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Abstract The branching fractions of the rare weak B →
πl+l−(νν̄) and B → ρl+l−(νν̄) decays are calculated
in the framework of the relativistic quark model based on
the quasipotential approach. The form factors parametrizing
weak decay matrix elements are explicitly determined in the
whole kinematical q2 range without additional assumptions
and extrapolations. Relativistic effects are systematically
taken into account, including recoil effects in meson wave
functions and contributions of the intermediate negative-
energy states. New experimental data on the differential dis-
tributions in the semileptonic heavy-to-light B → πlνl and
B → ρlνl decays are analyzed in detail. Good agreement
of the predictions and data is found. The results obtained for
the branching fractions of the rare semileptonic decays are
found to be in agreement with other theoretical estimates and
recent experimental data available for the B+ → π+μ+μ−
decay.

1 Introduction

Recently significant experimental progress has been achieved
in studying weak heavy-to-light decays of B mesons. For the
semileptonic B → πlνl and B → ρlνl decays not only total
decay branching fractions were measured by Belle and BaBar
Collaborations [1–3] rather precisely but also differential dis-
tributions in rather narrow q2 bins. Such measurements are
very important since they provide the test of the momentum
dependence of the weak differential decay branching frac-
tions and thus significantly constrain the theoretical models.
It also allows us to extract the Cabibbo–Kobayashi–Maskawa
(CKM) matrix element Vub from exclusive decay channels
with better precision and confront it with the value obtained
from inclusive semileptonic decays. Moreover, recently the
LHCb Collaboration [4] reported first observation of the
rare B+ → π+μ+μ− decay with the branching fraction
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Br(B+ → π+μ+μ−) = (2.3 ± 0.6 ± 0.1) × 10−8. Such
decays are governed by the flavor changing neutral cur-
rent and thus are very sensitive to the contributions of new
intermediate particles and interactions. Therefore the study
of rare B decays is important for constraining the theories
which go beyond the standard model. Since these decays
are induced by loop diagrams they are suppressed by at least
three orders of magnitude compared to corresponding heavy-
to-light semileptonic B decays. The observation of the rare
B → πμ+μ− decay signifies an important progress since
this decay is stronger CKM suppressed compared with better
studied B → K (∗)μ+μ− decays.

Theoretical investigation of weak decays requires the
determination of the decay matrix elements of the weak cur-
rent between meson states. It is convenient to parametrize
these decay matrix elements in terms of the invariant form
factors. The calculation of these form factors demands appli-
cation of the nonperturbative methods. Since these decays are
governed by the heavy-to-light quark transitions they have a
very broad kinematical range. Various theoretical approaches
were used to calculate these form factors. However most of
the employed methods allow determination of the momen-
tum transfer dependence of the form factors only in a rather
limited q2 range. For example light-cone QCD sum rules are
applicable in the large recoil region (q2 ≈ 0) while lattice
QCD provides results at small recoil (q2 ≈ q2

max). Therefore
some model assumptions and/or parametrizations should be
used to extrapolate the results in the whole range of q2, thus
introducing additional theoretical uncertainties.

In our previous papers [5,6] we investigated the rare
B → K (∗)l+l− and rare Bs decays in the framework of the
relativistic quark model with the QCD-motivated quasipo-
tential of the quark–antiquark interaction. Calculating the
decay form factors we systematically took into account rel-
ativistic effects including transformations of the meson wave
functions from the rest to the moving reference frame and
contributions of the intermediate negative-energy states. All
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form factors are expressed through the usual overlap inte-
grals of the meson wave functions, which are known from the
previous mass spectrum considerations [7–11]. The impor-
tant advantage of the developed method consists in the fact
that it provides explicit calculation of the momentum trans-
fer dependence of the form factors in the whole kinemat-
ical range, thus improving the reliability of the obtained
results. Here we apply this approach for studying the rare
B → π(ρ)ll̄ decays. Evaluation of such decay branching
fractions requires calculation of the matrix elements of weak
vector, axial vector and tensor currents. In Ref. [12] we cal-
culated the form factors parametrizing matrix elements of
the weak vector and axial vector currents for the B → π

and B → ρ transitions and on this basis studied the cor-
responding semileptonic decays B → π(ρ)lνl . We first
confront the predictions of our model with new detailed
Belle and BaBar data [1–3] on heavy-to-light semileptonic
decays. Such comparison provides additional test of the
q2 dependence of the form factors. Then we apply the
model for the calculation of the tensor form factors. On this
basis the differential distributions and total decay branch-
ing fractions as well as the forward–backward asymmetry
and the ρ polarization fractions are calculated and con-
fronted with available experimental data and other theoretical
predictions.

