by Eq. 3.

It is postulated to implement the decomposition of the sediment flow in-
duced by waves into ones during wave crest (7,.) and wave trough (7)), re-
spectively. Consequently:

T=T.+T . (15)

t

The parameters related to the wave crest and wave trough are marked as
(...") and (..."), respectively. Thus, the volumetric stream may be presented
in the following form:
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(#)=(¢"+4), (16)
where

(0)=vi{c) an

{0 )=vi(c), (8)

while <*> :% J;TC(...*)dt and <’> = % J;T (...’)dt are averaged values

within the wave period (7).
The complete sediment transport rate is a result of integration of the

stream of <¢”’> over the depth H, as follows:

?{¢*/'>dz =g, (19)

which corresponds to the sediment transport rate ¢~ in the layer of the
thickness z.'~ with the forward speed UZI/_ in hydrodynamic equilibrium
conditions, while:

z, =z +z, (20)
and

01 qla
i _(l—np) det’

ey

The symbol (..."") combines two cases, i.e., the one described by (...")
for the wave crest and another one, by (..."), for the wave trough.

Using the Egs. 2, 4, and 5 in comparison with 17, 18, and 19, relation 21
may be transformed to the following expression describing the sediment
transport rate:

H

g." =(1-n,)z, U;" =U;" k" [(C)az (22)
where 0
K= ZL: : (23)

L
Next, using relation 22, Eq. 10 takes the following form:

oy L [0, 04 (24)
o (1-n, )\ Ox" ox
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Herein, the following should be taken into consideration:

% , %, 25)
ox"  ox”

when waves propagate over inclined bed. Indeed, the values of ¢, and ¢,

are interpreted as sediment transport rates under hydrodynamic equilibrium
conditions during wave crest and trough duration, respectively. Both values
are averaged within wave period 7. These sediment transport rates (in accor-

dance with Eq. 22) are in linear relations with thicknesses z'~. However, in
view of Eq. 11, the relation between these sediment transport rates ¢, and

q. and bed level of z, is still non-linear.

In order to solve Eq. 24, the first order “upwind” numerical scheme of
FDM is proposed, in which for any assumed length dfx it is possible to calcu-
late the time interval df according to Eq. 3:

di = M , (26)

+ -
qrep + qrep

where the maximum value of (q; +

q. ) in a given calculation area and

within a specified time interval is assumed as the representative
(q;p +|%rep
a given calculation area and within a specified time interval. It is postulated
to use the three layer sediment transport model introduced by Kaczmarek et
al. (2004) for hydrodynamic equilibrium conditions.

The model assumes that the movement of sediment is carried out in three
layers (Fig. 1): bedload layer, contact load layer, and outer flow region, as a
result of the shear stress impact on the bottom. In the area of each layer there
is a different character of the deposit movement and the momentum ex-
change between the water and sediment particles. Hence they are described
by various equations with boundary conditions permitting matching of ve-
locities and concentrations in considered areas as to ensure the continuity of
sediment movement description.

The model assumes that all fractions in the bedload layer move with the
same speed in the form of water and solid mixture. It is assumed that the in-
teractions between the sediment fractions are so strong that finer fractions
are slowed down by the coarser ones, and finally all fractions move with the
same speed. Thus, this layer does not apply to the simple summation of
transport flow for individual fractions treated as the homogeneous sediment.

). Thus, it is necessary to determine the values of ¢, and ¢, in
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The onshore sediment transport intensity in the bedload layer (for the du-
ration of wave crest) ¢,. and offshore g, (for the duration of wave trough)
are defined as (see Sawczynski et al. 2011):

q;. :% LT[ L” uy (2',1)c;, (z',t)dz'sz (27)

and

= ([ (e (e el

where T, is wave crest duration, T is wave period, 5;,/ "~ represents bedload
layer thickness, u,’” is instantaneous sediment velocity in bedload layer,

J— . . . . . . .
¢, is instantaneous sediment concentration in bedload layer, z' is elevation,

while z' axis is directed vertically down.

