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Abstract

The group of almost Riordan arrays contains the group of Riordan arrays as a subgroup.
In this note, we exhibit examples of pseudo-involutions, conditions under which we
define an involution, and methods of constructing quasi-involutions in the group of
almost Riordan arrays.
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1 Introduction

Since the initial paper [14] defining the Riordan group, there has been interest in
studying involutions, pseudo-involutions and quasi-involutions [6—8,10] associated to
this group. The idea of Riordan matrices with an extra column has origins from the
expression of the LDU decomposition for certain symmetric Toeplitz-plus-Hankel
matrix [1]. In this note, we take a look at involutions, pseudo-involutions and quasi-
involutions associated to the related group of almost Riordan arrays [2].

In this first section, we recall the definition of the Riordan group, and the definition
of the group of almost Riordan arrays (of order 1, initially). We then proceed to look at
almost Riordan pseudo-involutions of order one and two, and to conditions that allow
us to define involutions in the almost Riordan group. In the last section, we present
two methods of building a form of quasi-involutions of the almost Riordan group.
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We define F, to be the set of formal power series of order », where
Fr =larx" +ar1x" ™ +ap0x" 4 Ja; € R)

where R is a suitable ring with unit (which we shall denote by 1). In the sequel, we
shall take R = Z. The Riordan group over R is then given by the semi-direct product

R = .7'-0 X .7:1.
To an element (g x), f (x)) € R we associate the R-matrix with (n, k)-th element
T = [¥"1g () f (0.

This is an invertible lower-triangular matrix. For g(x) € Fo and f(x) € F1, we shall
also use the notation (g x), f (x)) to represent the matrix that begins

0 0 0 0
81 801 0 0
) gof2+gihi g ft 0

@803 +g1frtgfi2efifr+eiflgfi

Example 1 The Riordan array ( IT) has associated matrix equal to the binomial

1—x°
matrix (Pascal’s triangle) B = ( Z ) We have

T, = "] 1 x*
k=T T 0=
1
_ ron—k
[x ](1_x)k+l

— [xn—k]< (k]+ 1)>( 1)/ /

k+1+j—1Y\ .
= [xn—k]< + +] )x/
J
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and we write

l—x"1—x

We shall confine ourselves to the subgroup
R = 7V« Y,
where
g e 7 o g0 =1,
and

ferl o =1

This ensures that all elements of (g(x), f (x))f1 are in R, where

(g(x), f(x))~ =( o)  flx ))

Here, f (x) is the compositional inverse of f(x). The multiplication in the Riordan
group is specified by

(80, F() - (), v(0) = (g@u(F). v(f))).

The element I = (1, x) is the identity for multiplication. The fundamental theorem
of Riordan arrays [14] says that if h(x) € R[[x]] is a column vector, then from the
product of the Riordan matrix (g ), f (x)) and h(x), we get the column vector

(g(0), f(0)) - h(x) = g()h(f(x)).

We can interpret this in terms of the matrix interpretation of (g(x), f(x)) as follows.
It says that the generating function of elements of the infinite vector produced by
multiplying the vector whose elements are given by the expansion of % (x) (that is, the
vector (ho, k1, ha, ...) by the matrix (T, x) is given by g(x)h( f(x)).
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1.1 Almost Riordan arrays

Leta(x) € Fo be the generating function of the initial column of an infinite lower tri-
angular matrix that its submatrix after the second column follows the Riordan structure
we described above. Such a matrix then begins

(e

ap 0 0
ar go 0
az g1 801 0
az g gof2+g1fil

(e

These matrices are called almost Riordan arrays of the first order, and we have shown
[2] that if we define the set

aR(1) = {(a(x)|g(), f(0)]a(x) € Fo, (g(x), f(x)) € R},

then aR(1) is also a group, called the group of almost Riordan arrays (of order 1).
We recall that the product in the group of almost Riordan arrays (of first order), for
a(x), g(x),b(x),u(x) € Fopand f(x), v(x) € Fy, is given by

(@g0), 7)) - (0 |uo), 1) = (@0 |g0o), ()b g@u(f @), v(F)).

where the fundamental theorem of almost Riordan arrays [2], for hx) € Fo, tells us
that

(a(0)|g@), f(x)) - h(x) = hoa(x) + xg()A(f (x)),

with

The inverse in aR(1) [2] is given by

(a()]gx), f(x) " =< *(x) ) f( 5 f(x)>,

where

a*(x) = (1] = gx), () 'atx),

with

(1]g@), f0))~' =( ' (fl( )) fx ))
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To the almost Riordan array (a (x) |g(x), f (x)), we associate the matrix M with

My = [x""g) fF ) Y, nk>1,
Mn,O =dp,

Mok = a()()k.