2 Form factors of the weak B meson transitions to π

and ρ mesons in the relativistic quark model

The matrix elements of the weak current for the heavy-to-
light b → q (q = u, d) weak transitions between the initial
B meson and final pseudoscalar π or vector ρ mesons are
usually parametrized by the following set of invariant form
factors.

(a) B → π weak decays

〈π(pπ )|q̄γ μb|B(pB)〉

= f+(q2)

[
pμB + pμπ − M2

B − M2
π

q2 qμ
]

+ f0(q
2)

M2
B − M2

π

q2 qμ, (1)

〈π(pπ )|q̄γ μγ5b|B(pB)〉=〈π(pπ )|q̄σμνγ5qνb|B(pB)〉
=0, (2)

〈π(pπ )|q̄σμνqνb|B(pB)〉 = i fT (q2)
MB+Mπ

×[q2(pμB + pμπ )− (M2
B − M2

π )q
μ], (3)

(b) B → ρ weak decays

〈ρ(pρ)|q̄γ μb|B(pB)〉 = 2iV (q2)

MB + Mρ

εμντσ ε∗ν pBτ pρσ ,

(4)

〈ρ(pρ)|q̄γ μγ5b|B(pB)〉 = 2Mρ A0(q
2)
ε∗ · q

q2 qμ

+ (MB + Mρ)A1(q
2)

(
ε∗μ − ε∗ · q

q2 qμ
)

− A2(q
2)

ε∗ · q

MB + Mρ

[
pμB + pμρ − M2

B − M2
ρ

q2 qμ
]
,

(5)

〈ρ(pρ)|q̄iσμνqνb|B(pB)〉 = 2T1(q
2)εμντσ ε∗ν pρτ pBσ ,

(6)

〈ρ(pρ)|q̄iσμνγ5qνb|B(pB)〉=T2(q
2)[(M2

B − M2
ρ)ε

∗μ

−(ε∗ · q)(pμB + pμρ )]

+T3(q
2)(ε∗ · q)

[
qμ − q2

M2
B − M2

ρ

(pμB + pμρ )

]
, (7)

where q = pB − pπ(ρ) is the four-momentum transfer,
MB,π(ρ) are the initial and final meson masses, and εμ is
the polarization vector of the final ρ meson.

At the maximum recoil point (q2 = 0) these form factors
satisfy the following conditions:

f+(0) = f0(0),

A0(0) = MB + Mρ

2Mρ

A1(0)− MB − Mρ

2Mρ

A2(0),

T1(0) = T2(0).

In this paper we use the relativistic quark model based on
the quasipotential approach and QCD for the calculation of
the form factors of weak B decays to final π or ρ mesons.
The meson is described by the covariant single-time wave
function which satisfies the three-dimensional relativistically
invariant Schrödinger-like equation with the QCD-motivated
interquark potential [7,8]

(
b2(M)

2μR
− p2

2μR

)
	M (p) =

∫
d3q

(2π)3
V (p, q; M)	M (q),

(8)

where the relativistic reduced mass is

μR = E1 E2

E1 + E2
= M4 − (m2

1 − m2
2)

2

4M3 , (9)
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with the on-mass-shell energies

E1 = M2 − m2
2 + m2

1

2M
, E2 = M2 − m2

1 + m2
2

2M
,

and M = E1 + E2 is the meson mass, m1,2 are the quark
masses, and p is their relative three-momentum. In the
center-of-mass system the on-mass-shell relative momentum
squared b2(M) is expressed through the meson and quark
masses:

b2(M) = [M2 − (m1 + m2)
2][M2 − (m1 − m2)

2]
4M2 . (10)

The kernel V (p, q; M) of Eq. (8) is the quasipotential
operator of the quark–antiquark interaction. It is constructed
with the help of the off-mass-shell scattering amplitude, pro-
jected onto the positive-energy states. The explicit expres-
sion for the corresponding quasipotential V (p, q; M) can be
found in Refs. [7,8].