The mathematical modelling takes into account the fact that the most in-
tensive vertical sorting takes place in the process of raising grains in the con-
tact load layer over the bottom. In the contact load layer, turbulent water
pulsations and chaotic collisions between particles cause very strong
transport differentiation of individual sediment fractions. Very close to the
bottom, in a sublayer, bed slip speed is strongly revealed and there is a very
strong interaction between the individual fractions. Further from the bottom,
these interactions become weaker. However, at this level the concentration
of the i-th fraction is still so high as to cause turbulence suppression which is
assumed to be dependent on the grain diameter d;. As a result of interactions
described above, each i-th fraction moves with its own speed and is charac-
terized by its own concentration. The interactions between fractions when
coarser ones are accelerated by the finer ones result in the increase of speed
of coarser fractions in the mixture. Further, coarser fraction concentrations
are greater than the ones which would have been if the bottom had been ho-
mogenous and made of only one, corresponding fraction.

The onshore ¢, and the offshore ¢_ sediment transport rates may be

described as (see Sawczynski et al. 2011):

q. = inl (% J;TL ( f ul,(z,t)c, (z,t)dz)dt) (29)

and
N

q. = Zni (% J'TT( .E u, (z,t)c; (z,t)dz)dt) , (30)

i=1
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where J., represents the contact load layer thickness, #n; is the percentage
content of the i-th fraction, u;./ " is instantaneous velocity of the i-th fraction,

/- . . . . .
and ¢/~ denotes instantaneous concentration of the i-th fraction in the con-

tact load layer.

In the outer layer it is assumed that the particle size distribution of the
transported sediment does not change along the distance from the bottom.
The vertical distribution of concentration in this layer is described by a pow-
er function.

The sediment transport flow in the outer layer can be expressed by the
following formulas (see Sawczynski et al. 2011):

_ H
qnx = J;‘UUX(Z)CO(Z)dZ > (31)
[
q"}’ = '[) U()y (Z)CO (Z) dZ ) (32)

where Cy means the value of suspended sediment concentration averaged in
time, and U, and Uy, are velocities of the return current (directed towards
the sea) and alongshore current, respectively.

4. LABORATORY TESTS

4.1 Measurements of eroded thickness (z,,).. Experiment of “IBW PAN
2010~

The wave flume in which the measurements of eroded thicknesses are con-
ducted is 64.1 m long, 0.6 m wide, and 1.4 m high (Fig. 2). The vertical, mu-
tually parallel channel walls are made of glass, which allows free observa-
tion of ongoing researches. The bottom of the channel is made of aluminium
alloys.

Programmable and controlled by the computer and hydraulically driven
piston-type flap generator provides the ability to produce waves with heights
up to 0.6 m and any length of allocated time over 0.5 s. Wave forcing ele-
ment is a rigid vertical plate of the generator, subjected to horizontal oscilla-
tory movements similarly to the movement of the piston inside the cylinder.
The generator is located independently of the supporting structure of the
flume, so that the transmission of undesired vibrations is reduced.

The final part of the flume is equipped with original wave energy ab-
sorber, made in the form of porous slope with 1:7 inclination and is com-
posed of a dozen of plastic matt layers. That kind of structure allows to
reduce the effects of reflected waves from the rear wall of the flume on wave
propagation.
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Fig. 2. Wave flume at IBW PAN in Gdansk — “IBW PAN 2010” experiment (photo
by L. Sobczak).

In order to measure the thickness of eroded sediment, the model of sand
trap was used. This is made of waterproof plywood and plastic plates
(Sawczynski 2012). Then, the model was placed on the bottom of the flume.
The model of the sand trap consisted of two slopes, both inclined at 1:18,
and the central box located between the slopes. The sand trap box was com-
posed of three smaller parts: the central one of the dimensions of
20.0x57.8 x10.0 cm and the two extreme parts, each one of dimensions of
57.8%10.0x10.0 cm. The central box was filled with sand. Diagram of the
experiment is presented in Fig. 3.

wave @ wave @ wave
Jauge ,
gencrator gauge aug

water free surface

I
0.0 12.6- — 164 28.0 X [m]
="
KN |
//—] sand I_\T
L 200 P10y 20 yioy, |°'“J
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Fig. 3. Diagram of the “IBW PAN 2010 experiment.
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In order to determine the grain size of the sediment, the particle laser
measure device of Analysette 22 MicroTec plus was used. The device
measures with two lasers. The detector captures 108 measuring channels.
The meter, by the usage of laser diffraction, allowed to analyze samples of
a small amount of solid fractions in the range of diameters 0.01-2000 pm.
Sediment used in experiments was sand originated from the beach of seaside
town Lubiatowo, situated at south Baltic coast in Poland. For this purpose,
the particle size laser measuring device was used. Particle size analyses were
performed using the “wet method” for the two randomly taken sand samples.
Each of them was analyzed twice and identical results were obtained. On the
basis of those analysis, the following representative sand parameters were
acquired — the diameter dso=0.27 mm and dyy = 0.42 mm.

