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Abstract
In this paper, we use the Mountain pass theorem and the Fountain theorem to study
the existence of solutions for the following p(x)-triharmonic equations:

—Ai(m)u = Af(z,u), inQ,
uw=Au=A%=0, on Q.

Keywords Variable exponential space - p(x)-triharmonic operator - Navier
boundary condition

1 Introduction

In this paper, we study the following nonlinear problem of p(x)-triharmonic type with
Navier boundary conditions:

—Ai(m)u = Af(z,u), inQ, )
u=Au=A%u=0, ondQ,

where N > 3A3 | is defined as

()

Ag(x)u = div (A (\VAu|p(w)72 VAu)) )

and is called a p(x)-triharmonic operator. Here, p(z) € C () satisfies
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3<p = inf p(z) <pt :=supp(x).
z€Q z€Q

A is a real number, fsatisfies Carathéodory condition, and

F (z,t) 2/0 f(z,s)ds. )

The analysis of problem (1) involves the p(x)-triharmonic operator is a natural exten-
sion of the p-triharmonic operator and has garnered considerable interest in recent
years due to its more complex nonlinear characteristics compared to the p-trihar-
monic operator. The triharmonic problem has a wide range of applications in science
and engineering, particularly requiring precise numerical solutions. The triharmonic
equation is typically used to describe the slow rotational flow of highly viscous fluids
within small cavities [1] and is also applied to geometric modeling in phase-field
crystal models [2], such as surface optimization [3], mixing, and pore filling [4, 5].
Additionally, these equations can be viewed as a linearization of the Euler-Lagrange
equations, used to minimize curvature variations [6]. In surface generation and form-
ing, controlling boundary conditions to ensure curvature smoothness is crucial for
designing high-quality surfaces. The variable exponent triharmonic equation further
extends these applications by accurately describing high-order nonlinear effects and
spatial variations in complex physical systems. It is widely used in fields such as
material mechanics, fluid mechanics, nonlinear wave and vibration analysis, heat
conduction and diffusion, biophysics, and biomedical engineering. This equation
effectively models stress distribution in heterogeneous materials, the flow behavior
of non-uniform fluids, the vibration modes of complex structures, and heat transfer in
functionally graded materials, providing powerful tools for studying and predicting
the behavior of these complex systems.
The investigation of Lebesgue and Sobolev spaces with variable exponent has been
the subject of intensive research. K ovacik and Rakosnik [7] introduced the general-
ized Lebesgue space LP(*) and generalized Sobolev space W#?(*) which serve as
counterparts to the traditional Lebesgue space LP and Sobolev space W, respec-
tively. Fan and Zhao [8] presented fundamental results regarding the generalized
Lebesgue spaces LP(®) (Q) and generalized Lebesgue-Sobolev spaces W) (Q).
MarekGalewski [9] provided a generalized sufficient condition for the continuity of
the Nemytskij operator between LP*(*) and LP2(*) among other results. The study
of these spaces has laid a foundation for exploring partial differential equations and
variational problems in the context of variable exponent p(x) growth, which has
found extensive applications in various areas such as the modeling of electrorheo-
logical fluids (see [10—13]), mathematical representation of stationary thermo-rheo-
logical viscous flows in non-Newtonian fluids (see [14]), phenomena related to image
processing (see [15—17]), elasticity (see [18]), and flow in porous media (see [19]).
A representative elliptic Dirichlet boundary value problem featuring variable
exponent growth conditions

@ Springer



Journal of Nonlinear Mathematical Physics (2025) 32:11 Page 3 of 30 11

—Apyu = Af(z,u), inQ,
{ U :pO, on 01}, G)

has been studied extensively. For instance, numerous researchers have investigated
the following nonhomogeneous eigenvalue problem:

— div(|VulP®=2vu) = Mu|"™ 2, in Q, @)
u =0, on 0N.

The scenario where p(z) = ¢(x) has been explored by Fan, Zhang, and Zhao in [20].
Utilizing an argument based on the Ljusternik-Schnirelmann critical point theory,
the findings in [20] demonstrate that problem (4) possesses infinitely many eigen-
values. By defining A as the set of all nonnegative eigenvalues, the authors estab-
lish that A is a nonempty infinite set and sup A = +oco. They further note that, in
general, inf A = 0 can occur, but inf A > 0 holds under certain specific conditions,
which are somewhat related to a type of monotonicity in the function p(x). It is also
noted that for the p-Laplace operator (where p(x) = p), inf A > 0 always applies.
M .Mihailescu and V. Radulescu [21] investigate problem (4) under a fundamental
assumption:

1 < ming(z) < minp(z) < max q(z).
€N €N €N

The authors establish the existence of a continuous family of eigenvalues for prob-
lem (4) in a neighborhood of the origin. Specifically, they demonstrate the existence
of \* such that every A € (0, \*) is an eigenvalue of problem (4). The proof relies
on simple variational arguments based on Ekeland’s variational principle. This find-
ing was later extended by X.Fan in [22]. The authors further investigate the eigen-
values of problem (4) through a constrained variational approach. They prove that
for each ¢ > 0, problem (4) admits at least one sequence of solutions satisfying

fQ ﬁ\Vun’tV’(g”)dw =t and )\, — 00 as n — oo. They also examine the prin-

cipal eigenvalues of problem (4) in the general case, as well as in the cases where
N=0_={recQ:q) <plx)} and Q=01 ={z e Q:q(z)>p(z)}, and
reveal the similarities and differences between the variable exponent case and the
constant exponent case in Problem (4). Additionally, it is noted that the established
results for problem (4) can be generalized to the more comprehensive form (3) under
suitable conditions on f{x, u).

Similarly, the following eigenvalue problem involving p(x)-biharmonic:

—AZ u=\f(z,u), inQ
J;) 9 ) 9
{ U " u =0, on 01}, )

has also been studied in depth. For instance, the problem
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{ —A2 yu= Aul?® 2y, in Q, ©)
u=Au=0, on 0},

has been studied by A.4youjil and A.R.ElAmrouss in [23] for the case p(z) = q(z)
and in [24] for the case p(x) # ¢(x). Notably, in [23], using Ljusternik-Schnirelmann
theory on C'-manifolds, the authors demonstrated the existence of a sequence of
eigenvalues and showed that sup A = oo, where A represents the set of all nonnega-
tive eigenvalues. For the variable exponent p(x), unlike the constant exponent sce-
nario, they provided sufficient conditions under which inf A = 0. In [24], employing
the mountain pass lemma and Ekeland’s variational principle, the authors further
established various existence criteria for eigenvalues.

As research progresses, numerous scholars are now focusing on elliptic boundary
value problems involving the p(x)-triharmonic operator. For further details, refer to
[25-29]. Notably, BelgacemRahal [25] was the first to extend the triharmonic prob-
lem from a constant exponent framework to a variable exponent setting, marking a
significant starting point for the study of variable exponent triharmonic problems.
The eigenvalue equation:

ng(.)u = AMu|?O =2y, in Q, ™
u=Au=A%u=0, on 012,

similar to the above has also been studied by Ismaildydin in [28]. The author dem-

onstrated the existence of multiple weak solutions for problem (7) using the Fountain

theorem under suitable assumptions.