The constituent quark masses mc = 1.55 GeV, mb =
4.88 GeV, mu = md = 0.33 GeV, ms = 0.5 GeV and the
parameters of the linear confining potential A = 0.18 GeV2

and B = −0.3 GeV have been fixed previously and have
values typical for quark models. The value of the mixing
coefficient of vector and scalar confining potentials ε = −1
has been determined from the consideration of charmonium
radiative decays [7,8] and heavy quark effective theory. The
universal Pauli interaction constant κ = −1 has been fixed
from the analysis of the fine splitting of heavy quarkonia 3 PJ

- states [7,8]. In this case, the long-range chromomagnetic
quark moment (1 + κ) vanishes in accordance with the flux-
tube model.

The matrix element of the weak current between the B
meson with mass MB and momentum pB and a final (F = π

or ρ) meson with mass MF and momentum pF is given [7,8]
by the expression

〈F(pF )|J W
μ |B(pB)〉

=
∫

d3 p d3q

(2π)6
	̄F pF (p)�μ(p,q)	B pB (q), (11)

where p,q are relative quark momenta, �μ(p,q) is the
two-particle vertex function. Here 	M pM (p) are the meson
(M = B, F) wave functions projected onto the positive-
energy states of quarks (q1 = b, u, d and q2 = u, d) and
boosted to the moving reference frame with momentum pM

	M pM (p) = D1/2
q1 (R

W
LpM

)D1/2
q2 (R

W
LpM

)	M 0(p), (12)

where	M 0(p) ≡ 	M (p) is the wave function at rest, RW is
the Wigner rotation, L� is the Lorentz boost from the meson
rest frame to a moving one, and D1/2(R) is the spin rotation
matrix.

Fig. 1 Form factors of the weak B → π transition

Calculating the weak decay matrix elements we take
into account both the leading (spectator) term �(1)(p,q) of
the vertex function and subleading term �(2)(p,q) which
takes into account contributions of the intermediate negative-
energy states. The diagrams and explicit expressions for these
terms can be found in Refs. [5,6]. The previously developed
methods [12] allow us to express the relativistic decay matrix
elements through the usual overlap integrals of the initial and
final meson wave functions in their rest frames. These wave
functions are known from the meson-mass spectrum calcu-
lations [9–11]. Note that all considerations were done com-
pletely relativistically without employing v/c expansion. It
is important to point out that the obtained expressions for
the decay matrix elements are valid in the whole kinemati-
cal q2 range accessible in weak decays. This fact allows one
to explicitly determine the q2 dependence of meson form
factors without additional model assumptions and extrap-
olations, thus increasing reliability of results. The analytic
expressions for the form factors are given in Refs. [5,13]. It
is important to emphasize that these form factors in the heavy
quark and large recoil limits satisfy all model-independent
relations imposed by heavy quark and large energy effective
theories [14,15].

The numerical values of the form factors f+(q2), f0(q2),
V (q2), Ai (q2) (i = 0, 1, 2) parametrizing matrix elements
of vector and axial vector weak currents for the B → π

and B → ρ transitions were previously calculated in Ref.
[12]. Here we further extend our calculation to the form fac-
tors fT (q2) and Ti (q2) (i = 1, 2, 3) parametrizing matrix
elements of the tensor and pseudotensor currents responsi-
ble for the rare B → π(ρ)ll̄ decays. These form factors are
plotted in Figs. 1 and 2.

To simplify the comparison of the obtained form factors
with experiment and other theoretical calculations it is useful
to have approximate analytic expressions for them. Our anal-
ysis shows that the weak B → π(ρ) transition form factors
can be well fitted by the following formulas [12,16]:
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Fig. 2 Form factors of the weak B → ρ transition

(a) F(q2) = { f+(q2), fT (q2), V (q2), A0(q2), T1(q2)}

F(q2) = F(0)(
1 − q2

M2

)(
1 − σ1

q2

M2
B∗

+ σ2
q4

M4
B∗

) , (13)

(b) F(q2) = { f0(q2), A1(q2), A2(q2), T2(q2), T3(q2)}

F(q2) = F(0)(
1 − σ1

q2

M2
B∗

+ σ2
q4

M4
B∗

) , (14)

where M = MB∗ for the form factors f+(q2), fT (q2),

V (q2), T1(q2) and M = MB for the form factor A0(q2).
The obtained values of F(0) and σ1,2 are given in Table 1.
The accuracy of such approximation is rather high, the devi-
ation from the calculated form factors does not exceed 1 %.
The rough estimate of the total uncertainty of the form factors
within our model is of order of 5 %.

