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Abstract
A novel application of spring-loaded inverted pendulum model is proposed in this study. In particular, we use this model to 
find the existence of so-called fixed points, which correspond to actual running gaits, as functions of model parameters such 
as stiffness and energy. Applying the model to experimental data allows us to draw justifiable conclusions on mechanical 
energy minimisation for running gaits. The data were collected during a study witch 105 athletes. Force was measured using 
a pressure plate integrated in a treadmill. Kinematic data were recorded using two high-speed video cameras and an acceler-
ometer placed on the back sacral localization. Each athlete completed trials by running at four different targeted velocities (9, 
12.5, 16, 19.5 km/h). Running velocity influenced the values of the leg spring stiffness approximations, while the values of 
stiffness, determined using data from the pressure plate and camera, vary only slightly. The mechanical energy correspond-
ing to periodic running gaits was studied with leg stiffness determined from the experiment. The mechanical energy of the 
runner slightly exceeded the minimum value of energy required for the existence of fixed points in the model. These results 
contribute to the general understanding of running gaits in terms of mechanical energy optimization.

Keywords  Spring-mass model · Running gaits · Approximate solutions · Model verification · Practical calculation

1  Introduction

The correlation between human movement patterns and run-
ning economy is widely acknowledged, cf. [1, 2]. These con-
nections are multifaceted, and unraveling their complexities 
can prove to be an invaluable pursuit in the realm of sport 
science. For example, it is assumed that reduced variability 
of key biomechanical parameters such as vertical oscillations 
is crucial to athletic performance [3]. Current research pri-
marily focuses, either, on experimental data analysis [4–7], 

or on mainly theoretical investigations of the behavior of 
a mathematical model over time, see [8–14]. To provide a 
comprehensive assessment of the mechanics and energet-
ics of the running gait, this study utilizes a combination of 
experimental data analysis and mathematical modeling. In 
this way our research fills an important gap in that the model 
is used as a reference for measured mechanical parameters, 
and it also allows for an assessment of mechanical optimi-
zation of running. Model parameters such as stiffness and 
mechanical energy are determined from experimentally col-
lected human running data. By utilizing the existing deter-
ministic model and its approximate analytical solutions [15], 
experimentally determined parameter values are compared 
with the constraints deduced from the theoretical studies of 
the model.

The mechanical behavior of the lower limbs’ musculo-
skeletal system while running is frequently compared to that 
of a spring-mass system bouncing into the ground during 
the so-called support phase, which is followed by the flight 
phase. This simple model, consisting of a spring-loaded 
inverted pendulum (later termed as SLIP model) was first 
proposed in [16, 17]. The main mechanical parameter which 
has been most widely studied in various papers [17–24] is 
the stiffness of the leg. It characterizes the elastic behavior 
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of the leg in the model, and it is determined by the rela-
tionship between its deformation and the force applied to 
it. (Strictly speaking the stiffness parameter introduced in 
the model measures the stiffness of the whole body.) Leg 
spring stiffness also appears in the equations of motion, and 
so it is necessary for obtaining the center of mass trajectory. 
By observing the vertical position of a point mass and its 
changing velocity, the system’s mechanical energy can be 
calculated and taken as the basis of the overall mechanical 
approach. According to our previous research, the appropri-
ate energy of the system, which depends on the set angle 
of attack and angular velocity at touch-down, is one of the 
mechanisms ensuring the motion’s stability [15].

The main aim of this study is to investigate the optimiza-
tion of mechanical energy during running. To the best of our 
knowledge, there has not been reported in the literature the 
use of reduced SLIP model as a reference which allows one to 
determine optimization of running mechanical energy. To do 
so, a given value of measured mechanical energy is compared 
with the minimum energy required for stable running as pre-
dicted by the model. By feeding into the model specific param-
eters such as: the vertical and horizontal velocity, the angle 
of attack, and energy, a comparison between the analytically 
determined values of stiffness with experimentally gathered 
data was performed. Thanks to this, we verified whether the 
order of magnitude of the real data was consistent with the 
results returned by the model. In this way, we validated the 
predictive power of SLIP model. We then selected an appro-
priate approximation order of the stiffness parameter for fur-
ther analysis. Furthermore, we evaluated the approximation 
of contact time of the foot with the ground, leg deflection, and 

the difference between the attack and take-off angles during 
the stance phase.