Two resistance wave probes were used for measurements of water free
surface elevations. A resistive element of these probes is water layer be-
tween two vertical non-insulated electrodes. The wave height measurement
is based on a variation of electrical resistance of water between two elec-
trodes. The device accuracy is = 1 mm.

For measurements of the flow velocity it was necessary to use the ultra-
sonic Acoustic Doppler Velocimeter (ADV) which enabled simultaneous
measurements of the three velocity components in a configurable range of
+0.01, 0.1, 0.3, 2.0, 4.0, and 7.0 m/s with an accuracy of +£0.5% of measured
value £1 mm/s. The sampling rate of the device is 1-64 Hz, while the sound
frequency is 6 MHz.

Within the frame of the experiment, the two measuring tests (T4 and T5)
were carried out for the same sand and different wave conditions
(Sawczynski 2012). The change in wave conditions concerned only the wave
height, while the wave period remained unchanged. The computer software
controlled wave generation process and regular and sine waves were to pro-
duce. Wave parameters were recorded by the two wave probes placed along
the flume, downstream and upstream the sand trap model (Fig. 3). In Table 1
there are shown basic parameters of the experiment. The wave height of each
T4 and TS5 test marked by symbol H,, determines the time averaged value
taken from two wave probes.

Measurements of wave height and period took place using two wave
probes arranged along the flume, as shown in Fig. 3. Because of the fact that
the wave parameters were kept constant during undulation, the recording of
wave parameters had been made fragmentarily at selected time intervals.

Wave height records with duration of twenty seconds of T4 and TS5 tests
are shown in Fig. 4 as an example while time averaged values of the wave
height are shown in Table 2.

It can be seen from Fig. 4 that regular sine waves were subjected to
transformation process due to their propagation along the flume. The records
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Table 1
Basic data of “IBW PAN 2010 experiment

Parameter Symbol Value Unit
Water depth hy 0.35 [m]
Wave height T4/T5 H, 6.77/4.95 [cm]
Undulation duration time T4/T5 T, 25/60 [min]
Wave peak period T4/T5 T, 2.0/2.0 [s]
Water temperature T 18.0 [°C]
Representative diameter of sand grains dso; doo 0.27; 0.42 [mm]
Sand density Ps 2650 [kg/m?]
Fluid density Do 1000 [kg/m’]
Sand porosity n, 0.4 -]

Table 2
Time averaged wave heights of tests T4 and T5
—“IBW PAN 2010” experiment
Wave height H,, [cm]
Test no.
Probe no. 1 Probe no. 2 Average
T4 7.65 5.90 6.77
T5 5.70 4.20 4.95

of wave parameters taken from the probe 1 installed upstream the model
(Fig. 3) for both tests, T4 and TS5, show that amplitudes of wave crest are
bigger than of the trough. However, the difference in these amplitudes is
much bigger in T4 test when higher waves were generated. In addition to the
amplitude difference, it is also possible to observe shape differentiation be-
tween wave crests and troughs. In both tests, the elevations during wave
crests were higher and steeper than during troughs. Simultaneously, the du-
ration of wave crests was shorter than that of troughs. Moreover, this de-
scription of waves is identical with the one of the second Stokes’ wave
approach theory.

The sand originally located in the central box of the sand trap was trans-
ported to the two extreme parts as a result of undulation of the free water
surface (Fig. 3). The measurement diagram is shown in Fig. 6. During wave
crest, sand was transported towards the right trap and during wave trough
towards the left part. In order to determine the volume of sand accumulated
in extreme traps, each time after completion of the undulation, the mixture of
sand and water was pumped from the two extreme traps. The siphoning
method was used with the silicone hoses. The samples were then dried and
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Fig. 4. “IBW PAN 2010” experiment: record of wave elevations (wave probe no. 1 —
solid line, wave probe no. 2 — dashed line): (a) test T4, and (b) test T5.

the sand volume taken from each trap was determined. On this basis, the
thickness of the layer eroded from the central box was calculated. The results
are shown in Table 3.