Example 2 (Chebyshev polynomials of the first kind) The Chebyshev polynomials of
the first kind 7,(x) [11] are defined by To(x) = 1, T1(x) = x, and

Th(x) =2xTy—1(x) — Th—2(x), n=2.

Their generating function is given by

o

S T = —
" 1 —2xt +12

n=0

By its form, this is not the bivariate generating function of a Riordan array. It is,
however, defined by an almost Riordan array of the first order.

Proposition 1 The coefficient array t, i of the Chebyshev polynomials of the first kind,
where

n
k
Tu(x) = Y tasx",
k=0

is the lower-triangular matrix defined by the almost Riordan array

1
1+ x2

1 —x2 2x
(I+x2)2" 14+x2)°

This array begins
1 0 0 0 0 0 0 o0
0 1 0 0 0 0 0 o0
-1 0 2 0 0 0 0 0
-3 0 4 0 0 0 o0
1 0 -8 0 8 0 0 O
5 0 —-20 O 16 0 o0
-1 0 18 0 —48 0 32 0
o -7 0 56 0 -—112 0 o4

Proof We use the “dummy” parameter ¢ to define our arrays, reserving x for the
polynomial coefficient. The bivariate generating function of the almost Riordan array
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_1_
1412

=2 2t o
a0 1+t2> is given by

1
1412

which we evaluate using the fundamental theorem of almost Riordan arrays of first
order. We let

1—¢2 2t 1
(I+2)2"1+12) 1—1tx’

21 .
h) = 15 = h) =

1+ 1 —tx’

Then,

1
1412

1—1¢2 2t 1 1 t(1—t3 - [ 2t

(1 +12)2° 1+r2>' I—tx 1+z2+(1+z2)2h<1+z2>
1 —1tx

1 —2xt 412

O

We can identify the normal subgroup of elements of the form (a (x)} 1, x) with Fo,
and hence, we have

aR(l) =Fp xR.

For instance, we have

1 0000 O0 O 10 0 0 0 00
ag 1 0 0 0 00 01 0 0 0 00
a 0 1 0 0 0 0 02 1 0 0 00
a3 00 1 0 0 0 03 3 1 0 00
as 00 0 1 0 0 04 6 4 1 00
as 00 0 0 1 0 05 10 10 5 1 0
a 0 0 0 0 0 1 0 6 15 20 15 6 1

1 00 0 0 0 0

ag 1 0 0 0 0 0

w 2 1 0 0 0 0
=las 3 3 1 0 0 0

as 4 6 4 1 0 0

as 5 10 10 5 1 0

a 6 15 20 15 6 1

While all matrices in this note are of infinite extent for n, k > 0 (except for the last
section), we display only indicative truncations.
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2 Pseudo-involutions in the group of almost Riordan arrays

We let I = (1, —x). We have I> = I. We say that (g(x), f(x)) € R is an
N2
pseudo-involution in the Riordan group if ((g(x), f (x)) 1 ) = [ [13]. The matrix

corresponding to I is the diagonal matrix with diagonal (1, —1, 1, —1,...). In the
current section, we present pseudo-involutions which are almost Riordan arrays of
order 1 and order 2.

2.1 Pseudo-involutions in the group of almost Riordan arrays of first order
We shall say that (a (x)|g(x), f (x)) € a’R(1) is a pseudo-involution in the group of
almost Riordan arrays (of order 1) if (M I)? = I, where M is the matrix associated to
(a(x)|g(x), f(x)). Equivalently, we require that

IMI =M. )

We then have the following proposition.