The SLIP model which we use is both a limitation and a 
strength. That is, the analysis which allowed us to reduce the 
mechanics to a one-dimensional problem gives us a possibility 
of straightforward comparison of the energetics with a given 
reference provided by the model. However, the particulars 
of running such as, for example, the effects on the stiffness 
parameter of particular parts of the lower limbs during running 
is lost in the modeling process.

2 � Materials and methods

2.1 � Spring‑mass running model

2.1.1 � Model statement

It is known that the spring-mass model of running assumes 
that each leg in the stance phase can be described as an 
inverted elastic pendulum (cf. [12, 15–17, 25]). We assume a 
situation depicted in Fig. 1.

Below is the mathematical description of this model during 
the contact phase (see (1)). We use nondimensional, depending 
on time, polar coordinates (L, �) for the point mass m. Assum-
ing a small angle � , between the leg and vertical axis, we can 
write

The nondimensional spring length L is introduced after a 
division by distance l0 , which is the distance of the point 

(1)
{

L��� + 2L��� = sin �,

L�� − L(��)2 = K(1 − L) − cos �.

Point 
mass

-α β

Fig. 1   The diagram illustrates a planar spring-mass model for run-
ning, in which a point mass is connected to a massless spring. The 
model uses dimensionless Cartesian coordinates (X,  Y) and dimen-
sionless polar coordinates (L, �) , where L represents the radial posi-
tion and � represents the angular position. The angle swept during the 

stance phase is represented by Δ� . At the points of touch-down and 
take-off, denoted by TD and TO respectively, the angular position is 
�
TD

= −� and �
TO

= � , respectively, where �, � ∈ (0,�∕2) . The value 
of the radial position at each phase transition is L

TD
= L

TO
= 1 . In 

each period, the apex height Y
i
 transitions to Y

i+1
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mass from the place where the leg is in contact with the 
ground. The nondimensional spring stiffness present in 
Eq. (1) is given by

where k is the dimensional equivalent of leg stiffness K, and 
K is the only constant in system (1). The spring stiffness K 
has to be determined to ensure that during the support phase 
the spring will return to the equilibrium length precisely at 
the time when the pendulum travels to the angle � . The leg 
completes the full support cycle before jumping into the 
aerial phase (see Fig. 1).

The initial conditions for the polar coordinate system 
have the form

with

where we have defined the horizontal and vertical velocities 
at the moment of touch-down (Froude numbers denoted by 
U and V).

In Table 1, we have collected all the parameters, both 
nondimensional and dimensional, appearing in the running 
model.

Proper running with constant velocity, is combined with 
touching-down under the center of mass, which reduces 
deceleration and guarantees small values of � . On the other 
hand, large � angles ensure that the propulsion is optimized. 
The � angles are clearly larger than the � angles, implying 
an asymmetric run.

For small angles of attack � , the angular velocity at touch-
down �d refers to U (�d ≈ U) . Therefore, the �d parameter 
range shown in Table 1 are close to U. It reflects a typical 
human running speed, which for one meter long legs means 

(2)K =
kl0

mg
,

(3)�(0) = −�, ��(0) = �d, L(0) = 1, L�(0) = −Ld,

(4)�d = U cos � − V sin �, Ld = U sin � + V cos �,

a jogging speed of about 3.13 m∕s . Typical values of Kreal 
range from around 12 to around 50 (see Table 1), where the 
dimensional stiffness of the leg denoted by kreal is defined as 
the ratio of the maximum force to the maximum leg compres-
sion of the leg (see (16)) and further scaled according to the 
formula (2). We see that in general Kreal assumes much higher 
values in relation to the rest of the parameters, especially for a 
realistic regime of constants.