In Table 2 we compare the predictions of our model for the
weak B → π(ρ) decay form factors at the maximum recoil
point q2 = 0 with other theoretical calculations [16–22]. The
different versions of light-cone sum rules are employed in
Refs. [17,18]. Calculations of Ref. [16] are based on the con-
stituent quark model within relativistic dispersion approach
while in Ref. [19] the covariant constituent quark model with

the infrared confinement is applied. The perturbative QCD
factorization approach with the inclusion of the leading and
next-to-leading-order corrections is used in Refs. [20,21].
The authors of Ref. [22] extract the form factors combin-
ing available experimental data on semileptonic B → πlνl

decays and lattice QCD calculations of the corresponding
form factors for the rare B → K transitions within the
SU (3)-breaking Ansatz. Comparison of the results presented
in this table shows that, although there are some differences
between the central values of predictions, in general there
is a reasonable agreement between the values of these form
factors at zero recoil calculated using significantly different
theoretical methods.

Note that most of the discussed theoretical approaches
allow one to calculate the form factors at a single point only
or in some limited range of the recoil momentum, then some
model extrapolation to the whole kinematical range should
be used. The important advantage of our approach consists in
the fact that it determines various decay form factors through
the overlap integrals of hadron wave functions in the whole
kinematically accessible range without additional assump-
tions and extrapolations. These wave functions are obtained
by numerical solving Eq. (1) with the nonperturbative treat-
ment of relativistic effects.

We can further test our model confronting the form factor
f0 at zero recoil point (q2 = q2

max) with the Callan–Treiman-
type normalization condition

Table 1 The form factors of
weak B → π(ρ) weak
transitions

B → π B → ρ

f+ f0 fT V A0 A1 A2 T1 T2 T3

F(0) 0.217 0.217 0.240 0.295 0.231 0.269 0.282 0.290 0.290 0.124

F(q2
max) 10.9 1.32 1.64 2.80 2.19 0.439 1.92 1.62 0.582 0.307

σ1 0.378 −0.501 −1.19 0.875 0.796 0.540 1.34 −1.21 0 0.423

σ2 −0.410 −1.50 0.047 0 −0.055 0 0.210 −2.40 −0.974 −0.571
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Table 2 Comparison of theoretical predictions for the form factors of weak B → π(ρ) transitions at the maximum recoil point q2 = 0

f+(0) fT (0) V (0) A0(0) A1(0) A2(0) T1(0) T3(0)

This paper 0.217 ± 0.011 0.240 ± 0.012 0.295 ± 0.015 0.231 ± 0.012 0.269 ± 0.014 0.282 ± 0.014 0.290 ± 0.015 0.124 ± 0.007

[17] 0.258 ± 0.031 0.253 ± 0.028 0.323 ± 0.030 0.303 ± 0.029 0.242 ± 0.029 0.221 ± 0.023 0.267 ± 0.023 0.176 ± 0.016

[18] 0.25 ± 0.05 0.21 ± 0.04 0.32 ± 0.10 0.24 ± 0.08 0.21 ± 0.09 0.28 ± 0.09

[16] 0.29 0.28 0.31 0.30 0.26 0.24 0.27 0.19

[19] 0.29 0.27 0.28 0.26 0.24 0.25

[20] 0.247 0.253 0.298 0.260 0.227 0.215 0.260 0.184

[21] 0.26 ± 0.05 0.26 ± 0.05

[22] 0.261 ± 0.014 0.231 ± 0.013

f0(q
2
max) ≈ fB

fπ
,

derived using the soft pion limit p → 0 and M2
π → 0

[23,24]. Taking our prediction for the decay constant fB =
189 MeV [25], which is well consistent with the averaged
theoretical value given in Ref. [26], and the experimental
value of fπ [26] we get f0(q2

max) ≈ 1.45 in good agreement
with the value 1.32 given in Table 1 (see also Ref. [12]).

3 Semileptonic B → π lνl and B → ρlνl decays

We start from the consideration of the semileptonic B →
πlνl and B → ρlνl decays. They were investigated in
detail in Ref. [12], where all necessary formulas and val-
ues of branching fractions can be found. Using the new data
from Belle [1,2] and BaBar [3] on the exclusive charmless
semileptonic B decays we can update our analysis in Ref.
[12] as follows.