Inspired by the above research process, this paper will supplement and extend the

results of [28], and explore more general forms (1) under appropriate assumptions.
We assume the following hypotheses:

(H1)  o(2), B(z), w(z), n(z), p(z), q(z) € Cy () and p(z) < ¥ such
that

l<a” <ot <p™<p*r<p,
l<w <w'<p <p'<q <qt,
L<n™ <nt<p” <pt<l” <" <q,

and
3<p <pt<q <qt <pix).

(H2)  Denote
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. r@ oo @
%(I)ir(m)—w(m‘)’ 72() r(a:)—q(x)’
o r(2) RN C))
B = e YT @@
_ r(x) R €
75(33)_7,(‘%)_7](‘%)7 76()_7'(‘% —l((E)

Then a; (z) € L@ (Q)NL>(Q) and b; (z) € L@ (Q)NL*® (),

for i=1,2,3, where r(z)€Cy(Q) with  q(z) < r(z) < pi(z),
meas{xr € Q:a;(x) >0} >0fori=1,2,3, and meas{x € Q:b; () >0} >0
fori =1,2,3.
(F1)  f:Q xR — Rsatisfies the Carathéodory condition, which states that
f (-, t) is measurable for all t € R and f (z, -) is continuous for almost all
x e Q.
(F2)  fsatisfies the following condition:

F ()] < lar @)] [0 + by (2)] [£129) 7, for all (,1) € Q xR,

where w (x), ¢ (z), a1 (x) and by (x) are given in (H1) and (H2).
(F3) There are positive constants M; and #; such that §; > p* and

0<601F (z,t) < f(x,t)t, |t| > M.
(F4)  f(x,t) :0(|t\p+71),ast%0forx€ Q uniformly.
(FS5)  fsatisfies the following condition:
|f (2, )] = lag (@)] |77+ (b ()] [¢') 71, for all (2,t) € QxR

where 7 (x), I (x), as (x) and b3 (x) are given in (H1) and (H2).
(F6)  fsatisfies the following condition:

1F @, 8)] < laz (@)] 1150 + by (2)] [£17)77, for all (a,8) € Q xR,

where a (), B (x), az (z) and bs (z) are given in (H1) and (H2). It follows from
(F2) that:
(F2') F satisfies the following growth condition:

ml((x))|t|“’(z) + qu(m)’ for all (x,t) € @ xR.
w(x

|F(z,t)| < e

Our main result is given by the following theorem:
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Theorem 1.1 Assume (H1), (H2), (F1) and (¥6) hold. Then problem (1) has a weak
solution for any A > 0.

Theorem 1.2 Assume (H1),(H2),(F1)-(F4) hold, then the problem (1) has a non-triv-
ial weak solution for all A > 0.

Theorem 1.3 Assume (H1), (H2), (F1)-(F3) hold. If

f(x,—t) = —f (x,t), for all (z,t) € Q xR, (8)
then for all A > 0, I, has a list of critical points {4, } in X such that, as n — oco.

Theorem 1.4 Assume (H1), (H2), (F1)-(F3) and (£5) hold. If

f(x,—t)=—f(x,t), for all (z,t) € Q xR,

then for all A > 0, I, has a list of critical points {+u,, } in X such that I (+u,) <0
and I (£u,) — 0, as n — oo.

The remainder of this paper is organized as follows: In Section 2, we review some
fundamental theories and results related to variable exponent Lebesgue-Sobolev
spaces. Then, in Section 3, we establish the existence of weak solutions to problem
(1) by employing different methods based on various assumptions on f{x, u).

2 Preliminaries
In order to discuss the problem (1), we need some theories about the spaces L?(*)(Q)
and W5P(®) (). Below, we first give some basic definitions and properties relevant

to this paper.
Forany p(z) € C (), we introduce the Lebesgue space with variable exponents:

L@ (Q) = {u : u is a measurable real-valued function in Q,/ [u(z)[P@ da < oo} ,
Q
with the corresponding Luxemburg norm:

p(@)
[ull o) () =inf A >0 / de <1,.
Q

It is worth noting that if p (z) = p, p > 1 is a constant, the norm of LP(*)(Q) is
equivalent to the standard norm of L?(€2), namely,

follri = [ Jute |”da:)

ulz)
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Proposition 2.1 [7, 8] The space (LP(””) (@), ||0||Lp<1,)(9)) is a separable, uniformly

convex, reflexive Banach space. Its conjugate space is L? () (Q), where p/(x) is con-
jugate function of p (x), namely,

Forany u € LP(®) (Q) and v € L *)(Q), we have

/ uvdx
Q

Proposition 2.2 [8] Let £,y (u) = [, [u(z)|P*)dz, for all u € LP(*) (£2) .We have

1 1
< (- W) lall ooy 101y < 2Nl or o 0l o -

||UHip<w)(Q) < Ly (u) < ||U‘|ip<w)(9) :
Next we introduce the variable exponent Sobolev space:

W) (Q) = {u e LP@ (Q):D% € LP@) (Q) , |a gk} :

with the norm:

l[ull, D) Z | D* UHLp(»)(Q

|| <k
where
Hled
D%y = u
83;1&1 83';2(12 - a:EN(XN
o= (oq, - ,ay) is a multi-index and |a| = N | o
- 1, s OV - =1 Q-

In addition, Wéf’p(m) (Q) is the closure of C§°(2) in W*r() ().

Proposition 2.3 [7, 8] Letp(z) € C; (). Then the Space (W’C @) (Q), ||o||k,p(w))

is a reflexive and separable Banach space.

Proposition 2.4 [8] Let p(z),¢(x) € Cy (Q) such that: ¢ (z) < pj(x). Then there is
continuous embedding:

Wk (Q) s L1@)/(Q).

If < is replaced by <, then the embedding is compact.
The problem (1) studied in this paper is discussed in the following Sobolev space:

@ Springer



11 Page 8 of 30 Journal of Nonlinear Mathematical Physics (2025) 32:11

X = W@ () n Wy (@),
with the corresponding norm:
[ullx = llully peay + ltlla peay + 13 peay -

]| x and ||V Aul| Lpe) () are two equivalent norms in X [25]. Forany u € X, define
VAu (z) p()
lu|| = inf )\>0:/’/\ de <15.
Q

Thus, ||u|| in X is equivalent to ||u .

Proposition 2.5 [25]If 1 < p~ < pT < oo, the space (X, ||o]|y) is a reflexive and
separable Banach space.

According to Proposition 2.2, there is the following proposition
Proposition 2.6 Let ¢ (u) = [, IV AulP'™) dz, for all u € X. We have
[ull” < ¢ () < [Jull?.

Proposition 2.7 [25] Assume ¢(z) € C (Q) and g (z) < pj (x). Then there is a
continuous and compact embedding:

X < L®)(Q).

3 Existence of Solution

Definition 3.1 If

/ VAP 2V AuV Avdz = /\/ f(x,u) vdx
) Q

for all v € X, then u € X is said to be a weak solution of the problem (1).
Define the functionals ¢, ¢ and Iy : X — R by:

_ [ p(a)
o) = [ VAU ©
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Y(u) = /QF(x,u)da:, (10)
I (u) = ¢ (u) = M (u). (11

3.1 The proof of Theorem 1.1

Lemma3.1 ¢ € C' (X,R) and its Fréchet derivative is given by:

(' (u),v) = /Q IV Au(z)|P) 72 V Au(z)V Av(z)da.