2.1.2 � Approximate solutions

An asymptotic analysis of the main equations (1) with the use 
of the Poincaré–Lindstedt series was carried out in [21]. The 
solution of the system (1) is based on the perturbative expan-
sion related to the significant spring stiffness ( K → ∞ ). Using 
the initial conditions (3), we obtain the approximations for 
L(T) and �(T) [21]. First, the time T has been made dimension-
less by multiplying by the group (g∕l0)1∕2 . Second, since the 
solutions L(T) and �(T) live on fast 

√

KT = �−1T time scale 
with � = 1∕

√

K ( � → 0+ ), the frequency of the pendulum 
formed by hanging a mass on the unstretched leg is given by 
�−1�̃(�) and �̃(�) = 1 −

1

2
�2�2

d
.

For the sake of order, we will list below the successive 
approximations of the running parameters that were derived 
from L(T) and �(T) approximations in [15]. In L(T), the param-
eter T ranges from 0 to the contact time Tc given by

where

Observe that L(0) = L(Tc) = 1 and L(Tc∕2) = 1 − ΔLmax (see 
Fig. 2 from [15]). The maximum leg deflection during stance 
phase, denoted by ΔLmax , is approximated by the difference 

(5)Tc ≈ T̃c ∶=
2�

�̃(�)
arccos

A(�)

B(�)
,

(6)
A(�) = �2

(

�2
d
− cos �

)

and B(�) = �

√

�2(�2
d
− cos �)2 + L2

d
.

Table 1   Typical values of all 
appearing nondimensional 
and dimensional physical 
parameters

The presented data based on the experiment as well as from papers [12, 17, 18, 25]. Additional parameters: 
initial distance of the center of mass to the ground l

0
= 1.03 m, body mass m = 69 kg, and gravitational 

acceleration g = 9.81m∕s2 . A capital letter indicates a nondimensional parameter, while a lower case letter 
indicates a dimensional parameter

Symbol Description Nondimensional value Dimensional value

� Angle of attack ( � × 180◦∕�) 0.03−0.31 2◦–18◦

� Angle of take-off ( � × 180◦∕�) 0.31−0.61 18◦–35◦

U, u Horizontal Froude number ( U ×
√

gl0) 0.63−1.73 2–5.5 m/s
V, v Vertical Froude number ( V ×

√

gl0) 0.03−0.22 0.1–0.7 m/s
�d Angular velocity at touch-down ( �d ×

√

g∕l0) 0.69−1.77 2.19–5.64 radian/s
Ld Radial velocity at touch-down ( Ld ×

√

gl0) 0.15−0.61 0.47–1.94 m/s
ΔLmax , Δlmax Maximum leg spring deflection ( ΔLmax × l0) 0.04−0.17 0.04–0.18 m
Kreal , kreal Leg stiffness ( Kreal × mg∕l0) 12–50 8–33 kN/m
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of the amplitude B(�) of the radial motion L(t) and the shift 
A(�) of the touch-down position, i.e.,

For more information we refer to [12, 15].
Since �(0) = �TD = −� and �(tC) = �TO = � = Δ� − � , 

the second order approximation of the angle swept during 
stance Δ� is as follows

where � → 0 (all terms of the order O(�3) in formula (8) are 
omitted). Moreover, the first order approximation of Δ� (see 
(8)) is given by

Solving the equation

for the boundary problem of a single support phase. Due to 
√

K = 1∕� , where Δ̃�i is given by formula (8) or (9), we get 
the following two approximations of the leg stiffness K of 
the second and first order:

with

and

In [26] it is shown that the leading order of the expansion of 
K as � → 0+ for the asymptotic solutions (for the symmetric 
case � = � ) is actually the same as K̃1 . On the other hand, 
K̃2 can be used to solve an asymmetric boundary problem. If 
� + � → 0+ then K → ∞ and both approximations of K are 
very good (cf. [15]). However, for moderately small values 
of the parameters sum � + � , K̃2 is more accurate than K̃1 , 
which was derived assuming small Δ� . For Δ to be non-
negative (see (11)), the mutual relationship between �d and 
the system energy must be satisfied. It is always valid for 
jogging speeds, i.e. �d =

√

cos � ≈ 1 , but could be also sat-
isfied for the slightly faster runs (see the results in Sect. 3).

(7)ΔLmax ≈ Δ̃Lmax ∶= B(�) − A(�).