1+x(r 1) L
a )C)27 —x

Proposition 2 The almost Riordan matrix ( ) is a pseudo-

involution in the group of almost Riordan arrays.
We note that the corresponding matrix M coincides with the binomial matrix
(ﬁ lf—x), except that the initial column (1,1, 1, ...)T has been replaced by

(L,r,r,r, ...)T. For r # 1, this is not a Riordan matrix, but an almost Riordan
matrix. It begins

1 0 0 0 O 0 O
r 1 0 0 0 0 O
r 2 1 0 0 00
r 3 3 1 0 00
r 4 6 4 1 0 0
r 5 10 10 5 1 O
r 6 15 20 15 6 1
Proof We must show that the initial column of the inverse matrixis (1, —r, r, —r, .. )7,
with generating function 1 — T The “interior” elements are taken care of by the
fact that the Riordan array ( a2 1 x) is a pseudo-involution in the Riordan group.
Now since
-1 -
(a@)|g), f(0) =[a*x) VACIN 2)
(f ()

we must calculate
a*x) = (1] - ¢@), () 'atx),
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where

a) = —————. g() = and f (x) = ——

1
(1 —x)?
We have

a*(x) = (1] = g, f(X)) -a(x)
1 .
( ‘ (f( )’ f(X)> a(x)

_(; 1 X l4+x(r—1)
o (14+x)2" 1+x 1 —x

1+ < - ) ’
= dap. X
’ (1+x)?) 1= 15

_ X r(l+x)
- (14+x)214+x—x
rx
=1— ,
I+x
and the inverse matrix 2 begins
1 0 0 0 0 0 0
—r 1 0 0 0 0 0
ro =2 1 0 0 0 0
-r 3 =3 1 0 0 0],
r —4 6 -4 1 0 0
-r 5 —-10 10 -5 1 O
r —6 15 =20 15 -6 1
which satisfies Eq. (1). O

We shall use the notation A, = (w‘
ing lemma.

T2 T x) We then have the follow-

Lemma 1

AP — 14+ px(r —1) 1 X
r 7 .
1 — px (1—px)> 1 —px

Proof We deal with the Riordan array part first. Thus, we must show that

. 1 X 1 X
B ((1—x>2’ 1—x>'<1—(p—1)x>2’ 1—<p—1)x>

. 1 X
B ((1—px>2’ 1—px>'
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We have

M

1 X
(1 —x>2 1—x> ' (1 —(p=D02 1= (p— 1)x>
1 x/(1 —x)
§ —x>2 (I—(p— Dx/(L—x)? 1—(p - Dx/(1 —x))

X
((l—x—(p—l)X)2 l—x—(p—l)X>

1
(1—117)6)2 l—Px)

Next, we must show that

Ale) = 14+x(r—1) x 1+ (p—Dx(r—1) 1+px(r—1)
=TT oo i) '

l-(p—Dx 1 —px

We have

Al — 1+x(r—l)‘ 1 X 1+(p—-Dx(r—1
) ( I—x  |[(1=x?2"1 ) I—(p—Dx

14+x(r—1) X ( <1+(p—1)x(r—1) ))( X >
= + 1
1—x (1 —x)2 1—(p—1x 1—x

I+x(r—1) X (p—Dr X
T—x (a2 <1—<p—1)x>(1—x)

I+ x(r=1) X (p—Dr
T 1—x (1-x)21—(p—Dx/(1—1x)
_1+x(r—1) X (p—Dr
T 1—x l—x1—x—(p—Dx
_1+x(r—1) x (p—Dr
N 1—x 1—x1—-p)x
C1pxr—1)
_ﬁ.
This proves the Lemma. O

Thus, A? coincides with M, where M” is defined as

» 1 X
M? =4 , (3)
—px 1—px

except that the initial column (1, p, p?, p3, .. )T isreplaced by (1, rp, rp%, rp>,...).
This leads us to the following proposition.

Proposition 3 A’ is a pseudo-involution in the group of almost Riordan matrices.
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Proof We wish to show that the initial column of (A7)~ is given by

(1, —rp, rp%, —rp3,...), with generating function 1 — 2 We have in this case
X )1 1+ px(r—1)

I+px
that
1
a”(x) = ( (1—px)2 1—px 1—px

(1' X >1+px(r—1)
(1~|—px)2 1+ px 1— px

1
1 —1
+1+px(r )_1
1 1
—1 p1+px
=ag.l +x
(14 px)? x
1+ px
—1- 1+ px + px(r—1)—1
1erx( px+ px(r—1)—1)
_ prx
N 1+ px’

m}

Corollary 1 Foreachr # 1, the matrix A, generates a subgroup of pseudo-involutions
in the group of almost Riordan arrays of first order.