It is worth emphasizing that the duration of T4 test was three times
smaller than T5 test’s. Recorded wave height during the test T4 was greater
than the one of test TS and it was a reason why the total amount of eroded
sediment in T4 test was almost twice bigger than in T5 test. Further, it is
clear that for both measurement tests, a greater amount of sediment taken
from the central box was deposited in the right trap (Table 3). This means
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Fig. 6. Diagram of eroded thickness measurements (z,,). — “IBW PAN 2010” exper-

iment.
Table 3
Measured amount of eroded sand — “IBW PAN 2010” experiment
Undulation Amount (?f Amount (?f Total amount of Er osion
Test . sediment in sediment in . thickness
time . the sediment

no. [min] the left box the right box [cm’] (Zm)e

[cm3] [cm3] [cm]

T4 25 780 1150 1930 1.67

T5 60 460 580 1040 0.90
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that the greater amount of sediment was transported during the phase of
wave crest than during wave trough. Of course, it is a consequence of wave
asymmetry.

After completion of the undulation, the bathymetry was carried out man-
ually in the central box. The measurements were taken point by point every
2.0+2.5 cm in the longitudinal direction and approximately every 10 cm in
the transversal direction. Total number of measurements per test was 35. In-
termediate data was obtained using linear interpolation technique. The re-
sults of final bathymetry of T4 and T35 tests are presented in Fig. 5. It is
noticeable that, for both measurement tests, erosion on the left side of the
central box was bigger than on the right side. This reflects the dominance of
sand transport during wave crest, resulting from the asymmetry of propagat-
ing waves (see Fig. 4). Moreover, it documents the dominant impact of wave
crest on the process of bathymetric changes.

4.2 Measurements of accumulated thickness (z,,),. Experiment of “IBW
PAN 1996”

The experiment was conducted at the Institute of Hydroengineering, Polish
Academy of Sciences in Gdansk in 1996 (Kaczmarek 1999) in the wave
flume 0.5 m wide, 25.5 m long, and maximal possible filling of up to 0.7 m.
In the wave flume, in conditions of constant filling of /%= 0.5 m, the regular
(tests 1, 2, 3,4, 11, 12) and irregular (tests 5, 6, 7, 8, 9, 10) undulations were
generated. The experiment was repeated several times for each set of hydro-
dynamic parameters. A total number of 141 measurements were made for 12
tests. Figure 7 presents the diagram of the experiment.

At the beginning and at the end of the flume, its bottom was covered by
concrete slabs with a thickness of 0.080 m. The central part of the flume was
filled with sand with representative diameters d5o=0.22 mm and dy=
0.42 mm. The sand thickness was equal to the thickness of the concrete slab.
The length of the section filled with sand was 7.0 m. At a distance of 2.0 m
from the end of the section of concrete slab, the sand trap was situated. It

wave

generator

water free surface

G i Nisy L T T ”

wave absorber concrete slabs sand trap sand concrete slabs
2.0m
Y 7.0m "
# A
225 m

x
o

Fig. 7. Diagram of the “IBW PAN 1996 experiment.
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was used to collect trapped sand and hence it was possible to measure accu-
mulated thickness of the sediment.

The main objective of the measurements — at the contemporary stage of
research — was to determine the amount of sediment transported mainly in
the bedload layer, in the direction of outflow and inflow by measuring the
amount of sediment which flows into the sand trap. The sand trap consisted
of two separate chambers with a height of 0.063 m. During the experiment,
the wave conditions were generated within a range for which Shields param-
eter ®,5 determined for the representative diameter dso = 0.22 mm, con-
tained within the range 0.085<®,5<0.4, which corresponded to the
regime of rippled bed. Thus, measurements were made after the time re-
quired for the full development of bed forms, i.e., after 25-60 minute dura-
tion of continuous undulation. By this time, the sand trap was covered with
a lid. Then, the cover was removed and undulation was continued for 1.2 to
15 minutes. In this time, the trap was filled with sand. In the next stage of the
experiment, the sand was sucked from the sand trap outside the flume and
then it was weighed. Finally, by determining the volume of sand pumped
from inside the sand trap, accumulated thickness was determined.