(8)

Δ� ≈ Δ̃�2: = ��d� +
[

4�dLd − 2
�d
Ld

(

�2d − cos �
)

− 1
2
�2 sin �

]

�2,

(the second order) ,

(9)Δ� ≈ Δ̃�1 ∶= ��d�, (the first order) .

Δ̃�i = � + �, for i = 1, 2,

(10)K ≈ K̃2 ∶=

�

��d +
√

Δ

2(� + �)

�2

, (the second order)

(11)

Δ = �2�2
d
+ 8�

[

4�dLd − 2
�d

Ld

(

�2
d
− cos �

)

−
1

2
�2 sin �

]

,

(12)K ≈ K̃1 ∶=

(

��d

� + �

)2

, (the first order).

An important parameter of running, apart from stiffness, 
is the mechanical energy of the system. The dimensionless 
form of the mechanical energy, during contact phase, is 
given by

By appropriately concatenating asymptotic solutions for the 
two phases, we are able to reduce the dynamics to the fol-
lowing one-dimensional apex to apex return map (cf. [15])

where in the ith period the apex height Yi changes to the 
apex height Yi+1 , and Δ� is given by 8 or 9. Stable and unsta-
ble fixed points Y∗ , i.e. Y∗ = Yi = Yi+1 , have been studied 
in references [12, 15] for symmetrical solutions ( � = � ). 
Theorem 4.1 from reference [15] gives the condition for the 
existence of symmetric solutions related to the energy on 
that symmetric periodic solution. The minimum required 
energy is expressed analytically by

where �∗
d
 represents the angular velocity �d at the fixed point 

Y∗ . In addition, if the system energy slightly exceeds the 
minimum energy, i.e. Es > Emin (see Theorem 4.2 from 
[15]), then the obtained fixed points Y∗ for symmetric solu-
tions are stable. To use Emin formula also for asymmetric 
solutions, the mean of the attack and take-off angles could 
be substituted into (15):

A more detailed explanation giving the rationale behind the 
above formula is given Sect. 2.5.2.

2.2 � Participants

One hundred and five healthy, physical education students 
(gender: 71 males and 34 females; mean ± SD: age 20 ± 3 
years, height 175 ± 9 cm, and mass 69 ± 11 kg) voluntar-
ily participated in this study. The group includes some 
running specialists, representatives of other disciplines, 
and recreational sports people. The detailed course of the 
experiment was presented to them, and informed written 
consent was obtained from the Participants. The study 
was conducted according to the Declaration of Helsinki. 
The testing protocol was accepted by the Human Ethics 

(13)Es =
1

2

[

(L�)2 + L2(��)2 + K(1 − L)2
]

+ L cos �.

(14)
Yi+1(Yi) = cos (Δ� − �) +

�

sin (2� − Δ�)
√

Es − Yi+

cos (2� − Δ�)
√

Yi − cos �
�2

,

(15)Emin =

(

�∗
d

)2

2 cos2 �
+ cos �,

(

�∗
d

)2

2 cos2
�+�

2

+ cos
� + �

2
.
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Committee of the Wroclaw University of Science and 
Technology and does not require an ethics code.

2.3 � Procedure

The study was carried out at the Athlete Movement Bio-
mechanics Laboratory of the University of Rzeszów. After 
a standardized warm up, including 15-min low-intensity 
running and stretching of the entire body, the volunteers 
rested until they gained a total subjective readiness to 
perform the test. In the main experiment they performed 
four 15-s tries on a treadmill (h/p/cosmos sports & medi-
cal GmbH, Nussdorf-Traunstein, Germany) with different 
targeted velocities, starting from the slowest to the fastest 
(9, 12.5, 16, 19.5 km/h, respectively). Each attempt was 
preceded by increasing the treadmill velocity, to reach 
the target speed. The time between each trial was a 2 
min passive rest. The recovery was used to avoid fatigue 
effects and to ensure that each trial was performed with 
maximum physical readiness by a rested participant. 
Studies have shown that in the depleted muscle all of the 
adenosine triphosphate (ATP) and phosphocreatine (PCr) 
are restored within 2 min after an “all-out” bout [27]. 
During a 15-s submaximal intensity effort, the glycolytic 
pathway with the waste product lactate (La− ) does not 
become the major provider of ATP [28]. Therefore, the 
running mechanics were not disturbed during the trials, 
see [29, 30].