We note that we have

prx 1 1
AP AT = (1 _
o <+1—px+sx<1—(p+q)x 1—1%)‘

1 X )
A=(p+9x)?> 1—(p+qx)’

Thus, A? - A? # A7 . A in general.

We end this section by noting that if (g ), f (x)) is a pseudo-involution in the
Riordan group, then (1| gx), f (x)) is a pseudo-involution in the group of almost
Riordan arrays. We have

1 0 0 0 0 O 1 0 0 0 00 1 0 0 0 0 O
r 1.0 0 0 0 r 1.0 0 0 0 01 0 0 0 O
r 2 1 0 0O |Jr 01 0 0 O 02 1 0 0 O
r 33 1 0 0] }Jr 001 0O 03 3 1 00
r 4 6 4 1 0 r 00 01 0 04 6 4 1 0
r 5 10 10 5 1 r 00 0 0 1 0 5 10 10 5 1
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where the last matrix (1‘# lex) is a pseudo-involution. Taking inverses, we

obtain
1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 O
—r 1 0 0 0 0 0 1 0 0 0 0 —r 1 0 0 0 0
ro=2 1 o o o] |o -2 1 0 0 0 —-r 01 0 0 0
-+ 3 =3 1 o0 ol |o 3 =3 1 0 0 —r 0 0 1 0 0
r -4 6 -4 1 0 0 -4 6 -4 1 0 - 0 0 0 1 0
—-r 5 —-10 10 -5 1 0 5 —-10 10 -5 1 —-r 0 0 0 0 1

2.2 Pseudo-involutions in the group of almost Riordan arrays of the second order

It is possible [2] to extend the definition of a’R(1) to derive the group a’R(2) of almost
Riordan arrays of order 2. The elements of this group are of the form

(a(x), b(x)|g(x), f(x))

where ag = 1,b9 = 1, go = 1 and fy = 0, f1 = 1. The fundamental theorem for this
group states that

(a(x), b(x)|g(x), f(x)) - h(x) = hoa(x) + h1xb(x) + ng(x)z(f(X)),
where

h(x) —hg — h1x

h(x) = .

X

Following [2], we can define the inverse of a 4-tuple as follows.

1 _
_—’ ) 4
i) f(x)) @

(ae). b)|g(). f) ' = <a**(X), b*(x)

where

_ 1 _
b () = (1] — ¢(x). b)) = 1‘—_—, b)), 5
) = (1] = gx), () - b(x) < ) f(x)) ), )

and

- 1 -
a™(x) = (1 —b(0)|~g(x). f(@)) " -alx) = (1, b)) - —=—. f(X))ﬂ(X)-

g(f)
(6)
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Example 3 We define an element of aR(2) by (ﬂ =

1—x° 1—x

! X ) The corre-

(1—x)2° 1—x

sponding matrix M is then defined by

1
Mg = " 2 k<o
M k:[x"]L k>2
b (I—x)k = =7
Thus, the matrix M begins
1 00 0 0 0 O
210 0 0 0 O
221 0 0 0 0
222 1 0 0 0
223 3 1 00
2 2 4 6 4 10
2 25 10 10 5 1

The inverse of this matrix then begins

1 o O o0 o0 o0

-2 1 0 o0 0 0 o0

2 -2 1 0 0 o0 o0

-2 2 =2 1 0 0 0

2 -2 3 =3 1 0 0

-2 2 -4 6 -4 1 0

2 =2 5 —-10 10 -5 1

Note that we have

1 0 0 0 0 O 1 0 0 0 0 O 1 0 0 0 0 O
21 0 0 0 O 01 0 0 0 O 21 0 0 0 O
2 2 1 0 0 0 001 00O 2212000
2 2 01 0O 00 21 0 0] |22 2100
22 0 0 1 0 00 3 3 10 2 2 3 3 10
2 2 0 0 0 1 0 0 4 6 4 1 2 2 4 6 4 1

That gives us the following proposition.

Proposition 4 The element (}ﬂ 1
—x7 1—x

(1—1x)2 , ﬁ) of aR(2) is a pseudo-involution.