The branching fractions of such decays predicted by our
model are given [12] by

Br(B̄0 → π+l−ν) = 8.36|Vub|2,
Br(B− → π0l−ν) = 4.51|Vub|2,
Br(B̄0 → ρ+l−ν) = 20.12|Vub|2,
Br(B− → ρ0l−ν) = 10.87|Vub|2. (15)

Comparing these predictions with recent experimental
data [1–3]

Br(B̄0 → π+l−ν) = (1.49 ± 0.04 ± 0.07)× 10−4 [1],
Br(B̄0 → π+l−ν) = (1.49 ± 0.09 ± 0.07)× 10−4 [2],
Br(B̄0 → π+l−ν) = (1.47 ± 0.05 ± 0.06)× 10−4 [3],
Br(B− → π0l−ν) = (0.80 ± 0.08 ± 0.04)× 10−4 [2],
Br(B− → π0l−ν) = (0.77 ± 0.04 ± 0.03)× 10−4 [3],
Br(B0 → ρ+l−ν) = (3.22 ± 0.27 ± 0.24)× 10−4 [2],
Br(B− → ρ0l−ν) = (1.83 ± 0.10 ± 0.10)× 10−4 [2],

(16)

Table 3 Values of the CKM matrix element |Vub| × 103 extracted in
our model from the recent experimental data. Only experimental errors
are given

Decay Belle untagged [1] Belle tagged [2] BaBar [3]

B̄0 → π+l−νl 4.22 ± 0.12 4.22 ± 0.14 4.19 ± 0.11

B− → π0l−νl 4.21 ± 0.23 4.14 ± 0.14

B̄0 → ρ+l−νl 4.00 ± 0.24

B− → ρ0l−νl 4.10 ± 0.16

Fig. 3 Comparison of predictions of our model with recent experimen-
tal data for the B0 → π+l−ν decay [1–3]

we find the values of the CKM matrix element |Vub|presented
in Table 3.

Averaging these values we get the following exclusive
value for the CKM matrix element |Vub|:

|Vub| = (4.15 ± 0.09exp ± 0.21theor)×10−3 (exclusive),

(17)

where the last error is the rough (conservative upper) esti-
mate of the theoretical uncertainties within our model. Note
that this value is consistent with the one extracted from the

123



2911 Page 6 of 11 Eur. Phys. J. C (2014) 74:2911

Fig. 4 Comparison of predictions of our model with recent experimental data for the B− → π0l−ν decay (left figure—Belle data [1], right
figure—BaBar data [3])

Fig. 5 Comparison of predictions of our model with recent Belle data [1] for the B → ρlν decay

inclusive charmless semileptonic B decays [26]

|Vub| = (4.41 ± 0.15+0.15
−0.17)× 10−3 (inclusive). (18)

It is important to point out that recent data provide us not
only the total branching fractions but also the partial branch-
ing fractions 
Br/
q2 averaged over rather small q2 bins.
This allows one to test rather precisely the q2 dependence
of decay form factors. The comparison of our results for the
partial decay rates with recent data is given in Figs. 3, 4, and
5. In Fig. 3 we confront our predictions for the semileptonic
decay of the neutral B̄0 meson to the charged π+ meson
with recent untagged and tagged data from Belle [1,2] and
data from BaBar [3], while in Fig. 4 the corresponding pre-
dictions and the Belle data for the decay of the charged B−
meson to the neutral π0 meson are presented. Differential
branching fractions for decays of the charged and neutral B
mesons toρmesons are plotted in Fig. 5. Here only Belle data
are available [2]. From these figures we see that the reason-
able agreement of our theoretical results and data is observed
both for the semileptonic B decays to the pseudoscalar π

and vector ρ mesons. In most cases our predictions agree
with data within error bars or lie just in-between individual
measurements. This comparison ensures the reliability of our
approach utilizing the model form factors.

4 Rare semileptonic B → π(ρ)l+l− and B → π(ρ)νν̄

decays

Now we apply the calculated weak decay form factors to the
consideration of the rare B decays to light π or ρ mesons.
Such decays are significantly less studied experimentally.
Their theoretical description is usually based on the effec-
tive Hamiltonian Heff in which heavy degrees of freedom
(gauge bosons and top quark) are integrated out. The operator
product expansion allows the separation of short- and long-
distance effects which are assumed to factorize. The short-
distance contributions are described by the Wilson coeffi-
cients ci which are calculated within perturbation theory,
while the long-distance part is attributed to the set of the
standard model operators Oi .
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The effective Hamiltonian for the b → dl+l− transi-
tions can be presented [27] in the following form taking into
account the unitarity of the CKM matrix:

Heff = −4G F√
2

[
V ∗

td Vtb

10∑
i=1

ciOi

+V ∗
ud Vub

2∑
i=1

ci

(
Oi − O(u)

i

)]
, (19)

where G F is the Fermi constant, Vt j and Vu j are the CKM

matrix elements, ci are the Wilson coefficients and Oi (O(u)
i )

comprise the four-quark operator basis. Then the resulting
transition amplitude is given by

M = G Fα√
2π

|V ∗
td Vtb|

×
{
(d̄

[
ceff

9 γμ(1−γ5)− 2mb

q2 ceff
7 iσμνqν(1+γ5)

]
b)

×(l̄γ μl)+ c10(d̄γμ(1 − γ5)b)(l̄γ
μγ5l)

}
. (20)

The values of the Wilson coefficients ci and of the effective
Wilson coefficient ceff

7 are taken from Ref. [28]. The effective
Wilson coefficient ceff

9 contains additional perturbative and
long-distance contributions. It can be written as

ceff
9 = c9 + heff

(
mc

mb
,

q2

m2
b

)

×(3c1 + c2 + 3c3 + c4 + 3c5 + c6)

+λu

[
heff

(
mc

mb
,

q2

m2
b

)
− heff

(
mu

mb
,

q2

m2
b

)]

× (3c1 + c2)− 1

2
h

(
1,

q2

m2
b

)
(4c3+4c4+3c5+c6)

−1

2
h

(
0,

q2

m2
b

)
(c3+3c4)+ 2

9
(3c3 + c4 + 3c5 + c6),

(21)

where λu = V ∗
ud Vub

V ∗
td Vtb

and

h

(
mc

mb
,

q2

mb

)
=−8

9
ln

mc

mb
+ 8

27
+ 4

9
x− 2

9
(2+x)|1−x |1/2

×
⎧⎨
⎩

ln
∣∣∣√1−x+1√

1−x−1

∣∣∣− iπ, x ≡ 4m2
c

q2 <1,

2 arctan 1√
x−1

, x ≡ 4m2
c

q2 >1,

h

(
0,

q2

mb

)
= 8

27
− 4

9
ln

q2

mb
+ 4

9
iπ,

while the function

heff

(
mc

mb
,

q2

m2
b

)
= h

(
mc

mb
,

q2

m2
b

)

+ 3π

α2c0

∑
Vi =J/ψ,ψ(2S)...

�(Vi → l+l−)MVi

M2
Vi

− q2 − i MVi�Vi

(22)

contains additional long-distance (nonperturbative) contribu-
tions which originate from the cc̄ mesons [J/ψ,ψ(2S) . . . ].
We include contributions of the vector Vi (1−−) charmo-
nium states: J/ψ , ψ(2S), ψ(3770), ψ(4040), ψ(4160) and
ψ(4415), with their masses (MVi ), leptonic [�(Vi → l+l−)]
and total (�Vi ) decay widths taken from PDG [26]. The coef-
ficient c0 = 3c1 + c2 + 3c3 + c4 + 3c5 + c6. Similar expres-

sion holds for the function heff
(

mu
mb
,

q2

m2
b

)
, where the long-

distance contributions now come from uū states (ρ and ω).
The matrix element of the b → dl+l− transition ampli-

tude between meson states can be expressed through the
helicity amplitudes H (i)

m (where the superscript i = 1, 2
corresponds to the first and second terms in the amplitude
(20), while the subscript m = ±, 0, t denotes transverse, lon-
gitudinal, and time helicity components, respectively). The
explicit formulas for the helicity amplitudes in terms of the
decay form factors defined in Eqs. (1)–(7) are given in our
papers [5,6].

Then the differential decay rate can be written in terms of
the helicity amplitudes [5,29] as follows:

(a) for the B → π(ρ)l+l− decays

d�(B → π(ρ)l+l−)
dq2 = G2

F

(2π)3

(
α|V ∗

td Vtb|
2π

)2

× λ1/2q2

48M3
B

√
1 − 4m2

l

q2

[
H (1)H†(1)

(
1 + 2m2

l

q2

)

+ H (2)H†(2)

(
1 − 4m2

l

q2

)
+ 2m2

l

q2 3H (2)
t H†(2)

t

]
,

(23)