5. COMPARISON BETWEEN RESULTS OF NUMERICAL
AND PHYSICAL MODEL

5.1 Input data for calculations

The percentage contents of different sediment fractions for both experiments
are shown in Table 4. This data was used as an input one in the calculations
of sediment transport rates g, and ¢, using Egs. 27-32. The input data
maintains measured indicators of dsy and dg.

The wave parameters (wave heights H and periods 7), taken from
Kaczmarek (1999), were used as an input data in calculations conducted for
an experiment of “IBW PAN 1996”. For all 12 measurement tests, the sine
waves theory was used in modelling.

In case of the “IBW PAN 2010” experiment, the first wave probe was in-
stalled just in front of the sand trap, at a distance of 12 m from the wave
generator. The second wave probe was situated 28 m from the wave genera-
tor (Fig. 3). In view of the fact that the first wave probe was situated just in
front of the sand trap, it was reasonable to treat its wave record as an input
data for sediment transport model. The data concerns both the wave height
and the shape of the wave run. Basing on the wave first probe record, it was
decided to use the second Stokes’ approximation in order to reproduce shape
of the wave run. The proposed wave approximation was confirmed by the
second wave probe, although further wave deformation had been observed
due to its propagation along the flume, including the distance over the sand
trap.
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Table 4

Percentage contents of sediment fractions used in calculations
performed for experiments of “IBW PAN 1996 and “IBW PAN 2010~

IBW PAN 1996 IBW PAN 2010
dso = 0.22 mm; doy = 0.42 mm dso = 0.27 mm; doy = 0.42 mm
Fraction diameter | Percentage fraction | Fraction diameter | Percentage fraction

[mm] content [%] [mm] content [%]
0.10 7 0.08 32
0.18 23 0.25 10
0.20 20 0.28 10
0.22 8 0.31 21
0.26 8 0.37 9

0.28 13 0.41 7

0.30 8 0.45 5

0.32 6 0.50 6

0.34 4

0.36 3

5.2 Calculation results in comparison to measurements

Consideration regarding sediment transport under hydrodynamic equilibrium
conditions involves the discussion of Eq. 22 linearity. This linearity seems to
be confirmed by the results from “IBW PAN 1996 and “IBW PAN 2010~
experiments.

Using the Eq. 22, with respect to the above-mentioned experiments, it is
possible to write as follows:

(‘I;'qu) Vol (l—n )(z:n+z;1)
Ly BsrLirdf - ) dt ’ (33)

where Bgr and Lgr are the sand trap width [m] and length [m], respectively,
Vol/dt denotes the volume of sediment motion in time [m/s]; it is assumed
that dx = Lgr.

In order to compare the calculation results of the bed layer thicknesses

(z, +z,)., Where sediment is in apparent rectilinear motion, with the

measurement results (z, +z,) it is convenient to present Eq. 33 in the

meas ?

following form:

)(z; +z, )Cal _ ((I: +9. )Cal (34)

(1 - dt L, ’

p
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while

(zn+2) _ (qx+ +|q, )m o Vol (35)

(1=m )% Ly  ByLyAt

meas

meas

where (q; +‘q;‘) denotes the measurement sediment transport rate de-

meas

termined on the basis of Vole.s (see Eq. 35), (q: +

q. ) is the sediment
cal

transport rate calculated using Eqs. 27-32, Vol is the measured volume of
the sediment stopped in (or eroded from) the sand trap in time Azeas -

The results of the comparison are presented in Fig. 8. The dashed lines
shown in Fig. 8 are inclined in relations 1:0.75, 1:1, and 1:1.5. The presented
cloud of points is arranged in a very narrow area, in the close vicinity of the
straight line inclined at the angle of 45°. This convergence of results indi-
cates a very good compatibility between results of calculations and results
obtained from the measurements.

1-23'4_""I'"‘I""l“"/l“"l'"/‘_
3 i 1:1.5 7 ]
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Fig. 8. Comparison between calculations and measurements of (z, +z,); black

symbols for regular waves: circles — experiment of “IBW PAN 1996, diamonds —
experiment of “IBW PAN 2010”; white star symbols for irregular waves — experi-
ment of “IBW PAN 1996”; inclination of dashed lines: 1:0.75, 1:1, and 1:1.5.