Proof We have

N . 1 x 711+x
b (x)_(l'_ 1—x2 l—x)

1—x
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411
_(; 1 X 14+ x
B (1+x)2" 14+x)1—x
_1 X 2
A+l
_1 2 _1—x
o l+x 1+4x
which expands to give 1 —2,2, =2, ....
‘We then obtain that
4 () = 1’_l—x B 1 ’ X 14+x
1+x| (A4+x214x/)1—x
1 —x x2 2(1 4+ x)
=1-2x —
1+x (I+x)214x—x
_l—x
Tl
Thus,
4 l—x 1—x 1 X
M = , , .
l4+x" 14x|A04+x2" 14x
We can now show that
M'=I-M-T
Thus, we have
I=M-M~!
=M-1-M-1I
(M-I)-(M-1)
—(M-1)2
Thus, M is a pseudo-involution. |

It is possible to extend this result to higher orders. For instance, we can consider
. . 1+x 14+x 1+x 1 X
the almost Riordan array of third order defined by (ﬁ’ = Tex | T2 ﬁ) The
corresponding matrix has

1
Mn,k = [x"]xkl +x, k < 3;
— X

xk

My = [x"]m, k>3,
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and begins
1 000 0 0 0O
210 0 0 0 0O
221 0 0 0 00
2221 0 0 0O
2222 1 0 00
2 22 3 3 1 00
222 4 6 4 10
2 2 2 5 10 10 5 1
The inverse of this matrix begins
1 0 0 0 0 0 0 0
-2 1 0 0 0 0 0 0
2 =2 1 0 0 0 0 0
-2 2 =2 1 0 0 0 0
2 -2 2 =2 1 0 0 0
-2 2 =2 3 -3 1 0 0
2 -2 2 -4 6 -4 1 0
-2 2 =2 5 —-10 10 -5 1

3 Involutions in the group of almost Riordan arrays
Let R = (g(x), f (x)) be an ordinary Riordan array of order 2, which means that

R? = I. We call such a Riordan array R an involution. Multiplying R with itself, we
get

R*=1¢ (g0, f0) - (gx), fF(x)) = (1, %),
and

(s8(r ). £(£0)) = 1., @)

which gives us f(f(x)) = x, and g(f(x)) = ﬁ.
Searching for involutions among the almost Riordan matrices, we suppose that we
have the involution (a(x)|g(x), f(x)), so we want

(a()|gx), fF(x)) - (a(0)]gx), f(x)) = A[1,x)
which becomes

((@lg, f@) -ag-g(f @), F(F@)) = AILD).  ®
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The same conditions as in the case of the involutions of (7) are satisfied for the internal
generating functions g(x) and f (x) of (8), while for the initial column on the left, we
have that

a(f(x)) —ao
S )
xg(a(f ()  apxgx)
Sx) S
xg(X)) xg(x)a(f(x))
fx) fx)

which has to be equal to 1. According to the definition of an almost Riordan array,
the generating function of the initial column a(x) is a power series in Fq , while also
g(x) € Fo,and f(x) € Fi.

A first result is the following.

(a()|g(x), f(x)) - a(x) = apa(x) + xg(x)

= apa(x) +

= agp <a(X) - ; &)

Proposition 5 If(g(x), f(x)) is an involution in R, then (1 lg(x), f(x)) is an involu-
tion in aR(1).

Proof We have a(x) = 1 and thus

’

<a(x) B xg(X)) LrEWalf@) x| e

£ foO T fo T W
as required. O
By choosing a(x) = )ff((;()), we get a power series in Fop, and Eq. (9) becomes
(a(x) _ xg(X)) n xg(x)a(fx)) _ xg(x)a(f(x))
fx) f(x) fx)
Fg(fx)
D)

f )

Applying the conditions of (7), we have that this is equal to 1. Hence, we have proven
the following proposition.

Proposition 6 Let (g(x), f (x)) be an ordinary Riordan involution, then the almost

Riordan array (a(x) |g(x), f(x)) is also an involution if a(x) = Xf((;)).

For the Riordan family of subgroups which are solely defined by their second
generating function f,

th&p]z{((fQ))(f()f<fQ) ) ,f@ﬂ

we only need the condition f = f, as the g function depends on f [4].