Proof Let u(z), v(z) € X, € Q and 0 < |t/ < 1. By the mean value theorem,
there exists s € [0, 1] such that
VA (u(z) + tv ()" — [V Au ()™
p(x)t
= |VA (u(z) + tsv ()" VA (2)]
< ([VAu (z)| + |VAv(:v)|)p($)7l [VAv(z)|.

Using the inequality [8]

fu(e) + v(@)P® < 2" (Ju(@) P + o(@)P@),

Proposition 2.1 and Proposition 2.6, We can obtain
/ (IVAu (@)] + [V A ()@ [V Av(a)]| da
Q

< grt- / (1A (@)~ [V Av (2)] + [VAv (@) )da
Q

< gp* -1 H‘VAU (m)|P(T/)*1’

o VA @) s g + 27 o (@)
LP@) -1 (Q)

+_ p— +_ 5
<2 u @I o (@) + 27 72 o @)1

Thus,
(IVAu(z)| + |VAu(z) )P~ [V Av(z)| € L' ().

By the Lebesgue dominated convergence theorem, we obtain
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(u(z) +tv () = p(u(z))

(¢ (u (@), (2)) = lim 2

t—0 t
L IVA (u(z) + tv(z)) "™ — |VAu ()P
= (@) o
- /Q lim [VA (u (z) + tsv(x))P 2 VA (u(z) + tsv (z)) VAv(z)de

= / ‘VAU(.’L’)‘p<I>72 VAu(z)VAv(x)dz.
Q
Let uy, (z) — u(z) in X, i.e., VAu, (z) = VAu (z) in LP@®) (Q). Then,

@ (un) — ¢ (u),v)| = ‘/Q (\VAun\p@FQ VAu, — |VAu\p<z)72 VAU) VAvdx

< / ’\VAun\pm*z VAu, — |[VAu[P® 2 VAu‘ |[VAv| dz
Q

<2 H|VAun|P(Z>*2 VA, — |VAuP®) 2 VAuH TR IV A oo
LP@)—

=2 H|VAun|p(z)72 VAU, — |VAuP® 2 VAUH @ v
LP@E-T(Q)
Let P(z, VAu) = |VAu|p(x)72VAu. We deduce from theorem 1.16 of [8] or theo-
()
rem 1.1 of [9] that P (z,e) : LP®) (Q) — Lot (€2) is continuous,which shows
that

P (2,VAup) = P (z,VAu) in L7 (Q).

Therefore,

/() = ()] = sup L 0n) — (), ]
0#veX ”UH

2 H|VAun\P<Z)*2 VAU, — |V A" VAuH w0l
LP@1 ()
< sup
0£vEX lloll
=2||P(z,VAuy,) — P (z,VAU)|| p= — 0, n — oo.
L p(x)—1 (Q)
To sum up, we can conclude that ¢ € C* (X, R). O

Lemma 3.2 ¢’ is a mapping of type (S.), i.e., if u,, — u in X and

lim sup (¢’ (upn) — @' (u),u, —u) <0,

n—o0

then u,, — u in X, as n — oo.

Proof By Lemma 3.1, it follows that
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1

(@' (un) — @' (u), un — u)

= / <|VAun|p(I)72 VAu, — |VAu[P®) 2 VAu) VA(u, —u)dx.
Q

Using the following elementary inequality [30]:

lz —y|” <27 (\xlvdw — |y y) (z—y), v>2,

we can conclude that for all u, v € X with u # v,

(' (u) = ¢'(v),u—v) > 0.

(12)

This implies ¢’ is strictly monotone. Let {u,, } C X be a sequence such that u,, — wu,

and

lim sup (¢’ (upn) — @' (u),u, —u) <O0.

n— oo

By Proposition 2.6, it suffices to show that [, [VAu, — VAu[P®)dz — 0. By the

monotonicity of ', we have
(" (un) = ¢’ (), un — u) 2 0.
Thus,
(' (un) — @' (w), up, —u) = 0, n— oco.

From (12) and (13), we deduce that

(/) = &/ () — ) > / oy [V — )

= 2p+ / ‘VA ‘p — O7 n — oo.

Therefore, u,, — u in X, which implies that ¢’ is a mapping of type (S).

(13)

O

Lemma 3.3 Assume that (H1) holds. Then ¢ is weakly lower semi-continuous, mean-

ing that if u,, — uw as n — oo in X, then ¢ (u) < liminf ¢ (u,).
n—oo

Proof Letw, — winX. From Lemma 3.1 and Lemma 3.2, we know that ¢ is convex

functional [31] and

/

o (uy) > p(u) + <g0 (w) , up — u>7 for any n.
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According to the definition of weak convergence we can obtain
(" (u) ,up —u) — 0.

Thus,

liminf ¢ (u,) > ¢ (u) + lim inf <<p/ (u) , up — u> =@ (u).

n—oo n—oo

Lemma 3.4 Assume
|f (2, 0)] < lag ()] [#]*@ 7" 4 [by ()| [¢]* 71, for all (z,t) € Q xR, (14)

and that conditions (H1), (H2) and (F1) hold. Then for almost all z € 2 and all ¢ € R,
the following estimate can be obtained:

Jaz (@) 4 o b () 1) + 2L,

F(z,t) < S
(@) a3 Bva™
1
05_("/3‘*')/7

where L = max { —L } Also, the Nemytskij operator
B~ (va™)
ur F(z,u)
is continuous from L"(®) (Q) to L' (Q).

Proof According to (14) and the Young inequality, we can deduce that

- laz (2)] | ag@) , 102 (2)], 8z
F(x,t) < o (o) [¢]** + 50) [t]

1 al(x 1 x
< o la @I + 5= e @) 117

1 L@ @ Ga@) 1 [ 1bs ()@ @ a@)
ey CE1C0] Ry / P 1CO] Ry /
o 73 (vs) B 74 ()

_ 1 ‘(1,2 (m)‘"fs(w) Mr(w) 1 ‘bz (',I;)"M(w) Mr(w)
T a— = + 7|+ = — + .
“ 7 () ) B " )

1
< ao (T "/3(m)+
- 047737| 2(@) B4~

|l)2 (z)|“/4(1) + 2L|t‘T(z).

Let u € L"(®). By Proposition 2.2, we have
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1

73 Ja

+2L/ It]"®) dz
Q

F (z,u)dx <
Q o

1 .
ag ()@ de + ——— by ()@ dy
|laz ()] B Q|2()|

1 V3
< —— o @)y + 5= I @l ey
+ 2L [[u]| e
< oQ.

So F (z,u) € L* (). Let u, — u in L"®) (Q). By Lemma 2.2 of [9], in the subse-
quence sense, there is g € L"(*) such that

1
B4~
. 1 ; (s
ao ( 73(1)+ bo (2 ’Y4(£)_~_2Lu7(ﬁ)

a_%_| 2 (z)] B‘M" 2 (2)] |ul
< ao (1 73('7’>+
- 0773_‘ 2 (@)l B V4~

+2L|g|"™ + 2L |u|"®.

|F (2, un) — F (z,u)| < —laz () + bz ()" + 2L]u,, |

b2 ()

Also using Proposition 2.2, we get

/ |F(z,up) — F(z,u)|dz < < / las ( \%(I)der
Ja

+2L/ |q| dl’+2L/ |u|

< o e @ @) + 57 B* = [Ib2 (@) 1740

/ |b2 |’Y4 dx

+2L HgHLT'(ﬂ(Q) +2L HUHU(I)(Q)

< 00.