(b) for the B → π(ρ)νν̄ decays

d�(B → π(ρ)νν̄)

dq2 = 3
G2

F

(2π)3

(
α|V ∗

td Vtb|
2π

)2
λ1/2q2

24M3
B

×H (ν)H†(ν), (24)

where ml is the lepton mass and

H (i)H†(i) ≡ H (i)
+ H†(i)

+ + H (i)
− H†(i)

− + H (i)
0 H†(i)

0 . (25)
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Fig. 6 Theoretical predictions for the differential branching fractions d Br(B+ → π+l+l−)/dq2. Nonresonant and resonant results are plotted
by solid and dashed lines, respectively

Fig. 7 Same as in Fig. 6 but for d Br(B → ρl+l−)/dq2 decay

The forward–backward asymmetry for the B → ρμ+μ−
decay can be expressed in terms of the helicity amplitudes in
the following way:

AFB = 3

4

√
1 − 4m2

l

q2

× Re(H (1)
+ H†(2)

+ )− Re(H (1)
− H†(2)

− )

H (1)H†(1)

(
1+ 2m2

l
q2

)
+H (2)H†(2)

(
1− 4m2

l
q2

)
+ 2m2

l
q2 3H (2)

t H†(2)
t

,

(26)

while the longitudinal polarization fraction of the vector ρ
meson is given by

FL =
H (1)

0 H†(1)
0

(
1+ 2m2

l
q2

)
+H (2)

0 H†(2)
0

(
1− 4m2

l
q2

)
+ 2m2

l
q2 3H (2)

t H†(2)
t

H (1)H†(1)
(

1+ 2m2
l

q2

)
+H (2)H†(2)

(
1− 4m2

l
q2

)
+ 2m2

l
q2 3H (2)

t H†(2)
t

.

(27)

Substituting the form factors of the B → π and B → ρ

weak transitions calculated in Sect. 2 in the above expres-
sions we get predictions for the differential decay rates,

the forward–backward asymmetry and longitudinal polar-
ization fraction of the vector ρ meson. The obtained dif-
ferential distributions for the B+ → π+μ+μ−(τ+τ−) and
B+ → ρ+μ+μ−(τ+τ−) decays are plotted in Figs. 6, 7, 8,
and 9. The dashed and solid lines in these figures correspond
to the so-called resonant and nonresonant results which were
obtained with and without inclusion of the long-distance con-
tributions originating from the cc̄ and uū resonances [see
Eq. (22)] in the effective coefficient ceff

9 (21). The regions
of the highest J/ψ and ψ(2S) peaks are usually vetoed in
experiment in order to resolve the signal against their huge
background. Other asymmetries both time-independent and
time-dependent in these decays are discussed in detail in Ref.
[30].

In Table 4 we present our predictions for the differen-
tial branching fractions of the rare semileptonic B+ →
π+μ+μ− and B+ → ρ+μ+μ− decays integrated over sev-
eral bins of q2 which in principle can be measured exper-
imentally. In this table we also give the recent theoretical
estimates [22] for the B+ → π+μ+μ− decay which are
based on the vector weak current form factors [ f+(q2) and
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Fig. 8 Same as in Fig. 6 but for the longitudinal polarization FL (left) and muon forward–backward asymmetry AF B (right) for the rare B+ →
ρ+μ+μ− decay

Fig. 9 Theoretical predictions for the differential branching fractions d Br(B+ → π+νν̄)/dq2 (left) and d Br(B+ → ρ+νν̄)/dq2 (right) (in
10−6)

Table 4 Comparison of
theoretical predictions for the
branching fractions of the rare
semileptonic B+ → π+μ+μ−
and B+ → ρ+μ+μ− decays in
several bins of q2 (in 10−8)

q2 bin (GeV2) B+ → π+μ+μ− B+ → ρ+μ+μ−

Nonresonant Resonant [22] Nonresonant Resonant

0.05 < q2 < 2.00 0.14 ± 0.02 0.14 ± 0.02 0.15+0.03
−0.02 0.45 ± 0.005 0.46 ± 0.005

1.00 < q2 < 2.00 0.07 ± 0.01 0.08 ± 0.01 0.08+0.01
−0.01 0.10 ± 0.001 0.11 ± 0.001

2.00 < q2 < 4.30 0.17 ± 0.02 0.20 ± 0.02 0.19+0.03
−0.02 0.23 ± 0.02 0.26 ± 0.03

4.30 < q2 < 8.68 0.35 ± 0.04 0.48 ± 0.05 0.37+0.06
−0.04 0.72 ± 0.07 1.02 ± 0.10

10.09 < q2 < 12.86 0.26 ± 0.03 0.23 ± 0.03 0.25+0.04
−0.03 0.86 ± 0.08 0.73 ± 0.07