(n&me@%ﬂwem}
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Corollary 2 Let Hylp, o, ] = ((M)p () (L20)” f(x)> be a Rior-

dan involution, then the almost Riordan array
p—1 o — 1\~ P o — 1\~
<(f(x)> () (f(x) ) (f(x)) (@) <f(X) > ¥ m)
by x—1 X x—1

is also an involution.
so Hy[1, 1, l]w111be(f(x)f( )Lt f(x)) which

Example 4 Let f(x) =
corresponds to the matrix

1+x’

1 o 0 0 0 0 0 0

-1 -1 0 0 0 0 0 0

1 2 1 0 0 0 0 0

1+2x x\y |t -3 -3 -t 0o o0 0 o0
((l+x)4(lfx)’_1+x>_ -4 2 6 4 1 0 0 0
0 2 -8 —-10 =5 -1 0 0

-18 —-12 6 18 15 6 1 0

30 30 6 —24 -33 21 -7 -1

which is an involution, as f = f . Now, the almost Riordan matrix which contains
Hy[1,1, 1] and it is also an involution will be

£ 111 /) = [ ln
(f() ) f(x)>—<(1+x)3(l_x), 1+x)

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
o -1 -1 0 0 0 0 0
I 1 2 1 0 0 0 0
| -3 1 -3 -3 -1 0 0 0
6 —4 2 6 4 1 0 0
-8 10 2 -8 —-10 =5 -1 O
12 —-18 —-12 6 18 15 6 1

We note that in the general case, the almost Riordan array (xg((;))

g(). f()) isin

fact a Riordan array. It coincides with the Riordan array (xfg)) . f (x)). Iterating, we
have the following proposition.

Proposition 7 If(g(x), f(x)) is an involution in 'R, then so is (ff—;),,g(x), f(x)).

Proof Let ( ), f (x)) be an involution. That means f(x) = f (x) and g( f (x)) =

(x) For the Riordan array (G (x), f(x)), where G (x) = j(x),l g(x), it can be easily
shown that

G(f(x)) = m
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This is so since we have

(F)" Fay' 1
G — fr = .
FO) = G Ty 2@ ~ 500 — 6

O

We also note that the Riordan array (f?_;)” gx), f (x)) can also be written as an

almost Riordan array as (ﬁTny,g(x) ‘ fan),,g(x), f(x)).

We now exhibit some simple involutions in the almost Riordan group.

Proposition 8 The almost Riordan array of first order given by ( L1, x), and

Trx
which begins
1 0 0 0 0 0 0
-1 -1 0 0 0 0 0
1 o -1 0 0 0 0
-1 0 0O -1 0 0 0
1 0 0 o -1 0 0
-1 0 0 0 0o -1 0
1 0 0 0 0 0 -1

is an involution.

1
Proof We must show that (m

—1,x>.<ﬁ —l,x) = [. We have
1 1 1 1
—1,x). —1,x) = —1,x 1,x).
1+x 1+x 1+x 1+x
1

Now for h(x) = 13, we have fz(x) = 1;—1){ Thus, we have

+x’
1 1 1 —1 1
—1,x)- - tx-(=1)- _
14+x 14+x 14+x 14+x 1+ x
Thus, we have

1 2
(m'—m) — (11, x)

as required. O

Example 5 In like fashion, we can show that the almost Riordan array of first order

given by
1 1+x
- , —X )
1—x 1—x
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which begins
1 0 0 0 0 0 O
1 -1 0 0 0 0 O
1 =21 0 0 0 O
1 -2 2 -1 0 0 0},
1 -2 2 =21 0 O
1 -2 2 -2 2 -1 0
1 -2 2 -2 2 =21

is an involution.

There is a general construction which allows us to find, for any given almost Riordan
array of first order, an almost Riordan array that is an involution.

Proposition9 Let (a (x) |g(x), f(x)) be an almost Riordan array of first order. Then,
the almost Riordan array defined by the product

x&(f(—x))‘ 1 -
ED x))

(a(x)|g(x), f(x)) - (ao +

is an involution in the group of almost Riordan arrays of first order.

Proof Using the product rule in the group of almost Riordan arrays of first order, we
find that the product is equal to (1|1, x). O

The similar result for Riordan arrays is given in [3].