Thus, |F (z,u,) — F (z,u)| € L* (). It is clear that F satisfies the Carathe-
odory condition, so by the Lebesgue dominated convergence theorem, we have
F (z,u,) — F (z,u) in L' (). This concludes the proof of the theorem. O

Lemma 3.5 Assuming that (14), (H1), (H2) and (F1) hold, then ) is weak-strong
continuous, which means that if u,, — w in X, then ¢ (u,,) — ¥ (u).

Proof Let {u,} C X such that u, — wu. By proposition 2.7, we can deduce that
u, — win L") (Q). Then, 9 (u,,) — v (u) follows from Lemma 3.4. O

The Proof of Theorem 1.1 Let u € X with ||u|| > 1. From Proposition 2.1, Proposi-
tion 2.6 and Proposition 2.7, we can deduce that
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I (u) =/QI%\VAu\pmdxf)\/QF(x,u)dx

1 @) g laz ()|, @), 102 (@), )
2p+/ﬂ|VAu|p dz )\/Q e [ul + 3() [ul dz

1 2\
>l = Zlaa(@)lzagen |l

ul
L(3) (Q)
2\ -
5_“b2( M) H|u|ﬁ( : Lo (Q)
1 2\ & 3
> ;II ull? = o= llaz(@)lzoa @) ullz e ) _THbQ(‘r)HL“(Q) H“”ir(m)(g)
1 2XC o 2AC 5
2 Sl = = laa@) s oy = Z= Ia(@)locoy el
1 _ ~
ijllu\lp — 2Ly [lull®,
where L, :max{%cnag( )| (2, 2C[ba(a )||m(m}. Since

1<a” <at < B~ <BT <p implies that Iy (u) — oo as ||ul| = oo for A > 0,
namely, I is coercive. By Lemma 3.3 and Lemma 3.5, the functional I is weakly
lower semi-continuous, so there exists a global minimizer, denoted as u, of I in the
function space X. Moreover, u is a weak solution to problem (1). This completes the
proof. O
Example 3.1 Assume that

If (z,0)] < CL(1+ [t)P@~1), for all (z,t) € Q xR, (15)

where (' is a positive constant. If conditions (A1) and (F1) hold, then problem (1)
has a weak solution for any A > 0.

Proof According to (15), we get
1
P <G (14 50507
1 x
< (i+ i),

Let u € L), By Theorem 2.8 of [7] and Proposition 2.2, we have
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/QF(:c,u)deCﬁ/Q(|u+ﬁ lu |ﬁ(m) x

Ch
< O sy + 52 o

Cl 3
< Cllull sy + 5= Nullgse o

< 00.

So, F' (z,u) € L' (Q). Let u,, — win L#®) (Q). By Lemma 2.2 of [9], in the subse-
quence sense, there is g € L) such that

1 1
P (2,00) — F (2,u)| < (|un| " ]+ ﬁuW))

€T 1 x
<o (|g| +ful+ 51" + ol >) .

g
—19

B

Using Theorem 2.8 from [7] and Proposition 2.2, we can derive

/ |F(x,un) — Fa,u)ldz < C; / (|g|+|u\+ ,\g|‘*<”++ |u\ﬁ<”)) ©
Q Q

< ”gHLl(Q) +Ch HUHLI(Q) + 57_ HgHLﬁ(m)(Q)

Ch
+ = B- ”uHLﬁ(I)(Q)

Cl 3
< Clgll sy + Cllull s ) + = Hg”iﬁ(w)(ﬂ)

ST
ﬂ LBz )(Q)

< 00.

Thus, |F (z,u,) — F (z,u)| € L* (Q). It is clear that F satisfies the Caratheodory
condition since condition (F1), so by the Lebesgue dominated convergence theorem,
we have F (z,u,) — F (z,u) in L* (Q) . Let u,, — u in X. By Proposition 2.7, we
deduce that u,, — uin L?*) (Q), which implies 1 (u,,) — 1 (u). Hence, 1) is weak-
strong continuous. Combining this with Lemma 3.3, we know that the functional I
is weakly lower semi-continuous. Let u € X with ||u|| > 1. From Proposition 2.6
and Proposition 2.7, we can conclude
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1 .
I, (u):/gzm|VAu|p(I)dx—)\ QF(a:,u)dx

VAulP@de — O\ /<u+ uﬁx)>d:c
/| | o [ (5
>—/|VAu|p Vda — Cy A /\u|da:—cl /\ 12 gy

2 FIIUII” = Cixlull i o

ﬂ’ Hu”m( =) (Q)

- B
TIIUII” — CXJull - ﬁi [l

1 _ A
—|lullP” — 2La ||u]|”,

where Ly = maz{C\, §2}.Since 1 < 3~ < B+ < p~, this implies Iy (u) — oo as
|lu|l = oo for A > 0. Thus, I, is coercive. Therefore, there exists a global minimizer
u of Iy in the function space X. Moreover, u is a weak solution to the problem (1).
This completes the proof. O

Example 3.2 Assume that conditions (H1), (H2), (F1) hold. Then problem

—A3u = Alby ()] |t|ﬁ(z)_2t, in Q, (16)
u=Au=A%u=0, on 0f,

has a nontrivial weak solution for any A > 0.

Proof The same proof technique used in Theorem 1.1 and Example 3.1 can be
applied to derive the following result: there exists a global minimizer, denoted as uy,
of I in the function space X. Moreover, ug is a weak solution to problem (16). Let
v € X such that ||v]| # 0and 0 < ¢ < 1. Then Since 87 < p~, we can conclude that
I, (tv) < 0 for sufficiently small z. Thus, Iy (ug) < 0. Hence, the weak solution wug
is non-trivial. 0
3.2 The Proof of Theorem 1.2

Lemma 3.6 Assume that (1) and (F3) hold. Then I, satisfies (PS)-condition for
all A > 0.

Proof Since ¢’ is compact, it’s clear that ¢’ is a mapping of type (S5).
Let {u,} C X bea (PS)-sequence, i.e., there exists a constant M such that

sup I (un)| < M and I} (u,) — 0, as n — oo.
n
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Because I} is a mapping of type (S ) and X is reflexive, it suffices to prove that {u,, }
is bounded in X.
Suppose ||uy, || — oo, in the subsequence sense. For n large enough, assume ||, || > 1.

From (F3), Proposition 2.6 and (I} (uy,), u,) > — ‘

s (un nllx> weh
(un)| . ] we have
:/ L|VAun|p(m)d.7[:—/\/F(az:,un)dac
o p() Q
1
)/WAu |p<z>d1+9—/(|VAu P@) — \f(z, upn )uy)de

>/|mu P dg 4 — 7 L (), )

un||X

)/WAU [P da — 7||I)\(un)||X*

Huani a0 HI; (un)Hx* ||un||X .
01

Due to p* < 6, and p~ > 3, we have I (u,) — oc as |lu,|| — co. This leads to a
contradiction. 0

The Proof of Theorem 1.2 1t’s clear from (2) and (11) that 7 (0) = 0. It follows from
Lemma 3.6 that I satisfies (P.S)-condition, so it suffices to prove the geometric
conditions in the Mountain pass theorem.