14.18 < q2 < 16.00 0.16 ± 0.02 0.14 ± 0.02 0.15+0.03
−0.02 0.55 ± 0.06 0.48 ± 0.05

16.00 < q2 < 18.00 0.17 ± 0.02 0.17 ± 0.02 0.15+0.03
−0.02 0.54 ± 0.06 0.55 ± 0.06

18.00 < q2 < 20.34 0.36 ± 0.04 0.32 ± 0.03

18.00 < q2 < 22.00 0.32 ± 0.03 0.28 ± 0.03 0.25+0.04
−0.03

22.00 < q2 < 26.40 0.20 ± 0.02 0.18 ± 0.02 0.13+0.02
−0.02

f0(q2)] extracted from the combined analysis of the avail-
able experimental data. For the tensor current form factor
[ fT (q2)] lattice QCD results for the B → K transition and
SU (3)F -breaking Ansatz were used. We find that in most q2

bins theoretical predictions agree within error bars.

Integrating the differential branching fractions over q2

we get the total rare decay branching fractions for B+ →
π+l+l−(νν̄) and B+ → ρ+l+l−(νν̄). In Table 5 we com-
pare our results for the nonresonant branching fractions with
other theoretical calculations. At present experimental data
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Table 5 Theoretical predictions
for the nonresonant branching
fractions of the rare
semileptonic B decays and
available experimental data (in
10−8)

Decay This paper [22] [31] [21] Experiment [4]

B+ → π+μ+μ− 2.0 ± 0.2 1.88+0.32
−0.21 2.03 ± 0.23 1.95+1.15

−1.06 2.3 ± 0.6 ± 0.1

B+ → π+τ+τ− 0.70 ± 0.07 0.60+0.62
−0.56

B+ → π+νν̄ 12 ± 1 15.7+10.3
−9.5

B+ → ρ+μ+μ− 4.4 ± 0.5 4.33 ± 1.14

B+ → ρ+τ+τ− 0.75 ± 0.08

B+ → ρ+νν̄ 29 ± 3

are only available for the B+ → π+μ+μ− decay [4], which
was observed recently. We see that theoretical predictions
agree with each other and the experimental value within
errors.

5 Conclusions

The form factors parametrizing the heavy-to-light B → π

and B → ρweak transition matrix elements were obtained in
the framework of the relativistic quark model. The quasipo-
tential approach was used to express these form factors
through the overlap integrals of the initial and final meson
wave functions, which are taken from the previous calcula-
tions of meson masses. All relativistic effects, including the
wave function transformations from the rest to the moving
reference frame as well as contributions of the intermediate
negative-energy states, were consistently taken into account.
Our approach allowed us to explicitly determine the form fac-
tor dependence on the momentum transfer q2 in the whole
kinematical range without additional model assumptions or
extrapolations.

First we confronted the predictions of our model for the
differential branching fractions of the semileptonic B →
πlνl and B → ρlνl decays with recent detailed experi-
mental data [1–3]. Good agreement for all observables was
found. From this comparison we determined the exclusive
value of the CKM matrix element |Vub| = (4.15 ± 0.09exp

±0.21theor)×10−3, which is consistent with the one extracted
from the inclusive semileptonic B → Xulνl decays [26].

Then we considered the rare weak B+ → π+l+l−(νν̄)
and B+ → ρ+l+l−(νν̄) decays. Calculations were done
both with and without account of the long-range contribu-
tions of the heavy charmonium states and light ρ, ω res-
onances. Detailed predictions for the differential branch-
ing fractions of these decays were presented. The calcu-
lated total branching fraction for the rare decay B+ →
π+μ+μ− agrees well with the recent measurement [4].
The LHCb Collaboration also measured the ratio of the
B+ → π+μ+μ− and B+ → K +μ+μ− branching frac-
tions to be 0.053 ± 0.014 ± 0.001. Using our prediction for
the B+ → K +μ+μ− decay [5] we get the value of this ratio

equal to 0.048 ± 0.005 which agrees with the experimental
one within error bars. The ratio of the corresponding branch-
ing fractions involving vector ρ and K ∗ mesons is predicted
to be Br(B+ → ρ+μ+μ−)/Br(B+ → K ∗+μ+μ−) =
0.048 ± 0.005.
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