All testings were performed in preferred form-fitting 
training clothes that did not restrict movement, including 
their own shoes. The markers were placed on the lateral 
surface of the participant’s body, on one side opposite the 
camera. The center of mass (CoM) marker, representing 
the mass point position, was on the height of the median 
sacral region, behind S2. It is the landmark of the hori-
zontal projection of the center of body mass (cf. [31]), 
located, according to [32], at 56% of the runner’s total 
height in a standing position. Certainly, the position of 
the center of mass depends on individual somatic char-
acteristics and will vary during movement. However, by 
transitioning to dimensionless variables, the most impor-
tant aspect from the standpoint of subsequent analysis is 
to ensure that the marker is located in the same anatomi-
cal position for all participants. The second marker was 
placed on the ankle, at the level of the lateral malleolus of 
the fibula, as the model ignores the foot movement [33].

2.4 � Data collection

At the beginning, initial, radial distance of the center of 
mass to the ground ( l0 ) has been measured in a standing 
position as the length of the segment starting at CoM, 

passing through second marker and ending at the point of 
foot contact with the ground (the ball of the foot location).

The running gaits analysis was realized using a Gait-
way 3D system from Arsalis (h/p/cosmos sports & medical 
GmbH, Nussdorf-Traunstein, Germany) based on 4 ten-
someters equipped with a validated Zebris pressure plat-
form (zebris Medical GmbH, Isny im Allgäu, Germany) 
located under the running belt [34]. Force was measured 
at 1000 Hz frequency. As a result, it is known when the 
foot was in contact with the ground and it was possible to 
determine the moments of touch-down, take-off and the 
moment of greatest ground reaction force (GRF).

The athletes were also filmed using two synchronized, 
high-speed video cameras (Ninox 300c, Noraxon, Scotts-
dale, USA) at 100 fps. The center of mass and ankle 
markers were digitized for each frame, creating a sim-
ple one-segment model of the athlete. Touch-down and 
take-off moments, detected from GRF, overlapped the 
frames where the foot had clear contact with the ground 
and where the foot had clearly left the ground [33], while 
the moment when the CoM was closest to the ground fell 
on the greatest ground reaction force (see [35]). Then 
the angles of attack and take-off as well as the minimum 
radial distance of the center of mass to the ground were 
collected using the SIMI Motion System (SIMI Reality 
Motion Systems GmbH, Unterschleissheim, Germany). 
The real dimensions of the recorded image were deter-
mined by calibration frame (1× 1 m) placed in a plane of 
the participant’s movement. After coordinate calibration, 
the minimum radial distance from the center of mass to 
the ground was measured as the distance from the CoM 
marker to the point of foot contact with the ground.

Additionally, a validated triaxial accelerometer Shim-
mer 9DOF [36] (, Shimmer Research Ltd, Dublin, Ireland) 
was placed on the back sacral localization—approximate 
level of the center of mass in a standing position, (as in 
[32]) of each participant. The acceleration data were meas-
ured with 300 Hz frequency and smoothed by a fourth-
order low-pass Butterworth filter with a cut-off frequency 
of 10 Hz (based on [37, 38]). Referring to the spring mass 
model, ground contact starts when the vertical compo-
nent of acceleration crosses zero. What’s more, we assume 
that at the time of the largest GRF, the vertical velocity is 
zero and the horizontal velocity is equal to the speed of 
the treadmill. Taking them as initial values for each sub-
sequent step, both velocity components were calculated 
during touching-down by numerical integration.

2.5 � Data analysis

Trials included from 20 to 30 ground contacts. For each 
ground contact, the amplitude of the active peak of vertical 
ground reaction force was determined and mean of those 
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peaks (denoted by fmax ) was used for final analysis (see 
Fig. 2a). The horizontal velocities were calculated as the 
resultant of the speed of the treadmill and the instantane-
ous pelvis velocity, taken from accelerometers. The vertical 
velocities of the center of mass were collected from acceler-
ometers data, also at the instants of touch-down (see Fig. 2b). 
Similarly, both velocities were averaged and denoted by u 
and v. Finally, the minimum distance of the center of mass to 
the ground, touch-down and take-off angles (i.e. � , � ) were 
collected from the successive contact phases, and the mean 
of these parameters was taken for further processing.