By (£2) and (F4), for any € > 0, there exists a positive constant C(¢) such that for
all (z,t) € A xR,

F(a, )| < [t + C(e)[by ()]]¢]2). (17)

Assume ||u|| < 1. Then, by Proposition 2.1, Proposition 2.6 and Proposition 2.7, we
have
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1
I, (u):/ —.\VAUW(Z)dw—/\/F(x,u)dx
o p(z) Q
1 + + "
> Sl = [ (el 4 C )b @) ") do
p Q
1 |
= Sl e [ do = aCE) [ (ol
p Q Q
1 + + .
> el = Aellul?+ gy = 2ACE 1@ty 17 oz

T . )
>l = AeClul” — 22C(e) Collul

1 .
> FHUII”+ — AeCllull”" = 20C()CC u*,

where  Co = ||b1 ()| 2o() (). Choosing & >0 small enough such that
0 < X\eCy < 2}%. Then

1 + -
Ix(u) = 2PﬁIIUH” —C(X,e)CCslul

Since ¢~ > pT, there exist R > 0 small enough and 6 > 0 such that

| iﬁlfRI)\ (u) > >1,(0)=0.

It follows from (F3) that for all (x,¢) € Q x R and some constants C3, Cy > 0,
F(z,t) > C3|t|" = Cy. (18)

Thus, by (18), for v € X \ {0}, we have

1
I (tv) = / — VAP da — A / F (z,tv) dx
o p() Q
" (z) 9 0
< 7/ IV AP da — ACst / [ dz 4+ \Cy 19,
P~ Ja Q

where ¢ > 1 and |Q| denotes the Lebesgue measure of €. Since 61 > p™, we have
I (tv) — —o0, as t — oco. That is, there exists e := tv such that ||e|| > R and
I, (e) < 0. Therefore, I, satisfies the geometric structure of the Mountain pass theo-
rem, and the theorem is proved. O

Example 3.3 Assume |f (x,t)| < |by (x)] |t|9®) 1, for all (z,t) € Q x R, and that
conditions (H1), (H2), (F1), (F3), (F4) hold. Then the problem
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{ —A;’)(z)u = f(z,u), inQ,

uw=Au=A%=0, on o, (19)
has a non-trivial weak solution.
3.3 The Proof of Theorem 1.3

Lemma 3.7 [32] Let X be a reflexive and separable Banach space. Then there exist
{e;} € X and {e;} C X* such that

X =span{ejlj=1,2,---}, X* = span{e;f|j = 1,2,~~},
and
* _J L i=y
(e7,€5) = { 0, i#J.
For convenience, we write X; = span{e;}, Y = 69?:1 X, Zy = EBJO’;k X;.

Lemma 3.8 Denote

= 5D { [l o ey L lall = 1w € 2, }

Then lim ap — 0, forall z € Q.
k—o0

Proof It’s clear that 0 < a1 < ay, so ap — a > 0.

Let uy € Zj, be such that |Juy|| =1 and 0 < o, — HukHLr(m)(Q) < 1. Then there
exist subsequences {uy }, which we also denote by {uy}, such that u;, — u and

<e;,u> = kgrfm <e;,uk> =0,j=1,2,---.

This implies that u = 0, so up — 0, as k — oo. It is obtainable from Proposition 2.7
that ug, — 0 in L"(*)(Q). Therefore we get ay — 0, as k — 0. a

Lemma 3.9 Assume (F1) and (F3) hold. Then I, satisfies (PS)-condition for all
A>0.

Proof Let {up} Cc X be a (PS);-sequence, meaning

Un €Yy, Iy (un) = ¢, (Iy,) (un) — 0, n — co. May as well set ||u,| > 1,
for sufficiently large n. Using (F3) and Proposition 2.6 we have
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1 p(z)
c+1 > Iy (un) :/ —‘VAU,L

dx—A/ F(x,un)dx
Q

1
> — /|VAu \p(z) dx — / — f (2, up) updx

pt

1
— )/|VAU |p(r) dm—&-f/ VA n\p(z — M (2, up) uy)dx
1

1 1 - 1/
> <p+ _91> llunl? +E<I,\(Un)7un>
— I

1 1 - 1
> (= g ) Tl = 5 1 b Gl

Because (I |y, ) (u,) — 0, as n — oo, the sequence {u, } is bounded. In a subse-

quence sense, we have u,, — u. Denoted X = |JY,, and take a sequence {v,,} C Y.,
n

such that v,, — u. Therefore,

lim,, 500 <I;\ (un), up — u> = lim <I;\ (un) s upn — vn> + nhﬁrr;o <Ii\ (un),vn — u>

n—oo

im <(I>\ v.) (un) un — ””>
=0.

By Lemma 3.6, I} is a mapping of type (S5.), so u, — u. From I, (u) € C' (X, R),

it follows that I;\ (un) — I;\ (u). For any wy, € Yy, when n > k, we have

<I;\ (u),wk> = <I;\ (u) — I;\ (un) 7(,uk> + <I;\ (un) ,wk>
= (L@ = I (wa) ) + (I [y,) () ).

In the limit of n, we have (I} (u),wy) = 0, for any wy € Y. Since X = UYk, it

follows that I{ (u) = 0. Hence, we have proven that I satisfies (P.S), -condltlon for
anyce R.O

The Proof of Theorem 1.3 It follows from (2) and (8) that I}, is even functional. From
Lemma 3.9 we know that I satisfies (P.S)-condition for all A > 0. Thus, it suffices
to prove that for sufficiently large k, there exists pg > dx > 0 such that

(1) b :=1inf {Ix(u)|u € Zg, ||ul]] = o} — o0, as k — oo,
(2) ar :=max {I\(u)|u € Yy, |ull =pr} <O0.
Suppose u € Z, with ||u|| > 1. By (F'2') and Propositions 2.1, Propositions
2.6 and Propositions 2.7, we have
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I)\(u):/ﬂi\VAmp(z)d:c—)\/F(x,u)dx

p(x) Q
1 b
»* Jao o\ w(z) q(x)
1 - 2A
7 p- _ 27 w(z)
>l = @) [
22 P
N qTHbl(I)”LmI)(Q) H‘ulq( : L2 @) ()
1 - 2A N 2 6
2 JT?HUHP - FHal(ﬂc)HLn<r>(Q)||U||°£r<r)(n) - qTHbl(f)Hmm(Q)HUHqumm)
1 - 2A o 2X q
2 pTrHUHp - FC4(O%||U||) - qTCQ (e flul))?,

where  Cy = [la1(z)| @), C2 = [[b1(2) ][ 120 )-  We can  choose
2 Cyou” < ﬁ since a, — 0, as k — oo. Therefore,

1 - 2A g
L) 2 5zl - qioz(akHUH) :

1

Choosing §;, = (3—2‘022q+az) ?"~% Then &5, — oo since p~ < § and ay, — 0, as

k — oo. Ifu € Z, with ||u|| = 0 — o0, as k — oo and (H1) holds, we can deduce
that

1 1 -
o P
I (u) > (2;0* 2q+>5k — 00, as k — oo.