HYDRODYNAMIC EQUILIBRIUM FOR SEDIMENT TRANSPORT 507

The analysis of linearity of the relationship between the results of calcu-

lated sediment transport rates (q: + ‘q;

) and the results of measurements
cal

zt 4z
(1_n )( Y+ 2 ) meas
b Atmcas
sented as averaged values from the results obtained during measurements.
The relation between calculated values of sediment transport rate
(2, +2,)

(q; + Y mees of the eroded

(“IBW PAN 2010”) or accumulated (“IBW PAN 1996”) thicknesses, clearly
expresses its linear character. The intersection of a straight line with the ele-
vation axis (Fig. 9) seems to indicate the linear relationship validity only for
such sediment transport rate that allows to establish the minimal thickness of

(z)o+2,,) intime of df =Atnes in the sand trap of the length dx = Lgr. In

are presented in Fig. 9. Experimental values were pre-

q,

)Cal and measured values (l—np)

other words, the sediment transport rate smaller than the one resulting from

8e-6
N B
g

3 P
:“ |
| = : ./
>
+ 4e-6 1 /
+ ®
™
N—
[ )
2e-6 @  regular wave IBW PAN 1996
Y irregular wave IBW PAN 1996
@ regular wave IBW PAN 2010
0 5e-6 1e-5 2e-5 2e-5 3e-5 3e-5

+ -
(I-WP)(Z m* % mmeas. Atpeqs.  [MVs]

Fig. 9. The analysis of linearity of the relationship between results of sediment
transport rate calculations and the results of measurements of eroded/accumulated
thicknesses; black symbols for regular waves: circles — experiment of “IBW PAN
19967, diamonds — experiment of “IBW PAN 2010”; white star symbols for irregu-
lar waves — experiment of “IBW PAN 1996”; best fit — solid line.
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the intersection of the best fit with the elevation axis does not fill the trap
with sediment of minimal thickness along the entire length and in time
Atmeas .

Equation 33 may be rewritten in the following form:

)dt:(l—np)(z;n,;)LS, . (36)

(qi +|9.

Using Egs. 22 and 23, it is possible to transform Eq. 36 into the following
form:

(a7 +[a: ) = (1-n,) K+I]<C+>dz+K*?<C*>dz L,
=(1=n, )[ (" =1)+1]zpo Ly + (1=, ) (5 =1)+1] 250 Ly
=(1-n, ) (" =)z Loy + (1=, ) (5 =)z Ly +(1=1, ) (250 + 200 ) Lsr
(37
from which
(q; +1q. ):(l—np)(;(+ —l)z;o%+(l—np)(x' —l)z;o%+(q;0 +19 ) , (38)
where
(qfo+ 90 ):(1_”,;)"’(2:10'*'2;0)% . (39)

To clarify, it is more convenient to present Eq. 38 in a slightly different
form:

q.

): (1-n,) ALtST (zn+2) - (40)

meas

)Ca] _(q;ro +1950
6. BED RESPONSE: DISCUSSION OF THE RESULTS

During the experiments (tests T4 and T5) concerning collecting data of
eroded thickness (z, +z,) the measurements of depths in the central

(45 +

box of trap (Fig. 6) were carried out each time after completion of wave gen-
eration process in the wave flume. Hence, the bathymetry map was com-
pleted.

The averaged bathymetry results in the longitudinal section of the central
box of the trap, for T4 and TS5 tests, are presented in Fig. 10. The eroded

thicknesses (z) +z,)"* and (z/ +z,)" corresponding to them were esti-
mated in a way that the erosion areas, determined by the bathymetry T4 and
TS5, are equal to rectangle ones, (z, +z,) 'L, and (z/ +z,)" L, , respec-
tively.
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lab
max ?

Additionally, Fig. 10 shows the value of z_’ , which was estimated from
the experiments. This value was established whilst the rectangle area, ex-
is equal to the trapezoid area with in-
clined sides, as shown in Fig. 10 and a height for which the area expressed
by the relation of L[z —(z +2,)"*]
between the trapezoid envelope and bathymetry of T4. Therefore, it is postu-
lated that while the thickness (z; +z,)"* reaches the value of z™ , the ul-
timate bathymetry coincides with the trapezoid envelope. It is worth noticing

1 — 272 cm is close to z™M

max max

lab
max ?

pressed by the relation of Lg,z

is approximately equal to the one

that the value z =2.75 cm, assessed in the ex-

periments conducted on the Atlantic updrift coast with the use of fluorescent
tracers (Balouin et al. 2005) and close to z™ =2—-3cm assessed in the

former experiments carried out in the Baltic coastal zone by Pruszak et al.
(1996).