Angles were formed by the segment of the center of 
mass and the ankle markers in relation to the vertical axis 
(see Fig. 3). The minimum radial distance of the CoM 
marker to the ground was measured along the path pass-
ing through both markers (assuming that the peak CoM 
downward displacement occurs at the moment fmax is 

reached [35]). Then the maximum displacement of the 
leg spring Δlmax , so the difference between the initial and 
minimum distance of the center of mass to the ground, was 
calculated. This parameter is characterized by the greatest 
measurement error, as even small differences in the cali-
bration may significantly affect the result.

The collected data are presented in Table 2. Addition-
ally, Table 2 contains information obtained from the pres-
sure plate, i.e. mean time of foot contact with the ground 
( tc ), as well as mean time of the flight phase ( ta ) and step 
frequency. Then the values presented in Table 2 were con-
verted into dimensionless quantities and further used for 
comparisons.

2.5.1 � Leg stiffness

The real and dimensional value of the leg spring stiffness, 
denoted by kreal , was calculated as follows:

Fig. 2   An example of: a vertical 
ground reaction force (denoted 
by vGRF) with active peaks 
marked with red circles. b 
Filtered vertical and anteropos-
terior sacral acceleration data, 
relative to the device’s local 
coordinate system, with touch-
down moments marked with red 
circles

Fig. 3   Touch-down and take-off angles �, � and minimum distance from the center of mass to the ground assessment

Table 2   Mean of the collected 
data for the running parameters: 
� , � , u, v, Δlmax , fmax , tc , ta , and 
the step frequency in the last 
column, depending on the speed

The horizontal velocity u is the vector sum of the treadmill speed and the velocity of the CoM obtained 
directly from the accelerometer. All parameter values are dimensional

Speed (km/h) � (◦) � (◦) u (m∕s) v (m∕s) Δlmax (m) fmax (kN) tc (s) t
a
(s) (step/s)

9 5.59 24.27 2.5−0.074 −0.476 0.017 1.435 0.30 0.08 2.69
12.5 8.05 25.47 3.5−0.074 −0.457 0.017 1.512 0.24 0.10 2.96
16 9.67 27.73 4.4−0.119 −0.419 0.021 1.517 0.20 0.11 3.20
19.5 10.40 28.95 5.4−0.126 −0.378 0.019 1.528 0.18 0.15 3.03
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and recalculated to the dimensionless value Kreal , multiplied 
by l0

mg
 (see (2) and Table 1). The observed runs were stable 

i.e. running parameters repeated and, because of short tries 
duration, the fatigue did not cause any changes in gait char-
acteristics (see [39]). Therefore, we could use the leg stiff-
ness approximation formulas: K̃1 and K̃2 , for the boundary 
problem calculated from Eqs. (10) and (12), respectively. 
The comparison between the calculated values of leg stiff-
ness using both methods and the real values was evaluated 
using a dependent t test. The variations in the parameters of 
K̃1 , K̃2 and K̃real across the four velocities were determined 
through repeated measurements and a one-way analysis of 
variance (ANOVA) with a post-hoc Tukey test. The level of 
significance was set at 0.05.

2.5.2 � Energy

We want to assess whether the mechanical energy during 
running is optimized. To this aim we require some reference 
point with respect to which such an optimum value may be 
established, and this reference is provided by the model. We 
have to bear in mind though that the mechanical energy of 
the model system was calculated using formula (13) and the 
minimum energy is given by Eq. (15), which applies when 
there is an angular symmetry between landing and take off. 
In other words, when both angles are the same. However, as 
already mentioned, when athletes are observed during run-
ning, there is a clear angular asymmetry between the landing 
( � ) and take off angles ( � ), but there is no significant asym-
metry in the vertical height of the center of mass at these 
instances. To be able to still apply our model system as an 
analytical reference point, we use this observation. That is, 
even though � angle is larger than � , runners land on their 
bent knee and the radial distance from the center of mass to 
the point of contact with the ground is less than l0 . There-
fore, it is possible that the center of mass during take off and 

(16)kreal =
fmax

Δlmax

,
touchdown are on the same level (cf. [40]). Hence, there is 
still symmetry in the system, and we assume angle � used 
in formula (15) to be the arithmetic mean of angles � and �.