This completes the proof of (1).
Let u € Y}, such that pi, > 0, > 1. According to (18), we have

1
I(u :/ 7VAup(w)d:L‘—)\/ F(x,u)dx
= Jop@ VA L F)
1
< — |l - ACS/ |u| dz + AC4 Q.
p Q
Since dim Y}, < oo (this implies that all norms are equivalent) and 6; > p™

1 +
I (u)é;ﬂunp — MG JJul|™ + AC4 ]9

For ||u|| = pk, we have I (u) < 0. This completes the proof of (2). Therefore, we
can choose py > d; > 0, which completes the proof of the theorem. [
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3.4 The Proof of Theorem 1.4

The proof of Theorem 1.4 It follows from the assumptions of the theorem and Lemma
3.9 that I, is even functional and satisfies the (PS)’-condition. Therefore, it suffices
to show that for any k > kg, there exists pi > dx > 0 such that

(1) ¢, :=inf{I\(u) : u € Zy, |lul]| = pr} >0,
(2) di ;= max{I) (u): u €Yy, ||ul| =d} <0,
(3) fr:=1inf {I\(u) : u€Zy, [Jul|<pr}—0, k—ooc.
Let v € Z, be such that ||v|| = 1. Taking u = tv, 0 <t < 1, and
using (F'2’) as well as Proposition 2.1, Proposition 2.6 and Proposition 2.7, we
have

I,\(tv):/Qp(lx)’VAtv‘p(m)daz—)\/QF(:v,tv)dx

: :
t At

T [ v ae® gx — / w(@) g

> +/|v o o= 2 [ s @) o
/\bl )] 0] de

= %H Hp N — @l @ H|v| o L@ (Q)
oy ] I
> Z:n 7" = 2 ar (@)oo ol
- %nbl( Dl sty 01
> ol = 2 (ool f%c&(aknvm
= Z: — wa Csa”® — %020% ,

where Cs5 = [|a1(2)|| 21 ) (q)» C2 = 101(2)[| 1r20) (- For sufficiently large £, if we
take %ﬁkq < gxp7-We obtain

AN
I(tv) > — —

. 20
_2p+ o COék: (20)

oy — L
Choosing p, = (22C52g+ ) 7" ===, we note that p;, — 0 since p™ > w™ and
ar — 0, as k — oco. When t = py, we have
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1 1 +
L (tv P
) 2 (2p+ 2¢+ ) Pi

Since p* < ¢, this implies Iy (u) > 0, namely, ; iﬂf\l I (u) > 0. Thus, (1)
UEL,||u||=pk

is proved. Let v € Y}, with ||v|| = 1. Taking u = tv, 0 < ¢ < 1, and using (F5) and
Proposition 2.6, we get

I (tv) = /p )‘VAtv‘ )d X[ F(z, tv)de
o p(z

< 7_/ |V AP da — /\ad(x | o] dx——/ |bs(2)| |0]"®) da
p Q

o T
<—p|" -~ inf /\a% )| o] daz
P

Nt veYs,|v|=1

A
- i bs( @) dy
I+ UEYk uuu 1 ‘3 el do
T’
S8 A /|a3(m)uvw<1)da¢
p nt vevilvl=1 /g
pra

- inf ba(2)] o' ®) do.
l+ UEY’C’HUH:l/Q‘ 3( )|| ‘

From1l <n~ <nT <p~ <p'" <1~ <IT < g~, we can derive that there exists a

0 € (0, pg) such that when t = dy, I (tv) < 0. Thus, di, = Ym\l}ﬁ 5 Iy (u) < 0.
ueYy,||lu k

In summary, (2) is proved.
Since Y, N Z, # () and &5, < pg, we have

= inf I (u) <d := max Iy (u) <O.
fk U€E Zy, ||ull<pw /\( )_ F u€Yg,|lul|=dk /\( )

By (20), for v € Zj, with ||v]| = 1, letu = tv and 0 < t < py, we can deduce

A SV 2Nt o
I ( ) I)\(t’l)) T o Cr (ak) Z — o C5(Oék>
2Apk 2A @
> — pk, Cs(a ) > —705 (o)™
So inf I, (u) — 0,k — oco. Hence, (3) is proved. O

UE Zy,||ul|<pk

Example 3.4 Denote the functional

' (@)
I(u):/ L’vAu‘p d:cf)\/ |a1 (2)] |w(z)d /|bl \‘I(I)d
o p(z) o wlz)
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Suppose (H1), (H2) and (F1) hold. Then the problem

~A3 = May ()] [ul*®) 20 + by ()] |u]?® 20, in Q
u=Au=A%u=0, on 012,

has the following result:

(1) If > 0, then for any A € R, the equation (21) possesses a set of solutions
(tuk)pe, such that Iy (uy) — oo, as k — oc.

(2) If A > 0, then for any p € R, the equation (21) possesses a set of solutions
(tvk) e, such that Iy (vy) < 0, when k — oo, Iy (vg) — 0.

Proof Step one. [ (u) satisfies (P.S).-condition for all ¢ > 0.

) Let {un} X be a (PS);-sequence, ie.,
U € Y, T(un) — ¢, (Ily,) (un) =0, n— oo. Without loss of gen-
erality, we assume that A >0, p > 0. Let’s assume that |lu,| > 1, for suf-
ficiently large n. Using Proposition 2.1, Proposition 2.6, Proposition 2.7 and

(1 ly,.) (Un)s un) = — H(I lv.,)’ (u")Hx un ||y, when XA > 0, we have

c+1>1(u, —/ VAunp(z )\/Mun“(z)dl‘
()= [, 5 1720 0w "

by (
*N/ M|un|q(z>dx

1
> / |V Au, [ dz — = / lar ()] un|*®dr — = / b1 ()] [ |7 e
p

( ! ) / |V Au, |p(z> dr — X\ (T — T) / lay (z)] |un|“’("”)dx
w q Q

+ — (I (un) ,un)

> (pj 2 hunll” =22 (2= = )l @l [l

+ T Y (), )

1 11 5
(— )nunup fn( fq—_) lar () ooy Nm oy

p+

H+\

L@’ ()

=)

—_

+—= <(I lv., ) (Un)7“n>

1 P 1 Wt
(pj ) un”” — 20 (— - q—) a1 @)l s oy
1

L=}

H I ‘Y Un)”x* ”uﬂ”X

Since wt < p—, (Ily,) (u,) — 0, as n — oo, we prove the boundedness of {u,, }.
(it) Consider a subsequence of {u,, }, still denoted by {u,, }, where u,, — u. Denoted

X =Y, and take {v,, } C Y, such that v,, — u. Then
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limy, oo (I (Un) st —u) = lim (I’ (un),Un — vp) + Um (I’ (un) , v, — )
n—oo

n—o0

= hm<
=0.

Yo (UTL) y Un — vn>

By Lemma 3.6, it follows that I’ is a mapping of type (S), so u, — u. From
I(u) € C* (X, R), we have I’ (u,) — I' (u). For any wy € Y%, when n > k, we
have

Il
~
—~
£

|

~
—

S
3
~

I
x>
_|_
~
—

<
3
~

&
z

(1" (u),wn)

In the limit of n, we have (I’(u),wy) =0, for any wy € ¥j. SinceX = J Y,
k

I’ (u) = 0. In this way we prove that / satisfies (PS)-condition for any ¢ € R.
step two. If 11 > 0, then for any A € R, T (u) satisfies the remaining conditions of
the Fountain theorem, i.e., for sufficiently large & there exists py > d; > 0 such that
0) b = inf {I(u)|u € Zg, ||ul]| = 0} — 00, as k — oo,
(i) ay = max {I(u)|u € Yy, ||u| = pr} <O0.