Example 6 We consider the almost Riordan array of first order which begins

1 0 000 0O
1 1.0 0 0 0 O
1 110 0 0 O
1 22 1 0 00
1 33 3 1 00
I 555 410
1 8 8 8 8 5 1

I—x—x2’

This is defined by (ﬁ
1—/1—4x

—L  x1 +x)>.Wehave f(x) = xc(—x), where c(x) =

5 1s the generating function of the Catalan numbers. Then, (fl( )) =1-x.
8 X
We find that the product of the proposition is then given by
1 1 4 4 5x + 3x2 1 J1—4
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This matrix begins

1 0 0 0 0 0 0
2 —1 0 0 0 0 O
2 -2 1 0 0 0 0
2 -4 4 -1 0 0 0
0 -6 12 -6 1 0 0
-6 —-10 34 -24 8 -1 O
-30 —-16 102 -86 40 —-10 1

The Riordan array part of the above product is given by

1
(m, x(1+ x)) . (1 + x, —xc(x))

2
= (1—:—1—;2 —x (14 x)e(x(1 —i—x))) )

In order to work out the first term of the resulting almost Riordan array, we set

44 5x +3x2 + x(1 4+ x)/1—4x - (14+x)3@++/1—4x)
22 +x) 22+ x)

b(x) =

Then, the first term is given by

1
1—x 1—x—
44 x —4x2 —4x3 = 5x +x(1 — )1 + x + x)V1 — 4x — 4x2
- 20— 01 —x —x)2 +x + x2) '

x2l§(x(l +x))

The involution in the group of almost Riordan arrays of first order that we seek is then
given by

44 x —4x? — 43 —5x  + x(1 — ) + x +x)V1 — dx — 4x2
2(1 —x)(1 —x —x2) 2+ x +x2)

2
l+x—+x2’ —x(1 4+ x)c(x(1 +x))> )

l—x—x

4 Quasi-involutions in the group of almost Riordan arrays

We present two methods of constructing almost Riordan quasi-involutions based on
quasi-involutions that come from intersections of known Riordan subgroups [9,12],
and using their quasi-compressions [5]. First, by adjoining an extra column on the left
of a Riordan quasi-involution, and then by replacing the initial column of such matrix.
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We consider the quasi-involution [8]

1 —x% = /1 —6x2 4+ x* 1—x2—v1—6x2+x4>

2x2 2x

(8(x). xg(x)) = (

The corresponding matrix begins

1 0 0 0 0 0O 0 0 O
0 1 0o o0 o0 O o0 0O
2 0 1 0O 0 O 0 0 o0
0 4 0 I 0 0 O 0 O
6 0 6 0 1 0 0 0O
0 16 0 8 0 1 0 0 0
2 0 30 0 10 0 1 0 O
0 68 0 48 0 12 0 1 O
99 0 146 0 70 0 14 0 1

The initial column of this matrix is given by the aerated large Schroeder numbers

1,0,2,0,6,0,22,0,90,0, 394, 0, 1806, 0, 8558, . ...

The inverse of this matrix begins

1 0 0 0 0 0 0 0 O
0 1 0 0 0 0 0 0 O
-2 0 1 0 0 0 0O 0 O
0 —4 0 1 0 0 0O 0 O
6 0 —6 0 1 0 0 0 O
0 16 0 -8 0 1 0 0 O
=22 0 30 0 -—-10 O 1 0 0
0 —68 0 48 0 -—-12 0 1 0
90 0 -—-146 O 70 0 —-14 0 1

We say that when an aerated matrix has an inverse with the same elements as the
original matrix, except that the signs change on alternate nonzero diagonals, then the
matrix is a quasi-involution. A Riordan array (g(x*), xg(x?)) is a quasi-involution
if its inverse is given by (g(—xz), xg(—xZ)). This will be the case if and only if the
£21,1-sequence of the array satisfies £21 1 (x) = m [8]. For the matrix above, we

have 211 = }%ﬁ
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4.1 Adding a new column

Recently, it has been shown that certain types of quasi-involutions of different levels
can be related by

W= 0.0, ", (10)

where Q»y is a 2k-aerated Riordan quasi-involution, while Qy is a Riordan matrix
which is based on the generating functions of Q; and holds the quasi-involution
property. We name Qy, as the (k-aerated) quasi-compression of Qox, while W is called
the quasi-transitional matrix [5].

Equation 10 gives us

F * -1
( (x),F(x)> = (@,f(x))(f (x),f*(x)> (11)
X X X
where F(x) = f/: m’ fx) = ”‘—’IX%W’ and f*(x) = =— '_licxk'

Now, by adding a column on each of the arrays on the RHS of (11), we have:

1 X
(A(X) YT —cx2k’ 2\k/l — chk) ’ (Q(X)

where A, a € [y, and their quasi-transitional matrix becomes

1 X >
\A/l+cxk’ \k/l+cxk

12)

1 X
A(x) +a(f(x) +1 ’
( A elf) VT = cx?k + cxk \’qu_cxk)

We note that A(x) needs to be a 2k-aerated, and a(x) a k-aerated formal power series,
as we see on the following example.