3 � Results

Approximations related to the stiffness of the leg: maximum 
leg deflection ( ΔLmax ), contact time ( Tc ) and angle swept 
Δ� , and their equivalents derived directly from experimental 
data, are presented in the Fig. 4 below.

The dimensionless maximum leg spring deflection, i.e. 
ΔLmax = Δlmax∕l0 , is about 0.04 smaller than the approxima-
tion Δ̃Lmax (see Fig. 4 on the left). The real contact time of 
the foot with the ground after normalization is greater than 
the T̃c value by about 0.02 (see Fig. 4 inside). The Δ̃�2 (see 
Fig. 4 on the right) differs by up to 4◦ from the actual value 
of Δ� = � + � . It also exhibits an increasing trend with ris-
ing speed.

It turns out that for the fastest runs, i.e. 19.5 km/h, only 
in 6 cases out of 105 the set of parameters did not allow the 
calculation of the K̃2 approximation, see Eq. (10), because Δ 
was negative, see Eq. (11). With slower runs the calculation 
of K̃2 approximation posed no problems, because for small 
�d , the second factor in (11) is positive. With increasing 
speed, the real leg stiffness remained unchanged, while K̃1 
significantly increased and K̃2 decreased, see Fig. 5. A sta-
tistically significant difference (p value < 0.05 ) between the 
real values of leg spring stiffness and first-order approxima-
tion K̃1 , has not been observed only for lowest velocity, while 
K̃1 and Kreal had statistically significantly different values for 
all other velocities. Therefore, we will use a more accurate 
second-order approximation (8) in the mapping construction.

Energy Es (see (13)) and the minimum energy needed for 
stable running Emin (see (15)) are increasing with increasing 
running speed (see Table 3). They have similar values, and 
Emin is only slightly smaller than Es.

Fig. 4   Comparison of the nondimensional, mean values of approxi-
mations Δ̃Lmax , T̃c and Δ̃�2 , given by formulas (7), (5) and (8), 

respectively, with the mean values of the experimental data for these 
running parameters (measured and appropriately normalized). The 
means were calculated for the sample of n = 105 runners
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4 � Discussion

The main findings of this study were the observation that 
humans run with the minimum energy required for stable 
running. This thesis was proven using the SLIP model as 
a reference point for the mechanical properties and ener-
getics of human running gaits. An important step, in this 
process, was to verify the spring-mass model by combining 
experimental data with leg stiffness approximations. There 
are many models of gait and running in the literature. The 
musculoskeletal model [41], a biometric model [42, 43], a 
SLIP model [11, 12], and a dynamic model [44], but their 
values are not calculated using experimental data. Therefore, 
we can only refer to values of leg stiffness determined in 
other papers [8, 18, 20, 45], using ground reaction forces 
and displacement of the center of mass, with Kreal from this 
article.

The relationships between step frequency and leg stiffness 
were studied in [46]. In other papers was clearly demon-
strated that leg stiffness did not significantly change with 
running speed [17, 19, 20, 35, 47]. It did change though 

when step frequency varied at a given constant speed. 
According to [48], step frequency appears to be an indirect 
factor influencing leg stiffness through its effect on contact 
time. In our experiment, increasing the speed of the tread-
mill forces a larger stride frequency. The angle swept dur-
ing the stance phase also grows, what is typical for runs 
with low and medium velocities [11, 49], resulting in an 
increase in spring deflection ΔLmax . Overall the stiffness of 
the leg remains constant and range between 26.22 ± 3.19 
and 27.64 ± 3.34 at velocities from 9 to 19.5 km/h (similar 
as in [17, 20, 35]). Most of these values are lower than those 
obtained from both approximations. The main reason may 
be the difference in the maximum leg deflection ( ΔLmax and 
Δ̃Lmax ). This may be due to fluctuations resulting from the 
calibration and the construction of the approximations for 
the stiffness parameter itself, which is directly independent 
of Fmax and ΔLmax . The values of the second-order approxi-
mation are much closer to Kreal except for the slowest veloc-
ity. We should also mention here that Eq. (12), for leg stiff-
ness approximation K̃1 , is proportional to �d squared, and 
inversely proportional to � + � squared. Lower velocities 
correspond to smaller angles � + � . For these velocities, 
based on experimental data, we observe that the stiffness 
is equal (with statistical significance) to the square of the 
ratio of �d by � + � times � . This is not the case for higher 
velocities. That is, for higher velocities �d must vary faster 
than � + � , which is the case when K̃2 approximation (10) is 
taken into account. For lower velocities the ratio �d∕(� + �) 
is constant, whereas for larger velocities it is the ratio 
C�

3∕2

d
∕(� + �) , which is constant, with C some coefficient. 

We do not have any evidence that there is some systematic 
error in the measurements of the take-off and landing angles, 
that would create the observed effects of the change in the 
stiffness approximations at different velocities discussed in 
this paragraph.

Running energetics was analyzed in previous studies. An 
energy-saving mechanism was observed, using e.g., oxy-
gen consumption [50–52] or another mathematical model 
for comparison with real parameters [53]. Hence presented 
results, based on purely mechanical properties of our 
reduced model system, confirm previous studies suggest-
ing the existence of an optimization mechanism of runners.

The current study has some potential limitations. An obvi-
ous limitation is the approximations made in the model and 
the assumptions, such as the requirement on small angles. 
This assumption is easily justifiable from the practical point 
of view for low speeds. As it can be seen in Fig. 5, for low 
speeds our approximate values of the stiffness parameter are 
good. However, with kinetic data (velocities of the CoM) 
and information on the angles of attack and take-off, it is 
suggested to use the second-order approximation to estimate 
the stiffness of runner’s leg.

Fig. 5   Comparison of the leg spring stiffness, denoted by Kreal , and 
both approximations K̃1 and K̃2 , calculated from formulas (12) and 
(10), respectively, for the four running speeds. Additionally, plus and 
minus the sample standard deviation are plotted

Table 3   The mean value of system’s energy Es on a periodic solution 
(see Eq. (13)) and minimum energy required for stable running Emin 
(see Eq. (15)) depending on the running speed

Additionally, ± SD is determined for each column, which is plus or 
minus the sample standard deviation

Speed (km/h) Es ± SD Emin ± SD

9 1.14 ± 0.037 1.11 ± 0.033

12.5 1.37 ± 0.075 1.33 ± 0.081

16 1.66 ± 0.106 1.62 ± 0.110

19.5 2.13 ± 0.143 2.12 ± 0.158
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In terms of further research, we believe that it would be 
of interest to determine, and then use in the modeling pro-
cess, the correlation of running energetics with attack angle 
� (without considering K), which would facilitate the use of 
the model in training conditions. This would allow one to 
investigate, for example, running optimization in terms of 
fatigue. We posit that the implementation of our proposed 
methodology has the potential to enhance the quantification 
of the mechanics of running, specifically with regards to 
parameters such as stiffness and mechanical energy. Future 
studies should further explore these aspects to provide more 
detailed and valuable information on this topic.

5 � Conclusions

The runner’s mechanical energy was sufficient, but only 
slightly higher than required minimal energy by the model 
for stable running. It may be concluded that the runner 
wants to achieve stability with minimal mechanical energy 
expenditure. This is an important conclusion of this paper 
not only in biomechanical or physiological terms, but it 
also confirms the legitimacy and need for the mathematical 
models of running. The models are a reference point for the 
measured parameters, and thanks to them it is known that, 
for example, in our case, the energy is minimized. However, 
it is worth bearing in mind that CoM symmetry is different 
from angular symmetry. It remains the subject of further 
analytical study to investigate how the analytical approach 
we apply here is related to the condition on the minimum 
energy for asymmetric solutions, where asymmetry reflects 
that the take-off and touch-down angles are different. In our 
current study, we circumvent this issue by introducing a vir-
tual small angle, which is an arithmetic mean of the attack 
and take-off angles.
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