(i)Let u € Z, with ||ul| > 1, By Propositions 2.1, Propositions 2.6 and Proposi-
tions 2.7, we have

() b
Iuy—/ ‘Vqu(mfA [ @] o g, - /‘1 M 2@ g
QP o w()

Al
> ull? _‘ 2 w(ﬂd/-_i/ by (2)] 1u]4® da
2 — " Jul = /Qlal @) e[ dz = == | b1 @)[ [u]"de

1 o 2 N
> —[Jull”” = =2 oy (@)l oy [ 10l

L)' (Q)
2p
a QTHbl @l @) qu(z)H](wz(z))’(Q)
1 - 2] 5
> F fJul” — 7,”‘11 (ﬂU)Hquz)(Q) H“Hfrm(n) - Hbl (z )Hm(r)(n) HUHL (@) (Q)
1 - 2 \/\|
z o5 [l = =ZCs (g Jull)® — —02 (g Jull)?

where  Cs5 = [la1(z)| @), C2 = [[b1(2) [ 2o ()-  We can  choose

2 Csu”° < W since a, — 0, as k — oo. Thus,

I(u)> 1

24
= g7l ulP —'g*C&(QkHUW

1
Choosing §; = (j—’,‘CﬂquaZ) P77 Then & — oo since p~ < § and o, — 0, as

k — oo.Ifu € Z, with ||u|| = 0 — oo, as k — oo and (H1) holds, we deduce that
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1 1 -
I(u)2<2p+2q+)5kp — 00, as k — oo.

This completes the proof of (7).
(ii) Let v € Y}, with ||v]| = 1, and ¢t > 1, we have

I(tv):/ N d.z-—)\/ a1 @] @ g u/ o1 @ o) g
Q Q q\r

p(z) w () (z)
pt
< tvaHp++|)\|tw+/ M‘U‘“(I)dz / b1 (z ‘l |q
Q UJ
pt
< 13 ‘al (.’E)|‘ ‘w(z)d

— 4+ [} t“’ sup
p- veYy,|lvl|=1JQ W (z)

14 inf 1bs (= )|\ ‘q(l
veviiloll=1 Jq q(z)

Since 1 <w™ <wt <p~ <pt <q” <qT, there exists pg > I such that for
t = pr and u = tv, we have I (u) = I (tv) < 0. This completes the proof of (i).
Step three. If A > 0, then for any p € R, I (u) satisfies the remaining conditions of
the dual fountain theorem, i.e., for any k > kg there exists px > dx > 0 such that (i)
=inf{I(u): u € Z, ||ul]| = pr} >0,

(i) dp :=max{l (u): ueYy, |ul| =0} <0,
(i) fe =it {I (u) : ueZy, ||ul|<pr}—0, k—oco.

(i)Let v € Zj, be such that ||v|| = 1. Taking u = tv, 0 < t < 1, and apply-
ing Proposition 2.1, Proposition 2.6 and Proposition 2.7, we have

b
I(tv):/ 1\ vat @ do / o (@ ‘\f (@) g — /M\mwm
o p(z) (z) o q(z)
Wt
>0 [ 1va® a - 2 / Jax ()] [o]“@ di
Q
W @)oo
" 2t~
s o = 2 i
TS ey [ L)
A Y
> —|lo" - a1 (@)l e ) llv HLr(r) ()
2\#\15 g
- ll61 (= )Humz(m)(g) HUHqum(Q)
A SV o 2t ;
> —|lo|" = ——Cu(ar|v[)* — —==—C% (awllv|})*
ANV S 2t A
=5 - — 50" — Lozoéqu
p w q
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where C5 = [|a1(@)|| 11 ) (q)> C2 = [01(2)[| 22 ) () - When & is large enough, we

<

take 202;? ) —+ to obtain

1
2[ulp

Csa;,°. (22)

oy — 1
Choosing py, = (22 C52¢Ta®) 7F==, then pj, — 0 since p* > w™ and ay, — 0,
as k — oo. When t = py, we have

1 1 +
- _ - \.p
I(tv) > <2 % )pk .

Thus, Iy (u) > 0 since p* < ¢, namely, . ir\llf\l I (u) > 0. In summary, (i)
UEL,||u||=pr

is proved.
(i) Let v € Y}, with ||v|| = 1. Taking u = tv, 0 < ¢t < 1, by Proposition 2.6, we get

I (tv) = / 1 |VAtv\p(‘T) dx — )\/ M\tv\““(ﬂ”)dx - u/ M\tvr}(z)dl‘
o p(z) o w(z) o q(z)

- - : ) _ by (z
< Dol - aeet [ 1Ol pergy g [ B jarg,
p o w(z) 0 q(x)
.
< tT — et inf MMW(E)(ZI
p vEYy,|[v||=1 Jq w(:[’)
- b .
+ [t sup M\vﬁ(‘)dm

vEY,|lvll=1J0 4 (I)

From 1 <w™ <whm <p~ <pT < ¢ <q", we can derive that there exists a

0 € (0, px) such that when ¢ = 0y, I(tv) < 0. So dy = YmHa)ﬁ 5 I(u)<0.1In
UEYg,||u||=0k

summary, (if) is proved.
(iii) Since Y3 N Zj, # () and &5, < pg, we have

= inf I(u) <d:= max [ (u) <O0.
UEZk,||ull<pk WEYy, ||ul|=5

By (22), forv € Zy, ||v|]| = 1. uw = tv,and 0 < t < pg, we can deduce

+

174 MY . 2At .
I(uw) =I(tv) > — — ———Crap,¥ > — Csa”
(u) ( 'U) - 2p+ w— aE- =2 w— (67
22p1% . 2\ .
> — pk, Csap” > —wicsoékw-
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Thus, inf I (u) — 0,k — oo. (iif) is proved. (J
uEZk, ||lull<pr

4 Index of Notations
We use the following notations:

Q: bounded domain of R" with smooth boundary 9%,
Ap(yu = div(|VulP@=2Vu) is called the p(x)-Laplacian operator,
A2 R A (|Au|p<$)*2Au) is called the p(x)-biharmonic operator,
C.e (%) = {h(o) : h(a) € C (@) i, h(x) > 1},
ht :=sup, g h(z ) h(z) € C1(Q),h~ :=inf g h(z), h(z) € C4(Q),

Kﬁ__{ KPP o< K <1,
) KrK > 1,
P KP,0< K <1,
KProK > 1,
Np(z) N
pi(x) =4 N-hplz)’ p@) < k7 We denote by — (resp. —) the strong (resp.
+OO, p(I > f-

weak) convergence.

Acknowledgements The authors would like to express their sincere appreciation to the anonymous referee
for providing numerous valuable comments and insightful suggestions, which have significantly enhanced
the overall presentation of the manuscript.

Author Contributions The content of this paper is the collaborative outcome of ZXH and MQ, who have
made equal contributions to its final version. The final manuscript has been reviewed and approved by all
authors.

Funding This project supported by the National Natural Science Foundation of China
(No.11861078,12161091).

Data Availibility Not applicable.

Declarations

Ethics approval and consent to participate Not applicable.

Competing interests The authors hereby affirm that they do not possess any conflicts of interest.
Consent for publication The authors unanimously concur on the publication of this research work.