Example 7 Let the Riordan quasi-involution

100 0000---
010 0000---

401 0000---

Y<1 x) 08 0 1000---
= , =124 0120100---|>
VI-8x2 V1822 064 0 16010---

160 0 120 0 2001 ---
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and let
1 0 0 0 0 000---T]
o1 0 0 0000---
A 0 1 0 0000---
04 01 0000---
0Y:<K(x) ! X )z B O8O 1000
V1T —8x2 /1 —8x2 0240120 100---
I 064 0 16010---
0160 0 120 0 2001 ---
be the same matrix with the extra column
1,0,A,0,B,0,I',0,4,0,E,0,Z,0,H,0,©,0, .. (13)
on the left.
Weneed oY - (6Y)~! = I, where
1 0O 0 0 0 O 00---]
0 1 O 0 0 0 00---
—-A 0 1 0 0 O 00---
O -4 0 1 O O0 00---
0 24 0 —12 0 1 00---
- 0 64 0 —-16 0 10---
0 —-160 0 120 0 —-2001---

which leads us to the equations
B =4A
A =43 —74)

Z =4(5E — 320" —3,904A)

Hence, the sequence (13) is expressed as the formal power series

K@) =14+ Ax? +4Ax* + Tx®+ 4G —7A)x8 + Ex'O+4(5E —320I" —3,904A)x 2 + - - - |
(14)
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and we say that the almost-Riordan array

oY = (K(x)

1 X )
V1T —8x2 /1 —8x2

is a quasi-involution in R (1).
For the quasi-compression of oY, we take the Pascal-like array

oY* = <k(x)

1 X
1—-8x" 1—-8x)’
where, by working similarly, we get
k(x) =1+ ax +dax? + yx> + (12y + 22a)x* + - - - . (15)

And the formal power series K (x) and k(x) from (14) to (15) respectively, are used
in (12) to link these two quasi-involutions through Eq. 10.

4.2 Replacing a column

We also define quasi-involutions in «’R, by replacing the first column of a given
quasi-involution. Again, we have the quasi-involution of the form

fx) 1 X
( X ’f(X)>=<2«k/l—cx2k’ zxk/l—cx”()'

Since the Riordan array structure of the matrix that we are going to construct starts

2
from the second column, its generating function will be %, while the multiplier

function remains the same. So, we have

Us = (B[22 = (B a a
2k —< (x) T f(x),f(x)> —( (x) T o4 _Cka),
and
ut = (b AE——
k ( 0 Y1 + exk)? «k/l—l—cxk)

the inverse of the almost-Riordan matrix which is constructed by its quasi-
compression. So, their quasi-transitional matrix W = Uy - U, Vis

(B(x) Fxf() <b ( v j;(x)) - 1)

xf(x) x
\]\/(m—i— cxk)2’ \,‘/m—k cxk
(16)

@ Springer



422 Journal of Algebraic Combinatorics (2021) 54:399-423

Example 8 Using the same Riordan quasi-involution as in Example 7, we have the
almost-Riordan array

(10 0 0 0000
01 0 00000
A0 1 00000-
08 0 1 0000--
TY=<A(Z)1 282, Z >= B O 120 1000
— 822 /T—822 064 0 16 0 100---
C 012 02010
0512 0 19202401

and working similarly as in Example 7, we get that
A(x) = 1+ Ax + 6Ax* + Cx® + (2804 + 14C)x™ + - - (17)

Additionally, the quasi-compression of tY is

X X
tY*=(Alx , ,
< 0 (1 —8x)? \/1—8x>
where
A(x) = 1 +ax + 8ax? + x> + (512a — 160)x* + -+ - . (18)

Again, the formal power series A(x) and A(x) from (17) and (18) respectively, are
used in (16) to link these two quasi-involutions through Eq. (10).

We note that for the appropriate values of the parameters A, B, C, D, ... and
a,b,c,d, ... of the almost-Riordan arrays with a replaced column, these matrices
are equal to their equivalent quasi-involutions of the Riordan group.
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