The trapezoid envelope can be also deduced from Eq. 3. This relation
shows that the amount of erosion of the bed, specified by the relationship of
q.dt, is equal to the triangle area with the side of dx and height of 2z,,. This
triangle area is equal to the rectangle one with constant thickness erosion z,,
over the entire length dx. The situation described above occurs when
dx < (dx)im- Boundary length (dx)ym does not depend on the transport rate
and it is related to the size of z,,x in the following way:

4Zmax
tgg

(dx) = ) (41)
where tgg is the underwater slope, which must be determined from an ex-
periment. The experiments presented above enable to assess the incline angle
of the underwater slope as 38°.
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When dx > (dx);, and when z, =z, , it is expected that the erosion
area of the bed takes the form of a trapezoid, whose area is equal to the cal-
culated one with a constant thickness erosion z, =zn.x , along the entire
length dx. When z,, <z, , the erosion area boils down to this part of the
trapezoid, which is the difference between its area and a part of it where the
sediments still remain. Of course, the erosion area is equal to the rectangle
one with the dimensions of dx and z,, .

7. CONCLUSIONS

The paper presents the results of laboratory measurements of the thickness of
eroded bottom sediment (“IBW PAN 2010”). Within the frame of the ex-
periment, the two tests concerning the measurement of eroded thickness
have been carried out for the sand collected from the south Baltic coast in
Poland. The sand originally placed in the sand trap was eroded to the outside
of the trap under the influence of the oscillating movement of water. After
completion of the undulations, the bathymetry data was completed in the
sand trap. After that, it was possible to determine the thickness z,, of the sand
trap layer from which sediments had been eroded.

The laboratory experiments were carried out under hydrodynamic equi-
librium conditions, when the stream of sediments picked up from the bed
with length dx, averaged in time df, equals (at each level) the stream of sed-
iments falling onto the bed. Because the bottom outside the sand trap was
made of concrete, it is not difficult to imagine that all the sediments moving
as sediment transport under hydrodynamic equilibrium conditions originates
from that bed structure.

The measurements of a bed layer thickness where the densely packed
grains participate in the apparent rectilinear and translational motion were
compared with calculations and a good accuracy was achieved. Further, the
results of thickness measurements are used to confirm the hypothesis of line-
ar relation between sediment transport rate and the thickness z,, of a bed lay-
er, participating in the apparent motion. Under the hydrodynamic
equilibrium conditions, the apparent bed motion is caused by the actual flow
of sediments over the bed in the form of jumps in saltation motion.

The linear form of the relationship between sediment transport rates and
the thickness z,, of the layer in apparent flow was also documented by the re-
sults of experiments conducted in the laboratory IBW PAN in 1996. It is
worth noticing, however, that the transport rate still remains a nonlinear
function of the elevation of the bed level.

This linear relationship allows to use the first order “upwind” numerical
scheme of FDM in the bathymetry changes calculations and, thus, it provides
an accurate solution. However, in order to solve the equation, describing the
changes in bathymetry in time and space, properly it is necessary to carry out
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the decomposition of the sediment transport into the transport in the positive
direction — onshore and negative direction — offshore. Onshore sediment
transport takes place during the wave crest and offshore transport during the
wave trough duration.

As a result of bed response to sediment transport, a bed erosion area is
created. It is assumed that bed erosion (determined by the thickness z,,) is
constant at the entire length of this area.

The laboratory experiments indicate, however, that when the thickness z,,
reaches the value of z,. , the bathymetry of the erosion area coincides with
the trapezoid envelope, whose area is equal to the one of the rectangle with
the thickness of z,y .

When z,, <zm.x the area of erosion reduces to this part of the trapezoid
which is the difference between its area and that part of it where the sedi-
ments still remain. The value of z,,,x assessed in the laboratory experiments
is close to values obtained in the field experiments conducted on the Atlantic
and the Baltic coasts.
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