Open Access This article is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivatives 4.0 International License, which permits any non-commercial use, sharing, distribution
and reproduction in any medium or format, as long as you give appropriate credit to the original author(s)
and the source, provide a link to the Creative Commons licence, and indicate if you modified the licensed
material. You do not have permission under this licence to share adapted material derived from this article
or parts of it. The images or other third party material in this article are included in the article’s Creative

@ Springer



Journal of Nonlinear Mathematical Physics (2025) 32:11 Page 29 of 30 11

Commons licence, unless indicated otherwise in a credit line to the material. If material is not included in
the article’s Creative Commons licence and your intended use is not permitted by statutory regulation or
exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view
a copy of this licence, visit http://creativecommons.org/licenses/by-nc-nd/4.0/.

References

10.
11.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

Lesnic, D.: On the boundary integral equations for a two-dimensional slowly rotating highly viscous
fluid flow. Adv. Appl. Math. Mech 1, 140-150 (2009)

Elder, K.R., Katakowski, M., Haataja, M., Grant, M.: Modeling elasticity in crystal growth. Physical
review letters 88(24), 245701 (2002)

Zhang, J.J., You, L.H.: Fast surface modelling using a 6th order pde. In: Computer graphics forum,
volume 23, pages 311-320. Wiley Online Library, (2004)

Bloor, M.I.G., Wilson, M.J.: Generating blend surfaces using partial differential equations. Com-
puter-aided design 21(3), 165-171 (1989)

You, L.H., Comninos, P., Zhang, J.J.: Pde blending surfaces with c2 continuity. Computers & Graph-
ics 28(6), 895-906 (2004)

Gonzalez Castro, G., Ugail, H., Willis, P., Palmer, 1.: A survey of partial differential equations in
geometric design. The Visual Computer 24, 213-225 (2008)

Kovacik, O., Rakosnik, J.: On spaces LP\") and Wk’p (z). Czechoslovak mathematical journal
41(4), 592-618 (1991)

Fan, X. L., Zhao, D.: On the spaces Lp(@) (Q) and Whkp(z) (€2). Journal of mathematical analysis
and applications 263(2), 424-446 (2001)

Galewski, M.: On the continuity of the nemytskij operator between the spaces LP! (@) and LP2(*),
Journal of mathematical analysis and applications 13(2), 261-265 (2006)

Rzicka, M.: Electrorheological fluids: modeling and mathematical theory. Springer, (2007)

Rzicka, M.: Modeling, mathematical and numerical analysis of electrorheological fluids. Applica-
tions of Mathematics, 49(6):565-609, (2004)

Acerbi, E., Mingione, G.: Regularity results for stationary electro-rheological fluids. Archive for
Rational Mechanics and Analysis 164, 213-259 (2002)

Acerbi, E., Mingione, G.: Regularity results for electrorheological fluids: the stationary case.
Comptes Rendus Mathematique 334(9), 817-822 (2002)

Antontsev, S.N., Rodrigues, J.F.: On stationary thermo-rheological viscous flows. ANNALI-UNI-
VERSITA DI FERRARA SEZIONE 7 52(1), 19 (2006)

Chen, Y., Levine, S., Rao, M.: Variable exponent, linear growth functionals in image restoration.
SIAM journal on Applied Mathematics 66(4), 1383—1406 (2006)

Harjulehto, P., Histo, P., Latvala, V.: Minimizers of the variable exponent, non-uniformly convex
dirichlet energy. Journal de mathématiques pures et appliquées 89(2), 174-197 (2008)

Levine, S.E.: An adaptive variational model for image decomposition. In International Workshop
on Energy Minimization Methods in Computer Vision and Pattern Recognition, pages 382-397.
Springer, (2005)

Zhikov, V.V.: Averaging of functionals of the calculus of variations and elasticity theory. Mathemat-
ics of the USSR-Izvestiya 29(1), 33 (1987)

Antontsev, S.N., Shmarev, S.I.: A model porous medium equation with variable exponent of nonlin-
earity: existence, uniqueness and localization properties of solutions. Nonlinear Analysis: Theory,
Methods & Applications 60(3), 515-545 (2005)

Fan, X. L., Zhang, Q. H., Zhao, D.: Eigenvalues ofp(a?)302(2), 306-317 (2005)

Mihailescu, M., Raduiescu, V.: On a nonhomogeneous quasilinear eigenvalue problem in sobolev
spaces with variable exponent. Proceedings of the American Mathematical Society, 135(9):2929—
2937, (2007)

Fan, X. L.: Remarks on eigenvalue problems involving the p(x)-laplacian. Journal of Mathematical
Analysis & Applications 352(1), 85-98 (2009)

Ayoujil, A., El Amrouss, A.R.: On the spectrum of a fourth order elliptic equation with variable expo-
nent. Nonlinear Analysis Theory Methods & Applications 71(10), 49164926 (2009)

@ Springer


http://creativecommons.org/licenses/by-nc-nd/4.0/

11

Page 30 of 30 Journal of Nonlinear Mathematical Physics (2025) 32:11

24.

25.

26.

27.

28.

29.

30.

31.

32.

Ayoujil, A., El Amrouss, A.R.: Continuous spectrum of a fourth order nonhomogeneous elliptic equa-
tion with variable exponent. Electronic Journal of Differential Equations (EJDE)[electronic only],
2011:Paper—No, (2011)

Rahal, B.: Existence results of infinitely many solutions for p(z)—kirchhoff type triharmonic opera-
tor with navier boundary conditions. Journal of Mathematical Analysis and Applications 478(2),
1133-1146 (2019)

Shokooh, S.: On a nonlinear differential equation involving the p(x )-triharmonic operator. J. Non-
linear Funct. Anal, pages 1-11, (2020)

Hamdani, M.K., Chung, N.T., Repovs, D.D.: New class of sixth-order nonhomogeneous p(w)
-kirchhoff problems with sign-changing weight functions. Advances in Nonlinear Analysis 10(1),
1117-1131 (2021)

Aydin, 1.: Dirichlet type problem with p(-)-triharmonic operator. J. Sci. Arts 4(57), 1037-1042
(2021)

Belakhdar, A., Belaouidel, H., Filali, M., Tsouli, N.: Existence and multiplicity of solutions ofp(.r)
-triharmonic problem. Nonlinear Functional Analysis and Applications 27(2), 349-361 (2022)

El Amrouss, A., Moradi, F., Moussaoui, M.: Existence of solutions for fourth-order pdes with vari-
able exponents. Electronic Journal of Differential Equations (EJDE)[electronic only], 2009:Paper—
No, (2009)

Zeidler, E.: Nonlinear functional analysis and its applications: III: variational methods and optimiza-
tion. Springer Science & Business Media (2013)

Fan, X.L., Zhang, Q.H.: Existence of solutions for p(ﬂ:)-laplacian dirichlet problem. Nonlinear
Analysis: Theory, Methods & Applications 52(8), 1843—1852 (2003)

@ Springer



	﻿Existence of Solutions for ﻿p﻿(﻿x﻿)-Triharmonic Problem with Navier Boundary Conditions
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿Preliminaries
	﻿﻿3﻿ ﻿Existence of Solution
	﻿3.1﻿ ﻿The proof of Theorem ﻿1.1﻿
	﻿3.2﻿ ﻿The Proof of Theorem ﻿1.2﻿
	﻿3.3﻿ ﻿The Proof of Theorem ﻿1.3﻿
	﻿3.4﻿ ﻿The Proof of Theorem ﻿1.4﻿

	﻿4﻿ ﻿Index of Notations
	﻿References


